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Abstract In the first part of this paper, we are interested in the existence and uniqueness of
solutions of distribution-dependent stochastic differential equations driven by spatially parame-
terized continuous local martingales. In this framework, the drift coefficient exhibits non-linear
dependencies on both the state process and its distribution. To establish the existence of weak so-
lutions, we first employ the Euler approximation and the martingale problem formulation. Next,
we achieve the existence and pathwise uniqueness of its strong solution when non-Lipschitz con-
ditions are satisfied. Finally, we demonstrate that the Euler approximation exhibits an optimal
rate of strong convergence.

In the second part, we address a control problem in which the system is governed by a similar
equation. Using the martingale problem formulation, we establish the existence of an optimal
feedback control.

1 Introduction

To investigate nonlinear PDE in Vlasov’s kinetic, Kac [13] in 1956, introduced the concept of
propagation of chaos of mean-field particle systems, which inspired McKean [17] to explore
nonlinear Fokker-Planck equations by employing SDEs with distribution-dependent drift co-
efficients. A comprehensive introduction can be found in [22]. These distribution-dependent
stochastic differential equations (DDSDEs for short) are also called McKean-Vlasov SDEs or
mean-field SDEs in the literature. DDSDEs have been extensively studied due to their broad
range of applications, as demonstrated in [[2], [8], [1]].

Recently, many papers have been devoted to the study of the existence and uniqueness of so-
lutions for DDSDEs. Let us mention some of these works. For McKean-Vlasov SDEs driven by
distribution-dependent Brownian noises, the authors in [11] obtained the existence and unique-
ness results under the Lipschitz condition. For the results under the non-Lipschitz condition for
non-degenerate DDSDE:s, references such as [[9], [18]] provided valuable insights. In [3], Ding
et al. established the existence of weak solutions using the Euler approximation, under contin-
uous coefficients and a linear growth condition; they also derived pathwise uniqueness under
non-Lipschitz conditions. Additionally, in the works of [[23], [24]], the existence and unique-
ness results are established only for the case that the diffusion coefficient is distribution-free.
Several works have extended SDEs, backward SDEs, and DDSDE:s to cases where the driving
noise is not limited to Brownian motion but includes more general processes such as Lévy pro-
cesses, stochastic integrals with respect to Poisson random measures, or, more generally, local
martingales; see, for instance, [[5], [6], [8]], along with the references provided therein.
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In this paper, we consider the following generalized DDSDE of the form,

dXt = b(t,Xt,ut)dt+M(dt,Xt),

(1.1)
Xo = 53

where b : [0,7] x R x P, (R?) — R? and {M (t,2)}, s is a family of continuous d-
dimensional local martingales with spatial parameter z € R? and local characteristic ¢, and
defined on a filtered probability space (Q, F, (]:t)tzo , IF’) satisfying the usual conditions , y; 1=

Po X, ! denotes the law of the random variable X, and X, = ¢ is an R%-valued Fy-measurable
random variable. Its law is denoted by p := Po&~!. Here P, (R?) is the space of all probability
measures on R%, endowed with the 2-Wasserstein metric (see Section 2 for details).

This form of continuous local martingales M (¢, z) and its corresponding stochastic cal-
culus were initially developed by Kunita in [14] while investigating various stochastic problems
related to SDEs and stochastic flows of SDEs driven by Brownian motion with values in the
space of vector fields. In [14], Kunita also introduced SDEs driven by these martingales (a
distribution-independent form of (1.1)), as an extension of the classical It6’s SDE, and estab-
lished its existence and uniqueness of strong solutions under the fact that the pair (g, b) satisfies
the Lipschitz condition and the linear growth condition via Picard iteration. This result was fur-
ther extended by Liang in [15] to cover the non-Lipschitz case, using local time and composition
techniques of auxiliary functions with appropriate processes. In discrete-time scenarios, Zhang
Bo et al. in [25] developed regularity properties such as continuity, differentiability, and integra-
bility for discrete-time martingales with spatial parameters. Zhang Bo et al. in [26] extensively
studied nonlinear stochastic difference equations driven by these martingales and their solutions.

The primary focus of our work is to view equation (1.1) as a generalized DDSDE driven
by infinite-dimensional Brownian motion (see Remark 2.4). In the first part, we investigate the
existence and uniqueness of a strong solution of equation (1.1) under the assumption that the drift
coefficient b and the local characteristic ¢ are continuous, bounded, and satisfy non-Lipschitz
conditions in the spatial variable, and b is Lipschitz continuous in the distribution variable with
respect to the 2-Wasserstein metric. We establish the existence of strong solutions by deducing
them from weak solutions, as demonstrated in Lemma 4.2. Furthermore, we prove the pathwise
uniqueness of these solutions using Bihari’s inequality.

In the second part, we address the existence of optimal controls for systems driven by the
state equation

{ dX{ = b(t, X7, U (6, X)) dt + M (dt, X7, U (t, X7)) ,
XO = 5)

where this time b and the local martingale M are allowed to depend on the control U (¢, z) €
R* which is represented by a state feedback form. Here, a control is to be understood in a weak
sense. Our purpose is to find a control, the so-called optimal control, which minimizes the cost
functional

T
J(U)=E / h(t, X7, e, U (X)) dt + € (XE, pr)
0

Adapting the ideas of Haussmann and Lepeltier [10] to our framework, we use the formulation
by martingale problems for the above controlled DDSDE, to prove the existence result.

The organization of our paper is as follows. In Section 2, we introduce some facts, which
come from Kunita [14], for the local martingale M (¢, =) so that equation (1.1) is well defined and
state the main theorem (existence and uniqueness of strong solution), and we construct the Euler
approximation for the solution of equation (1.1). In Section 3, we introduce the notion of weak
solutions for this equation and the corresponding martingale problem. Then, under the condition
that ¢ and b are continuous and bounded, we use the Euler approximation and the formulation by
the martingale problem to prove the weak existence. In Section 4, under the condition that ¢ and
b satisfy non-Lipschitz conditions, we obtain the existence and pathwise uniqueness of its strong
solutions. In Section 5, we show that this approximation has an optimal strong convergence rate.
In the last section, we are concerned with the existence of optimal feedback control.
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2 DDSDE and strong solution

In this section, we examine the McKean-Vlasov Stochastic Differential Equation given by (1.1).
We present a theorem that addresses the existence and uniqueness of its strong solution. Ad-
ditionally, we construct the Euler approximation for the solution of equation (1.1). We shall
first introduce some useful notations and assumptions and provide preliminaries on the integrals
against local martingales with spatial parameters. For more details on the It6-Kunita’s integral,
we refer to ([14], Chapter 03). We denote

« §2([0,T); RY) to be the set of R?-valued predictable processes {X;,t € [0, 7]} and satisfy
2

E | supy;<p | Xl } <
+ oo.

