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Abstract In this paper, a new equivalence relation §* on a ternary hypersemiring S has been
introduced. It has been observed that §* is the smallest strongly regular relation on S so that
the quotient structure is a ternary semiring. The notion of a fundamental ternary semiring with
respect to the fundamental relation §* on a ternary hypersemiring S has been introduced. Every
ternary semiring with unital element is isomorphic to a fundamental ternary semiring has been
established. After that, the fundamental relation 6* in terms of a typical kind of subsets, called
ternary strong C-set of ternary hypersemiring .S has been studied.

1 Introduction

The concept of a ternary algebraic system found its origins in the work of D. H. Lehmer [15].
In 1971, W. G. Lister [14] expanded upon this foundation by introducing the concept of the
ternary ring, alongside presenting various representations for this mathematical construct. To
extend this idea further, Dutta and Kar [6] introduced the notion of a ternary semiring in their
work, considering it as a generalization of the ternary ring. A non-empty set, denoted as 7,
equipped with a binary operation referred to as addition and a ternary operation denoted by
juxtaposition, is called ternary semiring if 7" is an additive commutative semigroup satisfying (i)
(vvw)zy = ulvwz)y = wo(wzy), (i) (v + v)zy = vry + vy, (i) u(v + )y = vy + uzy,
(iv) wo(z + y) = wvz 4+ uwoy for all u, v, w,z,y € T.

The field of algebraic hyperstructures, is a firmly established branch within classical algebraic
theory. It was originally introduced by the French mathematician F. Marty [11] in 1934. Hy-
perrings, a subclass of hyperstructures, were introduced through various approaches by different
researchers. M. Krasner [12] introduced hyperrings, characterized by addition as a hyperoper-
ation and multiplication as a binary operation. On the other hand, M. D. Salvo [19] introduced
hyperrings where both addition and multiplication are hyperoperations. Rota [17] delved into the
study of hyperrings, where addition is considered a binary operation and multiplication is treated
as a hyperoperation. These particular hyperrings are referred to as multiplicative hyperrings.

The exploration of hypersemirings began with Ameri and Hedayati [1] in their work pub-
lished in 2012, where they focused solely on addition as a hyperoperation. Another class of
hyperstructures, known as multiplicative ternary hyperrings, was introduced by T.K. Dutta et al.
[18]in 2015. In this context, addition serves as a binary operation, while multiplication is defined
as a ternary hyperoperation. Subsequently, in 2018, N. Tamang and M. Mandal [20] defined and
conducted a comprehensive study of ternary hypersemirings. These structures represent a gener-
alization encompassing both multiplicative ternary hyperrings and ternary semirings. When we
have a ternary semiring denoted as (S, +, o), we can regard (S, +, o) as a strongly distributive
ternary hypersemiring by defining a o b o ¢ = {abc} for all a, b, ¢ € S. This particular ternary
hypersemiring is referred to as “trivial ternary hypersemiring". For more details about ternary
hypersemiring, we refer to [20], [16].

Fundamental relations represent a pivotal and intriguing concept within the realm of alge-
braic hyperstructures. They play a vital role in the derivation of ordinary algebraic structures
from these hyperstructures. In the domain of hypergroups, the inaugural fundamental relation in
hypergroups known as the S*-relation, was introduced by Koskas [13] in 1970. Building upon
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this foundation, Freni [8] later presented the ~y-relation for hypergroups, as a generalization of
the initial § relation. Within the class of hyperrings, a variety of fundamental relations have
been defined over time, each playing a crucial role in transforming a given hyperstructure into
an equivalent structure. The primary among these is the ~*-relation, innovatively introduced by
Vougiouklis [21] on a hyperring R, where both addition and multiplication are hyperoperations.
This relation leads to a quotient structure that aligns with the classical ring framework. Subse-
quently, fundamental relations have garnered attention from a multitude of researchers, including
B. Davvaz [5] and V. Leoreanu [3], Ameneh Asadi et al. [2], S. Mirvakili and B. Davvaz [10],
and Leoreanu-Fotea [4], many others.

