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Abstract In the first part of this paper, we are interested in the existence and uniqueness of
solutions of distribution-dependent stochastic differential equations driven by spatially parame-
terized continuous local martingales. In this framework, the drift coefficient exhibits non-linear
dependencies on both the state process and its distribution. To establish the existence of weak so-
lutions, we first employ the Euler approximation and the martingale problem formulation. Next,
we achieve the existence and pathwise uniqueness of its strong solution when non-Lipschitz con-
ditions are satisfied. Finally, we demonstrate that the Euler approximation exhibits an optimal
rate of strong convergence.

In the second part, we address a control problem in which the system is governed by a similar
equation. Using the martingale problem formulation, we establish the existence of an optimal
feedback control.

1 Introduction

To investigate nonlinear PDE in Vlasov’s kinetic, Kac [13] in 1956, introduced the concept of
propagation of chaos of mean-field particle systems, which inspired McKean [17] to explore
nonlinear Fokker-Planck equations by employing SDEs with distribution-dependent drift co-
efficients. A comprehensive introduction can be found in [22]. These distribution-dependent
stochastic differential equations (DDSDEs for short) are also called McKean-Vlasov SDEs or
mean-field SDEs in the literature. DDSDEs have been extensively studied due to their broad
range of applications, as demonstrated in [[2], [8], [1]].

Recently, many papers have been devoted to the study of the existence and uniqueness of so-
lutions for DDSDEs. Let us mention some of these works. For McKean-Vlasov SDEs driven by
distribution-dependent Brownian noises, the authors in [11] obtained the existence and unique-
ness results under the Lipschitz condition. For the results under the non-Lipschitz condition for
non-degenerate DDSDEs, references such as [[9], [18]] provided valuable insights. In [3], Ding
et al. established the existence of weak solutions using the Euler approximation, under contin-
uous coefficients and a linear growth condition; they also derived pathwise uniqueness under
non-Lipschitz conditions. Additionally, in the works of [[23], [24]], the existence and unique-
ness results are established only for the case that the diffusion coefficient is distribution-free.
Several works have extended SDEs, backward SDEs, and DDSDEs to cases where the driving
noise is not limited to Brownian motion but includes more general processes such as Lévy pro-
cesses, stochastic integrals with respect to Poisson random measures, or, more generally, local
martingales; see, for instance, [[5], [6], [8]], along with the references provided therein.
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In this paper, we consider the following generalized DDSDE of the form,{
dXt = b (t,Xt, µt) dt+M (dt,Xt) ,

X0 = ξ,
(1.1)

where b : [0, T ] × Rd × P2
(
Rd
)

→ Rd and {M (t, x)}x∈Rd is a family of continuous d-
dimensional local martingales with spatial parameter x ∈ Rd and local characteristic q, and
defined on a filtered probability space

(
Ω,F , (Ft)t≥0 ,P

)
satisfying the usual conditions , µt :=

P ◦X−1
t denotes the law of the random variable Xt, and X0 = ξ is an Rd-valued F0-measurable

random variable. Its law is denoted by µ0 := P◦ξ−1. Here P2
(
Rd
)

is the space of all probability
measures on Rd, endowed with the 2-Wasserstein metric (see Section 2 for details).

This form of continuous local martingales M (t, x) and its corresponding stochastic cal-
culus were initially developed by Kunita in [14] while investigating various stochastic problems
related to SDEs and stochastic flows of SDEs driven by Brownian motion with values in the
space of vector fields. In [14], Kunita also introduced SDEs driven by these martingales (a
distribution-independent form of (1.1)), as an extension of the classical Itô’s SDE, and estab-
lished its existence and uniqueness of strong solutions under the fact that the pair (q, b) satisfies
the Lipschitz condition and the linear growth condition via Picard iteration. This result was fur-
ther extended by Liang in [15] to cover the non-Lipschitz case, using local time and composition
techniques of auxiliary functions with appropriate processes. In discrete-time scenarios, Zhang
Bo et al. in [25] developed regularity properties such as continuity, differentiability, and integra-
bility for discrete-time martingales with spatial parameters. Zhang Bo et al. in [26] extensively
studied nonlinear stochastic difference equations driven by these martingales and their solutions.

The primary focus of our work is to view equation (1.1) as a generalized DDSDE driven
by infinite-dimensional Brownian motion (see Remark 2.4). In the first part, we investigate the
existence and uniqueness of a strong solution of equation (1.1) under the assumption that the drift
coefficient b and the local characteristic q are continuous, bounded, and satisfy non-Lipschitz
conditions in the spatial variable, and b is Lipschitz continuous in the distribution variable with
respect to the 2-Wasserstein metric. We establish the existence of strong solutions by deducing
them from weak solutions, as demonstrated in Lemma 4.2. Furthermore, we prove the pathwise
uniqueness of these solutions using Bihari’s inequality.

In the second part, we address the existence of optimal controls for systems driven by the
state equation{

dXU
t = b

(
t,XU

t , µt, U
(
t,XU

t

))
dt+M

(
dt,XU

t , U
(
t,XU

t

))
,

XU
0 = ξ,

where this time b and the local martingale M are allowed to depend on the control U (t, x) ∈
Rk which is represented by a state feedback form. Here, a control is to be understood in a weak
sense. Our purpose is to find a control, the so-called optimal control, which minimizes the cost
functional

J (U) = E
[∫ T

0
h
(
t,XU

t , µt, U
(
t,XU

t

))
dt+ ℓ

(
XU

T , µT

)]
.

Adapting the ideas of Haussmann and Lepeltier [10] to our framework, we use the formulation
by martingale problems for the above controlled DDSDE, to prove the existence result.

The organization of our paper is as follows. In Section 2, we introduce some facts, which
come from Kunita [14], for the local martingale M (t, x) so that equation (1.1) is well defined and
state the main theorem (existence and uniqueness of strong solution), and we construct the Euler
approximation for the solution of equation (1.1). In Section 3, we introduce the notion of weak
solutions for this equation and the corresponding martingale problem. Then, under the condition
that q and b are continuous and bounded, we use the Euler approximation and the formulation by
the martingale problem to prove the weak existence. In Section 4, under the condition that q and
b satisfy non-Lipschitz conditions, we obtain the existence and pathwise uniqueness of its strong
solutions. In Section 5, we show that this approximation has an optimal strong convergence rate.
In the last section, we are concerned with the existence of optimal feedback control.



548 H. Ben Brahim, A. Ninouh and B. Gherbal

2 DDSDE and strong solution

In this section, we examine the McKean-Vlasov Stochastic Differential Equation given by (1.1).
We present a theorem that addresses the existence and uniqueness of its strong solution. Ad-
ditionally, we construct the Euler approximation for the solution of equation (1.1). We shall
first introduce some useful notations and assumptions and provide preliminaries on the integrals
against local martingales with spatial parameters. For more details on the Itô-Kunita’s integral,
we refer to ([14], Chapter 03). We denote

• S2([0, T ];Rd) to be the set of Rd-valued predictable processes {Xt, t ∈ [0, T ]} and satisfy
E
[
sup0≤t≤T |Xt|2

]
<

+∞.
• P2

(
Rd
)

to be the space of probability measures on
(
Rd,B

(
Rd
))

with finite second mo-
ment, i.e.,

∫
Rd |x|2 µ (dx) <

+∞.

For µ, ν ∈ P2
(
Rd
)
, the 2-Wasserstein distance W2 (µ, ν) is defined by:

W2 (µ, ν) = inf
π∈Π(µ,ν)

{∫
R2d

|x− y|2 dπ (x, y)
}1/2

, (2.1)

where Π (µ, ν) denotes the set of probability measures on R2d with µ and ν as respective first
and second marginals. These probability measures are often called couplings between µ and ν.
In the case µ := P ◦X−1 and ν = P ◦ Y −1 are the laws of Rd- valued random variables X and
Y of order 2, then,

W2 (µ, ν) ≤ E
[
|X − Y |2

]1/2
. (2.2)

Throughout this paper, we use the notation ⟨., .⟩ to denote the quadratic covariation of two con-
tinuous local martingales. Also for two vectors u, v ∈ Rd, ⟨u, v⟩ denotes the scalar product of u
and v. ∥.∥ and |.| denote norms of matrix, respectively, of vectors.

Recall the DDSDE (1.1){
dXt = b (t,Xt, µt) dt+M (dt,Xt) ,

X0 = ξ.

Here M (t, x) =
(
M1 (t, x) , ....,Md (t, x)

)
is a continuous and (Ft)t≥0-adapted local martin-

gale with parameter x ∈ Rd. Suppose that there exists a predictable process qij (s, x, y) with
parameters (x, y) such that

〈
M i (t, x) ,M j (t, y)

〉
=

t∫
0

qij (s, x, y) ds.

q is called the local characteristic of M (t, x) , where q (t, x, y) = (qij (t, x, y))1≤i,j≤d is a d× d-
matrix-valued such that qij (t, x, y) = qji (t, y, x) a.s for all x, y ∈ Rd, t ∈ [0, T ] and 1 ≤
i, j ≤ d. Moreover, q (t, x, y) is a nonnegative-definite symmetric matrix a.s for all (t, x, y) ∈
[0, T ]×R2d. If Xt is a Rd-valued predictable process satisfying

T∫
0

qij (t,Xt, Xt) dt < ∞, a.s,

then the Itô-Kunita’s stochastic integral
t∫

0
M (ds,Xs) of Xt based on the kernel M (dt, x) is

well defined. In particular, if the sample paths of Xt are continuous a.s, this integral can be
approximated by the following Riemann sums:

t∫
0

M (ds,Xs) = lim
|∆|→0

n−1∑
k=0

[M (tk+1 ∧ t,Xtk∧t)−M (tk ∧ t,Xtk∧t)] ,
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uniformly in t on [0, T ], P-a.s, where ∆ is a partition of interval [0, T ] such that,

∆ = {0 = t0 < t1 < ... < tn = T} ,
|∆| := maxk {|tk+1 − tk|} → 0, as n → ∞.

