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his article presents a novel Bézier variant within the family of Phillips-type generalized positive linear operators. We
derive the moments of these operators, offering a deeper understanding of their properties. The subsequent section delves into
the convergence properties in Lipschitz-type spaces, with a particular emphasis on the Ditzian-Totik modulus of smoothness.
In the final section, we rigorously analyze the convergence rate for functions whose derivatives exhibit bounded variation,
providing valuable results for applications in approximation theory.

1 Introduction
Over the course of the last thirty years, numerous researchers have introduced and examined the approximation properties of
the summation-integral of various operators. In 2019, Gupta [12] presented a comprehensive collection of operators, which
encompass various types of Durrmeyer operators, hybrid operators, and specific discrete operators that were examined as
exceptional instances. The operators are defined for x ≥ 0

H(µ,ν)
n,r (ς;x) =

∞∑
r=1

p
(µ)
n,r(x)

∫ ∞

0
pν+1,ρ
n,r (υ)ς(υ)dυ + p

(µ)
n,0ς(0), (1.1)

where,

p
(ν+1,ρ)
n,r−1 (υ) =

n

νB(rρ, νρ + 1)

(nυ
ν
)rρ−1

(1 + nυ
ν
)νρ+rρ+1

,

p
(µ)
n,r(x) =

(µ)r
r!

(nx
µ

)r

(1+nx
µ

)µ+r , (µ)r = µ(µ + 1)...(µ + r − 1) and B is a beta function.

For x ≥ 0 operators (1.1) can alternatively be written as

H(µ,ν)
n,r (ς;x) =

∞∑
r=1

p
(µ)
n,r(x)Gν,ρ

n,r(ς),

where,

Gν,ρ
n,r(ς) =

{∫∞
0 pν+1,ρ

n,r−1(υ)ς(υ)dυ, 1 ≤ k <∞
ς(0), k = 0.

Here, we have some of the following special case of operators (1.1)

i. If µ = ν → ∞, ρ = 1, the operators (1.1) reduces to Phillips type operators [19].

ii. If µ = ν = n, ρ = 1, we obtain Baskakov-Durrmeyer type operators(see [7],[2]).

iii. If µ ̸= ν and µ = n, ν → ∞, ρ = 1, the operators (1.1) changes into Baskakov-Szász type operators considered in [1].

iv. If µ ̸= ν and µ→ ∞, ν = n, ρ = 1, we receive Szász-Beta type operators proposed in [10].

v. If µ ̸= ν and µ = nx, ν = n, ρ = 1, we get Lupaş-Beta type operators introduced in [11].

vi. If µ ̸= ν and µ = nx, ν → ∞, ρ = 1, we have Lupaş-Szász type operators defined in [9].

vii. If µ = ν = −n and ρ = 1, we realize genuine Bernstein-Durrmeyer operators, proposed by Chen [3] and also by
Goldman-Sharma [8].

viii. If µ = ν = n, ρ > 0, the operators (1.1) follow the link operators due to Heilmann and Rasa [13] for c = 1.

Recently, Neha et al. [17] examined the Bézier variant of Pǎltǎnea operators associated with the inverse Pólya-Eggenberger
distribution. They also assessed the approximation properties of these operators, focusing on the first- and second-order mod-
uli of smoothness. Additionally, several studies have explored the generalized form of positive linear operators [4, 5, 14, 15,
16, 20, 21].

Inspired by the aforementioned notable research, we examine the Bézier variation of the set of operators (1.1) in the
following manner

H̃(µ,ν,Θ)
n,r (ς;x) =

∞∑
r=1

Q
(Θ)
n,k(x)

∫ ∞

0
pν,ρn,r−1(υ)ς(υ)dυ +Q

(Θ)
n,0(x)ς(0), (1.2)
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where,

Q
(Θ)
n,r(x) = [Jn,r(x)]

Θ −
[
Jn,r+1(x)

]Θ and Jn,r(x) =
∞∑
j=r

p
(µ)
n,j(x). (1.3)

Alternatively operators (1.2) could be written as

H̃(µ,ν,Θ)
n,r (ς;x) =

∫ ∞

0
M(ν,ρ,Θ)

n,r (x, υ)ς(υ)dυ, (1.4)

where,

M(ν,ρ,Θ)
n,r (x, υ) =

∞∑
r=1

Q
(Θ)
n,r(x)p

ν,ρ
n,r−1(υ) +Q

(Θ)
n,0(x)ς(0).

