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Abstract In this paper, we establish some definitions and properties in anisotropic weighted
Sobolev spaces. As an application, we study the existence and regularity of entropy solutions for
the unilateral problem associated to the strongly nonlinear and non-coercive Neumann problem

Au+ g(z,u, Vu) + [uP2uwy = f  inQ,

N
Z ai(z, U, Vuy).n; =0 on 0Q,
i=1

in anisotropic weighted Sobolev space Wol’ﬁ (Q,d), where A is a degenerated Leray-Lions op-
erator, and the Carathéodory function g(z, s, £) verifying only some growth conditions, with the
data f(z) is assumed to be in L!(Q).

1 Introduction

Let Q be a bounded open subset of IRY, (N > 2), with Lipschitz boundary Q. Boccardo and
Gallouét have considered in [15] the elliptic Dirichlet problem

(1.1)

—diva(z,u,Vu) = f inQ,
u=20 on 0Q,

where f is a bounded radon measure, they have proved the existence and regularity of solutions,
for more details we refer the reader to [11, 33].
Betta et al. have studied in [12] the nonlinear elliptic Neumann problem of the form

—Apu — div (e(x)ulP~?u) = f inQ,
(|VulP~2Vu + ¢(x)|ulP2u).i =0 on 0Q,

where f belongs to L' (€). The authors have demonstrated the existence and regularity of renor-
malized solutions i n the Sobolev space W!?(Q). For more details, we refer the reader to [7, 17].

In [2], Akdim et al. studied the unilateral problem associated with the elliptic equation of the
form

Au —div ¢p(u) = f in Q, (1.2)
u=0 on 0Q,
where ¢ = (¢1,--- , ¢n) belongs to C(IR, IR)™N and the data f assumed to be in L'(Q). They

have proved the existence of entropy solutions for the unilateral anisotropic problem (see also
[18, 22]).



510 Arij BOUZELMATE, Hassane HJTAJ and Inssaf RAISS

In [4], Akdim et al. have considered the unilateral problems associated to quasilinear degen-
erated elliptic equation of the form

1.3
u=2~0 on 09, (1.3)

{ Au+ g(x,u,Vu) = f in  Q
where f € L'(Q). They have established the existence of solutions to the elliptic equation (1.3)
in the framework of a weighted Sobolev space W!?(Q, &), we refer the reader also to [1, 10].
For more information on nonlinear elliptic problems with degenerate coercivity, we refer the
reader to [5, 14, 24, 29, 30, 31]. Also, the references [13, 19, 37] and [38] are recommended.
Recently, Azroul et al. have proved in [9] the existence of entropy solutions for the anisotropic
quasilinear elliptic equation of the form

|u|Po—2u .

Q
[P s (1.4)
u=0 on 0Q,

Au|ulstu = f+ A

where, the data f is assumed to be in L' (). The operator A is a Leray-Lions operator acted
from VVO1 P (Q, o) into its dual, and X is a positive constant. We refer also to [16], [21] and [10]
for more details.

The focus of this paper is to establish some definitions and properties concerning the anisotropic
weighted Sobolev spaces. Moreover, we will study the existence of entropy solutions for the uni-
lateral problem associated to the strongly nonlinear and non-coercive elliptic equation given by

Au+ g(z,u, Vu) + [ulPPuwy = f  inQ,
N

1.5
Z ai(z, U, Vuy).n; =0 on 9Q, (1.5)
i=1
where Q is a bounded open subset of RN (N > 2),and py, - - - ,px are N real constants numbers
with 1 < p; < oo fori = 1,---,N. The Leray-Lions operator A satisfies the growth, the

degenerate coercivity and the strict monotone conditions. The strongly nonlinear term g(z, s, £)
is a Carathéodory function that satisfying only some growth condition, where the right-hand side
f(z) belongs to L' (Q).

The new result of this paper concern the study of existence and regularity of entropy solutions
for the unilateral problem associated to the strongly nonlinear elliptic equation with Neumann
bounded condition in the anisotropic weighted Sobolev spaces W!7(Q,&) (for case of p is a
constant, we refer the readers to [28] and [35] for more details).

This paper is organized as follows : We introduce in the section 2 some definitions and
properties concerning the weighted anisotropic Sobolev spaces. In the section 3, we present
the essential assumptions under which our problem has at least one solution. The section 4 is
devoted to proved the existence of weak solutions in the case of f(z) belongs to L>°(2). In the
last section, we study the existence of entropy solutions for the unilateral problem associated to
the strongly nonlinear and non-coercive elliptic equation (1.5), where the data f(x) belonging
to L'(Q).

2 Preliminaries

Let Q be a bounded open subset of IRY (N > 2) with smooth boundary Q.

Let p1,...,pn be NV exponents, such that | < p; < ocofori=1,..., N, we define
, 0
p=(p1,-.-,PN) and Diu= " for i=1,...,N,
8l‘i
and we set

B:min{phpZV"apN} and Pm :max{p17p27"'7pN}-
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Let us define &(z) = (wo(z),w:(z),...,wn(z)) as a vector of weight functions, such that wy(z)
and w; () are positive and measurable functions a.e. in Q, with wy < w; fori =1,..., N. Also,

we assume that
1

1

wo € L, (Q) with wy = woigf €L,.(Q),

and
1

w; € L}, .(Q) with w;

3

The weighted Lebesgue space LP: (Q,w;) is defined as

L (Q,w;) = {u measurable function such that / |u(x)
Q
equipped with the norm

e = ([ uta)

[Ju

1
pio%(m)dw) " for i=1,...,N.

The space (LPi(Q,w;), || - ||p; ;) is a separable and reflexive Banach space (cf [28]).

Moreover, we define the Holder’s type inequality by

o
p;Hw;

/ wo dz < ||ullp, w, ||V
Q

and the Young’s inequality is definedd by

1
/uvdmﬁ—/m
Q Di Jo
1

/ 1
for any u € LPi(Q,w;) and v € LP: (Q,w}), with — + — = 1.
Di D;
The anisotropic weighted Sobolev space W!7(Q, &) is defined by

1 7
Piw,; dx + —,/ lv|Piw? dx
P Ja

WP (Q,&) = {u € L2(Q,wp) and D'y € LP/(Q,w;) for i=1,...,N},

which is a Banach space equipped with the following norm

N
”qu,ﬁ@ = Hu”gwo + Z HDZquuwi'

i=1

Thus, under the assumptions (2.1) and (2.2), C§°() is a subspace of W17(Q,d).

=w, " e LL.(Q) for i=1,...

Piw(z) do < oo} )

2.1

2.2)

2.3)

(2.4)

(2.5)

(2.6)

Lemma 2.1. Assuming that wy < w;, and (2.1) — (2.2) hold true. Thus, the following continuous

and compact embedding are concluded

(i) The embedding L*i(Q,w;) — L2(Q,wy) is continuous.

(ii) The embedding W'P(Q, &) — WY2(Q,wy)  is continuous.

(iii) The embedding LP*(Q,w;) < L'(Q) is continuous fori=1,...,N.
(iv) The embedding W'P(Q,J) < LE(Q, wy) is compact.

(V) The embedding W'?(Q, &) — WH(Q) is continuous.

(vi) The embedding W'P(Q, &) << L9(Q) is compact for any 1 < q <

N-1
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Proof of the lemma 2.1

Let (uy), be a sequences of measurable functions in LPi (Q,w;) such that u,, — wu strongly in
LPi(Q,w;). We have wy < w;, then

(/Q [tn = ulPwn dm) r
((/Q [t — uf?*eo da:) (/Qwo dx)

I8 1=

l|un — u”g,wo

1=

P_Mﬁ

IN

1 Pi—P

) P I;ii
|ty — u|Piw; dx wo dx
Q Q

lln _UHpi,wi'

IN

since wy € L}, .(Q) and Q is a bounded open subset, then wy € L'(Q). Thus, the proof of (i) is
concluded.
For (ii), let (u,), be a sequences of measurable function in W!P(Q &) such that u,, — u

strongly in W'P(Q,&), using (4), it’s clear that

l[un — ulll,g,wo = [Jun —u

N
pen T D 1D un — D't p
i=1

N

< tn = llpay + Y Cill D'uin — D'u
=1

< OOHU'IL - u”l,ﬁ,cﬁv

Pi Wi

with Cyp = max(1, C;).
Concerning (iii), in view of (2.1) — (2.2), we have

i Wi
Q
7 _% #]
§</ |un—uplwidx) /wi Pl dx
Q Q

1-p! P

Pi Wi (/ w; " dx) l
Q

= O} fun —u

= |lun —u

pi,wi -

Similarly, we can show that
|un — ulli < Cgllun — u”g,m)'

Now, thanks to (ii) we have WP(Q, &) < W'2(Q, wy) is a continuous embedding, and the
compact embedding W2(Q, wy) <> LP(Q, wy) (see. [23, 28]), thus (iv) is proved.
Finally, in view of (4ii) we can show that the embedding W!7(Q, &) < W1(Q) is continuous,

and by the compact embedding W1 (Q) << LI(Q) forany 1 < ¢ < We deduce the

N-1
proof of (v) and (vi).