(2.3)

The stochastic process
t∫

0
M (ds,Xs) is then a continuous local martingale.

To derive the existence and uniqueness of solutions of (1.1), we make the following assumptions.

(C.1) b (t, x, µ) and q (t, x, y) are bounded, measurable and continuous in (t, x, µ) and (t, x, y),
respectively.

(C.2) Let κ1 and κ2 be two positive, concave and increasing functions on [0,∞), and satisfying
κ1 (0) = κ2 (0) = 0,

∫
0+

udu
κ2

1(u)+κ2
2(u)

= ∞. Assume that, for any x, y ∈ Rd, µ, ν ∈ P2
(
Rd
)

and t ∈ [0, T ], q and b satisfy

|b (t, x, µ)− b (t, y, ν)| ≤ M (κ1 (|x− y|) +W2 (µ, ν)) ,

∥q (t, x, x)− 2q (t, x, y) + q (t, y, y)∥ ≤ Lκ2
2 (|x− y|) ,

where L,M > 0 are a constants.

Example 2.1. We give a few examples of the functions κ1 and κ2. Let C > 0 and let 0 ≤ η ≤
e−

1
e . Define

(i) κ1 (u) = κ1 (u) = Cu, u ≥ 0.

(ii) κ1 (u) = κ1 (u) =

 u
(
logu−1

)1/2 , 0 ≤ u ≤ η,

η
(
log η−1

)1/2
+
(
log η−1

)1/2
(

1 − 1
2 log η−1

)
(u− η) , η < u.

Then κ1 and κ2 satisfy the conditions in (C.2). We observe also that example (i) assures that our
results covers the Lipschitz case.

Remark 2.2. Under condition (C.1), by Theorem 2.1.1 in ([14], pp. 43) and using Burkholder’s
inequality, we get that the process

(∫ t

0 M (ds,Xs) , t ∈ [0, T ]
)

is a true continuous martingale.
Moreover, it is a square integrable continuous (local) martingale.

Now, let’s state one of our main results in the following theorem.

Theorem 2.3. Let conditions (C.1) and (C.2) hold and X0 = ξ ∈ L2
(
Ω,F0,P;Rd

)
. Then the

McKean-Vlasov SDE (1.1) has a unique strong solution Xt ∈ S2([0, T ];Rd).

Remark 2.4. Let
(
Bl, ..., Bn

)
be n-dimensional standard Brownian motion and let fl (t, x, µ) , l =

1, 2, ... be Rd- valued, continuous functions. Consider the following DDSDEs

Xt = x+

∫ t

0
b (s,Xs, µs) ds+

n∑
l=1

∫ t

0
fl (s,Xs) dB

l
s. (2.4)

Equation (2.4) is equivalent to equation (1.1) by setting M (t, x) =
∑n

l=1

∫ t

0 fl (s, x) dBl
s. Its

local characteristic is q =
(∑n

l=1 f
i
l (t, x) f

j
l (t, y)

)
1≤i,j≤d

. If b and the local characteristics q

satisfy the conditions (C.1) and (C.2), then we get existence and uniqueness of strong solutions
of the DDSDE (2.4).
On the other hand, let

(
Bl
)
l∈N be infinite independent copies of one dimensional standard Brow-

nian motions such that the following equation

Xt = x+

∫ t

0
b (s,Xs, µs) ds+

∞∑
l=1

∫ t

0
fl (s,Xs) dB

l
s,

is equivalent to the McKean-Vlasov SDE (1.1) by setting M (t, x) =
∑∞

l=1

∫ t

0 fl (s, x) dBl
s.

Its local characteristic is q =
(∑∞

l=1 f
i
l (t, x) f

j
l (t, y)

)
1≤i,j≤d

. Thus, the equation (1.1) can be

formally viewed as an DDSDE driven by infinite-dimensional Brownian motion.
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We conclude this section by applying the Euler scheme to approximate the solution of (1.1).
For n > 0, let ∆ be the partition of interval [0, T ] and |∆| be given by (2.3). For 0 ≤ k ≤ n− 1,
we let ∆t = tk+1 − tk, it is a fixed timestep. The Euler scheme applied to (1.1) has the form:
Xn

0 = ξ and

Xn
tk+1

= Xn
tk
+ b

(
tk, X

n
tk
, µn

tk

)
(tk+1 − tk) +M

(
tk+1, X

n
tk

)
−M

(
tk, X

n
tk

)
,

for 0 ≤ k ≤ n− 1. This is an explicit scheme. It gives all the values of the approximation at the
partition points t0, t1, ..., tn.

Remark 2.5. Noting that M (tk, x) can be viewed as a discrete-time martingale with spatial
parameters x ∈ Rd. This type of martingales and their regularity properties were well studied by
Zhang Bo et al. in [25]. When b = 0, the following nonlinear stochastic difference equations

{
Xn

tk+1
= Xn

tk
+M

(
tk+1, X

n
tk

)
−M

(
tk, X

n
tk

)
,

Xn
0 = ξ,

was investigated by Zhang Bo et al. in [26]. Under that M (tk, x) is Ftk−adapted and continuous
with respect to the spatial parameter x, they proved that this equation has a unique solution which
is a stochastic sequence

(
Xn

tk

)
adapted to the filtration (Ftk) .

To compare the approximation solution with the original solution, we need to know the value
of the approximation solution at all time instant. We shall use the following interpolation. Let
Xn satisfies

Xn
t = Xn

tk
+ b

(
tk, X

n
tk
, µn

tk

)
(t− tk) +M

(
t,Xn

tk

)
−M

(
tk, X

n
tk

)
,

for any t ∈ [tk, tk+1) , 0 ≤ k ≤ n − 1. In our analysis, it will be more natural to work with the
equivalent definition

Xn
t = ξ +

∫ t

0
b
(
s,Xn

ηn(s)
, µn

ηn(s)

)
ds+

∫ t

0
M
(
ds,Xn

ηn(s)

)
, t ∈ [0, T ] , (2.5)

where ηn (s) = tk for any s ∈ [tk, tk+1), 0 ≤ k ≤ n − 1. The joint quadratic variation of∫ t

0 M i
(
ds,Xn

ηn(s)

)
and

∫ t

0 M j
(
ds,Xn

ηn(s)

)
is given by

〈∫ t

0 M i
(
ds,Xn

ηn(s)

)
,
∫ t

0 M j
(
ds,Xn

ηn(s)

)〉
=
∫ t

0 qij
(
s,Xn

ηn(s)
, Xn

ηn(s)

)
ds.

Since that the drift coefficient b and the local characteristic q are bounded and X0 = ξ ∈
L2
(
Ω,F0,P;Rd

)
, it is easy to prove that there exists a positive constant C such that the so-

lution Xn
t satisfies

E
[

sup
0≤t≤T

|Xn
t |

2

]
≤ C. (2.6)
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Indeed, by Burkholder’s inequality and Cauchy-Schwartz’s inequality, it holds that

E
[

sup
0≤t≤T

|Xn
t |

2

]
≤ 3E

[
|ξ|2 + sup

0≤t≤T

∣∣∣∣∫ t

0
b
(
s,Xn

ηn(s)
, µn

ηn(s)

)
ds

∣∣∣∣2

+ sup
0≤t≤T

∣∣∣∣∫ t

0
M
(
ds,Xn

ηn(s)

)∣∣∣∣2
]

≤ 3

(
E
[
|ξ|2
]
+ TE

[∫ T

0

∣∣∣b(s,Xn
ηn(s)

, µn
ηn(s)

)∣∣∣2 ds]

+ C2E

 d∑
i=1

T∫
0

qii
(
s,Xn

ηn(s)
, Xn

ηn(s)

)
ds


≤ 3E

[
|ξ|2
]
+ 3TCb + 3C2E

 T∫
0

∥∥∥q (s,Xn
ηn(s)

, Xn
ηn(s)

)∥∥∥ ds
 ≤ C.

3 Weak solution

3.1 Weak solution and martingale problem

In this subsection, we introduce the notion of weak solutions of equation (1.1) and the so-
lution for the corresponding martingale problem. This weak solution may be defined as follows.

Definition 3.1. We say that equation (1.1) admits a weak solution with the initial distribution µ0,
if there exists a probability filtered space

(
Ω,F , (Ft)t≥0 ,P

)
satisfying the usual conditions, and

a continuous (Ft)t≥0-adapted process X such that

(i) P ◦ ξ−1 = µ0,

(ii) b and the local characteristic q of M (t, x) satisfies

T∫
0

[∣∣bi (s,Xs, µs)
∣∣+ qij (s,Xs, Xs)

]
ds < ∞, P-a.s, 1 ≤ i, j ≤ d,

(iii) the integral version of (1.1)

Xt = ξ +

t∫
0

b (s,Xs, µs) ds+

t∫
0

M (ds,Xs) , 0 ≤ t ≤ T,

holds almost surely. Such a weak solution is denoted by
(

Ω,F , (Ft)t≥0 ,P, X
)

.

As is well known, weak solutions for classical Itô’s SDEs are equivalent to the existence of
solutions for the corresponding martingale problem (see [12], [21]). Similarly, in the sequel of
this subsection, we will introduce the concepts related to the solution for the (local) martingale
problems associated with (1.1).