This article intends to examine the approximation behaviour of the operators (1.2) for the functions defined on [0,∞).
We find a direct result using the modulus of continuity, Lipschitz-type space, and we calculate the rate of convergence using
derivatives of bounded variation.

2 Basic Properties
In this section, we discuss some useful lemmas and results.

Remark 2.1. For x ≥ 0,m ∈ N ∪ {0} and em(x) = xm, m = 0, 1, 2 . . ., we have

Gν,ρ
n,r(em) =

∫ ∞

0
pν+1,ρ
n,r−1(υ)υ

mdυ

=

∫ ∞

0

n

ν.B(rρ, νρ + 1)

(nυ
ν
)rρ−1

(1 + nυ
ν
)νρ+rρ+1

υmdυ

=
Γ(νρ−m + 1)Γ(rρ +m)

Γ(νρ + 1)Γ(rρ)

( ν
n

)m
.

Remark 2.2. For Θ ≥ 1, we have

H̃(µ,ν,Θ)
n,r (e0;x) =

∞∑
r=0

Q
(Θ)
n,r(x) =

[
Jn,0(x)

]Θ
=

 ∞∑
j=0

p
(µ)
n,j(x)

Θ

= 1.

Lemma 2.3. Using the Remark 2.1, the moments of the operators H(µ,ν)
n,r (1.1), may be written as

H(µ,ν)
n,r (e0;x) = 1,

H(µ,ν)
n,r (e1;x) = x,

H(µ,ν)
n,r (e2;x) =

ν

µn(νρ− 1)

[
x2(1 + µ)nρ + x(1 + ρ)µ

]
,

H(µ,ν)
n,r (e3;x) =

ν2

µ2n2(νρ− 1)(νρ− 2)

[
x3(2 + 3µ + µ2)ρ2n2

+x2(3 + 3µ + 3ρ + 3µρ)nρµ + x(2 + 3ρ + ρ2)µ2
]
,

H(µ,ν)
n,r (e4;x) =

ν3

µ3n3(νρ− 1)(νρ− 2)(νρ− 3)

[
x4(6 + 11µ + 6µ2 + µ3)ρ3n3

+x3(12 + 18µ + 6µ2 + 12ρ + 18µρ + 6µ2ρ)ρ2n2µ

+x2(11 + 11µ + 18ρ + 18µρ + 7ρ2 + 7µρ2)ρnµ2

+x(6 + 11ρ + 6ρ2 + ρ3)µ3
]
.

Lemma 2.4. Using Lemma 2.3, we get

H(ν,ρ)
n,µ ((υ − x)2;x) =

1
µn(νρ− 1)

[
n(µ + νρ)x2 + µν(1 + ρ)x

]
=

ν(1 + ρ)

n(νρ− 1)

[
x +

n(µ + νρ)

µν(1 + ρ)
x2
]
≤
x + δx2

n

≤
Φ2(x)

n
,

where Φ2(x) = x(1 + δx), and δ =
n(µ+νρ)
µν(1+ρ)

.
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Lemma 2.5. For real valued continuous and bounded function ψ ∈ [0,∞) and the operators H(ν,ρ)
n,µ , we have

|H(ν,ρ)
n,µ (ψ;x)| ≤ ∥ψ∥,

where norm of the function on the positive half real line is given by ∥ψ∥ = sup
x∈[0,∞)

|ψ(x)|.

Lemma 2.6. Let ψ ∈ C[0,∞), then for any x ∈ [0,∞)∣∣∣H̃(µ,ν,Θ)
n,k (ψ)

∣∣∣ ≤ θ∥ψ∥.

Proof. Applying the well known property |aλ − bλ| ≤ λ|a− b|, with 0 ≤ a, b ≤ 1, λ ≥ 1, and by using (1.3), we get

0 < [Jn,r(x)]
Θ −

[
Jn,r+1(x)

]Θ ≤ θ
(
Jn,r(x)− Jn,r+1(x)

)
≤ Θ

[
p
(µ)
n,r(x)

]
.

Now, by the definition of Bézier variant operators (1.2) and Lemma 2.3, we obtain∣∣∣H̃(µ,ν,Θ)
n,r (ψ)

∣∣∣ ≤ Θ∥H(µ,ν)
n,r (ψ)∥ ≤ Θ∥ψ∥.