+ P, (R?) to be the space of probability measures on (R?, B (R?)) with finite second mo-
ment, i.e., [, |z p (dz) <
+ oo.

For 11, v € P> (R?), the 2-Wasserstein distance W5 (u, v) is defined by:

1/2
Wy (u,v) = inf {/ |x—y|2d7r(x,y)} 7 2.1)
R2d

mell(p,v)

where IT (1, v) denotes the set of probability measures on R>? with ;1 and v as respective first
and second marginals. These probability measures are often called couplings between . and v.
In the case p :=Po X! and v = Po Y ! are the laws of R¢- valued random variables X and

Y of order 2, then,
172

Wa (,v) <E[|X - Y] 2.2)

Throughout this paper, we use the notation (., .) to denote the quadratic covariation of two con-
tinuous local martingales. Also for two vectors u, v € R%, (u,v) denotes the scalar product of u
and v. ||.|| and |.| denote norms of matrix, respectively, of vectors.

Recall the DDSDE (1.1)

dXt = b(t,Xt,,LLt) dt+M(dt,Xt),
Xo= &

Here M (t,z) = (M'(t,z),....,M%(t,z)) is a continuous and (F;),-,-adapted local martin-
gale with parameter + € R?. Suppose that there exists a predictable process ¢ (s, z,y) with
parameters (x,y) such that

(M (t,z), M (t,y)) = /qij (s,x,y)ds.
0

q is called the local characteristic of M (t,x) , where ¢ (t,2,y) = (¢” (t,2,9)),<; j<gi5ad x d-
matrix-valued such that ¢ (t,x,y) = ¢’* (¢t,y,z) as for all z,y € R4, ¢t € [0,7] and 1 <
i,j < d. Moreover, ¢ (t,z,y) is a nonnegative-definite symmetric matrix a.s for all (¢,z,y) €
[0, 7] x R?, If X, is a R%-valued predictable process satisfying

T

/q”’ (t, X¢, Xy) dt < o0, as,

0

t
then the Ito-Kunita’s stochastic integral [ M (ds, X;) of X, based on the kernel M (dt,z) is
0

well defined. In particular, if the sample paths of X; are continuous a.s, this integral can be
approximated by the following Riemann sums:

n—1

t
/M(ds,Xs) = lim 37 M (b At Xigne) = M (b1 A8 X))
0 k=0
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uniformly in ¢ on [0, T, P-a.s, where A is a partition of interval [0, 7] such that,

A={0=ty<t; <..<t, =T},

23
|A| := maxy, {|tk+1 —tx|} — 0, as n — oo. 23)

t
The stochastic process | M (ds, X,) is then a continuous local martingale.
0
To derive the existence and uniqueness of solutions of (1.1), we make the following assumptions.

(C.1) b(t,x,u) and ¢ (¢, x,y) are bounded, measurable and continuous in (¢, z, 1) and (¢, x,y),
respectively.

(C.2) Let ) and x, be two positive, concave and increasing functions on [0, cc0), and satisfying

#1(0) = K2 (0) =0, [, W = oco. Assume that, for any z,y € R%, pi,v € P, (R?)

and ¢t € [0, T, ¢ and b satisfy
btz p) = b(t,y,v)| < M (k1 (lz —yl) + W2 (1)),
”q (t,amx) - 2(] (t,x,y) + q (tvyvy)” < L’{% (‘x - y|)7
where L, M > 0 are a constants.

Example 2.1. We give a few examples of the functions x| and ;. Let C' > Oand let 0 < n <
1
e~ <. Define

(1) w1 (u) =k (u) =Cu, u>0.

u(logu‘l)l/z, 0<uc<n,

n(lognfl)l/z—i- (lognfl)l/2 (1 7210g1ﬁ> (u—m), n<u.

Then «; and k; satisfy the conditions in (C.2). We observe also that example (i) assures that our
results covers the Lipschitz case.

Remark 2.2. Under condition (C.1), by Theorem 2.1.1 in ([14], pp. 43) and using Burkholder’s
inequality, we get that the process ( fot M (ds, X,),t €0, T]) is a true continuous martingale.

(i) K1 (u) =K1 (u) =

Moreover, it is a square integrable continuous (local) martingale.
Now, let’s state one of our main results in the following theorem.

Theorem 2.3. Let conditions (C.1) and (C.2) hold and Xy = & € L* (Q, Fo,P;R?). Then the
McKean-Vlasov SDE (1.1) has a unique strong solution X; € S*([0,T]; R?).

Remark 2.4. Let (B, ..., B") be n-dimensional standard Brownian motion and let f; (¢, z, 1) ,1 =
1,2, ... be R% valued, continuous functions. Consider the following DDSDEs

t noot
X, = g;+/ b(s,XS,us)ds+Z/ fi (s, X,)dB.. (2.4)
0 = Jo
Equation (2.4) is equivalent to equation (1.1) by setting M (t,z) = > ", fot fi (s,z)dBL.. Tts
local characteristic is ¢ = (Zl":] fi(t, ) flj (t, y)) feiied If b and the local characteristics g
0.

satisfy the conditions (C.1) and (C.2), then we get existence and uniqueness of strong solutions
of the DDSDE (2.4).

On the other hand, let (Bl)l y be infinite independent copies of one dimensional standard Brow-
nian motions such that the following equation

t 0 t
Xt::v—i-/ b(s,Xs,us)ds+Z/ f1 (s, X,)dB!,
0 =1 0

is equivalent to the McKean-Vlasov SDE (1.1) by setting M (t,z) = 7%, [7 fi (s, z) dB..