Definition 2.2. Let &£ > 0, we consider the truncation function 75 (-) : IR — IR, giving by
|s| <k,
[s| >k,

and we define

T'(Q,&) := {u: Q> IR measurable, such that Ty (u) € W"?(Q,&) forany k >0},
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Proposition 2.3. Let u € T'P(Q,&). Foranyi € {1,..., N}, there exists a unique measurable
Sunction v; : Q — IR such that

vk >0 DiTk(u) = Vi X{|u|<k} a.e. in .Q,

where x g denotes the characteristic function of a measurable set E. The functions v; are called
the weak partial derivatives of u and are still denoted D*u. Moreover, if u belongs to W'1(Q),
then v; coincide with the standard distributional of u, that’s mean v; = D"u.

The proof of the Proposition 2.3 follows the usual techniques developed in [11] for the case
of Sobolev spaces. For more details concerning the anisotropic Sobolev spaces, we refer the
reader to [8, 10, 25, 26]. .

As in [7] for the case of constant exponent, we introduce the set 7,-7(Q, @) as a subset of
T1P(Q, &) that satisfying the following conditions: there exists a sequence (uy, ), in W'?(Q, &)
such that

(a) u,, > wuae. inQ,
(b) DTy (u,) — DTy (u) strongly in L' (Q) for all k > 0, and forany i = 1,2,..., N,
(c) there exists a measurable function v on 0€, such that u,, — v a.e. in 0Q.

The function v is the trace of u in the generalized sense introduced in [7]. The proof is based on
the continuous embedding W'7(Q, &) — W1 (Q) and the same argument as in [7] for the case
of classical Sobolev spaces. for more details, we refer the reader to [27, 32].

Let u € W'P(Q,&), we denote 7(u) the trace of u on 9Q. Also, for any u € T,27(Q,d),
we denote either ¢r(u) or simply u as the trace of u on 9Q. The operator ¢r(-) satisfying the
following properties

() if u e T,27(Q,3), then 7(Ty(u)) = Tr(tr(w)) for any k > 0,

(i) if o € WP(Q,d), then forany u € T,7(Q, &), we have u—¢p € 7,-7(Q, &) and tr(u—¢p) =
tr(u) — 7(p).

Indeed, if u € WP(Q, J), we have tr(u) coincides with 7(u), and it’s clear that
Wh(Q,5) C T,"(Q,8) € T'7(Q,@).

Lemma 2.4. (Cf. [3]) Let 1 < p; < oo, we consider the measurable function g € LPi(Q,w;)
and (gn)n be a sequence in L (Q,w;) with ||gy||p; w; < C.

If gn(z) = g(z) a.e. in Q, then g, — g weakly in LPi(Q,w;).

Lemma 2.5. (See [34], Theorem 13.47) Let (uy,),, be a sequence in L'(Q) and u € L'(Q) such
that

() u, —» uae. inQ,

(ii) u, > 0andu > 0a.e. in Q,

(iii) /un da:—)/udx,
Q Q

then u,, — u strongly in L'(Q).

3 Essential assumptions

Let us assuming that py > p, and let A be a Leray-Lions operator acted from W' P(Q,&) into its
dual (W'7(Q,&))’, defined by the formula

N
Au= — Z Dia;(x,u, Vu),

i=1
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where a;(z,5,£) : Q x R x RN — IRY are Carathéodory functions (measurable with respect
to x in Q for any (s, &) in IR x IR™ , and continuous with respect to (s, ¢) in IR x IRY for almost
every x in Q) that satisfy the following conditions:

€

£ 7
= 7
i

lai(x,s,8)] < B <Ki(l‘) + sl 7w w! A+ |

pilaﬂ), for i=1,...,N, G.D

forae. x € Qand all (s,¢) € IR x RN, where K;(-) are non-negative functions lying in
LP(Q,w?) and 8 > 0.

b
(1 + s

with by is a positive constant and 0 < A\ < min(p — 1,p,, — 1) such thatb(| - |) : R" — R*isa
decreasing function.

(I»L'(IL'7 Svf)gi Z b(|5|)|§z

Pigw;(x) with  b(|s|) > (3.2)

(a;(z,s,&) —a;(z,8,8))(&—€&)>0 for & #¢&. (3.3)

As a consequence of (3.2) and the continuity of the function a;(x, s, .) with respect to £, we have
ai(z,s,0) =0.

The lower order term g(z, s,¢) : Q x IR x RN —— IR is a Carathéodory function that satisfies
the following growth condition:

N
l9(w,5,€)| < go(w) +d(|s]) Y [&[Pwi, (3.4)
i=1

where go(z) is assumed to be a positive measurable function in L'(Q), and d(.) : R" — R is

. . d(] -
a continuous function such that bg|| ||)) belongs to L' (IR) N L>=(IR).

Finally, let ¢/ be a measurable function on Q with values in IR, such that
Yt e WhHP(Q,3) N L (Q), (3.5)
and we consider the closed convex set
Ky={ueW"(Q,&), u>1v ae. in Q} (3.6)

has a non-empty intersection with L>°(Q), (since ™ € K, N L>®(Q)).
Next, let us present the following Lemma essential to proved our main result.

Lemma 3.1. Let k > 0, assuming that (2.1), (2.2), and (3.2) — (3.3) hold true, and let (uy,)n,
be a bounded sequence in W'P(Q,J), such that u,, — u weakly in W'P(Q, &) and

N
Z/ (ai(z, Tk (un), Vun) — ai(z, T (uy), Vu)) (D'u,, — Diu) dr — 0 as n— oo,
i=1 Q

3.7
then w, — u strongly in W'P(Q, &) for a subsequence.

The proof of this Lemma 3.1 is based essentially on the results of [18] and [20].

Proof of lemma 3.1
N
We set D,, = Z(ai(x,Tk(un), V) — ai(z, Ty (un), Vu)) (D'u, — D'u), thanks to (3.3) we
i=1
have D,, is a positive function, and by (3.7), we deduce that D,, — 0 strongly in L!'(Q) and
a.e.in Qas n — oo.
We have u,, — u weakly in W'P(Q,J), then u,, — u strongly in L'(Q) and a.e in €, and
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since D,, — 0 a.ein Q, there exists a subset B in  with measure zero such that Vo € Q\B
we have : wy(z) < oo and w;(z) < oo, with

lu(x)] < 00, |un(x)] < oo, |Du(x)|<oo, Ki(r)<oo, u,— u and D, —0.
We set 0 < o = min b(|s|). For a fixed z € Q\ B, we define ¢, = Vu,(r) € RY and

sl <h
¢ =Vu(z) € RN suchthat &, = (&10,.-.,&N,) and €= (&1,...,&y), then

D,(z) = Z(ai(az,Tk(un), V) — ai(x, T (un), Vu))(Diun — D'u)

zl

N
—Zaszkun)SnﬁerZaszkun Z (@, Ti(un), &n)&i
_Zaszkun )gzn

>O‘Z|€zn| wz+0‘Z|€z
—ﬂz ( ) + | T (un)| ¥ wp’ + &P wi | 1€l

>QZ|§’L71| wl <1+Z|§’L71 pi +Z§'Iﬂ|>

where C, depends on z, but is independent of n. (Since wu,(x) — u(z), the sequence (uy),
is bounded).Thus, we obtain

N < c, G, C. )

| ow; — — — — | .

|£i,’ﬂ|pi ‘fi,n| ‘fz,n

By the standard argument, we have (), is bounded almost everywhere in Q. (Indeed, if
|€io,n| — o0 in a measurable subset £ € Q for ¢ = ip, then

3 \\m

Piw Z ( )+ [T (un)] ¥

P
*/
i

1
zpl + |£L n pim 1) |§L|

lim Dy(z)dz > lim (aiy (2, T (un), Vuy) — aiy(x, Ti(un), Vu))(D"u, — D*u) dx

> tim [ g (o = E G )
E EignlPo N&igml  |&ignlPio™

n— 00

which is absurd since D,, — 0 in L'(Q)).
Let & be an accumulation point of the sequence (&;,,),, We have [£| < oo and using the
continuity of the Carathéodory functions a;(z, -, -), we obtain

(ai(x,Tk(U(x)),f*) - ai(x,Tk(U(x)),f))(fj‘ ~&)=0 for i=1,...,N.

thanks to (3.3) we have £ = &;. The uniqueness of the accumulation point implies that Du,, —
D'u almost everywhere in Q fori = 1,..., N.
Since (a;(x, T (tn), Vtin))n is bounded in LP: (Q, w?) and a;(z, Ty (un ), Viun) — ai(z, u, Vi)
a.e in Q, by the Lemma 2.4, we conclude that

ai (2, Te(un), V) = ai(z, Ti(u), Vi) weakly in  LPi(Q,w?). (3.8)

Now, taking ;. = a;(, up, Vu,)D'u, and §; = a;(z, u, Vu)D'u, in view of (3.7) and (3.8),
we obtain #; , — ¥; strongly in L'(Q). On the other hand, according to (3.2), we have
| Diuy|Piw; < ai(x, T (un), Vg, ) Diuy,.

Yi, Ui ..
Ly = 24 in view of Fatou’s Lemma, we get
a a

Q
/ 2y; dr < hmlnf/ (yiﬂ,, +y; — _—_1|zi7n — 2
Q n— 00 2pi

Let 2;, = D'u,, z; = D'u and y; ,, =

piwi) dx,
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Pigy; dx, and since

then 0 < —limsup/ |Zim — 2

n—oo

0< llmlnf/ |2im — zi|PPw; dz < lim sup/ |2im — 2i|Piw; dz <0,
Q

n—oo n—oo

it follows that / |D*u,, — D'ulPiw; de — 0 as n — oo, i.e.
Q

D'u,, — D'u strongly in  LP*(Q, w;) for i=1,...,N.