The structure of the paper is organised as follows: In Section 2, we recall some definitions
and results for their use in the sequel. In Section 3, we introduce the smallest strongly regular
relation 0* on ternary hypersemiring S, so that quotient S/J* is a ternary semiring and we called
it fundamental relation on ternary hypersemiring .S. Then we introduce the concept of a funda-
mental ternary semiring, that is a ternary semiring which is isomorphic to the ternary semiring
of a nontrivial ternary hypersemiring. Then we observe that every ternary semiring with unital
element is a fundamental ternary semiring. Finally, in Section 4, we establish the fundamental
relation §* in terms of a typical kind of subsets, called ternary strong C-set of ternary hypersemir-
ing S.

Now we will summarise some key definitions and results that will be relevant to our subse-
quent discussions.

Definition 1.1. [7] Given an equivalence relation § on a non-empty set S, two relations ¢ and 5
on the power set P*(S) are defined as follows:

(i) USV if and only if for each element v in set U, there exists an element v in set V such that
udv holds, and for each v’ in set V, there exists an «’ in set U such that v’dv’ holds.

(i) USV is true if and only if for all u € U and v € V, udv holds.

Definition 1.2. [7] An equivalence relation § defined on a ternary hypersemiring (S, +,0) is
classified as follows:

(i) ¢ is considered regular if it is a congruence on the commutative semigroup (.9, +), which
implies that for any z, y, 2 € S, if 20y holds, then (z + 2)d(y + z), and if zdu, ydv, zdw,
then (z oy o 2)d(uovow) forz, y, z, u, v, w € S.

(ii) ¢ is termed strongly regular when it is congruence on the commutative semigroup (.5, +),
this means that for any z, y, z € S, if zdy, then (z+2)d(y + 2), and if zdu, ydv, 20w, then

(zoyoz)d(uovow)forany z,y, z,u,v,w € S.

The second conditions mentioned in (i) and (ii) of this definition can be equivalently ex-
pressed as follows: Forall u, v, z, yin S, (4) In the regular case: udv implies (uozoy) § (voxoy),
(zouoy)d(zovoy),and (zoyou)d(zoyow) (i) In the strongly regular case: udv implies

(uozoy)d(vozoy),(xouoy)d (xovoy),and (royou)d(xoyouw).

2 On Fundamental Relation and Fundamental Ternary Semiring

Let (S, +, o) be a ternary hypersemiring. We define a binary relation 6 on S as follows: zdy if
and only if there existn € N,m; € Z§,i=1,2,..,nanda;; € Sforl <i<n,1<j<2m;+1
such that

n 2m;+1

x=yor{z,y} QZ H a;j.

i=1 j=I

Clearly, ¢ is reflexive and symmetric. Consider ¢* be the transitive closure of the relation J.
Then, we have xzd*y if and only if there exist elements ag,ay, ...,a,, € S with x = qp and
Yy = a,, such that a;0a,.1 fori € 0,1,....,m — 1.

Theorem 2.1. The relation §* is a strongly regular relation on S.
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Proof. Let a,b € S such that ad*b holds. If @ = b, then it is obvious that (a + ¢) 6" (b + ¢)
and (a o u 0 v)6* (bowow) forany ¢,u,v € S. Analogously, (u o a o v)dé* (uobow)and
(uowvoa)d* (uowvob) forany u,v € S.If a # b, then there exist n € N, m; € Zg,i=1,2,..,n

and a;; € Sforl <i<n,1 <5 <2m; + 1 such that

n 2m;+1

{a,b}gz H Qij-

i=1 j=I

Then, forany c € S,a+c€ Y, Hfi:l aij+candb+ce !, Hf;l a;j + c¢. Now we set
Mp41 = 0and a4 1 = c, thus

n+12m;+1

{a—l—c,b—l—c}gz H a;j.

i=1 j=I

So, (a+¢)6* (b+ c) forany ¢ € S.