Its local characteristic is ¢ = (Z;ﬁl fi(t,z) i (&, y)) s Thus, the equation (1.1) can be
<ig<
formally viewed as an DDSDE driven by infinite-dimensional Brownian motion.
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We conclude this section by applying the Euler scheme to approximate the solution of (1.1).
For n > 0, let A be the partition of interval [0, 7] and |A| be given by (2.3). ForO0 < k <n —1,
we let Ay = t41 — tg, it is a fixed timestep. The Euler scheme applied to (1.1) has the form:
X§ =¢&and

X’n

tht1

= XZ;; +b(tk7cha:u?k) (tk+1 - tk) +M (thr]ng;) -M (tk7Xg) )

for 0 < k < n — 1. This is an explicit scheme. It gives all the values of the approximation at the
partition points tg, t1, ..., t,.

Remark 2.5. Noting that M (¢, 2) can be viewed as a discrete-time martingale with spatial
parameters 2 € R?. This type of martingales and their regularity properties were well studied by
Zhang Bo et al. in [25]. When b = 0, the following nonlinear stochastic difference equations

XZZH = XtTL +M(tk+17XtT;) _M(tk,ch)7
Xo= &

was investigated by Zhang Bo et al. in [26]. Under that M (¢, ) is ¢, —adapted and continuous
with respect to the spatial parameter x, they proved that this equation has a unique solution which
is a stochastic sequence (X;" ) adapted to the filtration (F, ) .

To compare the approximation solution with the original solution, we need to know the value
of the approximation solution at all time instant. We shall use the following interpolation. Let
X" satisfies

XP =X +b(te, X g ) (E—te) + M (6, X)) — M (t, X)),

for any ¢t € [tk, tk+1),0 < k < n — 1. In our analysis, it will be more natural to work with the
equivalent definition

t t
XI=¢4 /0 b (S,X;ln<s),uzn(s>> ds + /0 M (ds,Xng)) tel0,T], 2.5)

where 7, (s) = t; for any s € [tg,tr+1), 0 < k < n — 1. The joint quadratic variation of

Jy M (ds, X7 ) and [y M7 (ds, X7 ) is given by

(o b (s, X ) Jo M7 (ds. X))

= Joa (5, X7 (s X0 () ds

Since that the drift coefficient b and the local characteristic ¢ are bounded and Xy = ¢ €
L? (Q, Fo, P; Rd), it is easy to prove that there exists a positive constant C' such that the so-
lution X}* satisfies

E| sup X7}

0<t<T

<C. (2.6)
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Indeed, by Burkholder’s inequality and Cauchy-Schwartz’s inequality, it holds that

t 2
sup | X7[*| <3E [|¢f + su /b 8, X5 (5)2 Ky (s) ) A8
ogth‘ = €l OSth 0 ( Nn(s) /’Lnn(s)>

t 2
+ su /M ds, X (.
OStET 0 ( 7771( )) ]

3 (E [W] +TE /OT ’b (s,Xgn(S),uZn(s))‘zds]

a T
+ CE Z/q (5 X0 (s X )
0

i=1

< 3E (6] +37C, +3C:E /Hq(s,xgn(s>,xgn(s))Hds <c
0

3 Weak solution

3.1 Weak solution and martingale problem
In this subsection, we introduce the notion of weak solutions of equation (1.1) and the so-

lution for the corresponding martingale problem. This weak solution may be defined as follows.

Definition 3.1. We say that equation (1.1) admits a weak solution with the initial distribution gy,
if there exists a probability filtered space (Q, Fo(Ft) >0 ]P’) satisfying the usual conditions, and

a continuous (F;),--adapted process X such that

(i) Po&™" = po,

(ii) b and the local characteristic ¢ of M (¢, z) satisfies

T
/ Hbi (S,XS,MS)‘ +qY (S,XS,XS)} ds < oo, P-a.s,1 <4, <d,
0

(iii) the integral version of (1.1)

t t
Xt:§+/b(s,Xs,u ds+/M (ds, X,),0<t <T,
0 0

holds almost surely. Such a weak solution is denoted by (Q, F(Ft)ys0, P, X )

As is well known, weak solutions for classical Itd’s SDEs are equivalent to the existence of
solutions for the corresponding martingale problem (see [12], [21]). Similarly, in the sequel of
this subsection, we will introduce the concepts related to the solution for the (local) martingale

problems associated with (1.1).
Let C* (R?) be the collection of all continuous functions which have continuous partial

derivatives of every order up to £ where k is a positive integer, and define the infinitesimal
generator L associated with equation (1.1)

d d

(L) (82 ) = Y b (t2, ) Dif () + % > ¢ (ta,2) 0 f (x), feC(RY).

i=1 i,j=1
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Let (Q,]—", (]:t)tzmpv X) be a weak solution of (1.1). By applying It6’s formula to f (X)
(see Theorem 2.3.11 in [14], pp. 64), we get that f (X) is a continuous semimartingale with

decomposition

t
0

d t
=100+ [0 X ds+ Y [ 2L g s, x).
i—1 70 %

Clearly that the process {Zle Ot %jﬁs)M t(ds, Xs),t €0, T}} is a continuous local martin-
gale, because according to Lemma 2.3.1 in ([14], pp. 56), one can get that the stochastic integral
fot U.dM (s) is a limit of Riemann sums Y7~ Uy, (M (tg41) — M (tx)) as |A| — 0, where

U standing for (%2’5)7 e %?) and dM (s) = M (ds, Xs), the partition A was defined in

previous section.

Definition 3.2. X; is called a solution to the local martingale problem corresponding to equation
(1.1), if
t
0
is a continuous local (F) ¢>o-martingale under PP

N = () = £ (€~ [ (LF) (5 X ds, fe CP(RY,

Furthermore, if the weak solution X satisfies the property in the above definition, then
its law ( denoted by P = PoX~!) on the (canonical) space (C ([0,7];R?),B(C ([0,T];R%)))
is also a solution of a local martingale problem (see [12] for details).

For simplicity, we denote W := C ([0, 7]; R?) and W, := C ([0, ¢] ; R?), ¢ € [0, T, equipped
with their Borel o-fields which are denoted by W = B(W) and W, = N, B(W;), t € [0,T],
respectively.

Let w; be the coordinate process over WV, that is

wy (W) = wy,w € W.
Definition 3.3. A probability measure P on (W, W), under which

t
N = f(we) — £ () — /0 (LF) (s, we, 1) ds, f € C2 (RY), 3.1

is a continuous local W,—martingale, is called a solution to the local martingale problem cor-
responding to equation (1.1) with the initial law 110, where ps = P o w; !denotes the law of w;
under P.