3 Convergence Results
For x ∈ (0,∞) and υ ∈ [0,∞), as we have seen in Özarsian and Duman [18], the Lipschitz-type space is described as

Lip∗M (m) =

{
ς ∈ C[0,∞] : |ς(υ)− ς(x)| ≤M

|υ − x|m

(υ + x)
m
2

}
, where 0 < m ≤ 1.

The following theorem establishes the rate of convergence for the operators H̃(µ,ν,Θ)
n,r for functions in the space Lip∗M (m).

Theorem 3.1. Let ς ∈ Lip∗M (m) and m ∈ (0, 1]. Then for all x ∈ (0,∞), we have

|H̃(µ,ν,Θ)
n,r (ς(υ);x)− ς(x)| ≤ ΘM

(
H(ν,ρ)

n,µ ((υ − x)2;x)
x

)m
2

.

Proof. From the remark 2.2, we have

|H̃(µ,ν,Θ)
n,r (ς(υ);x)− ς(x)| ≤ H̃(µ,ν,Θ)

n,r (|ς(υ)− ς(x)|;x)

≤ ΘH(µ,ν)
n,r (|ς(υ)− ς(x)|;x)

≤ ΘMH(µ,ν)
n,r

(
|υ − x|m

(υ + x)
m
2

;x

)

≤
ΘM

x
m
2
H(µ,ν)

n,r (|υ − x|m;x). (3.1)

Taking p = 2
m

, q = 2
2−m

and applying Hölder’s inequality, we obtain

H(µ,ν)
n,r (ς)(|υ − x|m;x) ≤

{
H(µ,ν)

n,r (|υ − x|2;x)
}m

2
.

{
H(µ,ν)

n,r (1
2

2−m ;x)
} 2−m

2

≤
{
H(µ,ν)

n,r (|υ − x|2;x)
}m

2
. (3.2)

Combining (3.1) and (3.2), we get the required result

|H̃(µ,ν,Θ)
n,r (ς(υ);x)− ς(x)| ≤ ΘM

(
H(µ,ν)

n,r ((υ − x)2;x)
x

)m
2

.

In the ensuing outcome, we deduce the rate of convergence when employing the Ditzian-Totik modulus of smoothness
ω

Φλ (ς, δ) and Peetre’s K−functional K
Φλ (ς, δ), 0 ≤ λ ≤ 1. For ς ∈ CB [0,∞) and Φ(x) =

√
x(1 + δx), the Ditzian-

Totik modulus of smoothness is given by

ω
Φλ (ς, δ) = sup

0≤i≤δ
sup

x± iΦλ(x)
2 ∈[0,∞)

∣∣∣∣ς (x +
iΦλ(x)

2

)
− ς

(
x−

iΦλ(x)

2

)∣∣∣∣ ,
and the Peetre’s K−functional is defined as

ω
Φλ (ς, δ) = inf

h∈Wλ

{∥ς − h∥ − δ∥Φ
λh′∥},

where Wλ is a subspace of all real functions defined on [0,∞) and h ∈ Wλ which is absolutely continuous function with
norm ∥Φλh′∥ ≤ ∞. In [[6], Theorem 2.1.1], then we have a constant C ≥ 0 such that

C−1ω
Φλ (ς, δ) ≤ K

Φλ (ς, δ) ≤ Cω
Φλ (ς, δ). (3.3)
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Theorem 3.2. For ς ∈ CB [0,∞) and λ ∈ [0, 1] then, we have∣∣∣H̃(µ,ν,Θ)
n,r (ς;x)− ς(x)

∣∣∣ ≤ Cω
Φλ

(
ς; Φ

1−λ(x)

√
Θ

n

)
.

Proof. For h ∈Wλ, we consider

h(υ) = h(x) +

∫ υ

x
h′(u)du.

Applying H̃(µ,ν,Θ)
n,r and Hölder’s inequality then, we have∣∣∣H̃(µ,ν,Θ)

n,r (h(υ);x)− h(x)
∣∣∣ ≤ H̃(µ,ν,Θ)

n,r

(∫ υ

x

∣∣h′∣∣ du;x
)

≤ ∥Φ
λh′∥H̃(µ,ν,Θ)

n,r

(∣∣∣∣∫ υ

x

du

Φλ(u)

∣∣∣∣ ;x
)

≤ ∥Φ
λh′∥H̃(µ,ν,Θ)

n,r

(
|υ − x|1−λ

∣∣∣∣∫ υ

x

du

Φ(u)

∣∣∣∣λ ;x

)
.