Let Ck
(
Rd
)

be the collection of all continuous functions which have continuous partial
derivatives of every order up to k where k is a positive integer, and define the infinitesimal
generator L associated with equation (1.1)

(Lf) (t, x, µ) =
d∑

i=1

bi (t, x, µ) ∂if (x) +
1
2

d∑
i,j=1

qij (t, x, x) ∂2
ijf (x) , f ∈ C2 (Rd

)
.
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Let
(

Ω,F , (Ft)t≥0 ,P, X
)

be a weak solution of (1.1). By applying Itô’s formula to f (X)

(see Theorem 2.3.11 in [14], pp. 64), we get that f (X) is a continuous semimartingale with
decomposition

f (Xt) = f (X0) +

∫ t

0
(Lf) (s,Xs, µs) ds+

d∑
i=1

∫ t

0

∂f (Xs)

∂xi
M i (ds,Xs) .

Clearly that the process
{∑d

i=1

∫ t

0
∂f(Xs)
∂xi

M i (ds,Xs) , t ∈ [0, T ]
}

is a continuous local martin-
gale, because according to Lemma 2.3.1 in ([14], pp. 56), one can get that the stochastic integral∫ t

0 UsdM (s) is a limit of Riemann sums
∑n−1

k=0 Utk (M (tk+1)−M (tk)) as |∆| → 0, where

U standing for
(

∂f(Xs)
∂x1

, ..., ∂f(Xs)
∂xd

)
and dM (s) = M (ds,Xs), the partition ∆ was defined in

previous section.

Definition 3.2. Xt is called a solution to the local martingale problem corresponding to equation
(1.1), if

Nf
t := f (Xt)− f (ξ)−

∫ t

0
(Lf) (s,Xs, µs) ds, f ∈ C2 (Rd

)
,

is a continuous local (Ft)t≥0-martingale under P.

Furthermore, if the weak solution X satisfies the property in the above definition, then
its law ( denoted by P = P◦X−1) on the (canonical) space

(
C
(
[0, T ] ;Rd

)
,B
(
C
(
[0, T ] ;Rd

)))
is also a solution of a local martingale problem (see [12] for details).

For simplicity, we denote W := C
(
[0, T ] ;Rd

)
and Wt := C

(
[0, t] ;Rd

)
, t ∈ [0, T ], equipped

with their Borel σ-fields which are denoted by W = B (W) and W̃t = ∩s>tB (Wt), t ∈ [0, T ],
respectively.

Let wt be the coordinate process over W , that is

wt (ω) = ωt, ω ∈ W.

Definition 3.3. A probability measure P on (W,W), under which

Nf
t := f (wt)− f (ξ)−

∫ t

0
(Lf) (s, ws, µs) ds, f ∈ C2 (Rd

)
, (3.1)

is a continuous local W̃t−martingale, is called a solution to the local martingale problem cor-
responding to equation (1.1) with the initial law µ0, where µs = P ◦ w−1

s denotes the law of ws

under P .

Remark 3.4. In both of the above definitions, if f is in C2
b

(
Rd
)

(i.e., f ∈ C2
(
Rd
)

and has
bounded partial derivatives up to the second order), and if both b and q are bounded, then Nf

t is
a continuous martingale, and the local martingale problem reduced to a martingale problem.

3.2 Weak existence

The main purpose of this subsection is to prove the existence of a solution of the martingale
problem for (1.1) which is equivalent to the existence of its weak solution. Let Xn be a weak
solution of the Euler approximation equation (2.5), then there exists a martingale solution Pn :=
P ◦ (Xn)

−1 on (W,W), such that

Nf,n
t := f (wn

t )− f (ξ)−
∫ t

0
(Lnf) (s, wn

s , µ
n
s ) ds, f ∈ C2

b

(
Rd
)
,

is a continuous W̃t−martingale under Pn, where µn
ηn(s)

:= Pn ◦
(
wn

ηn(s)

)−1
and

(Lnf) (s, wn
s , µ

n
s )

=
d∑

i=1

bi
(
s, wn

ηn(s)
, µn

ηn(s)

) ∂f (wn
s )

∂xi
+

1
2

d∑
i,j=1

qij
(
s, wn

ηn(s)
, wn

ηn(s)

) ∂2f (wn
s )

∂xi∂xj
.

We shall now show that the sequence of distributions (Pn) is tight on W .
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Lemma 3.5. Under (C.1), the sequence of distributions (Pn) is tight on the space W endowed
with the topology of uniform convergence.

Proof. Let P2 (W) be the space of probability measures on (W,W) equipped with the 2-Wasserstein
metric (2.1). The proof is inspired from [[4], Theorem 3.4], in which to show that (Pn)n≥1 is
tight in P2 (W), we follow the approach used in [[21], Theorem 1.4.6], by showing that for each
positive f ∈ C2

b

(
Rd
)
, there exists a constant Ξn

f such that: f (wn
t ) + Ξn

f .t is a supermartingale
under the distribution Pn on the canonical space W . Let

Ξ
n
f = sup

{
|(Lnf) (s, wn, µn)| , (s, wn, µn) ∈ [0, T ]×Rd × P2

(
Rd
)}

.

By condition (C.1), the coefficient b and q defining the operator (Lnf) (s, w, µ) are bounded,
then Ξn

f is finite. Since for each n, Nf,n
t := f (wn

t ) − f (ξ) −
∫ t

0 (Lnf) (s, wn
s , µ

n
s ) ds is a Pn-

martingale, then f (wn
t ) +Ξn

f .t is a positive supermartingale. Then the sequence (Pn) is tight in
P2 (W).

Proposition 3.6. Suppose that (C.1) holds and X0 = ξ ∈ L2
(
Ω,F0,P;Rd

)
. Then there exists a

solution to the martingale problem of (1.1).

Proof. Recall that in the above lemma, we have seen that the sequence (Pn) of distributions of
(Xn), solutions of (2.5), is tight on W . Then there exists a subsequence still denoted by (Pn)
and P ∈ P2 (W) such that (Pn) weakly converges to P . Now to prove that P on (W,W) is a
solution of the martingale problem for (1.1), we just need to prove that Nf

t defined by (3.1), for
f ∈ C2

b

(
Rd
)
, is a continuous W̃t−martingale under P . That is, for any continuous, bounded

and W̃s-measurable functional Gs,

EP
[(

Nf
t −Nf

s

)
Gs

]
=∫

W

[(
f (wt)− f (ws)−

∫ t

s

(Lf) (r, wr, µr) dr

)
Gs (w)

]
P (dω) = 0, 0 ≤ s < t ≤ T.

Since Nf,n
t is a continuous W̃t−martingale under Pn, then

EPn
[(

Nf,n
t −Nf,n

s

)
Gs

]
= 0.

Note that Pn weakly converges to P . Let us prove that∫
W

[(
f (wt)− f (ws)−

∫ t

s

(Lf) (r, wr, µr) dr

)
Gs (w)

]
P (dω)

= lim
n→∞

∫
W

[(
f (wn

t )− f (wn
s )−

∫ t

s

(Lnf) (r, wn
r , µ

n
r ) dr

)
Gs (w

n)

]
Pn (dωn) . (3.2)

Since (Pn) is tight in P2 (W), then by Skorokhod’s representation theorem (see [14], Theorem
1.1.5, pp. 03), there exists a probability space

(
Ω̂, F̂ , P̂

)
and W-valued processes X̂ and X̂n on

it, such that

(i) The law of X̂n (respectively, of X̂) is Pn (respectively, is P ), for each n ≥ 1.

(ii) X̂n → X̂ in W , P̂-a.s, as n → ∞.

Based on (i), to prove (3.2) it is equivalent to prove that

EP̂
[(

f
(
X̂t

)
− f

(
X̂s

)
−
∫ t

s

(Lf)
(
r, X̂r, µr

)
dr

)
Gs

(
X̂
)]

= lim
n→∞

EP̂
[(

f
(
X̂n

t

)
− f

(
X̂n

s

)
−
∫ t

s

(Lnf)
(
r, X̂n

r , µ
n
r

)
dr

)
Gs

(
X̂n
)]

. (3.3)

On one hand, by (ii), it holds that X̂n
ηn(r)

a.s→ X̂r for r ∈ [s, t] as n → ∞. We also need to show
that

lim
n→∞

W2

(
µn
ηn(r)

, µr

)
= 0, (3.4)
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indeed, by inequality (2.2), we have W2

(
µn
ηn(r)

, µr

)
≤ EP̂

[∣∣∣X̂n
ηn(r)

− X̂r

∣∣∣2]1/2

, and we observe

that for any θ > 0,

EP̂

[∣∣∣X̂n
ηn(r)

∣∣∣2 1{∣∣∣X̂n
ηn(r)

∣∣∣2
>θ

}
]
≤ EP̂

[∣∣∣X̂n
ηn(r)

∣∣∣2] .
By (2.6) we get

sup
n≥1

EP̂

[∣∣∣X̂n
ηn(r)

∣∣∣2 1{∣∣∣X̂n
ηn(r)

∣∣∣2
>θ

}
]
≤ sup

n≥1
EP̂
[∣∣∣X̂n

ηn(r)

∣∣∣2] = sup
n≥1

E
[∣∣∣Xn

ηn(r)

∣∣∣2] < ∞.

Then noting that

(i)
∣∣∣X̂n

ηn(r)

∣∣∣2 1{∣∣∣X̂n
ηn(r)

∣∣∣2
>θ

} ≤
∣∣∣X̂n

ηn(r)

∣∣∣2, for any θ > 0 and n ≥ 1, i.e
∣∣∣X̂n

ηn(r)

∣∣∣2 dominates∣∣∣X̂n
ηn(r)

∣∣∣2 1{∣∣∣X̂n
ηn(r)

∣∣∣2
>θ

}.

(ii) EP̂
[∣∣∣X̂n

ηn(r)

∣∣∣2] < ∞.

(iii) Since
∣∣∣X̂n

ηn(r)

∣∣∣2 is integrable, it follows that limθ→∞ 1{∣∣∣X̂n
ηn(r)

∣∣∣2
>θ

} = 0 .