Moreover, by the compact embedding W!7(Q, &) <+ L2(Q,wy) we have u,, — u strongly in
L2(Q, wy). Therefore, we conclude that

Uy — U strongly in = W!'P(Q, @),

which conclude the proof of the Lemma 3.1.

4 Existence of weak solutions for L°°-data

We consider the nonlinear and non-coercive elliptic problem

ZD ai(z, Tp(u), V) + gn(x,u, Vu) + [uP*2uwy = F(z) inQ,
N 4.1
Z u), Vu).n; =0 on HQ,

such that
gn(z,8,8) =Tn(9(x,s,8)) and F(x) € L™(Q). 4.2)
Definition 4.1. A measurable function u is called weak solution for the unilateral problem asso-

ciated to the strongly nonlinear elliptic equation (4.1), if u € K, |ulP € L'(Q), and u verifies
the following equality

Z/al x, Ty (u), Vu)(D'u — D' )d:v—l—/gn(x u, Vu)(u — v) dx

/|u|p“ u—vwodaﬁ</F (u—v)

Theorem 4.2. Assuming that (3.1) — (3.4) and (4.2) hold true. Then, there exists at least one
weak solution for the strongly nonlinear elliptic problem (4.1).

4.3)

forevery v € Ky .

Proof of theorem 4.2

Step 1: Approximate problems.

We consider the approximate problem :

N
- Z Diai ('I) Tn(um)y vum) + gn(li, Um, vum) + |Tm(um) |p072Tm(um) wo

i=1
1
+m ‘“m|gizum wp = F(x) inQ, (44)

N
Z a;(z, Ty (Um), Vi ).n; =0 on O0Q.
i=1
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We define the operator B,,, acted from W17(Q, &) into its dual (W!#(Q, &))" and defined by

. 1
Bu,v) Z/ a;(z, T (u), Vu)D'v dx + / n(z,u, Vu)v dx + E/ |ulP~2uvwy da
Q o
+/| T (w) [P~ 2T (w)vwo dz,  forany  w,v € WHP(Q,d).
o

Lemma 4.3. The operator B,, acts from W'P(Q, &) into its dual (W'P(Q, &))" is bounded and
pseudo-monotone. Moreover, By, is coercive in the following sense : there exists vo € Ky such

that B
7< m? V=~ ) — 400 as v

1 pa — +oo  for wve Ky.

vl 5.0

Proof of Lemma 4.3

According to (3.1) and the Holder’s type inequality, we have : for any u, v € W7(Q, &)

(Bpu,v)| < Z/ lai(x, T (u), V)| |Div|dx+/ \gn (2, u, V)| 0] dz
f/ Jule~ ‘\v\wodx+/ T (1) P oy d
SBZ/( ()+n wo Wpl+|Dl |p@—lwz) |D7U\dx+n/|v|da:
Q

i=1

B + ! / (f? + 1) o

N N
/ l_p:’ b() 7 iy,
gﬁg/ﬂm(z)pwi dx+,6’;/gnﬂwodx+21+n)/\;/§2|Dquzdx
=1 " R
4G Y [ 10w di+ Callllpan + 50l + ol
i—1/Q m
+mp0_1(||v||%wo + C4)
<Cs AZ [ 1Dl s o+ Gl + 5l
4.5)

with Cs and Cg are positive constants depending only on n and m. Thus, the operator B,, is
bounded in W!?(Q, &). For coercivity, we have

N
(Bpu,u) = /ai(:c T, (u), Vu)D'u d:v—i—/gn(x,u,Vu)u dx
= Je Q
+ \ m ()| 1|U|Wodf”+*/ |ulPwo dz
a 1
D’up%uz dr + —||u||pw —n/ ul| dx
Z/ DDl e = [ Ju “6)
s IIU|p,wo Crllulli pa
i 1
> Cslullf s BTN Z 1D ull5; o, + ||U\|p,ouo Crllulh po
b
with Cg = min{m, %} Thus, by combining (4.5) and (4.6), we conclude that
(Bu, u — up) - <Bmu,u> _ {Bmu,u)
lulipe  — llulige  lulips
08HU||1 5o~ Crllullipe — Cs = Co|lvlli7 5

— 00 as |ullizs — +oo.

lulli5.a
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Now, we establish the pseudo-monotonicity of the operator B, u.
Let (uz)5 be a sequence in W'7(Q, &) such that

up — u weakly in - W7(Q, &),
Bnug — Xm weaklyin  (WHP(Q, &), 4.7
lim sup (B, tg, uk) < (Xm, ).

k—o0

‘We show that
Xm = Bnu and (Bpug,uk) — (Xm,u) as k — +oo.

We have WP(Q, &) —— L2(Q,wp), then ux — u strongly in L2(Q,wp) for a subsequence
still denoted (ug)s. The sequence (uy)y is bounded in W!7(Q, &), and thanks to (3.1), the
Carathéodory function (a;(x, Ty, (ur.), Vuy))x is uniformly bounded in L?: (Q,w?). Thus, there
exists a measurable function ¢; € LPi (Q, w}) such that

a;(x, T (ur), Vug) — ¢; weakly in  L”(Q,w}) as k — +oo. 4.8)

Similarly, we have (g, (x, ux, Vuy)), is uniformly bounded in L (Q,w;), then there exists a
measurable function ¥, € L2 (€, wy) such that

gn(@,up, Vug) = 1,  weaklyin  L¥ (Q wf) as k — 4oo. 4.9)

Moreover, we have u; — u a.e. in Q, in view of Lebesgue dominated convergence theorem, we
conclude that

T (g, ) [P0~ 2 T (i Yo — | T ()P0~ 2 T (w)wo strongly in - L2 (Q, wg), (4.10)

and since uy — wu strongly in L2(Q, wp), then

1 2 1 2 . 4 *

E|uk|ﬁ Upwy — EME uwg strongly in L2 (Q, wg). 4.11)
Then, for all v € W!P(Q, &) we have

(Xm,v) = lim (Byug,v)
k—oo N

= lim Z/ai(x,Tn(uk),Vuk)Div dz + lim /gn(x,uk,Vuk)U dx

. .
+ lim / | T (g, ) [P0~ T (g, )uwo daz 4+ — lim / g |2~ 2upvw da
k—oo Jo m k—oo Jo

N
. 1
= E /(piD’v dm—l—/ Ypv dat—|—/ | T, (w) [P0 2 T, (w)vwn d:(;—l——/ |u|P 2 uvwy de.
—1 7 Q Q m.Jjo

(4.12)
According to (4.7) and (4.12), we have

k—oco k— o0

N
lim sup(B,, uy,ux) = limsup (Z/ a;(x, T (ug), Vug) D uy, dw—l—/gn(x,uk,Vuk)uk dz
=1 Q Q
1
+ [P ko o+ - [ i o)
Q mJja

N
i 1
<3 [ eiDiudr+ | dpudet | [T ulwy do + — [ Jultwn d.
i=1 7@ Q Q m Jo

(4.13)
In view of (4.9), and since uy — w strongly in LE(, wy) it follows that

/gn(z,uk,Vuk)uk da:—)/i/)”ud:c, (4.14)
Q Q
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Moreover, thanks to (4.10) and (4.11) we obtain

1 1
/ \Tm(uk)\p"*l|uk|wo doe + — / |ug [Bwo dz — / |Tm(u)\p°71|u|w0 dx + —/ |u|Bwp dex.
Q m.Jja Q m.Jja

(4.15)
It follows that
N . N ‘
limsupZ/ a;(z, Ty (ug), Vug) D uy do < Z/ p;D'u dz. (4.16)
k— oo i—1 Q i=1 Q

On the other hand, in view of (3.3), we have

N . .

Z/ (ai(z, T (ug), Vuy) — ai(z, Ty (ug), Vu)) (D'ug — D'u) dz >0, (4.17)

i=1 Q

then

M-

N
/ai(x,Tn(uk),Vuk)Diuk de > Z/ ai(z, Ty (ug), Vug ) Diu dx
Q = Ja

i=1

N
+Z/ a;(x, Tp(ug), Vu) (Diuk — Diu) dz.
i=1 78

In view of Lebesgue’s dominated convergence theorem, we have T}, (uy) — T}, (u) strongly in
LP(Q,w;), then a;(z, T}, (ug), Vu) — a;(z, T, (u), Vu) strongly in LPi(Q,w?), and thanks to
(4.8), we get

N N
limian/ ai(x, Ty (ug), Vug) Diuy, do > Z/ ;D' de.
i=1 7% =179

k—oo 4

Having in mind that (4.16), we conclude that

N

N
Jim > /ai(x,Tn(uk),Vuk)Diuk dr =) /gpiDiu da. (4.18)
—00 £ Q " Q

i=1 =1

Thus, by combining (4.12), (4.14) — (4.15) and (4.18), we deduce that
(Bmug,ug) — (Xm,u) as k— +oo. (4.19)

Moreover, thanks to (4.18), we have

lim 3 /Q (as(, Ty (un), Veur) — ag(, T ug), Va)) (DPus, — D) dar =0,

k—+o00 £
i=1

In view of (4.7) and Lemma 3.1, we conclude that
up — u  strongly in - W'P(Q,d) and Diuj, — D'u ae.in €,

therefore, a;(x, T),(ur), Vur) — a;(x, T (u), Vu) and gy, (z, uk, Vug) — gn(z, u, Vu) almost
everywhere in Q, thanks to (3.1) and lemma 2.4, we obtain

ai(x, T (ug), Vug) = a;(z, Ty (u), Vu) weaklyin  L¥(Q,w}) for i=1,...,N.
(4.20)
and
Gn (2, up, V) = gn(z,u, Vu) weaklyin - L2 (Q,wg). 4.21)

According to (4.10) — (4.11) and (4.20) — (4.21), we deduce that x,,, = By, u, which concludes
the proof of the Lemma 4.3.
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In view of Lemma 4.3 (see [36], Theorem 8.2), there existence of at least one weak solution
um € Ky for the unilateral problem associated to the approximate problem (4.4), i.e.