Again for arbitrary u,v € S, acuov C (3.1, Hig“ a;j)ouov C Z?:l(]_[?:nlﬂ a;j)ouou,

2m;+1
alsobouov C Z?Zl(]_[jT:”IJr a;j) ouov. Here, we set m), = m; + 1, a; om;4+2 = U, Qj2m;43 =
fori =1,2,...,n. Then

n Zm,'i+l

{aocuov,bouocwv} QZ H a;j.

i=1 j=I

So forany s € acuovandt € bowowv, wehave sét. Thus (aowuowv) 6* (bowow). Similarly,
(uoaow)d* (uobowv)and (uovoa)d* (uovob). Hence 6* is a strongly regular relation on S.
O

Theorem 2.2. The relation §* is the smallest strongly regular relation on ternary hypersemiring

S.

Proof. 1f possible, let 6 be the smallest strongly regular relation on S. We prove that § = ¢*. It
is clear that, 6 C §*. If xdy, then there exist n € N, m; € Za’, i=1,2,..,nand a;; € S for
1<i<n,1<j<2m;+ 1such that

n 2m;+1
z:yor{x,y}gz H aij.
i=1 j=1

Since 6 is a strongly regular relation and afa for a € S, we have (aoboc)f(aoboc) for any
b,c € S. Alsoforany z € (aoboc), we have (z0doe)f(zodoe) forall d, e € S. That implies
(acboc)odoe 0 (aoboc)odoe. Continuing this process, we get that any finite product of
elements of S is 0 related to itself. Thus, we obtain (3", H?Zﬁi“ ai) 0 (X0 T aiy).

j=1
Hence x 0y, that implies 6 C 6. If x §* y, then there exist x = ag, a1, ay, ..., @, = y such that

a;6a;+1 fori=0,1,..,m — 1. Since § C 0 and 6 is transitive, we have §* C 6. Therefore, 0* is
the smallest strongly regular relation on ternary hypersemiring S. O

Corollary 2.3. By Theorem-4.13 [7], the quotient (S/6*,+,0) is a ternary semiring.

Definition 2.4. The smallest strongly regular equivalence relation 6* on S is called the funda-
mental relation on ternary hypersemiring .S.

Proposition 2.5. Let f be a homomorphism from a ternary hypersemiring (S, +, o) to a ternary
hypersemiring (T,+',0"). Then, the following are true:

(1) x6*y implies f(x)d* f(y)

(2) if f is an one-one homomorphism, then adb implies xdy where f(x) = a and f(y) = b for
some x,y € Sanda,beT
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(3) if f is an isomorphism, then x 0y if and only if f(x) 6 f(y).

Proof. (1) Let x6*y. Then there exists aj,az,..,a, € S with a; = =z, a,, = y such that
agdagey for 1 < k < m — 1. Thus for ay 6 ary1, there exist ny € N, myy, € Zg for
i=1,2,..,npand ar € S, 1 <7 <y, 1 < j < 2myk + 1 such that

ng 2mie+1

{ak7@k+1}gz H Qijk-

i=1  j=1

Since f is a homomorphism, we have {f(ax), f(ar+1)} = f({ar, ag+1})
C LS T agn) = S FATZ aie) © S THZT faige) for all k =
1,2,...,m —1 Therefore, f(x)d f(y)

(2) Let a = f(z)df(y) = b. Then there exist n € N, 2m; + 1 € N where m; € Z; for
i = 1,2,..,n and ¢;; € T such that {f(z), f(y)} € Y, 1_[2"“+1 c;j. Since f is an
one-one homomorphism, we have {z,y} = f~{f(z), f(y)} C F~1{(X ]Hzm’+l Cij) =
i 1H2m -H “!(cyy)- So, xdy.

(3) By (1) and (2), it is clear.
O

Theorem 2.6. Let f : S — T be an isomorphism from a ternary hypersemiring (S, +,0) to a
ternary hypersemiring (T, +',0"). Then the ternary semirings (S/6*,+,-) and (T /5*,+',"") are
isomorphic.

