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Abstract In this paper, we study the notion of lacunary statistical convergence in neutro-
sophic 2-normed spaces (shortly N2-NS). Also, we define lacunary statistical Cauchy squence
and present lacunary statistical completeness in connection with neutrosophic 2-norm and prove
some basic properties of these notions.

1 Introduction

In the study of Freedman et al. [14], functional analytic investigations of the space |σ1|, which
consists of strongly Cesàro summable sequences, as well as several related spaces of strongly
summable sequences, have garnered significant attention. The space is defined as

|σ1| =

{
x = {xk} ∈ w : ∃ l :

1
n

n∑
k=1

|xk − l| → 0

}
.

A key analytical approach, as emphasized in the work of Freedman et al. [14], reveals a notable
connection between the structure of |σ1| and the integer sequence {2r}, which plays a pivotal role
in characterizing its convergence behavior. By a lacunary sequence [16] we mean an increasing
integer sequence θ = {ni}i∈N such that n0 = 0 and qi := ni−ni−1 → ∞ as i→ ∞. Throughout
this paper the intervals determined by θ will be denoted by Ji = (ni−1, ni] and the ratio ni

ni−1

will be abbreviated by pi. By generalizing this sequence to a lacunary sequence θ, they have
constructed a broad class Nθ of BK-spaces, each inheriting several key characteristics of the
space |σ1|.

Nθ =

{
x = {xk} ∈ w : ∃ l :

1
qi

∑
k∈Ji

|xk − l| → 0

}
.

They examined the fundamental properties of these spaces, placing particular emphasis on their
comparison with the space |σ1|. Of particular interest is the intersection of all Nθ spaces, com-
prising sequences that are uniformly strongly Cesàro summable serving as a strong analogue
of the space of almost convergent sequences. Furthermore, they explored ordinary summabil-
ity methods naturally linked to the Nθ spaces, noting that each method is strictly stronger than
almost convergence, though none is equivalent to classical Cesàro summability. Notably, their
intersection yields almost convergence. And, they presented several additional results, including
a characterization of matrices whose convergence fields contain Nθ, and the identification of the
duals of these spaces. In 1951, Fast [13] and Steinhaus [44] independently extended the classical
notion of convergence for real sequences by introducing the concept of statistical convergence,
grounded in the natural density of sets. Let K ⊂ N. Then the natural density [15, 46] of K,
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denoted by δ(K), is defined as:

δ(K) = lim
n→∞

1
n
|{k ≤ n : k ∈ K}|,

provided the limit exists, where the vertical bars denote the cardinality of the enclosed set. A
sequence {xk}k∈N in R is said to be statistically convergent [15, 46] to ξ ∈ R if for every ε > 0

lim
n→∞

1
n
|{k ≤ n : |xk − ξ| ≥ ε}| = 0.

In this case, we write st− limxk = ξ. The symbol S will likewise represent the collection of all
statistically convergent sequences. Over the years, this concept has been significantly developed
by numerous researchers, including Connor [10], Fridy [15], Šalát [46], Mursaleen [35], Belen
and Mohiuddine [5], among many others. Its applications extend widely across various fields,
particularly in approximation theory [38, 40, 26], measure theory [23], and beyond. In 1993,
Fridy and Orhan [15] introduced the notion of lacunary statistical convergence for real sequences
and obtained several noteworthy results concerning S, Nθ and, Cθ-summability. Let K ⊆ N.
Then the number

δθ(K) = lim
i

1
qi
|{k ∈ Ji : k ∈ K}|

is named to be θ-density of K, provided the limit exists. Let θ be a lacunary sequence. A number
sequence {xk} is said to be lacunary statistically convergent [16] to ξ ∈ R if for every ε > 0

lim
i

1
qi
|{k ∈ Ji : |xk − ξ| ≥ ε}| = 0.

In this case, we write Sθ − limxk = ξ or xk
Sθ−→ ξ and ξ is called Sθ-limit of {xk}. Since

its introduction, this notion has continued to gain attention and has been actively developed
by numerous researchers, including Dowari and Tripathy [12], Kişi and Dündar [25], Li [33],
Mohiuddine and Alamri [39], Nuray [42], Patterson and Savaş [43, 49], Şengül and Et [51],
Savaş [52], and Ulusu and Dündar [56]. It has also been extended in various directions, such
as in intuitionistic fuzzy normed linear spaces (IFNLS) [8, 36], and fuzzy normed linear spaces
[55].