N
Z/ ai(z, T (tum), Vum)(Dium - Div) dx + / In (T, Uy V) (U, — v) dz
i—1 Y9 Q

|Tm( m) [P 2T (um ) (U, — v)wp dz + %/ |um|372um(um — v)wp dz (4.22)
Q

/F v) d,

forany v € Ky.

Step 2: A priori estimates.

By choosing v = u,, — 7T}, (U, — "), we have v € WHP(Q, &) and v > 1 a.e. in Q forn > 0
small enough. Thus, v € K, is an admissible test function for the approximate problem (4.22),
and we obtain

N

Z/ ai(z, Ty (wm), Vg ) (D' — D' ") da +/ Gn (T, Uy Vg ) T (U, — ) d
1 Hlum =97 |<m}

= Q

1
+/ | T () [P0~ 2T () T (i, — 0w diz + — / |ty |2~ 2, Ty (i, — Y ) da
Q mJjo

< / F(2) T (wm — ) da
Q
(4.23)
Since Tp,(um — ™) have the same sign as w,,, and thanks to (3.2), (4.2) and the Young’s
inequality, we have

N

> / B(T (1t ]))| Dt
i—1 Y {lum—9T|<m}
1
[ o2 Tt = 0 d

/ P i = 6+ oo ) ol )

Piw,; dx + / | T () PO T (i, — 07T o di
Q

+Z/ lai(x, T (tm), V)| | D" da.

{lum =¥ |<m}
(4.24)
For the second term on the left-hand side of (4.24). We have {|u,,| < m} C {|um — 1| < m},
and in view of Young’s inequality, we obtain

/Q T (1) P [T 1t — 6 et iz

|Tm(um)|p°_lwo dz + / |Tm(um)|p°_l [t |wo d
{|um—1pT|>m} {lum—9*|<m}
- |TM(um)|poil|¢+|w0 dx

{Jtm —p | <m} (4.25)

> [ TP do — [ [T e
Q Q
1
2/ \Tm(um)\p"w()dx—f/ [T, () |POwo dm—Cl/ [t |Powy dx
Q 2 Jo Q

> / [T () |Powp daz — Cs.

1
2 Ja
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Concerning the first term on the right-hand side of (4.24), by using Young’s inequality, we get

JIFN T =09 o < [ P )] o+ [ Pl 0] da
Q {lum—9*|<m} {lum—9*|<m}

+m |F| dx
{lum—9F[>m}
|F| | T ()| d + || Fl| oo (0|97 || v () meas(€)
l /
< f/ [T () |Powp da + Cs / |F(z)[Powg dz + Cy
4 Q Q

1
< f/ [T () |PPwy da + Cs.
4 Jo

(4.26)
Similarly, we show that

1
[ 190t V)| Ty = 07 o < [ T )P dn + Cilm). - (427
Q Q

For the last term on the right-hand side of (4.24), thanks to (3.1), we obtain

Z/ lai(x, T (tm), V)| | DT do

BT (Jum|)]) i (@, T (), Vi) P da

B 2/8 ; ‘/‘{|u7n—¢+lgm}

- Dl

+C’7Z/ e
(m =0t 1<md b(| T, (] )]) 77

N
< = Ty (|t K; pbw + |nPwo + | D, |Piw; ) dz + C:
33y T B ) (P s D) Gy
1 N
<=z T m D’L sz zd +C
_22/{%” oy W (DI 1+ o).
(4.28)
It follows that
b N 1
0 / |Dium\piwi d:c—i—f/ | Lo () POy da
2(1+”>A,-:Zl {lum—y+|<m} 4 Ja 4.29)

1
+*/hm@ﬂﬂﬁm*¢WWMﬁéCmm.
mJjo

with Co(n) is a positive constant that does not depend on m. Having in mind that {|u,,| < m} C
{|ttm — ¥ *| < m}, we conclude that

T ) 1 /|T . |4vu0dx+2/ DT () Pis
/|T U |p0w0 d{p—i—Z/ um|mwi dz

|u7n —pt I <m}

(4.30)

<Ci.

As a result, the sequence (T}, (ts,))m is uniformly bounded in W!7(Q, &), and there exists a
subsequence still denoted (75, (s, ))m such that

4.31)

To(tm) —u  weaklyin W'P(Q,J),
T (um) — uw  stronglyin LE(Q,wp)  and a.ein Q.

It follows that :
E|um|ﬁ_1 —0 strongly in L2 (Q, wg). (4.32)



522 Arij BOUZELMATE, Hassane HITAJ and Inssaf RAISS

Moreover, thanks to (4.29) we have (T}, (u,))m is bounded in LP(Q, wy ), and since T, (u,) —
u almost everywhere in 2, we obtain

T (tm) = u  weaklyin = LP(Q, wy). (4.33)

Step 3 : The convergence almost everywhere of the gradient.

By taking v = u € K, as a test function for the approximate problem (4.22), we have

N
Z/ ai(x, T (tm), Vi) D' (U — u) da + / Gn (T, Uy Vg, ) (U, — ) da
i=1 7 Q
| T (1 ) [P0 T () (Ui, — 1) da + 1 / |2 |2 2ty (U — 1) dz (4.34)
mJjq

+
Q
< / F(um, —u) dz.
Q

It implies that

N
Z/ (ai(ac, T (tum), V) — ai(z, Tn(um), Vu)) (D', — D'u) d
=172
(o) 2T ) = [T )T 0)) 1t — )
Q
< / |F(2)| |t — u| dz +/ |gn (2, wm, Vum)| |t — u| dz + l/ |um\£*1|um — ujwp dz
Q Q m.Jja

N
+/ | T () [P~ i, — i o di + Z/ lai(z, Ty (um), V)| | Dy, — D'ul| de.
o — Ja

(4.35)
For the first and second term on the right-hand side of (4.35), we have FF € L°°(Q) and
|gn (2, U, V)| < n, having in mind w,,, — u strongly in L'(Q), we obtain

/ |F(2)| |um —u|dz — 0 as m — oo, (4.36)
Q

and

/ |gn (2, um, V)| [t —u| dz — 0 as  m — oo. 4.37)
o

Concerning the third and fourth terms on the right-hand side of (4.35), using (4.31), (4.32) and
(4.33) to get

1
—/\um\ﬁ_l|um—u\wodx—>0 as  m — oo, (4.38)
mJjo

and
/ | Ty (w) [Pty — w|wo dz — 0 s m — oco. (4.39)
Q

For the last term on the right-hand side of (4.35), we have |a;(z, T}, (um ), Vu)| = |ai(x, T (u), Vu)]
strongly in LP (Q, w?) and since Du,, — D'u weakly in L (Q, w;), it follows that

N
Z/ lai(z, Ty (um), V)| | D'ty — Duldz — 0 as m — oo. (4.40)
i=1 /¢

By combining (4.35) and (4.36) — (4.40), we obtain

N
Z/ [ai(z, Ty (um), Vium) — ai(z, T (um), V)] (D*upy, — D'u) dz — 0 as m — oo.
=178

(4.41)
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By applying Lemma 3.1, we conclude that

{ Um —> U strongly in -~ W'7(Q,d), (4.42)

Diu,, — D'u aein Q fori=1,---,N.

Moreover, we have a;(z, Ty, (), V) — ai(z, T, (u), Vu) and g, (2, m, V) — gn(x, u, Vu)
almost everywhere in Q, and in view of Lemma 2.4, we conclude that

a; (2, T (), Vi) — a;(z, Ty (u), Vu)  weaklyin  LP(Q,w}) for i=1,--- N,
(4.43)
and

G (2, U, Vi) = g (2,0, Vi) weakly in - L2 (Q, wg). (4.44)

Step 4: Passage to the limit.

By taking v € K, as a test function for the approximate problem (4.4), we have

N
Z/ ai(x, Tn(tm), Vi) (D', — D'v) do + / Gn (T, U, Vg, ) (U, — v) dz
=17 Q
1
+ [T () [P0 T () (U — 0w diz + — / |t |2 2ty (U — 0w diz (4.45)
Q mJja

< / F(z)(up —v) dz.
o)

For the first term on the left-hand side of (4.34), we have Du,,, — D'u strongly in LPi (Q,w;),
and thanks to (4.43), we obtain

N N
lim Z/ ai(x, Tr(um), Vit ) (D", — D) do = Z/ ai(x, Ty (u), Vu)(D'u — D"v) da.
i=1 Q i=1 Q

m—r 00 "
(4.46)
Similarly, we have w,, — u strongly in L2(Q, wy), and in view of (4.32) and (4.44), we get

lim | gn(z,um, Vi) (ty —v) de = / gn(z,u, Vu)(u — v) dz, (4.47)
m—r o0 Q Q
and |
lim — [ [t 22U (ty, — v)wo dz = 0, (4.48)
m—=ocom Jq
and
lim F(z)(upy —v) dz = / F(z)(u—v)dz. (4.49)

Furthermore, in view of (4.33) and Fatou’s lemma, we obtain

liminf / (Do (1) P2 T (110 (11 — )t
Q

m— o0
= liminf/ (|Tm(um)|p°_2Tm(um) — |Tm(v)|p°_2Tm(v)) (U, — v)wo dz
e (4.50)
+ [ P~2u(u — v)wo dz
> / [ulP~2u(u — v)wp d.
Q
By combining (4.45) and (4.46) — (4.50), we deduce that
N
Z/ ai(z, T,,(u), Vu)(D'u — D) dx + / gn(z,u, Vu)(u —v) dz
= Ja Q “4.51)
—l—/ JulPo~2u(u — v)wy dz < / F(z)(u—v) d.
Q Q

Consequently, the proof of the theorem 4.2 is concluded.
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5 Existence of entropy solutions for L'-data

Let Q be a bounded open subset of IR (N > 2). We consider the strongly nonlinear and non-
coercive elliptic equation

N
— ZDiai(x, w, Vu) + g(x,u, Vu) + [ul 2uwy = f(z) inQ,

N (5.1)
Z (z,u,Vu)n; =0 on 0Q,

with the data f(-) is assumed to be in L' (Q).