By the dominated convergence theorem, we may deduce that

lim
θ→∞

EP̂

[∣∣∣X̂n
ηn(r)

∣∣∣2 1{∣∣∣X̂n
ηn(r)

∣∣∣2
>θ

}
]
= EP̂

[
lim
θ→∞

∣∣∣X̂n
ηn(r)

∣∣∣2 1{∣∣∣X̂n
ηn(r)

∣∣∣2
>θ

}
]
= 0,

thus,

lim
θ→∞

sup
n≥1

EP̂

[∣∣∣X̂n
ηn(r)

∣∣∣2 1{∣∣∣X̂n
ηn(r)

∣∣∣2
>θ

}
]
= sup

n≥1

[
lim
θ→∞

EP̂

[∣∣∣X̂n
ηn(r)

∣∣∣2 1{∣∣∣X̂n
ηn(r)

∣∣∣2
>θ

}
]]

= 0,

and this proved that
{∣∣∣X̂n

ηn(r)

∣∣∣2 , n ≥ 1
}

is uniformly integrable. By Vitali convergence theorem,

we know that X̂n
ηn(r)

a.s→ X̂r and the uniform integrability of
{∣∣∣X̂n

ηn(r)

∣∣∣2 , n ≥ 1
}

imply that

limn→∞ EP̂
[∣∣∣X̂n

ηn(r)
− X̂r

∣∣∣2]1/2

= 0 and furthermore limn→∞ W2

(
µn
ηn(r)

, µr

)
= 0.

On the other hand, we have f ∈ C2
b

(
Rd
)
, then, using Hölder’s inequality and condition (C.1),

we get

EP̂

∣∣∣∣∣∣
∫ t

s

d∑
i,j=1

qij
(
r, X̂n

ηn(r)
, X̂n

ηn(r)

) ∂2f
(
X̂n

r

)
∂xi∂xj

dr

∣∣∣∣∣∣


≤ dEP̂

∫ t

s

 d∑
i,j=1

∣∣∣∣∣qij (r, X̂n
ηn(r)

, X̂n
ηn(r)

) ∂2f
(
X̂n

r

)
∂xi∂xj

∣∣∣∣∣
2
 1

2

dr


< ∞.

Thus, by the continuity of q and the dominated convergence theorem we obtain

lim
n→∞

EP̂

[(∫ t

s

qij
(
r, X̂n

ηn(r)
, X̂n

ηn(r)

) ∂2f
(
X̂n

r

)
∂xi∂xj

dr

)
Gs

(
X̂n
)]

(3.5)

= EP̂

[(∫ t

s

qij
(
r, X̂r, X̂r

) ∂2f
(
X̂r

)
∂xi∂xj

dr

)
Gs

(
X̂
)]

.
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In the same way we get also

lim
n→∞

EP̂

[(∫ t

s

bi
(
r, X̂n

ηn(r)
, µn

ηn(r)

) ∂f
(
X̂n

r

)
∂xi

dr

)
Gs

(
X̂n
)]

(3.6)

= EP̂

[(∫ t

s

bi
(
r, X̂r, µr

) ∂f (X̂r

)
∂xi

dr

)
Gs

(
X̂
)]

.

By (ii) it is clear that

EP̂ [(f (X̂t

)
− f

(
X̂s

))
Gs

(
X̂
)]

= lim
n→∞

EP̂ [(f (X̂n
t

)
− f

(
X̂n

s

))
Gs

(
X̂n
)]

. (3.7)

Finally, combining (3.5), (3.6) and (3.7) yields (3.3) which in turn gives (3.2) by (i). The proof
is thus complete.

4 Existence and uniqueness of strong solution

This section is to prove Theorem 2.3. In the next lemma, we present a result on the exis-
tence of strong solutions deduced from weak solutions.

Remark 4.1. As is well known, the Yamada–Watanabe principle is a fundamental tool for estab-
lishing the strong well-posedness of SDEs via the combination of weak existence and pathwise
uniqueness. However, these classical techniques do not apply directly to DDSDE (1.1), since
the drift coefficient depends explicitly on the law of the solution. Instead, in our work, we adopt
an indirect approach: we first construct a weak solution to the DDSDE (1.1) (as shown in the
previous section), then fix the flow µt and consider the associated SDE with a fixed measure.
If this auxiliary SDE satisfies pathwise uniqueness, then together with the previously estab-
lished weak existence, we can apply the Yamada–Watanabe principle to this associated SDE.
By uniqueness in law, this leads to the existence of a strong solution for the original DDSDE
(1.1). In the following lemma, inspired by Lemma 3.4 in [11], we present a modified version of
the Yamada–Watanabe principle adapted to this context, which allows the deduction of strong
existence results for DDSDE (1.1).

Lemma 4.2. Let
(

Ω̃, F̃ ,
(
F̃t

)
t≥0 , P̃, X̃

)
be a weak solution to (1.1) with µt = P̃ ◦ X̃−1

t . If the
SDE

Xµ
t = b (t,Xµ

t , µt) dt+M (dt,Xµ
t ) , Xµ

0 = ξ, t ∈ [0, T ] , (4.1)

has a unique strong solution Xµ
t up to life time with value µ0 = P ◦ ξ−1. Then DDSDE (1.1) has

a strong solution.

Proof. Since µt = P̃◦ X̃−1
t , X̃t is also a weak solution to (4.1). By Yamada-Watanabe principle,

the strong uniqueness of (4.1) implies the weak uniqueness, so that Xµ
t is nonexplosive with

µt = P ◦ (Xµ
t )

−1, t ≥ 0. Therefore, Xµ
t is a strong solution to (1.1).

The first part of the proof of Theorem 2.3 (existence of strong solutions) is constructed by
the following steps.

(i) Under conditions (C.1)-(C.2) and by Theorem 1.2 in [15], we get that the SDE (4.1) has a
unique nonexplosive strong solution.

(ii) In Proposition 3.6, under condition (C.1), we established the existence of a martingale
solution to equation (1.1), which, in turn, guarantees the weak existence of a solution.

Thus, by the results (i)-(ii) and Lemma 4.2, we have shown the existence of strong solutions of
equation (1.1).
To accomplish the proof of Theorem 2.3, the pathwise uniqueness for (1.1) is obtained in Propo-
sition 4.3, and since b and q satisfy (C.1), and Xn

0 = ξ ∈ L2
(
Ω,F0,P;Rd

)
, as in (2.6) it is easy

to prove that this solution Xt satisfies

E
[

sup
0≤t≤T

|Xt|2
]
≤ ∞. (4.2)
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Proposition 4.3. Under conditions (C.1) and (C.2), the pathwise uniqueness holds for DDSDE
(1.1).

Proof. Suppose that X and X̃ are two strong solutions to (1.1) with X0 = X̃0. Set Zt = Xt−X̃t,
then

E
[

sup
0≤t≤T

|Zt|2
]
≤ 2E

 sup
0≤t≤T

∣∣∣∣∣∣
t∫

0

(
b (s,Xs, µs)− b

(
s, X̃s, µ̃s

))
ds

∣∣∣∣∣∣
2


+ 2E

 sup
0≤t≤T

∣∣∣∣∣∣
t∫

0

M (ds,Xs)−
t∫

0

M
(
ds, X̃s

)∣∣∣∣∣∣
2


= E
[

sup
0≤t≤T

I1 (t)

]
+ E

[
sup

0≤t≤T

I2 (t)

]
. (4.3)

For I2 (t), by applying Doob’s inequality, Burkholder’s inequality and condition (C.2) gives that

E
[

sup
0≤t≤T

I2 (t)

]

≤ C2E

 d∑
i=1

〈 T∫
0

M i (ds,Xs)−
T∫

0

M i
(
ds, X̃s

)〉
≤ C2E

 d∑
i=1

T∫
0

[
qii (s,Xs, Xs)− 2qii

(
s,Xs, X̃s

)
+ qii

(
s, X̃s, X̃s

)]
ds


≤ CLE

 T∫
0

κ2
2 (|Zs|) ds

 . (4.4)

For I1 (t), by Cauchy-Schwartz’s inequality, condition (C.2) and the property of the 2-wasserstien
metric (2.2), we obtain

E
[

sup
0≤t≤T

I1 (t)

]

≤ 2TE

 T∫
0

∣∣b (s,Xs, µs)− b
(
s, X̃s, µ̃s

)∣∣2 ds


≤ CME
T∫

0

κ2
1 (|Zs|) +W 2

2 (µs, µ̃s) ds

≤ CME
T∫

0

(
κ2

1 (|Zs|) + E
[
|Zs|2

])
ds. (4.5)

Combining (4.3)-(4.5), we get

E
[

sup
0≤t≤T

|Zt|2
]
≤ CE

T∫
0

(
κ2

1

(
sup

0≤u≤s

|Zu|

)
+ κ2

2

(
sup

0≤u≤s

|Zu|

)
+ E

[
sup

0≤u≤s

|Zu|2
])

ds.
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Let g (z) = κ2
1

(
z

1
2

)
+ κ2

2

(
z

1
2

)
. Since κ1(z)

z , κ2(z)
z , (κ′

1)+ (z) and (κ′
2)+ (z) are nonnegative

and non-increasing functions, the right derivative of g, that is, g′+ (z) =

κ1

(
z

1
2

)
z

1
2

 (κ′
1)+ (z) +κ2

(
z

1
2

)
z

1
2

 (κ′
2)+ (z) is a nonnegative, non-increasing function, therefore g is a nonnegative,

concave and increasing. Thus, by Jensen’s inequality, we have

E
[

sup
0≤t≤T

|Zt|2
]
≤ CE

T∫
0

(
g

(
E
[

sup
0≤u≤s

|Zu|2
])

+ E
[

sup
0≤u≤s

|Zu|2
])

ds.