Remark 3.4. In both of the above definitions, if f is in C? (R?) (ie., f € C* (R?) and has

bounded partial derivatives up to the second order), and if both b and ¢ are bounded, then Ntf is
a continuous martingale, and the local martingale problem reduced to a martingale problem.

3.2 Weak existence

The main purpose of this subsection is to prove the existence of a solution of the martingale
problem for (1.1) which is equivalent to the existence of its weak solution. Let X™ be a weak
solution of the Euler approximation equation (2.5), then there exists a martingale solution P™ :=
Po (X")~" on (W, W), such that

t
NI = f ) = (O = [ L) (s ds, £ e G (RY).
- —1

is a continuous W, —martingale under P", where u;‘n(s) =P"o (wgn(s)) and

(L"f) (s, wds 1)

d d
_ 7 n n 8f (w?) 1 17 n n 82f (w?)
= Zb (Sawnn(s)a Nnn(S)) dz; + 2 Z q" (S?wnn(s)’ wnn(s)) Ox;0x, )
i=1 ;

We shall now show that the sequence of distributions (P") is tight on W.
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Lemma 3.5. Under (C.1), the sequence of distributions (P™) is tight on the space W endowed
with the topology of uniform convergence.

Proof. Let P, (W) be the space of probability measures on (W, W) equipped with the 2-Wasserstein
metric (2.1). The proof is inspired from [[4], Theorem 3.4], in which to show that (P"), ., is
tight in P, (W), we follow the approach used in [[21], Theorem 1.4.6], by showing that for each
positive f € Cj (R?), there exists a constant Z7 such that: f (wy') + Z%.t is a supermartingale
under the distribution P™ on the canonical space W. Let

Ef = Sup{|(L"f) (s,w™, ™), (s,w™, u™) €[0,T] x R¢ x P, (]Rd)} .

By condition (C.1), the coefficient b and ¢ defining the operator (L" f) (s,w, 1) are bounded,
then E% is finite. Since for each n, NI = f(wr) — f (&) - f(f (L™ f) (s,w™, u™) ds is a P™-
martingale, then f (wj*) + E'.t is a positive supermartingale. Then the sequence (P") is tight in
P, (W). ‘ ]

Proposition 3.6. Suppose that (C.1) holds and Xo = ¢ € L* (Q, F,P;RY). Then there exists a
solution to the martingale problem of (1.1).

Proof. Recall that in the above lemma, we have seen that the sequence (P™) of distributions of
(X™), solutions of (2.5), is tight on W. Then there exists a subsequence still denoted by (P™)
and P € P, (W) such that (P™) weakly converges to P. Now to prove that P on (W, W) is a

solution of the martingale problem for (1.1), we just need to prove that Ntf defined by (3.1), for
f e C’g (]Rd), is a continuous W; —martingale under P. That is, for any continuous, bounded

and W,-measurable functional G,
o (3 - ¥t)a] -
[ [(r@r-rw- [ @neunmar)d.w) =0 oss<i<r
Since Ntf '™ is a continuous Wt—martingale under P", then
EP" [(Ntf - st’") gs} =0.

Note that P™ weakly converges to P. Let us prove that

/w Kf (wi) — f (ws) — /St (Lf) (r, wr,ur)dr) G, (w)] P (dw)

= tim [ (- r@n- [ @ g g P, 62

n—roo w

Since (P™) is tight in P, (W), then by Skorokhod’s representation theorem (see [14], Theorem
1.1.5, pp. 03), there exists a probability space (Q, F, I@’) and W-valued processes X and X™ on
it, such that

(i) The law of Xn (respectively, of D'e ) is P™ (respectively, is P), for each n > 1.

(ii) X" 5 Xinw, I@—a.s, as n — oo.

Based on (i), to prove (3.2) it is equivalent to prove that
~ N A t N A
B (£ () £ (%) - [ @0 0 fe) ar) 6. (9)]

N . R t . R
= im B |(F(&0) - r () - [ @ e franan) 6. (2] 63
On one hand, by (ii), it holds that )A(gn<r) ¢ X, forr e [s,t] as n — co. We also need to show
that

lim W, (uZ,ma W) -0, (3.4)

n—oo
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1/2
indeed, by inequality (2.2), we have W, (I’L:]L,,,(r)’ Ly ) < 13 [ — X,. ] , and we observe

that for any 6 > 0,

7]7;( )

EF % 1 <Ef||zr [
7771/(7“) {|X" ") >9} - 77”<T) ’
By (2.6) we get
_ 2 . 2 2
sup EF ’X 1, . < supE* UX” , } supE UX , } < 0.
ol N (T {|X%'7Ln<r) 2>0} e M (1) >l 7 (1)

Then noting that

2 . 2
1) ’ (i { o >9} nn( ,forany # >0andn > 1,1ie ‘Xﬁm‘ dominates
Nn(r)
. 2

Xxn 1 .

‘ nn(r) { X"Tll/n("') }
e lgn |
(i) E “Xnn(r) } < 0.

(iii) Since ’X"

2
is integrable, it follows that limg_, o, 1 {

T N = 0
nn( ) XTTILn(T) }
By the dominated convergence theorem, we may deduce that
tim EP [|%7 [ Ef | tim |%7 [ 0
P ’X’M(T) 1{ X;Ln<r>|2>9} N Pavd ’X n () 1{ Xn | >9} o
thus,
I E || %5 = sup | lim E” || £7 =
AR ol e }] e e L (1

and this proved that { X

2
gn(r) ,n > 1} is uniformly integrable. By Vitali convergence theorem,

2
= 1} imply that

we know that )A(;‘nm 2¢ X, and the uniform integrability of {‘)A(:;n(

N a7l2
lim,,_, oo EF [ X:]‘n(r) - X, } = 0 and furthermore lim,, .., W>» (“Zn(r)’ ,ur) =0.

On the other hand, we have f € C? (R?), then, using Holder’s inequality and condition (C.1),
we get

. t d i . N 82f X;’L
EF /SZqJ(r,X ()Xn())axi(axj)dr

i,5=1
g d_ | . Pr(Xr) ’
1] n n 7T
< dE / ;} q (T’X o K >) 2,0 ar

< 0.