Definition 5.1. A measurable function w is an entropy solution for the unilateral problem asso-
ciated to the strongly nonlinear and non-coercive elliptic equation (5.1), if u > 1 a.e. in Q and
T(u) € THP(Q,&) for any k& > 0, with g(z,u, Vu) € L'(Q), and u satisfies the following
inequality

N
Z/ ai(x,u, Vu) DTy (u — v) dz + / g(z,u, Vu)Ty,(u — v) dz
i=1 78 Q

5.2
—l—/g [uPo "2 uTy (u — v)wo dz < /Qf(:c)Tk(u —v) du,

forevery v € Ky N L>®(Q).

The aim of this paper is to show the existence of entropy solution for the unilateral problem
associated to our Neumann elliptic equation.

Theorem 5.2. Assuming that (3.1) — (3.4) holds true, then there exists at least one entropy so-
lution u for the unilateral problem associated to the strongly nonlinear and non-coercive elliptic
equation (5.1) in the anisotropic weighted Sobolev spaces.

Proof of theorem 5.2

Step 1: Approximate problems.

Let f,(z) = T,(f(x)), we consider the following approximate equation

N
- ZDiai(;z:, Tn(“n)y vun) + gn(zvun; vun) + |un|p07zun wo = fn(z) in  Q,
i=1

N
Z ), Vg ).ng =0 on 0Q,

(5.3)
According to the theorem 4.2, there exists at least one weak solution u,, € K, for the unilateral
problem associated to the approximate problem (5.3), 1. e

z:/ozZ z, T (un), Vuy)(D'u,, — D* )dm+/gn(a: Un, Vg ) (U —v) dz

/\u P02, (uy, —vwodxg/fnx (up, — v) du,
Q

forany v € Ky.

5.4)

Step 2: Weak convergence of truncations.
Letk > max(l ||¢+||OO) and we set M = k + |[¢)™ || then M < 2k.

Taking B(s 2/ oir ‘T| d’T and having in mind that bé|| : |)) € L'(R)N L*°(IR), we conclude




Unilateral problem for some non-coercive Neumann . . . 525

> 2d
that 0 < B(s) < B(oc) :i= / ()
0 (|7'|) .
Let v = u,, — 0Tk (up — )eBUunD) we have v € Wo1 P(Q,&), and for n > 0 small enough we
have v > 4. Thus, v is an adm1551ble test function for the approximate problem (5.4), and we
have

dT < 00 is a finite real number.

N
Z/ ai(x7Tn(un),VUn)Di( ( ¢+) (lun | ) dx
=1 7%
+/ |un|Po—2unTk(un_¢+)€B(\un\)w0 dx—f—/gn(x s V)T _¢+) (funl) gy
Q

< / FaTio(um — +)eBunD g,
Q

(5.5)
Since Ty (un, — 1™) have the same sign as u,,, then by (3.2) and (3.4), we obtain

N N
Z/ b(| Ty (wn)|) | Dty |Pi s dax + 2 Z/ A(|tin )| Dt [P Th (i, — ) [eBUnD e, da
{lun—1p*|<k} i=1 Q

+/ |t [P T (ugy, — ) wo dae
Q

pi

Tio (up, — 1) [eBUen e, da

N .
S/ (190] + [ Fal) 1Ti (i — ) [eB0D ds + ;/gdwn)mn

+Z/ as (2, Ty (1), Vg )| | Dip T [eBUunl) dy.

{lun—y*|<k}
(5.6)
It follows that

pi

Ty (wy, — )|w; d

Z/| o |T<un>\>|Dunde+Z/ (. DIDP,

/ ot [P | T (1, — " Y
Q

< Cik + 5 Z/lu Crien |lai(x, T (un), Vuy,)| | DT da.

5.7
Concerning the third term on the left-hand side of (5.7). In view of Young’s inequality, we have

/ ot P | T (1, — )

U [Py — 0 wo dz + k up|P " wo dz
|un|
lup—y*| <k} {Jun—o+|>k}

> / |t [PPwp da — / |, [P0 1|1/J+|w0 dx + kz/ \un\p(’*lwo dx
{|un—t|<k} {lup =<k} {|wn = |>k}

> [t |POwo dz — = [t [POwq da — Cs [T |Pwy dx
{lun 4+ |<k} 2 J{un—vr1<k) {Jun—t+|<k)
+k |2, [P0~ g dz
| {lun—p*|>k}
> — |t |Powo daz + k/ |un|p”_1w0 dx — C5.
2 J{un i<k} {ln—w* >k}

(5.8)
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For the second term on the right-hand side of (5.7), since A(p; — 1) < 1, then

Z/l 1p+|<k} (z, T (un), Vuy)| | D™ do

<=y [ (@) + fua |
Zl {|u11,_¢+‘§k} (
, 1 &
< / |K;(z)|Piw] do + = /
Z fo—— Z

3 \h'a

wm + [Dup P w >|DZ¢+|daz

|t [Bwp dx

\un Pr|<k}
+Cy / | DUt |Piw,; do + = / b(| T (wn)])| Doty |Piw; de
; {ln—w* | <k} 2 Z {1k
f: | DiyH|P: Z it
+C5s / e Wi AT+ Cs / | D™ |Piw; do
S {un—yr1<ky O T (un) )P~ (Jun —p+ | <k}
N
1 / ; .
< - [t [PPwp dx 4+ = / b(| Ty (un) )| D up [P w; dx
4 Z flun—vtI<k} 2 Z {lun—p* 1<k} Il
N
+CsZ/ | DYHPH(L A un )P Dy da + O
{lun—y*|<k}
R A
< - / [t |POwo dz 4+ = / b(| T (un)|)| D up [P w; dz + Csk.
4 Z {lun— <k} 2 Z {Jun—v* <k}
5.9
According to (5.7), (5.8) and (5.9), we deduce that

Z/ +|3TW”W””%M+Z/M%Wmmﬂu-wm%w
{un—9+|<k

*/ [t |PPwo d$+k/
4 J{un—v+i<k)

|, [P0~ o daz
{lun—v*|>k}
< COyk.

(5.10)
Having in mind that {|u,| < k} C {Ju, — 1| < k}, we obtain

N N
bo / » _ bo / .
—_ E D'Ty.(up)Piw; de = ——-r E D'u,|Piw; dz
(1+k)* P Tiln) 1+ k)A {|un\<k}| |

. 5.11)
< b(| T (u D*u,|Piw; dx
ZA%WQ}|uw|n ;
< Chok.
Hence, we get
||Tk U, H] / |Tk U, |1'iw0 d.fE—i—Z/ |D Tk piwi de+ N +1
4 (5.12)
/|Tk( )|Powo dw+2/ |Diuy, [Piw; do + Chy

‘“n ¢+|<k}
< Cpk™MY forany k> 1,

where (| is a positive constant that does not depend on k£ and n. Thus, we conclude that the
sequence (T (uy))nen- is uniformly bounded in W'7(Q,J), and there exists a subsequence,
still denoted (T} (uy,))ne v+ and a measurable function vy, € W'2(€, &) such that

Tr(un) = v weakly in WHP(Q, &), 5.13)
Ty (un) = vy strongly in L2(Q,w) and a.ein Q. '
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On the other hand, thanks to (5.12) and (iii) in Lemma 2.1, we obtain

k meas ({|un] > £}) :/{I . |Tk(un)|da:§/Q\Tk(un)\dx

< Ci3 (| T (un)ll (5.14)
N P
<Cuk 2.
It follows that .
Cuk 2
meas ({|u,| > k}) < T 0 as k— oo (5.15)

Now, we will show that the sequence (u,, ), is a Cauchy sequence in measure.
Let p > 0, we have

meas{|u, —um| > p} < meas{|u,| > k} + meas{|un,| > k} + meas{|Ty (un) — Tk (um)| > p}-

For any ¢ > 0, thanks to (5.15), we choose ko(¢) large enough such that

meas{|u,| > k} < g and meas{|un,| >k} < % forany k> ko(e). (5.16)

On the other hand, thanks to (5.13), we have Ty (u,) — vy strongly in L2(Q, wy) and a.e in Q.
This implies that the sequence (T} (un)),,cpy is @ Cauchy sequence in measure. Thus, for any
k > 0and p,e > 0, there exists ng = no(k, p, €) such that

meas{| Ty (un) — Ty (um)| > p} < % forall n,m > no(k, p,e). (5.17)

By combining (5.16) and (5.17), we conclude that : for all p,e > 0, there exists ng = ng(p, )
such that
meas{|u, —um| > p} <e forany n,m > ny.