Since
∫ δ

0
dz
g(z) = 2

∫ δ
1
2

0
ydy

κ2
1(y)+κ2

2(y)
= +∞, then by Lemma 144 (see [20], pp113), we get that

g (z)+z is a nonnegative, concave and increasing, and satisfies
∫

0+
dz

g(z)+z = +∞. Consequently,

by Bihari’s inequality (see [16], Lemma 3.6) we get E
[
sup0≤t≤T |Zt|2

]
= 0 for all t ∈ [0, T ].

Therefore Xt = X̃t a.s for every t ≥ 0 because T is arbitrary. Thus P
(
Xt = X̃t for all t ≥ 0

)
=

1 due to the fact that Xt and X̃t are continuous stochastic processes. The proof of Proposition
4.3 is completed.

5 Rate of convergence for the Euler scheme

In this section, we show that the Euler approximation (2.5) has an optimal strong conver-
gence rate.

Proposition 5.1. Assume that q and b satisfy (C.1) and

(C.3) Let σ1(x) and σ2(x) be a positive continuous functions, bounded on [1,∞[, and satisfying
limx↓0

σi(x)
log(x−1)

= γi < ∞, i = 1, 2. Assume that, for any x, y ∈ Rd, µ, ν ∈ P2
(
Rd
)

and
t ∈ [0, T ], q and b satisfy

|b (t, x, µ)− b (t, y, ν)| ≤ k (|x− y|σ1 (|x− y|) +W2 (µ, ν)) ,

∥q (t, x, x)− 2q (t, x, y) + q (t, y, y)∥ ≤ k |x− y|2 σ2 (|x− y|) ,

where k > 0 is a constant, and E
[
|ξ|2
]
< ∞. Then, for the Euler approximation (2.5) the

estimate

E
[

sup
0≤t≤T

|Xn
t −Xt|

]
≤ C∆

1/2
t ,

holds, where the constant C does not depend on ∆t.

Proof. Set Y n
t := Xn

t −Xt and then Y n
t satisfies the following equation

Y n
t =

t∫
0

(
b
(
s,Xn

ηn(s)
, µn

ηn(s)

)
− b (s,Xs, µs)

)
ds+

 t∫
0

M
(
ds,Xn

ηn(s)

)
−

t∫
0

M (ds,Xs)

 .
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By Itô’s formula we obtain that

|Y n
t |2 = 2

t∫
0

〈
Y n
s , b

(
s,Xn

ηn(s)
, µn

ηn(s)

)
− b (s,Xs, µs)

〉
ds

+ 2
t∫

0

〈
Y n
s ,M

(
ds,Xn

ηn(s)

)
−M (ds,Xs)

〉

+
d∑

i=1

〈 t∫
0

M i
(
ds,Xn

ηn(s)

)
−

t∫
0

M i (ds,Xs)

〉

= A1 (t) +A2 (t) +A3 (t) .

For T > 0, A1 (t) and A3 (t), by condition (C.3), Young’s inequality, Fubini theorem, linearity
of expectation and inequality (2.2), we obtain

E [A1 (t)]

≤ 2E

 t∫
0

|Y n
s |
∣∣∣b(s,Xn

ηn(s)
, µn

ηn(s)

)
− b (s,Xs, µs)

∣∣∣ ds


≤ 2E

 t∫
0

(
|Y n

s |
∣∣∣b(s,Xn

ηn(s)
, µn

ηn(s)

)
− b (s,Xn

s , µ
n
s )
∣∣∣+ |Y n

s | |b (s,Xn
s , µ

n
s )− b (s,Xs, µs)|

)
ds


≤ E

 t∫
0

(
|Y n

s |2 +
∣∣∣b(s,Xn

ηn(s)
, µn

ηn(s)

)
− b (s,Xn

s , µ
n
s )
∣∣∣2) ds


+ 2kE

 t∫
0

(
|Y n

s |2 σ1 (Y
n
s ) + |Y n

s |W2 (µ
n
s , µs)

)
ds


≤ E

 t∫
0

|Y n
s |2 ds

+ 2k2E

 t∫
0

(∣∣∣Xn
ηn(s)

−Xn
s

∣∣∣2 σ2
1

(∣∣∣Xn
ηn(s)

−Xn
s

∣∣∣)+W 2
2

(
µn
ηn(s)

, µn
s

))
ds


+ 2kE

 t∫
0

(
|Y n

s |2 σ1 (|Y n
s |) +

|Y n
s |2

2
+

W 2
2 (µn

s , µs)

2

)
ds


≤ E

 t∫
0

|Y n
s |2 ds

+ 2k2E

 t∫
0

∣∣∣Xn
ηn(s)

−Xn
s

∣∣∣2 σ2
1

(∣∣∣Xn
ηn(s)

−Xn
s

∣∣∣) ds


+ 2k2

t∫
0

E
[∣∣∣Xn

ηn(s)
−Xn

s

∣∣∣2] ds+ 2kE

 t∫
0

|Y n
s |2 σ1 (|Y n

s |) ds

+ 2k
t∫

0

E
[
|Y n

s |2
]
ds

≤ CkE

 t∫
0

|Y n
s |2 ds

+ C1E

 t∫
0

∣∣∣Xn
ηn(s)

−Xn
s

∣∣∣2 σ2
1

(∣∣∣Xn
ηn(s)

−Xn
s

∣∣∣) ds


+ C1

t∫
0

E
[∣∣∣Xn

ηn(s)
−Xn

s

∣∣∣2] ds+ C1E

 t∫
0

|Y n
s |2 σ1 (|Y n

s |) ds

 ,
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and

E [A3 (t)] = E

 d∑
i=1

〈 t∫
0

M i
(
ds,Xn

ηn(s)

)
−

t∫
0

M i (ds,Xn
s ) +

t∫
0

M i (ds,Xn
s )−

t∫
0

M i (ds,Xs)

〉
≤ 2E

 d∑
i=1

〈 t∫
0

M i
(
ds,Xn

ηn(s)

)
−

t∫
0

M i (ds,Xn
s )

〉
+ 2E

 d∑
i=1

〈 t∫
0

M i (ds,Xn
s )−

t∫
0

M i (ds,Xs)

〉
≤ 2E

 t∫
0

∥∥∥q (s,Xn
ηn(s)

, Xn
ηn(s)

)
− 2q

(
s,Xn

ηn(s)
, Xn

s

)
+ q (s,Xn

s , X
n
s )
∥∥∥ ds


+ 2E

 t∫
0

∥q (s,Xn
s , X

n
s )− 2q (s,Xn

s , Xs) + q (s,Xs, Xs)∥ ds


≤ C2E

 t∫
0

∣∣∣Xn
ηn(s)

−X(n)
s

∣∣∣2 σ2

(∣∣∣Xn
ηn(s)

−Xn
s

∣∣∣) ds
+ C2E

 t∫
0

|Y n
s |2 σ2 (|Y n

s |) ds

 .

Since the functions σi, i = 1, 2 satisfy the condition in (C.3), then, by the same technique using
in the proof of Lemma 2.1 in [19], there exist an 0 < η < 1

e such that

c2xσi (x) ≤ κη (x)

c2x
2σi (x) ≤ κη

(
x2) , i = 1, 2, x > 0,

where

κη (x) =


0, x = 0,

x logx−1, 0 < x ≤ η,(
log η−1 − 1

)
x+ η, η < x,

is a positive, concave, strictly increasing function on [0,∞), and satisfying κη (0) = 0, and∫
0+

du
κη(u)+u = +∞. Then

E [A1 (t)] + E [A3 (t)]

≤ CkE

 t∫
0

|Y n
s |2 ds

+ C1E

 t∫
0

κ2
η

(∣∣∣Xn
ηn(s)

−Xn
s

∣∣∣) ds
+ C1

t∫
0

E
[∣∣∣Xn

ηn(s)
−Xn

s

∣∣∣2] ds
C2E

 t∫
0

κη

(∣∣∣Xn
ηn(s)

−Xn
s

∣∣∣2) ds

+ (C1 + C2)E

 t∫
0

κη

(
|Y n

s |2
)
ds

 ,
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and furthermore, by Jensen’s inequality,

E
[

sup
0≤t≤T

A1 (t)

]
+ E

[
sup

0≤t≤T

A3 (t)

]

≤ Ck

T∫
0

E
[

sup
0≤u≤s

|Y n
u |2
]
ds+ C1

T∫
0

κ2
η

E
[

sup
0≤u≤s

∣∣∣Xn
ηn(u)

−Xn
u

∣∣∣2]1/2
 ds

+ C1

T∫
0

E
[

sup
0≤u≤s

∣∣∣Xn
ηn(u)

−Xn
u

∣∣∣2] ds
+ C2

T∫
0

κη

(
E
[

sup
0≤u≤s

∣∣∣Xn
ηn(u)

−Xn
u

∣∣∣2]) ds+ (C1 + C2)

T∫
0

κη

(
E
[

sup
0≤u≤s

|Y n
u |2
])

ds. (5.1)

For A2 (t), using condition (C.3), Burkholder’s inequality, Young’s inequality and (2.2) gives
that

E
[

sup
0≤t≤T

A2 (t)

]

= 2E

 sup
0≤t≤T

t∫
0

〈
Y n
s ,M

(
ds,Xn

ηn(s)

)
−M (ds,Xn

s )
〉
+ sup

0≤t≤T

t∫
0

⟨Y n
s ,M (ds,Xn

s )−M (ds,Xs)⟩



≤ 2CE

 d∑
i=1

T∫
0

∣∣Y n,i
s

∣∣2 (qii (s,Xn
ηn(s)

, Xn
ηn(s)

)
− 2qii

(
s,Xn

ηn(s)
, Xn

s

)
+ qii (s,Xn

s , X
n
s )
)
ds

1/2

+ 2CE

 d∑
i=1

T∫
0

∣∣Y n,i
s

∣∣2 (qii (s,Xn
s , X

n
s )− 2qii (s,Xn

s , Xs, ) + qii (s,Xs, Xs)
)
ds

1/2

≤ 2CE

 sup
0≤s≤T

|Y n
s |2

T∫
0

∥∥∥q (s,Xn
ηn(s)