Proof. We define a mapping h : S/6* — T/6* by h(6*(a)) = 6*(f(a)) for all a € S.
Now 6*(a) = §*(b) <= ad*b <= f(a)d* f(b) (by Proposition-2.5) <= §*(f(a)) =
0*(f(b)) <= h(6*(a)) = h(6*(b)). Thus h is well-defined and one-to-one. Clearly, & is
also a surjective mapping. Now, we have the following equality h(6*(a) + 6*(b)) = h(5*(a +
b)) = 0"(fa + b)) = 6"(f(a) +' f(b)) = 67(f(a)) +' 6*(f(b)) = h(6"(a)) +" h(6"(D))
and h(6*(a) - 6%(b) - 6*(c)) = h(6*(x)) (for some x € aoboc) = §*(f(x)) (where f(z) €
fla) " f(b) o' f(c))=6"(f(a)) " 6*(f(b)) - 6" (f(c)) = h(6"(a)) - (67 (b)) " h(67(c)). Hence

h is a ternary homomorphism and so S/§* and T'/6* are isomorphic. O

Definition 2.7. A ternary semiring (S, +,-) is called a fundamental ternary semiring if there
exists a non-trivial ternary hypersemiring, say (T, +, o), such that (7'/§*,4', ) is isomorphic to
(S,+,-).

Theorem 2.8. Let (T, +,-) be a ternary semiring. Then, for any semiring (S,+',") there exist
a binary operation ® and a ternary hyperopration ® such that (T x S,®,®) is a non-trivial
ternary hypersemiring.

Proof. Let (S,+',"") be a semiring. We define a binary operation @ and a ternary hyperopration
®onT x S by (r,s1) ® (ra,82) = (r1 + 172,81 +' 82) and (r1,51) © (r2,8) © (r3,83) =
{(Tl T3, 81), (7“1 T3, 52), (Tl ‘273, 83), (7“1 ‘T3, 0)} for (7“1, 81), (7“2, 82), (7“3, 83) € RxS.
Then it is easy to show that (7" x S, @) is a commutative semigroup and ‘®’ is associative. Now,
((r1,51)®(r2, $2)) ©(r3, 83) © (14, 54) = {((r1+72) 7374, 514+ 52), ((r1+72) 1374, 83), ((r1 +
12)-13°14, 54), ((r1+72)73-74, 0)} C ((r1,51)O(73,53) O (74, 54)) D ((r2, 52) O (73, 83) O (74, 54))
for (r1,s1), (12,52), (r3,53), (r4,84), (r5,85) € T x S. In similar way, the other inclusions hold
for ternary hypersemiring. Therefore, (T' x S, @, ®) is a ternary hypersemiring. O

The ternary hypersemiring (7" x S, ®, ®) is called associated ternary hypersemiring of 7" via
S.

Theorem 2.9. Let (T,+,-) and (T, ¥,~) be two isomorphic ternary semirings. Then, for any
semiring (S, +',-'), the associated ternary hypersemirings (T x S,®,®) of T via S and (T x
S, &, ®) of T via S are isomorphic.
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Proof. Let (S,+',-") be a semiring and f : T — T be an isomorphism. We define a mapping
h:T xS —TxSbyh((t,s)) = (f(t),s) forany (t,s) € T x S. Since f is an isomorphism,
it is easy to check h is well-defined and a bijection mapping. Now, h((t1,s1) & (t2,52)) =
h((ti+t2, s14'52)) = (f(ti+t2), s1+'s2) = (f(t1)Ff(t2), 51+ 82) = (f(t1), 51)B(f(t2), 52) =
h((t1,51))Dh((t2, 52))-
AlSO, h((tl,sl) ®© (tz, 52) © (t3, 83))
h({(t1-t2-t3, 51), (t1 - t2-t3, s2), (b1 - t2 - T3, s3), (1 - t2 - 13, 0)})

{ ((t1 - t2 - t3, 51)), h((t1 - ta - t3, $2)), h((t1 - t2 - t3, 83)), h((t1 - t2 - 3, 0))}

= {(f(t1-t2-t3), 51), (f(t1-t2 - t3), s2), (f(t1 - ta - t3), s3), (f(t1 - t2-t3), 0)}

= {(f(t))7f(t)7 f(ts), s1), (f(t)7 [ (t2)7 f(t), s2), (f(t1)7 f(t2) 7 f(ta), s3),
(F()7f ()7 F(), 0} ) )

= (f(t1), s1) © (f(t2), s2) © (f(t3), s3) = h((t1, 51)) ©h((t2, 52)) © h((t3, s3)).Therefore, h
is a good homomorphism and so the ternary hypersemirings (7' x S, ®, ®) and (T'x S, $, ®) are
isomorphic. U

Theorem 2.10. Every ternary semiring with a unital element is a fundamental ternary semiring.