Then, the sequence (uy,,), is a Cauchy sequence in measure, and converges almost everywhere
to some measurable function u. Consequently, thanks to (5.13), we obtain

{ Ti(un) — Te(u)  weakly in W'7(Q, ), 5.18)

Ti(un) — Tr(u) strongly in L2(Q,wp) and a.ein Q,
Moreover, in view of Lebesgue’s dominated convergence theorem, we conclude that

Ty(un) = Tk(u) stronglyin LPi(Q,w;) and aein Q for i =1,---,N. (5.19)

Step 3: Some regularity results.

In this sequel, we note by ¢;(n) for i = 1,2, ..., some various functions of real variables that
approach zero as n teds infinity. Similarly, we define ¢;(n) and ;(n, h).
In this step, we will show that :

N
1 )
lim limsup — E / ai(z, Ty (un), Vg ) D uy, dz = 0. (5.20)
h=roe n—oo {lun|<h}
N _ Tin(un =4") B(lunl)
Let h > k > max(1, || 1] ), We set v = u, — nf

We have v € Wol’ﬁ(Q,(E), and v > 1 for  small enough. Thus, v € K, is an admissible test
function for the approximate problem (5.3), and we have

N

Ty, — b+
2 :/ai(x,Tn(un),Vun)D’( h(u P )eB(|un\)) dr
=172 h

T, — T T — ot
gn(, un’vun)w B(lunl) dx+/ |Un|p°_2unwe3(|“”‘)wodCC
Q

(5.21)
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since T}, (u, — ™) have the same sign as u,,, and by (3.2) and (3.4), we get

zlhi/{l . ai(z, Ty (uyn), Vuy,) Dy, da:—i—Z/lu e b(|tn )| Dt |Pi s dac
23 [ d(uapinr,

< S [ (el + 7@ [T = 7)) o

+,ﬁi / ) D'

Ppi

1
T = 0P Vs do 5 [ o T~ 0 e
Q

pi

T (up, — ¢+)|6B(|u"|)wi dx

|a; (2, Tn(un), Vuy)| [D'Y ] da.
{lun—t*|<h}

(5.22)
T i . . |Th (un - 1/)+)|
We have ¢t € L>°(Q) and meas{|u,| > h} — 0 as h tends to infinity, then — 0
weak—x in L>°(Q), and since go(z) € L'(Q) and f(z) € L'(Q), it follows that

6B(oo)
[0 = S [ (ao@) + @D Tl =) de —0 a5 hooe (529

Concerning the last term on the right-hand side of (5.22), by using Young’s inequality, we get

s o4, T (), V)| 1D d
AQi\Ty Lpn\Up )y, VU €T
he = -y 1<hy
Bl g X " .
P K; + |uy, : p, 4 Dz pi—1 ; Dt d
< _Zl/{un_wgh}( (&) + hun Terg 77 + [ D[P~ ) | D | de

=

N
1 / B
<= | K; plw dm—i—— / [t |2 g, — T+ T |wo d
hz:; {lun—+ <R} () Z T
ay >
+— / | DT |Piw; da + — / b(| T (wn)])| Doty |Piw; dex
h = S —vri<hy {Jun— w+|<h}
Gy / ‘ A1) Z o
< |D21/1+ pi(l + |Un|) pi— Wz do + — / |Dzw Piwi dx
Z {lun—t|<h} {lun—9*|<h}
1 N
— |, [P~ T (i, — b)) |wo de
hzzz/ﬂun —y+I<h)
b(|Ty (wn)|)| Doy |Piw; dx
4h’z~/|un —yt|<h}
+02 Z/ D P (1 (9 ]oo) P Vs da 4 S,
{lun—v*|<h} h
(5.24)

Having in mind that A(p; — 1) < 1, we have

P R [0 oo O e e+ S50 as s oo

O N
h Xz:/ﬂun Ppr|<h}
(5.25)
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According to (5.22) — (5.25), we obtain

1 Z/

2h i— {Iun Y+|<h}

—I—— E D’
N 2 / d(|up|)| D uy,

ai(z, T, (un), Vun)D'uy, dx—i——Z/ b(|wn|)| Diusy,

{lun—2yp*|<h}

Pigy; dx

Pi

Th(un — ) |w; do + = / |un PO~ l|Th(u — ) |wo dz

< e&3(n, h).
(5.26)
By letting / tends to infinity in (5.26), we conclude that
& .
lim limsup — / ai(z, Ty (un), Vg ) D uy, dz = 0, (5.27)
=00 n—oo {lun|<h}
N
lim lim supZ/ d(|un|)| Dy, [Piw; dz = 0, (5.28)
h—00 ne0 1 {un|>h
and
lim lim sup / |2, [P0~ Yy da = 0. (5.29)
—0 nsoco {|un|>h}

Thus, for any £ > 0, there exists 3(g) > 0 verifying : for any measurable subset E of Q with
meas(E) < (e) such that

/ |t [P0~ Yy da < / |2, [P0~ g daz +/ T3 () [P0~ g da < < +
B {un|>h} B 2

for h > 0 large enough. Thus, the sequence (|, [P, wp),, is uniformly equi-integrable. In
view of Vitali’s theorem and the fact that |u,, [P°"'wy — |u|P*~'wy almost everywhere in Q, we
conclude that

<& (5.30)

| ™

|t [P g — |ufP~wy  stronglyin  L'(Q). (5.31)

Step 4 : The strong convergence of the gradients.

Let h > k > max{1, ||[¢1] s}, We set

_ [ Ton(s) = Th(s)| _, [Tdr])
Sn(s) =1-— % and B(s) = 2/0 b)) dr forany s¢€ IR.

Let ¢(s) = s.exp (37%s?), where v = 3 H d(l-1) . It is obvious that
b1 D ll oo ()
, 1
o'(s) —v|e(s)] > 3 forall se R.

We have v = u,, — 1 (T (tun) — (1)) Sp(un)eBlun) € W P(Q,&) and v > 4 for n small
enough. Thus, v is an admissible test function for the approximate problem (5.3), and we get

Z/ ai(x, Ty (un), Vi ) D (0(Th () — Tk(u))Sh(un)eB”“"')) da
Gn (T, U, Vg ) (T (un) — Ti(w)) Sk (un)e B(lunl) qg
f [n [Pt p(Ti (un) = Ti()) S (un)eP "Dy da

/f” Tk u”) Tk(u))Sh(un)e (‘un‘) d,fE

(5.32)
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In view of (3.2) and (3.4), we obtain

Z /Q ai (2, Ty (), Vun ) (DT (un) — DTy (1))@ (Th(tn) — Ti(w)) S (un )P da

+2Z/ ai(@, Ty (un), vun)DiunQO (Tk(un) — Tk(U)) Sign(un)d(|Zn|)Sh(un)eB(‘“"|) dx
—0—/9 [t | P2t o (Th () — T (1)) S () eBUn Dy dz
S/Q(lgo(l’)l+|f(ff)|)|<P(Tk(un)—Tk(u))|5h(un)63(‘""|) d

#30 [ A DID i (Tuln) = Tul00)| ) s
{Jun|<2n}

T Z/ (2, T (), Viin ) Doty |0 (T () — Tie(w))] €BU%nD) dz,

h<|un|<2h}
(5.33)
Concerning the first term on the right-hand side of (5.33), since go(z) and f(z) belongs to
LY(Q), and ¢ (Tj(un) — T (u)) — 0 weak—x* in L>(Q) as n goes to infinity, we derive

ei(n) = /Q (Ig90(@)] + £ (@)1) 1 (T (ttn) — Ti())] S (tn)eB 02D e

SeB(OO)/Q(|gO(I)|+\f(x)|)|<p(Tk(un)7Tk(u))\ de —0  as 1 oo,

(5.34)
For the last term on the right-hand side of (5.33), thanks to (5.27), we get

N
Iy / 0s(2, T (), Vi) Dt | (Th (i) — T (1)) 200D
hl: {h<|un|<2h}

Pl o(2k)

k) / ai(x, Ty (un), Vit ) D'y, dz — 0 as h — oo.
h {h<|un|<2h}

(5.35)
We have Sp,(u,) = 1 on {Ju,| < h}, and ¢ (T (u,) — Tk (u)) has the same sign as u,, on the set
{|un| > k}. Thus, by combining (5.33) and (5.34) — (5.35), we conclude that

Z A <k} ai(I,Tk(Un), VTk(Un)> (DZTk(Un) _ DiTk(u)) 4,0, (Tk(un) B Tk(u)) Sh(un)eB(‘""D .