Thus, by the continuity of ¢ and the dominated convergence theorem we obtain

: p ’ ij n -1 62~f Xrn on
lim EF (/s (r Xnn( X X%(T)) 8%(8%) dr) g. (X )1 (3.5)
A Lo o o O (X ) .
_ mP ij
— ]E (/S q (Ta XT‘7X’I‘) awzax] ) gs (X)‘|




McKean-Vlasov SDEs driven by Local Martingale 555

In the same way we get also

s by of (Xr o
rLILHOlC ]EP (/g bZ (T’ X;LH(T)’ ul;n("”)) fa(x,L)dr> gs (Xn)‘| (36)
— P

it af (X,
</ b o) fa()d> ol

:><>
~—
[E——

By (ii) it is clear that

E°[(f (%) - £ (X)) 6: (R)]

= lim EF [(f (X7) - J (1)) G, (X™)]. (3.7)
Finally, combining (3.5), (3.6) and (3.7) yields (3.3) which in turn gives (3.2) by (i). The proof
is thus complete. O

4 Existence and uniqueness of strong solution

This section is to prove Theorem 2.3. In the next lemma, we present a result on the exis-
tence of strong solutions deduced from weak solutions.

Remark 4.1. As is well known, the Yamada—Watanabe principle is a fundamental tool for estab-
lishing the strong well-posedness of SDEs via the combination of weak existence and pathwise
uniqueness. However, these classical techniques do not apply directly to DDSDE (1.1), since
the drift coefficient depends explicitly on the law of the solution. Instead, in our work, we adopt
an indirect approach: we first construct a weak solution to the DDSDE (1.1) (as shown in the
previous section), then fix the flow p; and consider the associated SDE with a fixed measure.
If this auxiliary SDE satisfies pathwise uniqueness, then together with the previously estab-
lished weak existence, we can apply the Yamada—Watanabe principle to this associated SDE.
By uniqueness in law, this leads to the existence of a strong solution for the original DDSDE
(1.1). In the following lemma, inspired by Lemma 3.4 in [11], we present a modified version of
the Yamada—Watanabe principle adapted to this context, which allows the deduction of strong
existence results for DDSDE (1.1).

Lemma 4.2. Let (Q,]:', (ft)t>0,IF’, f() be a weak solution to (1.1) with p; = P o X{l. If the

SDE
X' =0b(t, X}, pe)dt + M (dt, X["), X' =& tel0,T], 4.1

has a unique strong solution X}' up to life time with value py =P o £ ~!. Then DDSDE (1.1) has
a strong solution.

Proof. Since ji; = Po X', X, is also a weak solution to (4.1). By Yamada-Watanabe principle,
the strong uniqueness of (4.1) implies the weak uniqueness, so that X' is nonexplosive with
pe =Po (X[)~!, ¢t > 0. Therefore, X} is a strong solution to (1.1). ]

The first part of the proof of Theorem 2.3 (existence of strong solutions) is constructed by
the following steps.

(i) Under conditions (C.1)-(C.2) and by Theorem 1.2 in [15], we get that the SDE (4.1) has a
unique nonexplosive strong solution.

(@i1) In Proposition 3.6, under condition (C.1), we established the existence of a martingale
solution to equation (1.1), which, in turn, guarantees the weak existence of a solution.

Thus, by the results (i)-(ii) and Lemma 4.2, we have shown the existence of strong solutions of
equation (1.1).

To accomplish the proof of Theorem 2.3, the pathwise uniqueness for (1.1) is obtained in Propo-
sition 4.3, and since b and g satisfy (C.1), and X’ = ¢ € L? (Q, 7y, P;RY), as in (2.6) it is easy
to prove that this solution X, satisfies

E

0<t<T

sup |Xt2] < 0. 4.2)
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Proposition 4.3. Under conditions (C.1) and (C.2), the pathwise uniqueness holds for DDSDE
(1.1).

Proof. Suppose that X and X are two strong solutions to (1.1) with Xy = X,. Set Z, = X, — X,
then

" 2

<2E | sup /(b(s,Xs,us) —b(s, X, is)) ds
0<t<T

E| sup |Z/|*
0<t<T

t 2

[ t
+2E | sup /M(ds,Xs)—/M(ds,X's)
0

0<t<T
0
=E| sup L1 (t)| +E| sup I (t)] 4.3)
0<t<T 0<t<T

For I, (t), by applying Doob’s inequality, Burkholder’s inequality and condition (C.2) gives that

E| sup I (t)]
0<t<T
B d T T
<OE Z</M (ds, X,) /MZ (ds,Xs)>
Li=1 1\ 0
T
< CLE Z/ [q” (5, X, Xs) — 2¢" (S,XS,XS) +¢" (S,XS,XS>] ds]
L=l
T
<CLE / n%(|Zs)ds] ) (4.4)
0

For I, (t), by Cauchy-Schwartz’s inequality, condition (C.2) and the property of the 2-wasserstien
metric (2.2), we obtain

E

an 1)

0<t<T

T
<2TE [/ |b(3ast.UJs) -b (57X.95ﬁ3)|2d5
0
T
< CuE [ 1 (Z.1) + W3 (10 ) ds
0

T
<Cu [ (3 (20 +E [|2.7]) ds. (4.5)
0

Combining (4.3)-(4.5), we get

T
< C’E/ <Ii%< sup |Zu|> +m%< sup |Zu|> +E
0 0<u<s 0<u<s

2
sup |Z,]|
0<u<s

E| sup |Zt|2
0<t<T

) s
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Let g (2) = K2 (z%) + K3 (z%) Since ”‘iz), maz) (1), (2) and (k%) (2) are nonnegative

z
()
and non-increasing functions, the right derivative of g, thatis, ¢/, (2) = [ —= | (¥}), (2) +

1
nz<z2>
1

z2

(k5), (2) is a nonnegative, non-increasing function, therefore g is a nonnegative,
concave and increasing. Thus, by Jensen’s inequality, we have

SCEO/T@(E >+E >ds.

. 5 dx 52
Since [, g‘fz) =2 W = +oo, then by Lemma 144 (seed [20], pp113), we get that

g (2)+ =z is a nonnegative, concave and increasing, and satisfies f0+ T = too Consequently,

E \2 sup |Zu|2
0<u<s

sup |7,
0<u<s

sup |Z;
0<t<T

by Bihari’s inequality (see [16], Lemma 3.6) we get E [Supogth |Zt|2} = O0forallt € [0,T].