(3.4)

Let I =
∣∣∣∫ υ

x
du

Φ(u)

∣∣∣, now first we simplify expression I

I ≤
∣∣∣∣∫ υ

x

du
√
u

∣∣∣∣ ∣∣∣∣( 1
√

1 + δx
+

1
√

1 + δυ

)∣∣∣∣
≤ 2

∣∣√υ −
√
x
∣∣ ( 1

√
1 + δx

+
1

√
1 + δυ

)
≤ 2

|υ − x|
√
υ +

√
x

(
1

√
1 + δx

+
1

√
1 + δυ

)
≤ 2

|υ − x|
√
x

(
1

√
1 + δx

+
1

√
1 + δυ

)
. (3.5)

Now, we use the inequality |p + q|λ ≤ |p|λ + |q|λ , 0 ≤ λ ≤ 1 then from (3.5), we get∣∣∣∣∫ υ

x

du

Φ(u)

∣∣∣∣λ ≤ 2λ
|υ − x|λ

x
λ
2

(
1

(1 + δx)
λ
2

+
1

(1 + δυ)
λ
2

)
. (3.6)

From (3.4) and (3.6) and using Cauchy inequality, we get ∣∣∣H̃(µ,ν,Θ)
n,r (h(υ);x)− h(x)

∣∣∣ (3.7)

≤
2λ∥Φλh′∥

x
λ
2

H̃(µ,ν,Θ)
n,r

(
|υ − x|

(
1

(1 + δx)
λ
2

+
1

(1 + δυ)
λ
2

)
;x

)

=
2λ∥Φλh′∥

x
λ
2

(
1

(1 + δx)
λ
2

(
H̃(µ,ν,Θ)

n,r

(
(υ − x)2;x

)) 1
2

+
(
H̃(µ,ν,Θ)

n,r

(
(υ − x)2;x

)) 1
2
.
(
H̃(µ,ν,Θ)

n,r

(
(1 + δυ)−λ;x

)) 1
2
)
. (3.8)

From Lemma 2.4, we may write (
H̃(µ,ν,Θ)

n,r

(
(υ − x)2;x

)) 1
2 ≤

√
Θ

n
Φ(x), (3.9)

where Φ(x) =
√
x(1 + δx).

For x ∈ [0,∞) , H̃(µ,ν,Θ)
n,r

(
(1 + δυ)−λ;x

)
approaches to (1 + δx)−λ when n approaches to ∞ . Thus for any ε > 0,

we find n0 ∈ N such that

H̃(µ,ν,Θ)
n,r

(
(1 + δυ)−λ;x

)
≤ (1 + δx)−λ + ε, for all n ≥ n0.

By assuming ε = (1 + δx)−λ, above inequality reduces to the following

H̃(µ,ν,Θ)
n,r

(
(1 + δυ)−λ;x

)
≤ 2(1 + δx)−λ, for all n ≥ n0. (3.10)

From (3.9) and (3.10), we have∣∣∣H̃(µ,ν,Θ)
n,r (h(υ);x)− h(x)

∣∣∣ ≤ 2λ∥Φ
λh′∥

√
Θ

n
ψ(x)

(
Φ

−λ(x)

+
√

2x−
λ
2 (1 + δx)−

λ
2

)
≤ 2λ(1 +

√
2)∥Φ

λh′∥
√

Θ

n
Φ

1−λ(x). (3.11)
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We may write ∣∣∣H̃(µ,ν,Θ)
n,r (ς(υ);x)− ς(x)

∣∣∣ ≤
∣∣∣H̃(µ,ν,Θ)

n,r (ς(υ)− h(υ);x)
∣∣∣

+
∣∣∣H̃(µ,ν,Θ)

n,r (h(υ);x)− h(x)
∣∣∣ + |h(x)− ς(x)|

≤ 2∥ς − h∥ +
∣∣∣H̃(µ,ν,Θ)

n,r (h(υ);x)− h(x)
∣∣∣ . (3.12)

From (3.11) and (3.12) and for very large n, we obtain∣∣∣H̃(µ,ν,Θ)
n,r (ς(υ);x)− ς(x)

∣∣∣ ≤ 2∥ς − g∥ + 2λ(1 +
√

2)∥Φ
λh′∥

√
Θ

n
Φ

1−λ(x)

≤ C1{∥ς − h∥ + Φ
1−λ(x)

√
Θ

n
∥Φ

λh′∥}

≤ CK
Φλ

(
ς; Φ

1−λ(x)

√
Θ

n

)
, (3.13)

where C1 = max{2, 2λ(1 +
√

2)} and C = 2C1. From (3.3) and (3.13), we follow the required result.