Following the pioneering introduction of fuzzy set theory by Zadeh [57], significant efforts
have been made to develop fuzzy analogues of classical theories and to explore their applications
across diverse fields of science and engineering. Notable areas include population dynamics [4],
chaos control [17], fuzzy logic based programming [19], nonlinear dynamical systems [22],
fuzzy physics [34], and many others. Over time, the concept of fuzzy set theory has been effec-
tively developed and generalized into several extended frameworks, including intuitionistic fuzzy
sets [1], interval-valued fuzzy sets [54], interval valued intuitionistic fuzzy sets [2], and vague
fuzzy sets [3]. As a broader generalization encompassing crisp sets, fuzzy sets, intuitionistic
fuzzy sets, and Pythagorean fuzzy sets, Smarandache [47] introduced the notion of neutrosophic
sets. Building on this, Bera and Mahapatra later introduced the concepts of neutrosophic soft
linear spaces [6] and neutrosophic soft normed linear spaces [7]. Recently, Kirişci and Şimşek
[27] introduced the concept of neutrosophic normed spaces, within which various summability
methods have been explored. These include statistical convergence [27], statistical convergence
of double sequences [20], ideal convergence [28], lacunary statistical convergence [31], and de-
ferred statistical convergence [11]. Numerous researchers have contributed to this growing field,
notably Bilgin [8], Gürdal [21], Kişi [29, 30], Kişi et al. [32], and Sharma et al. [53].

Building on recent advancements, Murtaza et al. [41] introduced the neutrosophic 2-normed
space (N2-NS) and explored statistical convergence within it. Our work extends this by defining
lacunary statistical convergence of sequences in N2-NS. This concept, first introduced by Fridy
and Orhan [16] for numbers using θ-density, has since been applied to various spaces, including
random 2-normed spaces by Mohiuddine and Aiyub [37], and neutrosophic normed spaces by
Khan et al. [31]. In this paper, we delve deeper, investigating the notion of a lacunary statistically
Cauchy sequence in N2-NS and establishing key analogous properties related to the neutrosophic
2-norm.
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2 Preliminaries

Throughout the paper N and R indicate the set of natural numbers and the set of reals re-
spectively. |A| denotes the cardinality of the set A. First we recall some basic definitions and
notations.

Definition 2.1. [18] Let Z be a real vector space of dimension d, where 2 ≤ d < ∞. A 2-norm
on Z is a function ∥., .∥ : Z× Z → R which satisfies the following conditions:

(i) ∥x, y∥ = 0 if and only if x and y are linearly dependent in Z;

(ii) ∥x, y∥ = ∥y, x∥ for all x, y in Z;

(iii) ∥αx, y∥ = |α| ∥x, y∥ for all α in R and for all x, y in Z;

(iv) ∥x+ y, z∥ ≤ ∥x, z∥+ ∥y, z∥ for all x, y, z in Z.

Example 2.2. [50] Let Z = R2. Define ∥·, ·∥ on R2 by ∥x, y∥ = |x1y2 − x2y1|, where x =
(x1, x2), y = (y1, y2) ∈ R2. Then (Z, ∥·, ·∥) is a 2-normed space.

Definition 2.3. [45] A binary operation � : [0, 1] × [0, 1] → [0, 1] is named to be a continuous
t-norm if the following conditions hold.

(i) � is associative and commutative;

(ii) � is continuous;

(iii) x� 1 = x for all x ∈ [0, 1];

(iv) x� y ≤ z � w whenever x ≤ z and y ≤ w for each x, y, z, w ∈ [0, 1].

Definition 2.4. [45] A binary operation ∗ : [0, 1] × [0, 1] → [0, 1] is named to be a continuous
t-conorm if the following conditions are satisfied.

(i) ∗ is associative and commutative;

(ii) ∗ is continuous;

(iii) x ∗ 0 = x for all x ∈ [0, 1];

(iv) x ∗ y ≤ z ∗ w whenever x ≤ z and y ≤ w for each x, y, z, w ∈ [0, 1].

Example 2.5. [24] The following are the examples of t-norms:

(i) x� y = min{x, y};

(ii) x� y = x.y;

(iii) x� y = max{x+ y − 1, 0}. This t-norm is known as Lukasiewicz t-norm.

Example 2.6. [24] The following are the examples of t-conorms:

(i) x ∗ y = max{x, y};

(ii) x ∗ y = x+ y − x.y;

(iii) x ∗ y = min{x+ y, 1}. This is known as Lukasiewicz t-conorm.