_ Z /{ oy 0 To() Y Ton (tn)) DT (1)@ (T () — Ti(w)) Sp ()B4 d

+2Z / Al )P (T () = Tic ()11 )™ Vi

{k<|un|<2h}

_ Ax U U iu u o u d(|un|) u eB(‘un‘) .
2 /{Wk} 40 (). V) Dt (T 1) = T 2 S )00

+ | T (wn ) [P =2 T (1) (T (wn) — T (w)) Sp ()€U Dy dae

[un|<k}
+/ [ [P~ o(Tho(un) — Tio(w))|Sn (wn )P ey dee
U< un|<20)

< 63 n, h +Z/ < |un| |D’un|p |@(Tk(un) Tk(u))|Sh(un)eB(\u,,Ll)wi dx
wn | <k}

+Z / ot )| D 1 (Titn) — Ti)] S ot ) s da

{k<|un|<2R}

(5.36)
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Thus, we obtain

/{ - ai(@, Ty (un ), VI (un)) (D' Ti(un) — DTy (w)) @ (Th(un) — Ti(w)) S (up)ePUunl) dg

N
- Z/ ai (2, Top (wn), V5 (1)) DT (1)’ (Tr () — Th () Sp(wy )eB0unD da
= Jik<tunl<2ny

i=1

N

i d(Jun|) B
33 [ e T, Vu) Dl Tii) = Tl 2081 )P
; flun| <k} (tn). Vien) (Tl D g,y ()
+ |Tk(“n)|p072Tk(Un)80(Tk(Un) - Tk(u))sh(un)eB(IU"‘)wo dx
{lun|<k}
§E3(n,h).

(5.37)
It follows that

Z/ﬂ(ai(szk(un%VTk(un)) — ai(w, Ti:(un), VI () (D' Ti (un) — DTy (u))

x (w’(Tk(un) ~ To(w)) — 3¢(Ti(un) — Ti(u)) Z((Z:Q) (Blunl) gy

+/ (1T () P02 T () — [T () [P T () ) o (T () — T (w) )
{lun|<k}

< Ble0) <¢<2k> T 3(2k) Hm

(m);/ﬁ i (@, T (un), VT (un))| [ DTk (w)| |0(T (un) — Ti(w))| da

)) ZI/Q s, T (un), VTo(w))| | D Ti () — DTy ()| da

L>(R

+3eB() ”d“')

b(|‘) Lo
) @i\T, L2l o () DT (w) @ (Th(n) — Tre (1)) S (up )P0 da:
+Z/{k<|ung2h} i, Ton (), Va1 (1)) DT () (Ti () = Ti()) S ()01
+ (o<t | T () [P0~ T () o (T () — T () Yoo daz 4 £4(m, B).

(5.38)
For the first term on the right-hand side of (5.38). In view of (5.18), we have a;(x, Ty (un),
VTi(u)) converges to a;(x, Ti(u), VTk(u)) strongly in LPi(Q,w?), and since DTy (u,) —
DTy, (u) weakly in LPi (Q, w;), it follows that

N
es(n) = Z/Q |lai(x, T (wn), Vi (w))| | DTy (un) — DTy (u)| dz — 0 as n — oo. (5.39)
i=1

Concerning the second term on the right-hand side of (5.38), we have (a;(x, Ty (un ), V% (tn)))n
is bounded in LPi(Q,w?), then there exists a measurable function ¢, € LPi(Q,w?) such that
ai (2, T (tn), Vi (un)) — ¢ weakly in LPi (Q, w?), and since | DTy, (u)] | (Tx (tn) =Tk (u))| —
0 strongly in L (Q, w;), we deduce that

ge(n) = Z/Q |a;(z, Ti(un), VTk(un))| |D*Tx(w)] |o(Th (un) — Ti(u))| dz — 0 as n — co.

(5.40)
For the third term on the right-hand side of (5.38), we have a;(x, Ty (ur,), VT2 (uy,)) is bounded
in LPi (Q,w?), then there exists a measurable function ¢y, € L (Q,w?) such that a;(z, Tap (uy),
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Vo (un)) = an weakly in LPi (Q, w?). Thus, we obtain

(z, Tap,(un ), VTop (un)) D T ()@’ (Th () — Ti(u)) Sh(un)eB(‘“”‘) dx

k<\un\<2h}
"2k Z/ \as (2, Tap (), VTop (un))| | D" Ty ()| dae
{k<|un|<2h}
"(2k) Z/ lsan| |D*Ty(u)|dz =0 as n — oo.
: {k<|u|<2h}

(5.41)
Concerning the last term on the right-hand side of (5.38). Since | Ty (u)[P°~2T},(u) € L'() and
Ti(un) = Ti(u) weak—x in L>°(Q), we get

ey(n) = / (T3 ()P~ () (T (1) — T () o dv e — O as m —> o0, (5.42)
{|u"|<k}

We have ¢(s) — v|p(s)| > 1 for any s € IR. Thus, by combining (5.38) and (5.39) — (5.42),

we conclude that

\S]

IN
| =

Z/ ai(x, T (un), VT (un)) — ai(2, Ti(wn), VT (w)) (DT (1) — DTy (u)) dz

HMZ

/ a;i (2, Te(un), VT (un)) — ai(z, Tx(un), Vi (1)) (D" Ty (uy) — D' Ty (u))

(! (T(00) = Til1) = 3T 1) = Ti)) g 2 el

<eg(n,h) — 0 as n,h — occ.
(5.43)
By letting n goes to infinity, we deduce that

Z/Q (ai(x,Tk(un), VTi(un)) — ai(z, T (uy), VT (u)))(DLTk(un) — DTy (u)) dz

+ /Q (1Tt )P T ()00 — [T ()T () (T () — T () dr — 0.

(5.44)
Thanks to Lemma 3.1, we deduce that

Ti(un) — Tp(u) stronglyin W, P(Q,&) and Diu, — D'u ae.in Q. (5.45)

Moreover, since a;(x, Ty, (uy ), Vuy ) Diu, tends to a;(z, u, Vu) D'y almost everywhere in Q as
n goes to infinity. In view of (5.27) and Fatou’s lemma, we conclude that

N
1 .
lim — E / a;(z,u, Vu)D'u dx
h—oo h {\u|<h} ( )
< E ‘ .
}}l)n;o lhn_{logf /|un|<h} x, Tie(un ), Vup)D'uy, dz (5.46)

< lim limsup 1 Z/ ai(z, Ty (un), Vun ) D', dz = 0.
{|“n|<h}

— n—oo

Step 5: Equi-integrability of the sequence (g, (¢, Un, Vun))n.

In this part, we will show that

9n (2, Un, V) — g(x,u, Vu) strongly in - L'(Q). (5.47)
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In view of (5.45), we have
Gn (T, U, Vuy) — g(z,u, Vu) ae.in Q. (5.48)
For any measurable subset £ of Q, we have

/ (g (2 10, V)| e < / 190 (2, T (1), VT ()] d + / (g0 (2 1, V)| da
E E

{Jun|>h}
(5.49)
From (5.30) and the fact that go(z) € L' (), we deduce that

[ e Vades [ e |dx+z / d(Junl) D,
{|un|>h} {\u”\>h} |un\>h}

as h — oo. Thus, for all € > 0, there exists hg(e) > 0 such that

/ 190 (2, Vin)| i <
{lun|>h}

On the other hand, in view of (5.45), there exists 3(¢) > 0 small enough such that: forall £ C Q
with meas(F) < (), we have

Pigg;de — 0

forany h > ho(e). (5.50)

R ™

N
; . £
[ 1062, Twn), 9w d < [ )] do+ D [ (D)) 1D T P < 5.
B E e

(5.51)

According to (5.49), (5.50) and (5.51), we obtain
/ lgn (2, upn, Vuy,)| dz < e forany £ C Q suchthat meas(E) < S(e). (5.52)

B

As a result, the sequence (g, (x, un, Vu,)),, is uniformly equi-integrable, and thanks to (5.48)
and Vitali’s theorem, we conclude that

gn (2, Up, Vu,) — g(z,u, Vu) strongly in  L'(Q). (5.53)

Step 6: Passage to the limit.

Letp € Ky NL>®(Q)and M = k + [|¢]| -
By using v = u,, — 5T (u, — ¢) as a test function for the approximate problem (5.3), we obtain

N
Z/ ai(xaTn(un); vun)DiTk(un - 410) dr + / gn(x,un, vun)Tk(un - 90) dx
— Ja Q (5.54)

+/ |un|p°72unTk(un — p)wy dx < / FoTi(un — @) dx.
Q Q

Since {|u, — | < k} C {|u,| < M}, then we have

N
Z/ a;(z, Tp(un), Vun)DiTk(u" — ) dx
1 Q

1=

N
Z /Q a;(z, Tag (un), Vs (un)) (DiTM(un) — Diap) X{un—o|<k} d
1

.
Il

I
M=

/Q (ai(z, Tar (un ), VT (un)) = ai(, Tog (un), Vo)) (D' Tas (tn) — D*@) X{jun—pl<k} d

-
Il

+

M=

/Qai(m, TM (un), V(p) (DiT]u(un) - Digo) X{‘u",wgk} dx.

(5.55)
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According to Fatou’s Lemma, we have

N
liminfy" / 0, T (tn), Veun) DTy (1 — ) dt
i=1 Q

> /Q (ai(z, Tar (u), VTar (w) = ai(z, Tar (u), Vo)) (D*Tar () = D*0)X{ju—sp|<ky d

N
+ Z/Qai(xaTM(u)a V@) (D'Tar(u) = D'@)X(ju—p|<ky d2
i=1

= Z/Qai(x, TM(U), VTM(u))(DlTM(u) — Ditp)X{‘u,Mgk} dx

N
= Z/ a;(z,u, Vu) DTy (u — @) da.
Q

(5.56)

Having in mind that T}, (u,, — ¢) — Ti(u — ) weak—x* in L>°(Q) as n goes to infinity, and in
view of (5.31) and (5.53), we obtain

and

/ Gn (2, U, Vg ) Ti (U, — @) do —> / g(x,u, Vu)Ty(u — @) dz, (5.57)
Q Q

/ |, [P0~ 2, T (0, — @) dz — / [u|Po~2uTy (u — p)wo d. (5.58)
o Q

Moreover, since f,,(z) — f(x) strongly in L' (Q), we get

/ foTi(up — @) doe — / fTi(u— ) dz. (5.59)
Q Q

By combining (5.54) and (5.56) — (5.59), we conclude that

N
> [ aito.u. Vo) D Tufu - @) d+ [ gl u, V)T~ ) do
i=1 78 Q (5.60)

+/ [u[Po 2 uTy (u — @)wp do < / [nTk(u— @) d,
o Q

for any ¢ € Ky N L (), which complete the proof of theorem 5.2.