, Xn
ηn(s)

)
− 2q

(
s,Xn

ηn(s)
, Xn

s

)
+ q (s,Xn

s , X
n
s )
∥∥∥ ds

1/2

+ 2CE

 sup
0≤s≤T

|Y n
s |2

T∫
0

∥q (s,Xn
s , X

n
s )− 2q (s,Xn

s , Xs) + q (s,Xs, Xs)∥ ds

1/2

≤ 1
2
E
[

sup
0≤s≤T

|Y n
s |2
]
+ C2E

 T∫
0

∣∣∣Xn
ηn(s)

−Xn
s

∣∣∣2 σ2

(∣∣∣Xn
ηn(s)

−Xn
s

∣∣∣) ds


+ C2E

 T∫
0

|Y n
s |2 σ2 (|Y n

s |) ds


≤ 1

2
E
[

sup
0≤s≤T

|Y n
s |2
]
+ C2

T∫
0

κη

(
E
[

sup
0≤u≤s

∣∣∣Xn
ηn(u)

−Xn
u

∣∣∣2]) ds

+ C2

T∫
0

κη

(
E
[

sup
0≤u≤s

|Y n
u |2
])

ds. (5.2)
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Combining (5.1) and (5.2), we get

E
[

sup
0≤t≤T

|Y n
t |2
]
≤ C

T∫
0

E
[

sup
0≤u≤s

|Y n
u |2
]
ds+ C

T∫
0

κη

(
E
[

sup
0≤u≤s

|Y n
u |2
])

ds

+ C

T∫
0

κ2
η

E
[

sup
0≤u≤s

∣∣∣Xn
ηn(u)

−Xn
u

∣∣∣2]1/2
 ds

+ C

T∫
0

κη

(
E
[

sup
0≤u≤s

∣∣∣Xn
ηn(u)

−Xn
u

∣∣∣2]) ds+ C

T∫
0

E
[

sup
0≤u≤s

∣∣∣Xn
ηn(u)

−Xn
u

∣∣∣2] ds,
where C is a constant depending on C1 and C2. Next, for u ∈ [tk, tk+1), 0 ≤ k ≤ n− 1,

Xn
u = Xn

tk
+

∫ u

tk

b
(
r,Xn

ηn(r)
, µn

ηn(r)

)
dr +

∫ u

tk

M
(
dr,Xn

ηn(r)

)
.

Then, by Burkholder’s inequality, Cauchy-Schwartz’s inequality and (C.1) admits us to get

E
[

sup
tk≤u<tk+1

∣∣∣Xn
ηn(u)

−Xn
u

∣∣∣2]

≤ 2∆tE
[∫ tk+1

tk

∣∣∣b(r,Xn
ηn(r)

, µn
ηn(r)

)∣∣∣2 dr]+ C2E
[

d∑
i=1

∫ tk+1

tk

qii
(
r,Xn

ηn(r)
, Xn

ηn(r)

)
dr

]

≤ Cb∆
2
t + C2E

[∫ tk+1

tk

∥∥∥q (r,Xn
ηn(r)

, Xn
ηn(r)

)∥∥∥ dr]
≤ C∆t,

where the constant C is independent of ∆t. Thus, we obtain

E
[

sup
0≤t≤T

|Y n
t |2
]
≤ C

T∫
0

E
[

sup
0≤u≤s

|Y n
u |2
]
ds+ C

T∫
0

κη

(
E
[

sup
0≤u≤s

|Y n
u |2
])

ds

+ CTκ2
η

(
C∆

1/2
t

)
+ CTκη (C∆t) + CT∆t

≤ C

T∫
0

(
E
[

sup
0≤u≤s

|Y n
u |2
]
+ κη

(
E
[

sup
0≤u≤s

|Y n
u |2
]))

ds

+ CTκ2
η

(
C∆

1/2
t

)
+ CTκη (C∆t) + CT∆t.

By Lemma 2.1 in [27] it holds that

E
[

sup
0≤t≤T

|Y n
t |2
]
≤ Aexp(−CT ),

where A = CTκ2
η

(
C∆

1/2
t

)
+ CTκη (C∆t) + CT∆t. Thus, we get

E
[

sup
0≤t≤T

|Xn
t −Xt|2

]
≤ C∆t.

The proof is thus complete.
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6 Optimal feedback control problem

6.1 Problem statement

In this subsection, we present the formulation of our mean-field optimal feedback control
problem. Let

(
Ω,F , (Ft)t≥0 , P) be a filtered probability space satisfying the usual conditions.

Let U be some subset of Rk. We deal with the optimal control problem{
dXt = b

(
t,XU

t , µt, U
(
t,XU

t

))
dt+M

(
dt,XU

t , U
(
t,XU

t

))
,

X0 = ξ,
(6.1)

with the cost functional

J (U) = E
[∫ T

0
h
(
t,XU

t , µt, U
(
t,XU

t

))
dt+ ℓ

(
XU

T , µT

)]
, (6.2)

where U (t, x) ∈ U is a feedback control, µt := PXU
t

, the functions (b, h) : [0, T ] × Rd ×
P2
(
Rd
)
×U →

(
Rd,R+

)
and ℓ : Rd×P2

(
Rd
)
→ R+, and M (t, x, u) =

(
M1 (t, x, u) , ....,Md (t,

x, u)) is a continuous (Ft)t≥0-adapted local martingale with parameter (x, u) ∈ Rd × U. For
1 ≤ i, j ≤ d, the joint quadratic of M i (t, x, u) and M j (t, y, v) is given by

〈
M i (t, x, u) ,M j (t, y, v)

〉
=

t∫
0

qij (s, x, u, y, v) ds.

We now state our main assumptions for the mappings in this part.

(C.4) The functions b and q are measurable and continuous in (t, x, µ, u) and (t, x, u, y, v), re-
spectively, and satisfy for x, u ∈ Rd ×U, µ ∈ P2

(
Rd
)

and t ∈ [0, T ],

|b (t, x, u, µ)| ≤ M1 (1 + |x|+ |u|+W2 (µ, δ0)) ,

∥q (t, x, u, x, u)∥ ≤ g (t)
(

1 + |x|2 + |u|2
)
,

where g (t) is a non-negative non-random function with
∫ t

0 g (s) ds < ∞, M1 > 0 is a
constant and δ0 is the Dirac measure at 0.

(C.5) The functions h and ℓ are nonnegatives, measurables and continuous in (t, x, µ, u) and
(x, µ), respectively, and satisfy for x, u ∈ Rd ×U, µ ∈ P2

(
Rd
)

and t ∈ [0, T ],

|h (t, x, µ, u)| ≤ M2 (1 + |x|+W2 (µ, δ0) + |u|) ,
|ℓ (x, µ)| ≤ M2 (1 + |x|+W2 (µ, δ0))

where M2 > 0 is a constant.
Since our aim is to prove the existence of optimal feedback controls, we give here its defini-

tion as follows.

Definition 6.1.

(1) Admissible controls are defined as functions U (t, x) : [0, T ] × Rd → U satisfying the
following condition.

(i) For each control U (t, x), equation (6.1) with initial condition X0 = ξ has a weak
solution.

(2) To obtain sufficient conditions for the existence of an optimal control, we assume

(ii) There exists an M3 > 0 such that, for any t ∈ [0, T ] and x ∈ Rd,

|U (t, x)| ≤ M3 (1 + |x|) .
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(iii) For each R > 0, there exists a constant MR > 0 (depending on R) such that, for
t, s ∈ [0, T ] and x1, x2 ∈ Rd with |x1| < R and |x2| < R,

|U (t, x1)− U (s, x2)| ≤ MR (|t− s|+ |x1 − x2|) .

(3) An admissible control U∗ (t, x) is said to be optimal and the corresponding solution XU∗

t of
equation (6.1) is referred to as an optimal solution if the pair

(
U∗ (t,XU∗

t

)
, XU∗

t

)
satisfies

J (U∗) = E
[∫ T

0
h
(
t,XU∗

t , µ∗
t , U

∗
(
t,XU∗

t

))
dt+ ℓ

(
XU∗

T , µ∗
T

)]
= inf

U∈U
J (U) .

We denote by U the set of controls satisfying conditions (i)-(iii), and we call it admissible for the
control problem [(6.1)-(6.2)].

Since the weak solutions of equation (6.1) is equivalent to the existence of solutions for the
corresponding martingale problem, then we introduce the following definition which is equiva-
lent to Definition 3.2

Definition 6.2. Let
(

Ω,F , (Ft)t≥0 ,P, XU
)

be a weak solution of equation (6.1). We say that

XU is a solution of the martingale problem if:

f
(
XU

t

)
− f (ξ)−

∫ t

0
(Lf)

(
s,XU

s , µs, U
(
s,XU

s

))
ds, f ∈ C2

b

(
Rd
)
,

is a continuous P-martingale, where

(Lf)
(
s,XU

s , µs, U
(
s,XU

s

))
=

d∑
i=1

bi
(
s,XU

s , µs, U
(
s,XU

s

)) ∂f (XU
s

)
∂xi

+
1
2

d∑
i,j=1

qij
(
s,XU

s , U
(
s,XU

s

)
, XU

s , U
(
s,XU

s

)) ∂2f
(
XU

s

)
∂xi∂xj

. (6.3)

6.2 Existence of optimal feedback control

In the following theorem, we state our last main result of this paper.

Theorem 6.3. Let assumptions (C.4) and (C.5) hold and E
[
|ξ|2
]

< ∞. Then the feedback
control problem [(6.1)-(6.2)] has a solution in the class of admissible controls U , i.e., there
exists an admissible control U∗ (t, x) minimizing the cost function (6.2).