Therefore X; = X, a.s for every t > 0 because T is arbitrary. Thus P (Xt = X, forall t > O) =
1 due to the fact that X, and X, are continuous stochastic processes. The proof of Proposition
4.3 is completed. O

5 Rate of convergence for the Euler scheme

In this section, we show that the Euler approximation (2.5) has an optimal strong conver-
gence rate.

Proposition 5.1. Assume that q and b satisfy (C.1) and

(C.3) Let 01(x) and o2(x) be a positive continuous functions, bounded on [1,c0[, and satisfying
lim, o lo‘géi@> =; < 0o, i = 1,2. Assume that, for any x,y € R?, w,v € P (Rd) and

t € [0,T)], q and b satisfy

\b(t,x,,u)—b(t,y,yﬂ Sk(|$—y|01 (|1'_y|)+W2(;U'7V>)7
2
lg(t,z,2) —2q (t,z,y) + gty y)| < klz—y| o2 (Jo —yl),

where k > 0 is a constant, and E [|§ \2} < oo. Then, for the Euler approximation (2.5) the
estimate

1/2

E| sup |X{ —X¢|| <CA/7,

0<t<T

holds, where the constant C does not depend on A,.

Proof. SetY;” := X" — X; and then Y;" satisfies the following equation

t

t t
v = / (0 (5 X0 ) = (s X)) s + /M (45 %5.0) - /M (ds, X.)
0 0 0
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By It6’s formula we obtain that

v = 2/ <Ys”7b (S’X&(s)v“%s)) - b(s’XS’“S)> s

2 <Y" M (ds,X;;n(s)) M (ds,Xs)>

</Ml ds, X" ) /Mi(ds,Xs)>

(t) + A, (t) + Aj (t) .

— . °

ES HM& o

For T > 0, A, (t) and As (¢), by condition (C.3), Young’s inequality, Fubini theorem, linearity
of expectation and inequality (2.2), we obtain
ds]

Vb (s, X2 ) = b (5, X 1)) ds]

2) ds]

E[A; (t)]

r t
<2E /IYS”I
LO
[t
<O /(\m

LO
t

<]E[/ <|Y"| [0 (5 X5 01 ) = b s X2 22)
0

b (s,Xgn(s),uZn(s)) = b(s, X, p1s)

b (5 X0 (bt ) = b (s, X2 )

/ (2P e Yn)+yn|W2(/is»/~Ls)>d]

0
t t )
<E [/IY;“ds + 2k*E [/ (‘X;Ln(s) - X"
0

0
/ VIR W ()
/<|Y:2m<m”|>+ oL 4 2 ‘;S’“S)ds

0
; 2
2 n n 2 n n
+ 2K°E [/ ’X%<S> —xn| 2 (’X%(s) — X! )ds]

t
<E [/IYS"st
0

ot (| Xm0 - X2

) + W3 (/J’:]Ln(s)’u’?)> ds]

+ 2kE

0
t 5 t t
+2k2/E ngn(s) _xn }ds—i—ZkE [/wyﬁm (Ys”|)ds] +2k/E [|st|2} ds
0 0 0
t t
2 2 2
< O4E /|YS"| ds| + C4E /‘X};n(s)—X;‘ o3 (‘X;’n(s>—X;‘)ds
0 0
t ) t
+01/E |:‘X:]Ln(s) - X7 ] ds + CiE /|st|20'1 (|Y:)ds] ,
0 0
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and

t

< / M (ds,X;Ln(s)
0
E |:Z </tMl (dS,X:;n<S)> - /tMZ (dSaX;l)>
=1 \} 0
_O/Mi (ds,X5)>]

=1

IN

t

i: </Mi (ds, X"
i=1 0

t
<2E |:/ Hq (S,Xgn(s),

+2E

+2E

t

/ X5 0 = X

0

< GLE

2
o2 (‘X';Ln(s)

+ GLE

—X;f)ds

t t
)—/Mi (ds,X;L)Jr/Mi (ds, X™) —
0 0

X;;n(s)) — 2 (s,X:]Ln(S),Xf) +q(s X", X"

/Hq (s, X2, X)) —2q (s, X7, Xs) +q (s, Xs, Xs)|l ds

t
/ ln"%z(m”nds] :

0

s

0

dsl

Since the functions o;, i = 1,2 satisfy the condition in (C. 3) then, by the same technique using

in the proof of Lemma 2.1 in [19], there existan 0 < n < = such that
cxo; (z) < ky (x)
erto; () < Ky (:cz) ,i=1,2, >0,
where
0, x =0,
Ky (x) = rlogz™!, 0<z<n,
(logn™' =N z+n, n<a,

is a positive, concave, strictly increasing function on [0, c0), and satisfying &, (0) = 0, and

du — = +oc. Then

0F Ky (u)+

E A ()] +E[A4; (¢)]

t t
n 2 n
/|YS % ds /ni (’Xn"(s> -
0

0

2
)ds

< CyE + C|E X7

)ds
t

[ (1) ds

t
cofa
0

GE X:;n(s) - X7

+(C1 +C)E

[

0 J

XMoo= X7

(s s

2
}ds
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and furthermore, by Jensen’s inequality,

E| sup A (t)| +E | sup Asz(t)
0<t<T 0<t<T
T 1172
<C’k/E sup |Y" dS+C1//€% (E sup | X7 () — Xu 1 ) ds
0<u<s 0<u<s "
0
2
+ Cl/]E sup (X)) — X | | ds
0 0<u<s

T

2]>d3+(01+02)//@, (E

0

sup [V’
0<u<s

sup
0<u<s

Xopw) — Xul

)ds. (5.1

For A, (t), using condition (C.3), Burkholder’s inequality, Young’s inequality and (2.2) gives
that

T
+C2/Iin (]E

0

E| sup Ay (t)
0<t<T
t t
=K [ sup /<Y”M (ds,XZ;n(sO - M(ds,Xg)> + sup /<YS"7M(ds7XQ) — M (ds, X))
osi<r ) 0<t<T
FLT 1/2
<2CE Z/\Y’” ( i (&X” o XD )) — 2 (s,X},‘n<s>,X§) + gl (s,X:7X5)) ds]
1:10