In the following theorem, we estimate the convergence rate of (1.2) within the function class DBV [0,∞). This class
consists of all absolutely continuous functions ς defined on the interval [0,∞), which have bounded derivatives on the same
interval. For any ς belonging to the set of functions DBV [0,∞), the following expression holds

ς(x) =

∫ x

0
ψ(υ)dυ + ς(0),

where ψ(υ) is a function of bounded variation on each finite partition of [0,∞).

Lemma 3.3. For x ∈ [0,∞) and very large n, we have
(i) Take 0 ≤ y < x, therefore

ξn(x, y) =

∫ y

0
M(ν,ρ,Θ)

n,r (x, υ)dυ ≤
Θx(1 + δx)

n(x− y)2
.

(ii) If x < z <∞, then

1 − ξn(x, z) =

∫ ∞

z
M(ν,ρ,Θ)

n,r (x, υ)dυ ≤
Θx(1 + δx)

n(z − x)2
.

Proof. Using Lemma 2.3, 2.4 and the alternative form (1.4) of operators (1.2), for sufficiently large n and 0 ≤ y < x, we
have

ξn(x, y) =

∫ y

0
M(ν,ρ,Θ)

n,r (x, υ)dυ

≤
∫ y

0

(x− υ)2

(x− y)2
M(ν,ρ,Θ)

n,r (x, υ)dυ

≤
1

(x− y)2
H(ν,ρ)

n,µ ((υ − x)2;x)

≤
Θx(1 + δx)

n(x− y)2
.

In the similar way we can prove the second part of Lemma.

Theorem 3.4. Let ς ∈ DBV [0,∞) for all x ∈ [0,∞) and sufficiently large n, we have∣∣∣H̃(µ,ν,Θ)
n,r (ς;x)− ς(x)

∣∣∣ ≤
√

Θ

1 + Θ

∣∣(ς′(x+) + Θς′(x−))
∣∣ Φ(x)
√
n

+
Θ

3
2

Θ + 1

∣∣ς′(x+)− ς′(x−)
∣∣ Φ(x)
√
n

+
ΘΦ(x)

nx

[
√
n]∑

r=1

x∨
x− x

r

(ς′x) +
x
√
n

x∨
x− x√

n

(ς′x)

+
ΘΦ(x)

nx

[
√
n]∑

r=1

x+ x
r∨

x

(ς′x) +
x
√
n

x+ x√
n∨

x

(ς′x),

where the auxiliary function ς′x is defined as

ς′x(υ) =


ς(υ)− ς(x−), 0 ≤ υ < x

0, υ = x

ς(υ)− ς(x+), x < υ <∞.
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Proof. From Remark 2.2, and using (1.4) second form of the operators (1.2) for every x ∈ [0,∞), we have

H̃(µ,ν,Θ)
n,r (ς(υ);x)− ς(x) =

∫ ∞

0
M(ν,ρ,Θ)

n,r (x, υ)(ς(υ)− ς(x))dυ

=

∫ ∞

0
M(ν,ρ,Θ)

n,r (x, υ)

(∫ υ

x
ς′(u)du

)
dυ. (3.14)

For each function ς ∈ DBV [0,∞), we can write

ς′(u) = ς′x(u) +
1

Θ + 1
(ς′(x+) + Θς′(x−)) +

1
2
(ς′(x+)− ς′(x−))

×
(
sgn(u− x) +

Θ − 1
Θ + 1

)
+ δx(u)(ς

′(u)− (ς′(x+) + ς′(x−)),

(3.15)

where

δx(u) =

{
1, u = x

0, u ̸= x.

It can be easily seen that∫ ∞

0

(∫ υ

x

(
ς′(u)−

1
2

(
ς′(x+) + ς′(x−)

))
δx(u)du

)
M(ν,ρ,Θ)

n,k (x, υ)dυ = 0.