References

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

L. Aharouch, Y. Akdim; Strongly Nonlinear Elliptic Unilateral Problems without Sign Condition and L'
Data. Journal of Convex Analysis 13 (2006), No. 1, 135-149.

Y. Akdim, C. Allalou, A. Salmani; Existence of Solutions for Some Nonlinear Elliptic Anisotropic Uni-
lateral Problems with Lower Order Terms , Moroccan J. of Pure and Appl. Anal. (MJPAA) 4(2), 2018,
171-188.

Y. Akdim, E. Azroul, Pseudo-monotonicity and degenerated elliptic operator of second order, Electron.
J. Differ. [electronic only] 2002 (2002), 9-24.

Y. Akdim, E. Azroul, A. Benkirane; Existence of Solution for Quasilinear Degenerated Elliptic Unilateral
Problems, Annales Mathematiques Blaise Pascal 10 (2003), 1-20.

Y. Akdim, M. Belayachi, H. Hjiaj, M. Mekkour; Entropy solutions for some nonlinear and noncoercive
unilateral elliptic problems, Rend. Circ. Mat. Palermo (2), 69 (3) (2020): 1373—-1392.

A. Alvino, L. Boccardo, V. Ferone, L. Orsina, G. Trombetti; Existence results for nonlinear elliptic
equations with degenerate coercivity, Ann. Mat. Pura Appl. (4) 182 (2003), no. 1, 53-79.

F. Andereu, J.M. Mazén, S. Segura De le6n and J. Teledo, Quasi-linear elliptic and parabolic equations
in L1 with nonlinear boundary conditions, Adv. Math. Sci. Appl. 7 (1997), pp. 183-213.

S. Antontsev, M. Chipot, Anisotropic equations: uniqueness and existence results, Differ. Integral Equ.
21 (2008), 401-419.



Unilateral problem for some non-coercive Neumann . . . 535

[9] E. Azroul, M. Bouziani, A. Barbara, Existence of entropy solutions for anisotropic quasilinear degener-
ated elliptic problems with Hardy potential, SeMA J., 78 (2021), no.4, 475-499.

[10] M. Bendahmane,M. Chrif, S. El Manouni, Elliptic equations in weighted Sobolev spaces of infinite order
with L' data. Mathematical Methods in the Applied Sciences 33 1 (2010): 49-56.

[11] P. Bénilan, L. Boccardo, T. Gallouét, R. Gariepy, M. Pierre and J. L . Vuez, An L1 theory of existence and
uniqueness of solutions of nonlinear elliptic equations, Ann. Scuola Norm. Sup. Pisa Cl. Sci. 4, (1995),
241-273.

[12] M. F. Betta, O. Guibé, A. Mercaldo, Neumann problems for nonlinear elliptic equations with L1 data, J.
Differential Equations 259 (2015) 898-924.

[13] D. Blanchard, O. Guibé, Infinite valued solutions of non-uniformly elliptic problems. Anal. Appl. (Sin-
gap.) 2 (2004), no. 3, 227-246.

[14] L. Boccardo, A. Dall’Aglio, L. Orsina, Existence and regularity results for some nonlinear equations
with degenerate coercivity. Atti Sem. Mat. Fis. Univ. Modena 46 (1998), suppl., 51-81.

[15] L. Boccardo, T. Gallouét, Nonlinear elliptic equations with right-hand side measures, Comm. Partial
Differential Equations, no. 3-4, 17 (1992), 641-655.

[16] L. Boccardo, T. Gallouét, J.-L. Vazquez, Nonlinear elliptic equations in IR" without growth restrictions
on the data. J. Differ. Equations 105 (2) (1993), 334-363.

[17] L. Boccardo and L. Moreno-Mérida, W' (Q) Solutions of Nonlinear Problems with Nonhomogeneous
Neumann Boundary Conditions, Milan J. Math. 83, (2015), 279-293 .

[18] L. Boccardo, F. Murat and J.P. Puel, Existence of bounded solutions for non linear elliptic unilateral
problems. Ann. Mat. Pura Appl. 152 (1988), 183-196.

[19] L. Boccardo, S. Segura de Leén, C. Trombetti, Bounded and unbounded solutions for a class of quasi—
linear elliptic problems with a quadratic gradient term. J. Math. Pures Appl. (9) 80 (2001), no. 9, 919-940.

[20] F. E. Browder, Existence theorems for nonlinear partial differential equations, Proc. Symposia Pure
Math., Vol. XVI, Amer. Math. Soc, Providence, Rhode Island 1970. pp. 1 - 60.

[21] A. C. Cavalheiro; Existence of solution in weighted Sobolev spaces for a strongly nonlinear degenerate
elliptic equations having natural growth terms and L' data, Le Matematiche, 73 (2) (2018), 261-277.

[22] M. Chrif, H. Hjiaj and M. Sasy, Renormalized solutions for some non-coercive parabolic equation in the
anisotropic Sobolev spaces. Palest. J. Math. 13, No. 1 (2024), pp. 147-191.

[23] S.-K. Chua, S. Rodney, R. L. Wheeden; A compact embedding theorem for generalized Sobolev spaces,
Pacific J. Math. 265 (2013), 17-57

[24] G. Croce, The regularizing effects of some lower order terms in an elliptic equation with degenerate
coercivity, Rend. Mat. Appl. (7) 27 (2007), no. 3-4, 299-314.

[25] R. Di Nardo, F. Feo, Existence and uniqueness for nonlinear anisotropic elliptic equations, Arch. Math.
102 (2014), 141-153.

[26] R. Di Nardo, F. Feo, O. GuibUniqueness result for nonlinear anisotropic elliptic equations, Adv. Differ.
Equ. 18 (2013), 433-458.

[27] P. Donato, O. Guibd A. Oropeza, Homogenization of quasilinear elliptic problems with nonlinear Robin
conditions and L1 data, Journal de Mathtiques Pures et Appliqu (2018) , 91-129.

[28] P. Drabek, A. Kufner, F. Nicolosi, Quasilinear elliptic equations with degenerations and singularities, Vol.
5. Walter de Gruyter, 201 1.

[29] J. Droniou, Global and local estimates for nonlinear noncoercive elliptic equations with measure data.
Commun. Partial Differ. Equations 28 (2003), 129-153.

[30] N. El Amarty, B. EL Haji and M. EL Moumni, Entropy solutions for unilateral parabolic problems with
L1 -data in Musielak-Orlicz-Sobolev spaces. Palest. J. Math. 11, No. 1 (2022), 504-523.

[31] H. Gao, F. Leonetti, W. Ren, Regularity for anisotropic elliptic equations with degenerate coercivity.
Nonlinear Analysis, 187 (2019), 493-505.

[32] O. Guibé and A. Oropeza, Renormalized solutions of elliptic equations with Robin boundary conditions,
Acta Mathematica Scientia 37 (2017), Issue 4, 889910.

[33] O. Guibé, A. Mercaldo, Existence of renormalized solutions to nonlinear elliptic equations with two
lower order terms and measure data, Trans. Amer. Math. Soc., no. 2, 360 (2008), 643-669.

[34] Stromberg, E. Hewitt-K, Real and abstract analysis. Graduate Texts in Math 18 (1965).

[35] A. Kufner, B. Opic, How to define reasonably weighted Sobolev spaces. Commentationes Mathematicae
Universitatis Carolinae, 25 (3) (1984) 537-554.

[36] J.L. Lions, Quelques méthodes de résolution des problemes aux limites non linéaires. Dunod et Gauthiers—
Villars, Paris (1969)



536 Arij BOUZELMATE, Hassane HJTAJ and Inssaf RAISS

[37] A. Porretta, S. Segura de Leon, Nonlinear elliptic equations having a gradient term with natural growth.
J. Math. Pures Appl. (9) 85 (2006), no. 3, 465-492.

[38] J. M. Rakotoson, R. Temam, Relative rearrangement in quasilinear elliptic variational inequalities. Indiana
Univ. Math. J. 36 (1987), no. 4, 757-810.

Author information

Arij BOUZELMATE, Laboratoire LAR2A, Department of Mathematics, Faculty of Sciences Tétouan, Univer-
sity Abdelmalek Essaadi, BP 2121, Tétouan,, Morocco.
E-mail: abouzelmate@uae.ac.ma

Hassane HJIAJ, Department of Mathematics, Faculty of Sciences Tétouan, University Abdelmalek Essaadi, BP
2121, Tétouan,, Morocco.
E-mail: hjiajhassane@yahoo.fr

Inssaf RAISS, Laboratoire LAR2A, Department of Mathematics, Faculty of Sciences Tétouan, University
Abdelmalek Essaadi, BP 2121, Tétouan,, Morocco.
E-mail: inssaf.raiss@etu.uae.ac.ma

Received: 2024-09-07
Accepted: 2025-02-16



	1 Introduction
	2 Preliminaries
	3 Essential assumptions
	4 Existence of weak solutions for L-data
	5 Existence of entropy solutions for L1-data