172

d T
+2CE Z/|Y“ q" (s, X2, X2) — 24" (5, X2, Xs,) + 4" (5, X5, Xs)) ds
0

1:1

1/2
<2CE OEEET‘YH| /Hq s X77n n”( )) 72q (San"(s)vX;L> +q(sanan) ds
- T 1/2
+20E | sup VI [l (52 X2) = 205, X7 ) + 5. X X
0<s<T
L 0
T
<Ig| s yrplroE| [|xe - xo[ (X” —X”)d
-2 0<s£T s 2 N (s) s| 02 M (s) s o
- 0
T
o | [ m%z(mnwds]
0
1 r 2
<-E| sup |V —i—Cz/nn E| sup | X)) — Xy ds
2 |o<s<T , O<u<s!
T
+02/m,7 (E sup |V )ds. (5.2)
0<u<s

0
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2)ds

Combining (5.1) and (5.2), we get

T

<c[e

0

sup |v;|?
0<u<s

sup [V}
0<t<T

sup |Y'|
0<u<s

T
clerC'/m7 (E
0

T 112
+C//£2 E| sup |X* ., — X" ds
i ( ogugs M (u) ] )
0
T
+C/m,,<E 0iup X ) — X 1)6[34—0/ sup | X7 () — Xu ]d,
0 <u<s 0<u<s

where C' is a constant depending on C and C,. Next, for u € [tk, tet1), 0 <k <n-1,

n n “ n n “ n
Xp= X7+ /t b (. X0 (o i ) i + /t M (ar, X7 1)) -
Then, by Burkholder’s inequality, Cauchy-Schwartz’s inequality and (C.1) admits us to get
ﬂ

b (r, X;‘n(r),,u” )‘2 dr} + CGE

Mn (T)

E sup

teSu<tpi

trt1
<2ME [/
t

tt1
< Gy} + CE {/

S CAt7

Kp(w) ~ X

i=1 7tk

d .
Z/t ¢ (V”X" (r) X )) dr]

o (75,0030

where the constant C' is independent of A;. Thus, we obtain
T
<C / E

T
: ds—i—C’/nn(IE
0 0

+CTwl (CAY?) +CTr, (CA) + CTA,

T
SC’/(E +I€n<E
0

+CTw3 (CAY?) +CTr, (CA) + CTA,.

E| sup [V

0<t<T

sup |V,
0<u<s

sup [Y)'|
0<u<s

)
)

sup |;|?
0<u<s

sup [V’
0<u<s

By Lemma 2.1 in [27] it holds that

sup D/tn|2 SAexp(—CT),

0<t<T

where A = CT#Z (CA}?) + CTr, (CA) + CTA. Thus, we get

E | sup \Xt”—Xt|2

0<t<T

< CA;.

The proof is thus complete. O
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6 Optimal feedback control problem

6.1 Problem statement

In this subsection, we present the formulation of our mean-field optimal feedback control
problem. Let (Q, F,(Ft);50, P)be afiltered probability space satisfying the usual conditions.
Let U be some subset of R*. We deal with the optimal control problem

dX, = b(t, X7, 1, U (¢, X)) dt + M (dt, X7, U (t, X)), ©.1)
Xo= & '
with the cost functional
T
JWU)=E / h(t,XtU,ut,U(t,XtU))dt—i—E(Xg,uT)] , (6.2)
0

where U (t,x) € U is a feedback control, yi; := Pxu, the functions (b,h) : [0,T] x R? x
Py (RY) U — (R4, R, ) and £ : RExP; (RY) — Ry, and M (t,x,u) = (M (t,z,u) ..., M (¢,
x,u)) is a continuous (F;),~ -adapted local martingale with parameter (z,u) € R? x U. For
1 <i,j < d, the joint quadratic of M* (¢, z,u) and M7 (t,y,v) is given by

t

<Mi (t,x,u), M? (t,y,v)> = /qij (s,z,u,y,v)ds.
0
‘We now state our main assumptions for the mappings in this part.
(C.4) The functions b and ¢ are measurable and continuous in (¢, z, u,w) and (¢, z,u,y,v), re-

spectively, and satisfy for z,u € R x U, u € P, (R?) and ¢ € [0, T,

‘b(t7$au7ﬂ)| < Ml (1 + |=T| + ‘Ul + WZ (M7§0))7
la (t.2uz,w)l < g (2) (1+ |2 +[ul’)

where ¢ (t) is a non-negative non-random function with fot g(s)ds < oo, M; > 0Oisa
constant and ¢ is the Dirac measure at 0.

(C.5) The functions h and ¢ are nonnegatives, measurables and continuous in (t,x, u, ) and
(z, ), respectively, and satisfy for z,u € R? x U, p € P> (R?) and ¢ € [0, T,

7 (t, @, p,w)] < Mo (14 [] + W2 (1, 00) + [ul)
[0 (@, )| < Ma (1 + || + W2 (1, 0))

where M, > 0 is a constant.
Since our aim is to prove the existence of optimal feedback controls, we give here its defini-
tion as follows.

Definition 6.1.

(1) Admissible controls are defined as functions U (¢,z) : [0,T] x R? — U satisfying the
following condition.

(i) For each control U (¢,z), equation (6.1) with initial condition Xy, = £ has a weak
solution.

(2) To obtain sufficient conditions for the existence of an optimal control, we assume

(ii) There exists an M3 > 0 such that, for any ¢ € [0,7] and z € R4,

U (t,2)] < M3 (1 + |=]).
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(iii) For each R > 0, there exists a constant M > 0 (depending on R) such that, for
t,s € [0,T] and 1,7 € R? with || < R and |22| < R,

U (t,21) = U (s, 22)| < Mg (|t = s| + |21 — 22]) -
(3) An admissible control U* (, z) is said to be optimal and the corresponding solution X~ of

equation (6.1) is referred to as an optimal solution if the pair (U* (£, X{"), X"") satisfies

J(U*) =E

/OTh (t,ng*,u;,U* (t,XtU*)) dt+€<X¥*,u*T>] = inf J(U).

Ueu
We denote by U the set of controls satisfying conditions (i)-(iii), and we call it admissible for the
control problem [(6.1)-(6.2)].