Lemma 2.7. [48] If � is a continuous t-norm, ∗ is a continuous t-conorm, ri ∈ (0, 1) and
1 ≤ i ≤ 7, then the following statements hold:

(i) If r1 > r2, there are r3, r4 ∈ (0, 1) such that r1 � r3 ≥ r2 and r1 ≥ r2 ∗ r4

(ii) If r5 ∈ (0, 1), there are r6, r7 ∈ (0, 1) such that r6 � r6 ≥ r5 and r5 ≥ r7 ∗ r7.

Now we recall the notions of neutrosophic 2-normed space.

Definition 2.8. [41] Let Y be a vector space and N2 = {< (e, f),Θ(e, f), ϑ(e, f), ψ(e, f) >:
(e, f) ∈ Y × Y} be a 2-normed space such that N2 : Y × Y × R+ → [0, 1]. Suppose � and ∗ be
continuous t-norm and t-conorm respectively. Then the four tuple Z = (Y,N2,�, ∗) is named
to be neutrosophic 2-normed space (N2-NS) if the following conditions hold for all e, f, g ∈
Z, η, ζ > 0 and β ̸= 0.
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(i) 0 ≤ Θ(e, f ; η) ≤ 1, 0 ≤ ϑ(e, f ; η) ≤ 1 and 0 ≤ ψ(e, f ; η) ≤ 1 for every η > 0;

(ii) Θ(e, f ; η) + ϑ(e, f ; η) + ψ(e, f ; η) ≤ 3;

(iii) Θ(e, f ; η) = 1 iff e, f are linearly dependent;

(iv) Θ(βe, f ; η) = Θ(e, f ; η
|β|) for each β ̸= 0;

(v) Θ(e, f ; η) � Θ(e, g; ζ) ≤ Θ(e, f + g; η + ζ);

(vi) Θ(e, f ; ·) : (0,∞) → [0, 1] is a non-decreasing function that runs continuously;

(vii) limη→∞ Θ(e, f ; η) = 1;

(viii) Θ(e, f ; η) = Θ(f, e; η);

(ix) ϑ(e, f ; η) = 0 iff e, f are linearly dependent;

(x) ϑ(βe, f ; η) = ϑ(e, f ; η
|β|) for each β ̸= 0;

(xi) ϑ(e, f ; η) ∗ ϑ(e, g; ζ) ≥ ϑ(e, f + g; η + ζ);

(xii) ϑ(e, f ; ·) : (0,∞) → [0, 1] is a non-increasing function that runs continuously;

(xiii) limη→∞ ϑ(e, f ; η) = 0;

(xiv) ϑ(e, f ; η) = ϑ(f, e; η);

(xv) ψ(e, f ; η) = 0 iff e, f are linearly dependent;

(xvi) ψ(βe, f ; η) = ψ(e, f ; η
|β|) for each β ̸= 0;

(xvii) ψ(e, f ; η) ∗ ψ(e, g; ζ) ≥ ψ(e, f + g; η + ζ);

(xviii) ψ(e, f ; ·) : (0,∞) → [0, 1] is a non-increasing function that runs continuously;

(xix) limη→∞ ψ(e, f ; η) = 0;

(xx) ψ(e, f ; η) = ψ(f, e; η);

(xxi) If η ≤ 0, Θ(e, f ; η) = 0, ϑ(e, f ; η) = 1, ψ(e, f ; η) = 1.

In this case, N2 = (Θ, ϑ, ψ) is called neutrosophic 2-norm on Y.

Example 2.9. [41] Let (Y, ∥, ., ∥) be a 2-normed space. Consider continuous t-norm and contin-
uous t-conorm as a � b = ab and a ∗ b = a + b − ab for all a, b ∈ [0, 1] respectively. Now, for
x, y ∈ Y and u > 0 with u > ∥x, y∥ consider

Θ(x, y;u) =
u

u+ ∥x, y∥
, ϑ(x, y;u) =

∥x, y∥
u+ ∥x, y∥

, ψ(x, y;u) =
∥x, y∥
u

.

If we take u ≤ ∥x, y∥ then

Θ(x, y;u) = 0, ϑ(x, y;u) = 1 and ψ(x, y;u) = 1.

Then (Y,N2,�, ∗) is a neutrosophic 2-normed space where N2 : Y× Y×R+ → [0, 1].