Proof. Let (T, +, ) be a ternary semiring with unital element ‘e’ and (S, +’, ') be any semiring.
Then, by Theorem 2.8, (T x S, ®,®) is a non-trivial ternary hypersemiring. Consequently, by
Corollary 2.3, (T' x S) / 6 * is a ternary semiring, where ¢* is the fundamental relation onT x S.
Now we show that §*(( —{ts Y eS}forts)eTxS Since {(t,s),(t,s')} C
(t,s)®(e,s") O (e, s) for any (t,s") € T x S. Thus we get (¢,s") € §*((¢,s)). On the other hand,
if (t”,s") 6* (t, s). This obviously implies that, ¢’ = t. Therefore, 6*((t, s)) ={(t,s"): s € S}.
Now we consideramap f : (T'xS)/6* — T by f(6*((t,s))) = tforall §*((¢,s)) € (T'xS)/d*.
It is easy to check that the map is well-defined and one-to-one. Also, for any ¢ € T" we have
f(6*((¢,0))) = t, thus f is an onto map. Now f(6*(t1,s1) + 6*(t2,52)) = f(6*((t1 + t2, 81 +
$2)) =t1 +1p = f(0"(t1,51)) + f(6"((t2,52))) and f(5*((t1,51)) - 67 ((t2, 82)) - 6" ((t3,83))) =

f(é*((t1t2t3, 51))) = tltztg, = f((s*((tl,51)>)f(5*((t1,81))) ( ((tl ))) ThllS f is a homeo-
morphism and so (T x S)/&* and T isomorphic. Therefore, (T, 4+, ) is a fundamental ternary
semiring. O

Theorem 2.11. Let (T, +,0) be a ternary hypersemiring. Then, there exist a ternary semiring
S, binary operation ‘®’ and ternary hyperoperation ‘®’ such that (T, +, o) can be embedded in
(T x S,®,0).

Proof. Let (T, +,0) be a ternary hypersemiring. By Corollary-2.3, (T'/§*,+',0') is a ternary
semiring. We set S = (T'/6*,+’,0"). Now, on the set T'x S, we define the binary operation & and
ternary hyperoperation ® by (¢, 6*(s1)) @ (t2,6*(s2)) = (t1 +t2,0*(s1 +s2)) and (¢1,6*(s1)) ©®
(t2,0*(s2)) ®@ (t3,0%(s3)) = (t1 oty 0 t3,0%(s1 0 s3 0 s3)). Let (¢1,6*(s1)) = (t],9*(s})),
(t2,0"(s2)) = (#5,07(s3)), (t3,67(s3)) = (#3,07(s3)). Sots = 1}, 6"(s1) = 67(s1), ta = #,
6*(s2) = 0*(sh) and t3 = t}, 6*(s3) = 0%(s5). Thent oty = t]oth and 6*(s1+s2) = 6*(s] +s5)
(since 6* is a congruence on (7', +)). Also, tjotyot3 = tjothot) and §*(sj0sp083) = 6*(s)osho
s4), since ¢* is a strongly regular relation. Thus the operations & and © are well-defined. Next,
we will show (T x S,®,®) is a ternary hypersemiring. Clearly, (T’ x S, ®) is a commutative
semigroup. For associativity of ‘®’, ((¢1,0*(s1)) ® (t2,0*(s2)) © (¢3,0%(s3))) © (ta,0*(s4)) ®
(ts,0%(ss)) = ((t1otpots)otsots,d*((s1082083)084085)) = (t10(tr0t3084)0ts,6*(s10(s20
S30 84) 085)) = (tl, (5*(81)) © ((tz, 5*(82)) © (t37 5*(83))) © (t4, 5*(84))) © (ts, (5*(85)). In a sim-
ilar way, (t1,0%(s1)) © ((t2,0%(s2)) © (13,67 (s3)) © (4,6 (54))) @ (t5,67(s5)) = (t1,6"(s1)) ©
(t2,0%(52)) © ((t3,0%(s3)) © (ta,0*(s4)) @ (ts5,0%(ss))) for any (¢;,0%(s;)) € T x S, i =
1,2,..,5. Hence, ®’ is associative. Here, ((t1,*(s1))®(t2,6*(52)))@(t3, 8% (53))O(t4, 6*(s4)) =