(3.16)

Using the operators (1.4) and (3.15), we have

I1 =

∫ ∞

0
M(ν,ρ,Θ)

n,r (x, υ)

∫ υ

x

1
Θ + 1

(ς′(x+) + Θς′(x−))dudυ

=
1

Θ + 1

∣∣(ς′(x+) + Θς′(x−))
∣∣ ∫ ∞

0
M(ν,ρ,Θ)

n,r (x, υ) |υ − x| dυ

≤
1

Θ + 1
(ς′(x+) + Θς′(x−))

(
H̃(µ,ν,Θ)

n,r ((υ − x)2;x)
) 1

2

≤
√

Θ

1 + Θ

∣∣(ς′(x+) + Θς′(x−))
∣∣ Φ(x)
√
n
. (3.17)

And

I2 =

∫ ∞

0
M(ν,ρ,Θ)

n,r (x, υ)

∫ υ

x

1
2

(
ς′(x+)− ς′(x−)

)(
sgn(u− x) +

Θ − 1
Θ + 1

)
dudυ

≤
Θ

Θ + 1

∣∣ς′(x+)− ς′(x−)
∣∣ ∫ ∞

0
M(ν,ρ,Θ)

n,r (x, υ) |υ − x| dυ

≤
Θ

Θ + 1

∣∣ς′(x+)− ς′(x−)
∣∣ (H̃(µ,ν,Θ)

n,r ((υ − x)2;x)
) 1

2

≤
Θ

3
2

Θ + 1

∣∣ς′(x+)− ς′(x−)
∣∣ Φ(x)
√
n
. (3.18)

From the relations (3.14 - 3.18), we get the following estimate∣∣∣H̃(µ,ν,Θ)
n,r (ς;x)− ς(x)

∣∣∣ ≤
√

Θ

1 + Θ

∣∣(ς′(x+) + Θς′(x−))
∣∣ Φ(x)
√
n

+
Θ

3
2

Θ + 1

∣∣ς′(x+)− ς′(x−)
∣∣ Φ(x)
√
n

+A
(µ,ν,Θ)
n,r (ς′x;x) +B

(µ,ν,Θ)
n,r (ς′x;x), (3.19)

where,

A
(µ,ν,Θ)
n,r (ς′x;x) =

∫ x

0
M(ν,ρ,Θ)

n,r (x, υ)

(∫ υ

x
ς′(u)du

)
dυ,

and,

B
(µ,ν,Θ)
n,r (ς′x;x) =

∫ ∞

x
M(ν,ρ,Θ)

n,r (x, υ)

(∫ υ

x
ς′(u)du

)
dυ.

The terms A(µ,ν,Θ)
n,r (ς′x;x) and B(µ,ν,Θ)

n,r (ς′x;x) are to be estimated for a complete proof of the theorem.
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Using integration by parts and applying the Lemma 3.3 with y = x− x√
n

, it follows

∣∣∣A(µ,ν,Θ)
n,r (ς′x;x)

∣∣∣ =

∣∣∣∣∫ x

0

(∫ υ

x
ς′(u)du

)
dυξn,Θ(x, υ)dυ

∣∣∣∣
=

∣∣∣∣∫ x

0
ξn,Θ(x, υ)ς

′
x(υ)dυ

∣∣∣∣
≤

∫ y

0

∣∣ς′x(υ)∣∣ ∣∣ξn,Θ(x, υ)
∣∣ dυ +

∫ x

y

∣∣ς′x(υ)∣∣ ∣∣ξn,Θ(x, υ)
∣∣ dυ

≤
ΘΦ(x)

n

∫ y

0

x∨
υ

(ς′x)(x− υ)−2dυ +

∫ x

y

x∨
υ

(ς′x)dυ

≤
ΘΦ(x)

n

∫ y

0

x∨
υ

(ς′x)(x− υ)−2dυ +
x
√
n

x∨
x− x√

n

(ς′x). (3.20)

Again, using Lemma 3.3 and taking u = x
x−υ

, we get

ΘΦ(x)

n

∫ x− x√
n

0

x∨
υ

(ς′x)(x− υ)−2dυ =
ΘΦ(x)

nx

∫ √
n

1

x∨
x− x

u

(ς′x)du

≤
ΘΦ(x)

nx

[
√
n]∑

r=1

∫ r+1

r

x∨
x− x

u

(ς′x)du

≤
ΘΦ(x)

nx

[
√
n]∑

r=1

x∨
x− x

r

ς′x). (3.21)