Definition 2.10. [41] Let {lk}k∈N be a sequence in a N2-NS Z = (Y,N2,�, ∗). Choose σ ∈
(0, 1) and ε > 0. Then {lk}k∈N is named to be convergent if there exists a n0 ∈ N and ξ ∈ Y
such that Θ(lk − ξ, z; ε) > 1 − σ, ϑ(lk − ξ, z; ε) < σ and ψ(lk − ξ, z; ε) < σ for all n ≥ n0
and z ∈ Z which can be said that limk→∞ Θ(lk − ξ, z; ε) = 1, limk→∞ ϑ(lk − ξ, z; ε) = 0 and
limk→∞ ψ(lk − ξ, z; ε) = 0. In this case we write N2 − lim lk = ξ or lk

N2−−→ ξ and ξ is called
N2-limit of {lk}k∈N.

Definition 2.11. [41] Let {lk}k∈N be a sequence in a N2-NS Z = (Y,N2,�, ∗). Choose ε ∈ (0, 1)
and η > 0. Then {lk}k∈N is said to be statistically convergent to ξ if the natural density of the
set A(ε, η) = {k ≤ n : Θ(lk − ξ, z; η) ≤ 1 − ε or ϑ(lk − ξ, z; η) ≥ ε and ψ(lk − ξ, z; η) ≥ ε} is
zero for every z ∈ Z i.e. δ(A(ε, η)) = 0.



470 Nesar Hossain

Definition 2.12. [41] Let {lk}k∈N be a sequence in a N2-NS Z = (Y,N2,�, ∗), ε > 0 and η > 0.
Then {lk}k∈N is named to be statistical Cauchy if there exists n0 ∈ N such that limn

1
n |{k ≤

n : Θ(lk − ln0 , z; η) ≤ 1 − ε or ϑ(lk − ln0 , z; η) ≥ ε and ψ(lk − ln0 , z; η) ≥ ε}| = 0 for every
z ∈ Z or equivalently the natural density of the set A(ε, η) = {k ≤ n : Θ(lk − ln0 , z; η) ≤
1 − ε or ϑ(lk − ln0 , z; η) ≥ ε and ψ(lk − ln0 , z; η) ≥ ε} is zero, i.e., δ(A(ε, η)) = 0.

3 Main Results

Throughout this section Z, θ and δθ(A) stand for neutrosophic 2-normed space, lacunary
sequence and θ-density of the set A respectively unless otherwise stated. Also, qi, Ji and pi has
its own meaning defined earlier. First, We define the following:

Definition 3.1. Let {lk}k∈N be a sequence in a N2-NS Z = (Y,N2,�, ∗) and θ be a lacunary
sequence. Then {lk}k∈N is named to be lacunary statistically (shortly Sθ(N2)) convergent to
ξ ∈ Y if for every ε > 0, σ ∈ (0, 1) and nonzero z ∈ Z, δθ({k ∈ N : Θ(lk − ξ, z; ε) ≤
1 − σ or ϑ(lk − ξ, z; ε) ≥ σ and ψ(lk − ξ, z; ε) ≥ σ}) = 0 or equivalently limi

1
qi
|{k ∈ Ji :

Θ(lk − ξ, z; ε) ≤ 1− σ or ϑ(lk − ξ, z; ε) ≥ σ and ψ(lk − ξ, z; ε) ≥ σ}| = 0. In this case we write

Sθ(N2)− lim lk = ξ or lk
Sθ(N2)−−−−→ ξ and ξ is called Sθ(N2)-limit of {lk}k∈N.

Lemma 3.2. Let {lk}k∈N be a sequence in a N2-NS Z = (Y,N2,�, ∗) and θ be a lacunary
sequence. Then for every ε > 0, σ ∈ (0, 1) and nonzero z ∈ Z, the following statements are
equivalent:

(i) Sθ(N2)− lim lk = ξ;

(ii) δθ({k ∈ N : Θ(lk − ξ, z; ε) ≤ 1 − σ}) = δθ({k ∈ N : ϑ(lk − ξ, z; ε) ≥ σ}) = δθ({k ∈ N :
ψ(lk − ξ, z; ε) ≥ σ}) = 0;

(iii) δθ({k ∈ N : Θ(lk − ξ, z; ε) > 1 − σ and ϑ(lk − ξ, z; ε) < σ, ψ(lk − ξ, z; ε) < σ}) = 1;

(iv) δθ({k ∈ N : Θ(lk − ξ, z; ε) > 1 − σ}) = δθ({k ∈ N : ϑ(lk − ξ, z; ε) < σ}) = δθ({k ∈ N :
ψ(lk − ξ, z; ε) < σ}) = 1;

(v) Sθ(N2)− lim Θ(lk− ξ, z; ε) = 1, Sθ(N2)− limϑ(lk− ξ, z; ε) = 0 and Sθ(N2)− limψ(lk−
ξ, z; ε) = 0.