Proof. Firstly, we have J (U) ≥ 0, then J (U) has nonnegative lower bounds, which also implies
that there exists a sequence of admissible controls Un (t, x) ∈ U such that

lim
n→∞

J (Un) = inf
U∈U

J (U) .

For this sequence (Un (t, x)) and by Definition 6.1:

(1) The linear growth condition (ii) implies that the sequence (Un (t, x)) is uniformly locally
bounded, i.e.,

sup
n≥0

|Un (t, x)| ≤ M3 (1 + |x|) ≤ M3 (1 +R) ,

holds for any t ∈ [0, T ] and x ∈ Rd with |x| < R.

(2) The local Lipschitz condition (iii) yields that Un (t, x) is uniformly equicontinuous, i.e,

sup
n≥0

|t−s|<δ1,|x1−x2|<δ2

|Un (t, x1)− Un (s, x2)|

≤ MR (|t− s|+ |x1 − x2|)
≤ MR (δ1 + δ2) → 0, as δ1, δ2 → 0,

for t, s ∈ [0, T ] and x1, x2 ∈ Rd with |x1| < R and |x2| < R.
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Since relations (1) and (2) satisfy the conditions of Arzelà-Ascoli theorem, then the sequence
(Un (t, x)) has a subsequence (still denoted by (Un (t, x))) which converges to U∗ (t, x) point-
wise for any t ∈ [0, T ] and x ∈ Rd. Clearly that U∗ (t, x) satisfies conditions (i) and (ii) in
Definition 6.1.

Now, let us show that there exists a weak solution of equation (6.1) with the control
U∗ (t, x).

By condition (i) in Definition 6.1 and since that Un (t, x) are admissible controls, we know
that there exists a weak solution XUn

t of the form

XUn

t = ξ +

∫ t

0
b
(
s,XUn

s , µn
s , U

n
(
s,XUn

s

))
ds+

∫ t

0
M
(
ds,XUn

s , Un
(
s,XUn

s

))
,

where µn
s := PXUn

s
. We need to show that these solutions XUn

t are:

(A) uniformly bounded, i.e., limR→∞ supn≥0 P
(∣∣XUn

t

∣∣ > R
)
= 0 ,

(B) and uniformly continuous, i.e., limh→0 sup n≥0
|t−s|<h

P
(∣∣XUn

t −XUn

s

∣∣ > ε
)
= 0 , for t, s ∈

[0, T ], s < t and for any ε > 0.

For relation (A), by Bulkhorder’s inequality, Hölder’s inequality, theorem of Fubini and the
uniform linear growth condition (C.4), it holds that

E
[∣∣∣XUn

t

∣∣∣2] ≤ 3

(
E
[
|ξ|2
]
+ E

[∣∣∣∣∫ t

0
b
(
s,XUn

s , µn
s , U

n
(
s,XUn

s

))
ds

∣∣∣∣2
]

+E
[∣∣∣∣∫ t

0
M
(
ds,XUn

s , Un
(
s,XUn

s

))∣∣∣∣2
])

≤ 3
(
E
[
|ξ|2
]
+ TE

[∫ t

0
3M2

1

(
1 +

∣∣∣XUn

s

∣∣∣2 + ∣∣∣Un
(
s,XUn

s

)∣∣∣2 +W 2
2 (µn

s , δ0)

)
ds

]
+C2E

[∫ t

0

∥∥∥q (s,XUn

s , Un
(
s,XUn

s

)
, XUn

s , Un
(
s,XUn

s

))∥∥∥ ds])
≤ 3

(
E
[
|ξ|2
]
+ TE

[∫ t

0
3M2

1

(
1 +

∣∣∣XUn

s

∣∣∣2 + ∣∣∣Un
(
s,XUn

s

)∣∣∣2 +W 2
2 (µn

s , δ0)

)
ds

]
+C2E

[∫ t

0
g (s)

(
1 +

∣∣∣XUn

s

∣∣∣2 + ∣∣∣Un
(
s,XUn

s

)∣∣∣2) ds

])
.

By the property of the 2-Wasserstien metric (2.2) and the linear growth condition (ii) of Un, we
get

E
[∣∣∣XUn

t

∣∣∣2] ≤ 3
(
E
[
|ξ|2
]
+ TE

[∫ t

0
3M2

1

(
1 + 2

∣∣∣XUn

s

∣∣∣2 + 2M2
3

(
1 +

∣∣∣XUn

s

∣∣∣2)) ds

]

+C2E

 sup
0≤t≤T

g (t)

t∫
0

(
1 +

∣∣∣XUn

s

∣∣∣2 + 2M2
3

(
1 +

∣∣∣XUn

s

∣∣∣2)) ds


≤ 3

(
E
[
|ξ|2
]
+
(

6 (TM1)
2
+ C2T

) (
1 +M2

3
))

+ 3
(
6TM2

1
(
1 +M2

3
)
+ C2

(
1 + 2M2

3
)) t∫

0

E
[∣∣∣XUn

s

∣∣∣2] ds
≤ L+NE

[∫ t

0

∣∣∣XUn

s

∣∣∣2 ds] , 0 ≤ t ≤ T,

where L = 3
(
E
[
|ξ|2
]
+
(

6 (TM1)
2
+ C2T

) (
1 +M2

3

))
and N = 3

(
6TM2

1

(
1 +M2

3

)
+ C2 (1
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+2M2
3

))
are two consrtants since E

[
|ξ|2
]
< ∞ and

T∫
0
g (t) dt < ∞. This, together with Gron-

wall’s inequality (see [7]), implies

E
[∣∣∣XUn

t

∣∣∣2] ≤ LeTN . (6.4)

Therefore, by Chebychev’s inequality,

sup
n≥0

0≤t≤T

P
(∣∣∣XUn

t

∣∣∣ > R
)
≤ sup

n≥0
0≤t≤T

E
[∣∣XUn

t

∣∣2]
R2 ≤ LeTN

R2 → 0 as R → ∞.

For relation (B), using the similar deduction to above, we obtain

E
[∣∣∣XUn

t −XUn

s

∣∣∣2]
≤ 2hE

[∫ t

s

∣∣∣b(r,XUn

r , µn
r , U

n
(
r,XUn

r

))∣∣∣2 dr]

+ 2C2E

 t∫
s

∥∥∥q (r,XUn

r , Un
(
r,XUn

r

)
, XUn

r , Un
(
r,XUn

r

))∥∥∥ dr


≤ 2hE
[∫ t

s

3M2
1

(
1 +

∣∣∣XUn

r

∣∣∣2 + ∣∣∣Un
(
r,XUn

r

)∣∣∣2 +W 2
2 (µn

r , δ0)

)
dr

]

+ 2C2E
[

sup
0≤r≤T

g (r)

∫ t

s

(
1 +

∣∣∣XUn

r

∣∣∣2 + ∣∣∣Un
(
s,XUn

r

)∣∣∣2) dr

]

≤ 2hE
[∫ t

s

3M2
1

(
1 + 2

∣∣∣XUn

r

∣∣∣2 + 2M2
3

(
1 +

∣∣∣XUn

r

∣∣∣2)) dr

]

+ 2C2E
[

sup
0≤r≤T

g (r)

∫ t

s

(
1 +

∣∣∣XUn

r

∣∣∣2 + 2M2
3

(
1 +

∣∣∣XUn

r

∣∣∣2)) dr

]
≤ 2h

((
6hM2

1
(
1 +M2

3
)
+ C2

(
1 + 2M2

3
)) (

1 + LeTN
))

.

Therefore, by Chebychev’s inequality,

sup
n≥0

|t−s|<h

P
(∣∣∣XUn

t −XUn

s

∣∣∣ > ε
)

≤ sup
n≥0

|t−s|<h

2h
((

6hM2
2

(
1 +M2

3

)
+ C2

(
1 + 2M2

3

)) (
1 + LeTN

))
ε2 → 0 as h → 0.

Since relations (A) and (B) are satisfied then by the standard tightness criteria on the space
P2 (W) (see [12], Theorem 4.2, pp. 17) we can easily conclude that

(
XUn)

is tight. Thus,
we can extract from

(
XUn)

a weakly convergent subsequence which still denoted by
(
XUn)

.

Therefore, by Skorohod’s representation theorem, there exists a probability space
(

Ω̂, F̂ , P̂
)

and

processes X̂U∗
and X̂Un

on it such that

(a) The laws of X̂Un

and XUn

coincide for each n ≥ 0.

(b) X̂Un → X̂U∗
, P̂-a.s, as n → ∞.