On combining (3.20) and (3.21), we get the following

∣∣∣A(µ,ν,Θ)
n,r (ς′x;x)

∣∣∣ ≤
ΘΦ(x)

nx

[
√
n]∑

r=1

x∨
x− x

r

(ς′x) +
x
√
n

x∨
x− x√

n

(ς′x). (3.22)

Now, using the integration by parts and applying the Lemma 3.3 with z = x + x√
n

, we get

∣∣∣B(µ,ν,Θ)
n,r (ς′x;x)

∣∣∣ =

∣∣∣∣∫ ∞

x
M(ν,ρ,Θ)

n,r (x, υ)

(∫ υ

x
ς′x(u)du

)
dυ

∣∣∣∣
=

∣∣∣∣∫ z

x

(∫ υ

x
ς′x(u)du

)
dυ(1 − ξn,Θ(x, υ))dυ

+

∫ ∞

z

(∫ υ

x
ς′x(u)du

)
dυ(1 − ξn,Θ(x, υ))dυ

∣∣∣∣
=

∣∣∣∣[(∫ υ

x
ς′x(u)du

)
(1 − ξn,Θ(x, υ))

]z
x

−
∫ z

x
ς′x(υ)(1 − ξn,Θ(x, υ))dυ

+

∫ ∞

z

(∫ υ

x
ς′(u)du

)
dυ(1 − ξn,Θ(x, υ))dυ

∣∣∣∣
=

∣∣∣∣(∫ z

x
ς′x(u)du

)
(1 − ξn,Θ(x, z))−

∫ z

x
ς′x(υ)(1 − ξn,Θ(x, υ))dυ

+

[(∫ υ

x
ς′x(u)du

)
(1 − ξn,Θ(x, υ))

]∞
z

−
∫ ∞

z
ς′x(υ)(1 − ξn,Θ(x, υ))dυ

∣∣∣∣
=

∣∣∣∣∫ z

x
ς′x(υ)(1 − ξn,Θ(x, υ))dυ +

∫ ∞

z
ς′x(υ)(1 − ξn,Θ(x, υ))dυ

∣∣∣∣
<

ΘΦ(x)

n

∫ ∞

x

υ∨
x

(ς′x)(υ − x)−2dυ +

∫ z

x

υ∨
x

(ς′x)

≤
ΘΦ(x)

n

∫ ∞

x+ x√
n

υ∨
x

(ς′x)(υ − x)−2dυ +
x
√
n

x+ x√
n∨

x

(ς′x), (3.23)
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on substituting u = x
υ−x

, we get

ΘΦ(x)

n

∫ ∞

x+ x√
n

υ∨
x

(ς′x)(υ − x)−2dυ =
ΘΦ(x)

nx

∫ √
n

0

x+ x
u∨

x

(ς′x)du

≤
ΘΦ(x)

nx

[
√
n]∑

r=1

∫ k+1

k

x+ x
u∨

x

(ς′x)du

≤
ΘΦ(x)

nx

[
√
n]∑

r=1

x+ x
r∨

x

(ς′x). (3.24)

Using (3.23) and (3.24), we get the following

∣∣∣B(µ,ν,Θ)
n,r (ς′x;x)

∣∣∣ ≤
ΘΦ(x)

nx

[
√
n]∑

r=1

x+ x
r∨

x

(ς′x) +
x
√
n

x+ x√
n∨

x

(ς′x). (3.25)

The relations (3.19), (3.22) and (3.25), leads to the required result.
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put. 236(1), (2014), 19–26.

[12] Gupta, V., Rassias, T. M.: Moments of Linear Operators and Approximation, (2019), Springer.

[13] Heilmann, M., Rasa, I.: A nice representation for a link between Baskakov and Szász-Mirakjan-Durrmeyer
operators and their Kantorovich variants, Results math 74(9), (2009).

[14] Kumar, A., Dakshita: Approximation of functions by Stancu variant of genuine Gupta-Srivastava opera-
tors, PJM, 10(2), 2021, 863–873.

[15] Kumar, S., Deo, N.: Approximation of generalized Pǎltǎnea and Heilmann-type operators, Mat. Vesn.,
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