Theorem 3.3. Let {lk}k∈N be a sequence in a N2-NS Z = (Y,N2,�, ∗) and θ be a lacunary
sequence. If N2 − lim lk = ξ then Sθ(N2)− lim lk = ξ.

Proof. Let N2 − lim lk = ξ. Then for every ε > 0, σ ∈ (0, 1) and nonzero z ∈ Z there exists a
n0 ∈ N such that Θ(lk−ξ, z; ε) > 1−σ, ϑ(lk−ξ, z; ε) < σ and ψ(lk−ξ, z; ε) < σ for all n ≥ n0.
Hence the set {k ∈ N : Θ(lk − ξ, z; ε) ≤ 1 − σ or ϑ(lk − ξ, z; ε) ≥ σ and ψ(lk − ξ, z; ε) ≥ σ} is
contained in a finite set. Therefore,

δθ({k ∈ N : Θ(lk − ξ, z; ε) ≤ 1 − σ or ϑ(lk − ξ, z; ε) ≥ σ and ψ(lk − ξ, z; ε) ≥ σ}) = 0,

i.e., Sθ(N2)− lim lk = ξ. This completes the proof.

But the converse of Theorem 3.3 may not be true which can be shown by the following
example.

Example 3.4. Let Y = R2 with ∥x, y∥ = |x1y2 − x2y1|, where x = (x1, x2), y = (y1, y2) ∈ R2.
We take continuous t-norm � and continuous t-conorm ∗ as a�b = ab and a∗b = min{a+b, 1}
for a, b ∈ [0, 1] respectively. Now choose σ ∈ (0, 1). For x ∈ Y, ε > 0 with ε > ∥x, y∥ and
nonzero z ∈ Y, we Consider Θ(x, z; ε) = ε

ε+∥x,z∥ , ϑ(x, z; ε) = ∥x,z∥
ε+∥x,z∥ , ψ(x, z; ε) = ∥x,z∥

ε . Then
N2 = (Θ, ϑ, ψ) is a neutrosophic 2-norm on Y and the four tuple Z = (Y,N2,�, ∗) becomes a
neutrosophic 2-normed space. Define a sequence {lk}k∈N ∈ Z by

lk =

{
(k, 0), if ni −

[√
qi
]
+ 1 ≤ k ≤ ni, i ∈ N

(0, 0), otherwise.
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Let ξ = (0, 0). Now we have

A(σ, ε) = {k ∈ Ji : Θ(lk − ξ, z; ε) ≤ 1 − σ or ϑ(lk − ξ, z; ε) ≥ σ and ψ(lk − ξ, z; ε) ≥ σ}

=

{
k ∈ Ji :

ε

ε+ ∥lk, z∥
≤ 1 − σ or

∥lk, z∥
ε+ ∥lk, z∥

≥ σ and
∥lk, z∥
ε

≥ σ

}
=

{
k ∈ Ji : ∥lk, z∥ ≥ εσ

1 − σ
> 0 or ∥lk, z∥ ≥ εσ > 0

}
⊆ {k ∈ Ji : lk = (k, 0)}
⊆ {k ∈ Ji : ni − [

√
qi] + 1 ≤ k ≤ ni}.

Thus 1
qi
|A(σ, ε)| ≤ 1

qi
|{k ∈ Ji : ni −

[√
qi
]
+ 1 ≤ k ≤ ni}| ≤

√
qi
qi

→ 0 as i → ∞. Therefore
Sθ(N2)− lim lk = 0 where 0 = (0, 0). But {lk}k∈N is not convergent to 0 with regards to N2.

Theorem 3.5. Let {lk}k∈N be a sequence in a N2-NS Z = (Y,N2,�, ∗) and θ be a lacunary
sequence. If {lk}k∈N is lacunary statistically convergent with respect to N2 then Sθ(N2)-limit is
unique.

Proof. If possible, let Sθ(N2) − lim lk = ξ1 and Sθ(N2) − lim lk = ξ2 where ξ1 ̸= ξ2. Let
σ ∈ (0, 1) and ε > 0. Choose λ ∈ (0, 1) such that (1 − λ) � (1 − λ) > 1 − σ and λ ∗ λ < σ.
Now, for any nonzero z ∈ Z we define the sets as

AΘ1(λ, ε) =
{
k ∈ N : Θ

(
lk − ξ1, z;

ε

2

)
≤ 1 − λ

}
;

AΘ2(λ, ε) =
{
k ∈ N : Θ

(
lk − ξ2, z;

ε

2

)
≤ 1 − λ

}
;

Aϑ1(λ, ε) =
{
k ∈ N : ϑ

(
lk − ξ1, z;

ε

2

)
≥ λ

}
;

Aϑ2(λ, ε) =
{
k ∈ N : ϑ

(
lk − ξ2, z;

ε

2

)
≥ λ

}
;

Aψ1(λ, ε) =
{
k ∈ N : ψ

(
lk − ξ1, z;

ε

2

)
≥ λ

}
;

Aψ2(λ, ε) =
{
k ∈ N : ψ

(
lk − ξ2, z;

ε

2

)
≥ λ

}
.