((t1+t2)otzots, 6*((s1482)083054)) C ((t10tz0ts)+(t20t30ts), % ((s1083084)+(52083084)) =
((t1,0%(s1)) © (t3,67(53)) © (ta, 6 (s4))) ® ((t2,6"(52)) © (t3,67(s3)) © (ta,67(s4))) for any
(t;,0*(s:)) € T x S,4 = 1,2,3,4. Silimarly, other inclusions of ternary hypersemiring also
hold. So, (T x S,®,®) is a ternary hypersemirng. Now, consider a mapping ¢ : T — T x S
defined by ¢(t) = (¢,6*(¢)) forall ¢t € T. Then, t; = t, <= (t1,0%(t1)) = (t2,0%(t2)) <=
o(t1) = ¢(t2) for 1,62 € T. So ¢ is well-defined and one-one. Let ¢, € T. Then
ot + t2) = (t1 + 62,0 (61 + t2)) = (¢1,0%(t1)) @ (t2,0%(t2)) = ¢(t1) ® &(t2). Further,
we have ¢(ty oty ot3) = (ti oty ot3,8"(t1 oty 0t3)) = (11,07 (t1)) © (t2,67(12)) © (t3,07(t3)) =
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o(t1) © ¢(t2) © ¢(t3). This shows that ¢ is a one-one good homomorphism. Therefore, (T, +, -)
is embedded in (7' x S, &, ®). i

3 Ternary Strong C-set

In this section, we will first define the concept of ternary strong C-set, then we will describe the
fundamental relation §* in terms of ternary strong C-set of ternary hypersemiring .S.

Definition 3.1. Let (S, +,0) be a ternary hypersemiring and Q = {>°, Hj;nlﬂ ajj 1 m €
N, m; € Z(J{,aij € Sforl <i<mn,l1<j<2m;+ 1}. Anon-empty subset I of S is called a
ternary strong C-set if for any A € Q, I N A # ¢ implies A C [.

Proposition 3.2. For any strongly regular equivalence relation p on ternary hypersemiring S,
the equivalence class p(a), a € S is a ternary strong C-set.

Proof. Let A € Q = {Z?:ll_[?z’fﬂaij :ne€Nm; € Zi,a;; €S, forl <i<mn1<j<
2m; + 1} be such that A N p(a) # ¢. Then there exists x € S such that z € A and = € p(a).
Thus for any y € A, there existn € N, m; € Zg,aij eSforl<i<nandl1<j<2m;+1
such that

n 2m;+1

{z,y} CAC Z H Qij.

i=1 =1

That implies z6*y. Since §* being the smallest strongly regular equivalence relation and p a
strongly regular equivalence relation, we have §* C . Thus zpy, and so y € p(a). Hence
A C p(a). Therefore, p(a) is a ternary strong C-set of S. |

Theorem 3.3. Let A be a non-empty subset of ternary hypersemiring S. Then the following are
equivalent:

(1) Ais aternary strong C-set of S;
(2) forx € Aand x vy impliesy € A;
(3) forx € Aand x 6* y implies y € A.

Proof. (1) = (2) Suppose that A is a ternary strong C-set of S and z € A, xdy for some
z,y € S. Then there exist n € N, m; € Z§,i = 1,2,..,nand a;; € Sfor1 < i < n,
1 <5 <2m; + 1 such that

n 2m;+1
x:yor{x,y}gz H Aij.
i=1 =1

If = y, then it is clear. Otherwise, z € Y .-, H?’:{H

C-set, we have Y ", H?f{“ a;; € A which implies y € A.