Similarly to the proof of Proposition 3.6, to show that X̂U∗
is a solution of equation (6.1) corre-
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sponding to the control U∗, we just need to show that

EP̂
[(

f
(
X̂U∗

t

)
− f

(
X̂U∗

s

)
−
∫ t

s

(Lf)
(
r, X̂U∗

r , µ∗
r , U

∗
(
r, X̂U∗

r

))
dr

)
Gs

]
= lim

n→∞
EP̂
[(

f
(
X̂Un

t

)
− f

(
X̂Un

s

)
−
∫ t

s

(Lnf)
(
r, X̂Un

r , µn
r , U

n
(
r, X̂Un

r

))
dr

)
Gs

]
= lim

n→∞
E
[(

f
(
XUn

t

)
− f

(
XUn

s

)
−
∫ t

s

(Lnf)
(
r,XUn

r , µn
r , U

n
(
r,XUn

r

))
dr

)
Gs

]
(6.5)

= 0, (6.6)

for any continuous, bounded and W̃s-measurable functional Gs, where (Lf) and (Lnf) are de-
fined according to (6.3) for X̂U∗

and X̂Un

, respectively, with µ∗
s := P̂X̂U∗

s
. In one side, by (b),

we have X̂Un

r
a.s→ X̂U∗

r for r ∈ [s, t] as n → ∞, and by the same way used in the proof of (3.4),
we get limn→∞ W2 (µn

r , µ
∗
r) = 0. In other side, we have f ∈ C2

b

(
Rd
)
, i.e, there exists a constant

R1 such that the inequalities |f (x)| ≤ R1,
∣∣∣ ∂f∂xi

∣∣∣ ≤ R1 and
∣∣∣ ∂2f
∂xixj

∣∣∣ ≤ R1 hold for x ∈ Rd and
1 ≤ i, j ≤ n. Then,

EP̂
[∣∣∣∣f (X̂Un

t

)
− f

(
X̂Un

s

)
−
∫ t

s

(Lnf)
(
r, X̂Un

r , µn
r , U

n
(
r, X̂Un

r

))
dr

∣∣∣∣]
≤ EP̂

[∣∣∣f (X̂Un

t

)∣∣∣]+ EP̂
[∣∣∣f (X̂Un

s

)∣∣∣]+ EP̂
[∣∣∣∣∫ t

s

(Lnf)
(
r, X̂Un

r , µn
r , U

n
(
r, X̂Un

r

))
dr

∣∣∣∣]

≤ 2

(
R1 + EP̂

[∣∣∣∣∣
∫ t

s

d∑
i=1

bi
(
r, X̂Un

r , µn
r , U

n
(
r, X̂Un

r

)) ∂f
(
X̂Un

r

)
∂xi

dr

∣∣∣∣∣
]

+ EP̂

∣∣∣∣∣∣
∫ t

s

d∑
i,j=1

qij
(
r, X̂Un

r , Un
(
r, X̂Un

r

)
, X̂Un

r , Un
(
r, X̂Un

r

)) ∂2f
(
X̂Un

r

)
∂xi∂xj

dr

∣∣∣∣∣∣
 . (6.7)

Using Hölder’s inequality, the linear growth conditions (ii) and (C.4) for q and inequality (6.4)
gives us

EP̂

∣∣∣∣∣∣
∫ t

s

d∑
i,j=1

qij
(
r, X̂Un

r , Un
(
r, X̂Un

r

)
, X̂Un

r , Un
(
r, X̂Un

r

)) ∂2f
(
X̂Un

r

)
∂xi∂xj

dr

∣∣∣∣∣∣


≤ EP̂

 d∑
i,j=1

∣∣∣∣∣
∫ t

s

qij
(
r, X̂Un

r , Un
(
r, X̂Un

r

)
, X̂Un

r , Un
(
r, X̂Un

r

)) ∂2f
(
X̂Un

r

)
∂xi∂xj

dr

∣∣∣∣∣


≤ R1dEP̂
[∫ t

s

∥∥∥q (r, X̂Un

r , Un
(
r, X̂Un

r

)
, X̂Un

r , Un
(
r, X̂Un

r

))∥∥∥ dr]
≤ R1dEP̂

[∫ t

s

g (r)

(
1 +

∣∣∣X̂Un

r

∣∣∣2 + ∣∣∣Un
(
r, X̂Un

r

)∣∣∣2) dr

]

≤ R1dEP̂

[
sup

0≤r≤T

g (r)

∫ t

s

(
1 +

∣∣∣X̂Un

r

∣∣∣2 + 2M2
3

(
1 +

∣∣∣X̂Un

r

∣∣∣2)) dr

]

≤ R1d (t− s)
(
1 + 2M2

3
)
+R1d

(
1 + 2M2

3
) ∫ t

s

EP̂
[∣∣∣X̂Un

r

∣∣∣2] dr
≤ R1d (t− s)

(
1 + 2M2

3
) (

1 + LeTN
)
. (6.8)

By Cauchy-Schwartz’s inequality, the linear growth conditions (ii) and (C.4) for b, the property
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of the 2-Wasserstien metric (2.2) and inequality (6.4), we obtain

EP̂

∣∣∣∣∣
∫ t

s

d∑
i=1

bi
(
r, X̂Un

r , µn
r , U

n
(
r, X̂Un

r

)) ∂f
(
X̂Un

r

)
∂xi

dr

∣∣∣∣∣
2

≤ EP̂

d d∑
i=1

∣∣∣∣∣
∫ t

s

bi
(
r, X̂Un

r , µn
r , U

n
(
r, X̂Un

r

)) ∂f
(
X̂Un

r

)
∂xi

dr

∣∣∣∣∣
2


≤ 3 (M1R1)
2
d (t− s)

d∑
i=1

EP̂
[∫ t

s

(
1 +

∣∣∣X̂Un

i,r

∣∣∣2 + ∣∣∣Un
i

(
r, X̂Un

i,r

)∣∣∣2 +W 2
2
(
µn
i,r, δ0

))
dr

]

≤ 3 (M1R1)
2
d (t− s)

d∑
i=1

EP̂
[∫ t

s

(
1 + 2

∣∣∣X̂Un

i,r

∣∣∣2 + 2M2
3

(
1 +

∣∣∣X̂Un

i,r

∣∣∣2)) dr

]

≤ 3 (M1R1)
2
d2 (t− s)

2 (1 + 2M2
3
)
+ 6 (M1R1)

2
d (t− s)

(
1 +M2

3
) d∑

i=1

EP̂
[∫ t

s

∣∣∣X̂Un

i,r

∣∣∣2 dr]
≤ 6 (M1R1)

2
d2 (t− s)

2 (1 +M2
3
) (

1 + LeTN
)
. (6.9)

Combining inequalies (6.7)-(6.9), we get

EP̂
[∣∣∣∣f (X̂Un

t

)
− f

(
X̂Un

s

)
−
∫ t

s

(Lnf)
(
r, X̂Un

r , µn
r , U

n
(
r, X̂Un

r

))
dr

∣∣∣∣]
≤ 2

(
6 (M1R1)

2
d2 (t− s)

2 (1 +M2
3
) (

1 + LeTN
))1/2

+ 2R1
(
1 + d (t− s)

(
1 + 2M2

3
) (

1 + LeTN
))

< ∞.

Thus, by the dominated convergence theorem we get (6.6). Then X̂U∗

t is the weak solution of
(6.1) associated with the control U∗ (t, x) .
To finish the proof of Theorem 6.3, it remains to show that U∗ (t, x) is an optimal control.
By Cauchy-Schwartz’s inequality, conditions (C.5), and inequality (6.4), we obtain

EP̂

∣∣∣∣∣
∫ T

0
h
(
t, X̂Un

t , µn
t , U

n
(
t, X̂Un

t

))
dt+ ℓ

(
X̂Un

T , µn
T

)∣∣∣∣∣
2


≤ 2EP̂

∣∣∣∣∣
∫ T

0
h
(
t, X̂Un

t , µn
t , U

n
(
t, X̂Un

t

))
dt

∣∣∣∣∣
2
+ 2E

[∣∣∣ℓ(X̂Un

T , µn
T

)∣∣∣2]

≤ 8M2
2TEP̂

[∫ T

0

(
1 +

∣∣∣X̂Un

t

∣∣∣2 + ∣∣∣Un
(
t, X̂Un

t

)∣∣∣2 +W 2
2 (µn

t , δ0)

)
dt

]

+ 6M2
2EP̂

[
1 +

∣∣∣X̂Un

T

∣∣∣2 +W 2
2 (µn

T , δ0)

]

≤ 8M2
2TEP̂

[∫ T

0

(
1 + 2

∣∣∣X̂Un

t

∣∣∣2 + (2M3)
2

2

(
1 +

∣∣∣X̂Un

t

∣∣∣2)) dt

]

+ 6M2
2

(
1 + 2EP̂

[∣∣∣X̂Un

T

∣∣∣2])
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≤ 8 (M2T )
2

(
1 +

(2M3)
2

2

)
+ 8M2

2T

(
2 +

(2M3)
2

2

)∫ T

0
EP̂
[∣∣∣X̂Un

t

∣∣∣2] dt
+ 6M2

2

(
1 + 2EP̂

[∣∣∣X̂Un

T

∣∣∣2])

≤ 8 (M2T )
2

(
1 + 2LeTN +

(2M3)
2k

2
(
1 + LeTN

))
+ 6M2

2
(
1 + 2LeTN

)
< ∞.

Therefore, according to the above properties (a)-(b) and by the dominated convergence theorem,
it follows that

inf
U∈U

J (U) = lim
n→∞

J (Un)

= lim
n→∞

E
[∫ T

0
h
(
t,XUn

t , µn
t , U

n
(
t,XUn

t

))
dt+ ℓ

(
XUn

T , µn
T

)]

= lim
n→∞

EP̂

[∫ T

0
h
(
t, X̂Un

t , µn
t , U

n
(
t, X̂Un

t

))
dt+ ℓ

(
X̂Un

T , µn
T

)]

= EP̂

[∫ T

0
lim

n→∞
h
(
t, X̂Un

t , µn
t , U

n
(
t, X̂Un

t

))
dt+ lim

n→∞
ℓ
(
X̂Un

T , µn
T

)]

= EP̂

[∫ T

0
h
(
t, X̂U∗

t , µ∗
t , U

∗
(
t, X̂U∗

t

))
dt+ ℓ

(
X̂U∗

T , µ∗
T

)]
= J (U∗) .

Consequently, the function U∗ (t, x) is an optimal control.
The proof of Theorem 6.3 is thus completed.

Remark 6.4. It should be noted that the control produced by Theorem 6.3 is called Markovian
because it is given in the form U∗ (t, x), i.e., it depends only on the current time and the current
state, but it does not necessarily render the state process X a Markov process. Although the
dynamics appear to be Markovian, the process X is a solution of a potentially ill-posed martin-
gale problem, and it is well known (see [21], Chapter 12) that uniqueness in law is required to
guarantee the solution is Markovian.
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