Since Sθ(N2)− lim lk = ξ1 and Sθ(N2)− lim lk = ξ2, using Lemma 3.2 we have

δθ(AΘ1(λ, ε)) = δθ(Aϑ1(λ, ε)) = δθ(Aψ1(λ, ε)) = 0

and
δθ(AΘ2(λ, ε)) = δθ(Aϑ2(λ, ε)) = δθ(Aψ2(λ, ε)) = 0.

Now, let

AΘ,ϑ,ψ(λ, ε) = [AΘ1(λ, ε) ∪AΘ2(λ, ε)] ∩ [Aϑ1(λ, ε) ∪Aϑ2(λ, ε)] ∩ [Aψ1(λ, ε) ∪Aψ2(λ, ε)].

Then, clearly δθ(AΘ,ϑ,ψ(λ, ε)) = 0. So δθ(N \ AΘ,ϑ,ψ(λ, ε)) = 1. Let k ∈ N \ AΘ,ϑ,ψ(λ, ε).
Then there arise three posible cases:
Case− I : If k ∈ N \AΘ1(λ, ε) ∪AΘ2(λ, ε), then we have

Θ(ξ1 − ξ2, z; ε) ≥ Θ

(
lk − ξ1, z;

ε

2

)
� Θ

(
lk − ξ2, z;

ε

2

)
> (1 − λ) � (1 − λ)

> 1 − σ.

Since σ ∈ (0, 1) is arbitrary, Θ(ξ1 − ξ2, z; ε) = 1 which yields ξ1 = ξ2.
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Case− II : If k ∈ N \Aϑ1(λ, ε) ∪Aϑ2(λ, ε) then

ϑ(ξ1 − ξ2, z; ε) ≤ ϑ
(
lk − ξ1, z;

ε

2

)
∗ ϑ

(
lk − ξ2, z;

ε

2

)
< λ ∗ λ
< σ.

Since σ ∈ (0, 1) is arbitrary, ϑ(ξ1 − ξ2, z; ε) = 0 which yields ξ1 = ξ2.
Case− III : If k ∈ N \ Aψ1(λ, ε) ∪ Aψ2(λ, ε) then in the similar way as Case-II we will get
ξ1 = ξ2. Hence Sθ(N2)-limit of {lk}k∈N is unique. This completes the proof.

Theorem 3.6. Let {lk}k∈N be a sequence in a N2-NS Z = (Y,N2,�, ∗) and θ be a lacunary
sequence. Then Sθ(N2) − lim lk = ξ if and only if there exists a subset K = {k1 < k2 < · · · <
km < · · · } such that δθ(K) = 1 and N2 − lim lkm = ξ.

Proof. First suppose that Sθ(N2)− lim lk = ξ. Now, for any ε > 0, t ∈ N and nonzero z ∈ Z we
define

AN2(t, ε) =

{
k ∈ N : Θ(lk − ξ, z; ε) > 1 − 1

t
and ϑ(lk − ξ, z; ε) <

1
t
, ψ(lk − ξ, z; ε) <

1
t

}
(3.1)

and

BN2(t, ε) =

{
k ∈ N : Θ(lk − ξ, z; ε) ≤ 1 − 1

t
or ϑ(lk − ξ, z; ε) ≥ 1

t
and ψ(lk − ξ, z; ε) ≥ 1

t

}
.