(2) = (3) Let z € A and zd*y for some x,y € S. So there exist n € N and z =
Y0, Y1, Y2, ----,Yn = y € S such that y; d y;1; for all i € {0, 1,...,n — 1} Since z = yp € A
we have y € A, by applying (2) n-times.

(3) = (1) Let (31, H?ZH aij) NA+# ¢ forsomen € N,m; € Zj,a;; € Sfor1 <i<n
and 1 < j < m,. Suppose z € Y ., H?ZH a;; N A. Now forany y € >, H§ZH
have z6*y. So by (3), y € A. Hence )" | H?;] a;; C A. Therefore, A is a ternary strong C-set
of S. O

a;; N A. Since A is a ternary strong

A5, WE

The intersection of any arbitrary collection of ternary strong C-set of a ternary hypersemiring
S is again a ternary strong C-set of S.

Definition 3.4. Let A be a non-empty subset of a ternary hypersemiring S. The intersection of
ternary strong C-sets of S containing A is called the ternary strong C-closure of A and denote it
by C*(A).
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Since, S is itself a ternary strong C-set in the ternary hypersemiring S, so C*(A) exists for
any subsets A of S.

Now, for a non-empty subset A of a ternary hypersemiring .S, we set

Ki(4) = A
n 2m;+1 n 2m;+1
Kp1(A) = {xeS EIQWESerHa”andZHa”OK #gb}
i=1 j=1 i=1 j=1
= U Kn(A)
m>1

Lemma 3.5. For any non-empty subset A of S, the set K (A) is a ternary strong C-set containing
A.

Proof. Lety ! IHZk it ai; NK(A) # ¢ forsomen € N, k; € Z§, a;; € Swherei =1,2,...,n
and 1 < j < 2k; + 1. Then, there exists m € N such that } ;" , HZk i a;j N K, (A) # ¢, which

implies that >_" H% ay; C Ky (A) C K(A). Also, Kj(A) = A C K(A) and so the set
K(A) is a ternary strong C-set containing A. |

Corollary 3.6. A C B implies K(A) C K(B), for any two non-empty subsets A, B € S.
Lemma 3.7. For every m(> 2) € Nand x € S, we have K,,,(K>({z})) = Kps1({2}).

Proof. Kr(Ky({z})) = {z € S : Ja;; € S;2 € 31" 1H2m1+1a” and Y7 lnzm‘ﬂaw
K>({z})) # ¢} = K3({z}). So, our assertion is true for m = 2. Let the assertion be true
for some (> 2) € N, i.e., K;(K2({z})) = Ki+1({z}). Let K1 (Ky(z)) = {z € S : Ja;; €
Sized 1_[2m’+l ai; and lnzz’f“ aij NK|(K>({z})) # ¢} = {as €S:3a; €Sz €

S, H2m1+l aijand Y. Hzm g N K ({z}) # ¢} = Kiwa({z}). Hence, by induction
K, (KQ({x})) Kn({z}) for any m(>2) € N. o

Theorem 3.8. For any non-empty subset of a ternary hypersemiring S, C*(A) = K(A).

Proof. By Lemma 3.5, we have C*(A) C K(A). Let A’ be a ternary strong C-set containing A.
Clearly, K,(A) C A’. Suppose K,,(A) C A’ for some m € N. Let x € K,,;1(A). Then there

exist elements a;; € S such thatz € Y7 1]_[2]C g, and ¢ # >, HZk ) N Ky (A) C
>n, HZk i+ a;;) N A’. Since A’ is a ternary strong C-set, we have ) " | HZk H a;; €A So

KmH(A) C A’ and thus by induction K,,, C A’ for all m € N. So K(A) C A’. Therefore,
K(A) C C*(A), this implies that C*(A) = K(A). O

Theorem 3.9. If B is a non-empty subset of a ternary hypersemiring S, then

U e () =c(m).

beB
Proof. Clearly, for every b € B, C*({b}) C C*(B), by Theorem 3.8 and Corollary 3.6. Hence,
Upes C*({b}) € C*(B).