(3.2)
Then clearly, AN2(t + 1, ε) ⊂ AN2(t, ε) and by our assumption we have δθ(BN2(t, ε)) = 0.
Also, from 3.1 we get δθ(AN2(t, ε)) = 1. Now we show that for k ∈ AN2(t, ε), N2 − lim lk = ξ.
If possible, let {lk}k∈AN2 (t,ε)

is not convergent with respect to N2. Then for some σ ∈ (0, 1) we
have Θ(lk − ξ, z; ε) ≤ 1 − σ, ϑ(lk − ξ, z; ε) ≥ σ and ψ(lk − ξ, z; ε) ≥ σ for except atmost finite
number of terms k ∈ AN2(t, ε) and nonzero z ∈ Z. Define

CN2(σ, ε) = {k ∈ N : Θ(lk− ξ, z; ε) > 1−σ and ϑ(lk− ξ, z; ε) < σ, ψ(lk− ξ, z; ε) < σ} (3.3)

where σ > 1
t . Clearly δθ(CN2(σ, ε)) = 0. Since σ > 1

t , AN2(t, ε) ⊂ CN2(σ, ε) and hence
δθ(AN2(t, ε)) = 0 which contradicts δθ(AN2(t, ε)) = 1. Therefore for k ∈ AN2(t, ε), N2 −
lim lk = ξ.

Conversely, suppose that there exists a subset K = {k1 < k2 < · · · < km < · · · } ⊂ N such
that δθ(K) = 1 and N2 − limm→∞ lkm = ξ. Then for every σ ∈ (0, 1) and ε > 0 there exists
m0 ∈ N such that Θ(lkm − ξ, z; ε) > 1 − σ, ϑ(lkm − ξ, z; ε) < σ and ψ(lkm − ξ, z; ε) < σ for all
m ≥ m0 and nonzero z ∈ Z. Therefore

{k ∈ N : Θ(lk − ξ, z; ε) ≤ 1 − σ or ϑ(lk − ξ, z; ε) ≥ σ and ψ(lk − ξ, z; ε) ≥ σ}
⊂ N \ {km0+1, km0+2, . . .}.

Hence δθ({k ∈ N : Θ(lk − ξ, z; ε) ≤ 1 − σ or ϑ(lk − ξ, z; ε) ≥ σ and ψ(lk − ξ, z; ε) ≥ σ}) = 0,
i.e., Sθ(N2)− lim lk = ξ. This completes the proof.

Now we proceed with the notion of lacunary statistically Cauchy with respect to N2 and
establish the relation between Sθ(N2)-convergence and Sθ(N2)-Cauchy sequences.

Definition 3.7. Let {lk}k∈N be a sequence in a N2-NS Z = (Y,N2,�, ∗) and θ be a lacunary
sequence. Then {lk}k∈N is named to be lacunary statistically Cauchy with respect to N2 (shortly
Sθ(N2)-Cauchy) if for every σ ∈ (0, 1), ε > 0 and nonzero z ∈ Z there exists k0 ∈ N such that
δθ({k ∈ N : Θ(lk − lk0 , z; ε) ≤ 1 − σ or ϑ(lk − lk0 , z; ε) ≥ σ and ψ(lk − lk0 , z; ε) ≥ σ}) = 0.

Theorem 3.8. Let {lk}k∈N be a sequence in a N2-NS Z = (Y,N2,�, ∗) and θ be a lacunary
sequence. If {lk}k∈N is Sθ(N2)-convergent then it is Sθ(N2)-Cauchy sequence.
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Proof. Let Sθ(N2)−lim lk = ξ and σ ∈ (0, 1) be given. Choose λ ∈ (0, 1) such that (1−λ)�(1−
λ) > 1−σ and λ∗λ < σ. Then for λ ∈ (0, 1), ε > 0 and nonzero z ∈ Z, δθ(AN2(λ, ε)) = 0 where
AN2(λ, ε) =

{
k ∈ N : Θ

(
lk − ξ, z; ε2

)
≤ 1 − λ or ϑ

(
lk − ξ, z; ε2

)
≥ λ and ψ

(
lk − ξ, z; ε2

)
≥ λ

}
.

Then δθ(N \AN2(λ, ε)) = 1. Let k0 ∈ Ac
N2

(λ, ε). So, we have

Θ

(
lk0 − ξ, z;

ε

2

)
> 1 − λ, ϑ

(
lk0 − ξ, z;

ε

2

)
< λ and ψ

(
lk0 − ξ, z;

ε

2

)
< λ.

Now, we define BN2(σ, ε) = {k ∈ N : Θ(lk− lk0 , z; ε) ≤ 1−σ or ϑ(lk− lk0 , z; ε) ≥ σ and ψ(lk−
lk0 , z; ε) ≥ σ} for every nonzero z ∈ Z. We show that BN2(σ, ε) ⊂ AN2(λ, ε). Let m ∈
BN2(σ, ε). Then we get

Θ(lm − lk0 , z; ε) ≤ 1 − σ, ϑ(lm − lk0 , z; ε) ≥ σ and ψ(lm − lk0 , z; ε) ≥ σ.