Conversely, at first we show K, (B) C U,cp Km({b}) for any m € N. For m = 1,
K\(B) = B = Ui K1({b}). Now let the assertion be true for some I € N, that is K;(B) C
Uvep Ki({b}). Consider, z € Kj4(B), then there exist n € N, k; € ZJ, i = 1,2,...,n and
aij € Sforl <i<mn,1<j<2k+1suchthatz € > ;" 1H2k+la” and Y7 1H2k+l a;; N

K(B) # ¢. Now from hypothesis induction, we have (3", HZk iag) N (Upes Ki({b})) #

¢. So, there exists b € B such that > . IH% Ha” N K;({b1}) # ¢. Therefore, z €
Kiy1({b1}) and so Ki1(B) € Uyep Kiy1({b}). Now by Theorem 3.8, y € C*(B) implies
y € K(B) = U1 Km(B) € U,ps1 Upes Km({b})- Then for some b € B and m € N we have

y € Kn({b})) € K({b}) = C*({b}) € Upe s C*({0))- Therefore, Uy, C*({b}) = C*(B). o
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We define a binary relation ‘x’ on a ternary hypersemiring S as follows: x py if and only if
x € K({y}), forallz,y € S.

Proposition 3.10. The relation p is an equivalence relation on ternary hypersemiring S.

Proof. For any z € S we have © € K({z}), thus zuz holds and so y is reflexive. To show p
is symmetric, we first prove that = € K,,({y}) <= vy € K, ({z}) for all m € N and we

prove it by induction on ‘m’. If m = 2, there exist a;; € S such thatz € >, HZk i a;; and

> HZk i+ a;j N {y} # ¢ which implies © = y and so y € K>({x}). Let the assertion be true
for somel(> 2) e N,ie., z € K;({y}) implies y e Kl({a:}) Now forl—i—l eN,ze Ki+1({y})

implies there exist a;; € S such that x € Zz 1HJ la” and Y. 1HJ Lai; VK ({y}) # .

Suppose u € (Zizl Hj:l a;ij) N K ({y}). Sou,z € Zi:l ]_[j:l a;j and u € K;({y}). Thus u €
K> ({z}) and by hypothesis y € K;({u}). So by Lemma 3.7, y € K;(K>({z})) = Ki11({z}).
Hence by induction, z € K,,({y}) implies y € K,,({z}) for any m € N. Now let z € K({y}).
Then there exists m € N such that € K,,({y}). Thus y € K,,({z}), this means that y €
K({z}). Therefore, i is symmetric. To show p is transitive, let z py and y p z hold. Then
x e K({y}) =C*({y}),y € K({z}) = C*({z}). Let A be a ternary strong C-set containing {z}.
Theny € Aand z € K({y}) = C*({y}) C A. So, x in any ternary strong C-set containing {z}.
Thus, 2 € C*({z}) = K({z}). Hence = u 2. ]

Theorem 3.11. The equivalence relation 11 on a ternary hypersemiring S coincides with the
Sfundamental relation 6* on S.

Proof. Let x py for some x,y € S. If x = y, then x 6* y. Consider x # y, then there exists m €
N for which z € K,,,({y}). So there existn € N, k; € ZJ fori =1,2,...,nand a;; € S for 1 <
i<mn 1<j<2k+lsuchthatz € Y7 [[5 ay; and 37 IHZ’“ ool ai; N Km_1({y}) # ¢.
Leta; € >0, HZk i a;jNKy—1({y}). Thus 26 a; and a; € K,,,—; ({y}). In similar way, there
exists ap € S such that a1 9 ap, continuing this process m-times we get x = ag, aj, az, ...,y = Y
such that a; § a;41 fori € {1,2,...,m — 1}. Hence zd*y.

Conversely, let zdy. Then there exist n € N, k; € Zj,i = 1,2,...,n and a;; € S for
1<i<n,1<j<2k;+ 1suchthat

SC:yOI’{.’177y} Z H

Thus z € K>({y}) and so € K({y}). Hence 6 C p. Since p is an equivalence relation, we
have §* C p and the proof is complete. O
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