Case− I : We consider Θ(lm− lk0 , z; ε) ≤ 1−σ. We show Θ
(
lm − ξ, z; ε2

)
≤ 1−λ. If possible,

let Θ
(
lm − ξ, z; ε2

)
> 1 − λ. Then we have

1 − σ ≥ Θ(lm − lk0 , z; ε)

≥ Θ

(
lm − ξ, z;

ε

2

)
� Θ

(
lm − ξ, z;

ε

2

)
> (1 − λ) � (1 − λ)

> 1 − σ,

which is not possible. Therefore Θ
(
lm − ξ, z; ε2

)
≤ 1 − λ.

Case− II : We consider ϑ(lm − lk0 , z; ε) ≥ σ. We show ϑ
(
lm − ξ, z; ε2

)
≥ λ. If possible, let

ϑ
(
lm − ξ, z; ε2

)
< λ. Then we have

σ ≤ ϑ(lm − lk0 , z; ε)

≤ ϑ
(
lm − ξ, z;

ε

2

)
� ϑ

(
lk0 − ξ, z;

ε

2

)
< λ ∗ λ
< σ,

which is not possible. Therefore we have ϑ
(
lm − ξ, z; ε2

)
≥ λ.

Case− III : If we consider ψ(lm− lk0 , z; ε) ≥ σ then in the similar way as Case-II we can show
that ψ

(
lm − ξ, z; ε2

)
≥ λ.

Therefore, m ∈ AN2(λ, ε). Hence BN2(σ, ε) ⊂ AN2(λ, ε). Since δθ(AN2(λ, ε)) = 0,
δθ(BN2(σ, ε)) = 0. So, {lk}k∈N is Sθ(N2)-Cauchy sequence.

Theorem 3.9. Let {lk}k∈N be a sequence in a N2-NS Z = (Y,N2,�, ∗) and θ be a lacunary
sequence. If {lk}k∈N is Sθ(N2)-Cauchy sequence then it is Sθ(N2)-convergent sequence.

Proof. Let {lk}k∈N is Sθ(N2)-Cauchy but not it is Sθ(N2)-convergent to ξ ∈ Z. Then for σ ∈
(0, 1), ε > 0 and nonzero z ∈ Z, there exist k0 = k0(σ) ∈ N such that δθ(K) = 0, where

K = {k ∈ N : Θ(lk − lk0 , z; ε) ≤ 1 − σ or ϑ(lk − lk0 , z; ε) ≥ σ and ψ(lk − lk0 , z; ε) ≥ σ}

and δθ(M) = 0, where

M =
{
k ∈ N : Θ(lk − ξ, z;

ε

2
) > 1 − σ or ϑ(lk − ξ, z;

ε

2
) < σ and ψ(lk − ξ, z;

ε

2
) < σ

}
.

Since Θ(lk − lk0 , z; ε) ≥ 2Θ
(
lk − ξ, z; ε2

)
> 1 − σ and ϑ(lk − lk0 , z; ε) ≤ 2ϑ

(
lk − ξ, z; ε2

)
< σ,

ψ(lk − lk0 , z; ε) ≤ 2ψ
(
lk − ξ, z; ε2

)
< σ, if Θ

(
lk − ξ, z; ε2

)
> 1−σ

2 and ϑ
(
lk − ξ, z; ε2

)
< σ

2 ,
ψ (lk − lk0 , z; ε) < σ

2 . This gives

δθ({k ∈ N : Θ(lk − lk0 , z; ε) > 1 − σ and ϑ(lk − lk0 , z; ε) < σ, ψ(lk − lk0 , z; ε) < σ}) = 0.

This implies δθ(N\K) = 0 and so δθ(K) = 1 which leads to a contradiction. Therefore {lk}k∈N
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is Sθ(N2)-convergent to ξ ∈ Z. This completes the proof.

Definition 3.10. A N2-NS Z is named to be lacunary statistically complete with respect to N2 if
every lacunary statistically Cauchy sequence is lacunary statistically convergent with respect to
N2.

Remark 3.11. In the light of Theorem 3.8 and 3.9, we see every N2-NS is lacunary statistically
complete.

Conclusion and future developments

In this paper, we investigated lacunary convergent sequences within the context of neutro-
sophic 2-normed spaces (N2-NS), specifically focusing on θ-density. Our findings demonstrate
that every N2-NS is lacunary statistically complete. These results lay the groundwork for fu-
ture research, potentially enabling the generalization of this concept through the lens of an ideal.
Furthermore, this methodological approach can be extended to double sequences for advanced
developments and holds significant promise for addressing convergence related challenges across
various scientific and engineering disciplines.
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