Since the weak solutions of equation (6.1) is equivalent to the existence of solutions for the
corresponding martingale problem, then we introduce the following definition which is equiva-
lent to Definition 3.2

Definition 6.2. Let (97 F(Ft) 0. P, X v ) be a weak solution of equation (6.1). We say that

XU is a solution of the martingale problem if:

FOE) =10 = [ L0 (5. XY 00U (5, X8) ds. 1 € G (RY.

is a continuous P-martingale, where

d U
i of (X
(L) (5 X0 0 (5. X0)) = 300 (X0 U (5 X1) a<>
Ly o 2 (xV)
+2i;1q1(S,XE,U(S,XSU)7Xg,U(s,XSU))axiaxj. (6.3)

6.2 Existence of optimal feedback control

In the following theorem, we state our last main result of this paper.

Theorem 6.3. Let assumptions (C.4) and (C.5) hold and E [\5 |2] < oo. Then the feedback

control problem [(6.1)-(6.2)] has a solution in the class of admissible controls U, i.e., there
exists an admissible control U* (t, x) minimizing the cost function (6.2).

Proof. Firstly, we have J (U) > 0, then J (U) has nonnegative lower bounds, which also implies
that there exists a sequence of admissible controls U™ (¢, z) € U such that

lim J (U") = inf J (U).

n—oQ
For this sequence (U™ (¢, x)) and by Definition 6.1:

(1) The linear growth condition (ii) implies that the sequence (U™ (¢, z)) is uniformly locally
bounded, i.e.,
sup | U™ (t,)| < Ms (1 + [a]) < M; (1 + R),

n>0
holds for any ¢ € [0, 7] and = € R with |z| < R.
(2) The local Lipschitz condition (iii) yields that U™ (¢, z) is uniformly equicontinuous, i.e,

sup U™ (t,z1) — U™ (s, 22)]
n>0

[t—s|<81,|x1—x2| <82

< Mg (|t = s| + |21 — 22])

< MR(51 +52) — 0, as 61,0, — 0,

fort,s € [0,T] and x1, 7, € R? with || < R and |z2| < R.



564 H. Ben Brahim, A. Ninouh and B. Gherbal

Since relations (1) and (2) satisfy the conditions of Arzela-Ascoli theorem, then the sequence
(U™ (t,x)) has a subsequence (still denoted by (U™ (t,x))) which converges to U* (¢, z) point-
wise for any ¢t € [0,7] and z € RY. Clearly that U* (¢, z) satisfies conditions (i) and (ii) in
Definition 6.1.

Now, let us show that there exists a weak solution of equation (6.1) with the control
U* (t,z).

By condition (i) in Definition 6.1 and since that U" (¢, z) are admissible controls, we know

that there exists a weak solution X" of the form

t t
XtU“' :§+/ b(s,Xé{J”’HZ,U” (s,Xgn))ds—i—/ M(ds,Xé{J“’Un (s,Xgn))7
0 0

where i := Pxu». We need to show that these solutions XU are:

un )IO,

(A) uniformly bounded, i.e., limpg_; Sup,, 5o P (| X}

(B) and uniformly continuous, i.e.,lim,_osup >0 P (| X" — XV"|>¢) =0, fort,s €
[t—s|<h
[0,T], s < t and for any € > 0.

For relation (A), by Bulkhorder’s inequality, Holder’s inequality, theorem of Fubini and the
uniform linear growth condition (C.4), it holds that
2]

e ] < (2fef] o2 | [ ot ()
0
/OtM (ds,Xg",U" (SXU>)H>
3 (IE (1€P] + TE Mt 3M? (1 + ‘XE”‘Z + ‘U” (5 x0") ‘2 w2 (ug,50)> ds]
+OE Ut Hq (S,XSU",U" (s,XSU") XU yn (57Xgn))Hds]>
0
3 (E [|gﬂ +TE Uot 3012 (1 n ‘Xg"‘z n ‘U” (S,X;f”) ‘2 W2 (ug,50)> ds]

+O.E [/Otg(s) (1 + ’XE"‘Q + ‘U" (S,Xgn>‘2> dsD .

By the property of the 2-Wasserstien metric (2.2) and the linear growth condition (ii) of U™, we
get

2 2 2
EUXtU"” ( €2 +TIE{ 3M12<1+2’an‘ +2M§<1+‘X§f"])>ds}

t
n 2 n 2
sup g (¢ /( ]XE ‘ +2M32(1+‘Xf ’))ds])
0<t<T

0

+E

+CHE

3 (E [|g| ] + (6 (TMy)? + C’zT) (1+ M32)>

2
}ds

t
+3(6TM} (1+ M3) + C (1 +2043)) /E UXU
0

t
§L+NEU
0

where L= 3 (E [[¢] + (6 (TM)* + 2T ) (1+ M3) ) and N =3 (6T M7 (1 + M3) + C» (1

12
L ‘ ds],Ogth,
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T
+2M3)) are two consrtants since E {|§ \2} < oo and [g(t)dt < oco. This, together with Gron-
0

wall’s inequality (see [7]), implies

w2
E UXtU ] < LeTV. (6.4)
Therefore, by Chebychev’s inequality,
n 2
sup IP’(‘XU"’ > R) < sup ’ UXtU } < Le™™ —0as R — oo
n>0 ! - n>0 R2 N R2 -

0<t<T 0<t<T
For relation (B), using the similar deduction to above, we obtain
2}

]EUXE”—XSU“
n n 2
b(r,XE L un (r,Xﬁf ))‘ dr}

t
<2h]E{/
t

sz [ oo (38") 0 )

S

dr

< 2hE {/tSMf <1 + ’Xﬁj"‘z + ‘U" (r,XE")‘Z w2 (;4},5@) dr}
OSSITJIS)Tg(r) /St <l + ’Xﬁ]n‘z + ‘U" (S,Xﬁjn) ’2> dr}
< 2hE Ut3Mf (1 +2 ‘XE"‘Z +2M2 (1 + ’X}/"D) dr}

t 2 2
an o) [ (1o |2 (1 527 ) ) o
0<r<T s

< 2h ((6hM7 (1+ M3) + Cy (1+2M3)) (1+ Le™)) .

+2GLE

+2GLE

Therefore, by Chebychev’s inequality,

sup P(‘XtUn —XE”‘ > E)
n>0
[t—s|<h

—0ash— 0.

< sup 2h ((6hM3 (14 M3) + Cs (142M3)) (14 Le™))

o n>0 62
[t—s|<h

Since relations (A) and (B) are satisfied then by the standard tightness criteria on the space
P> (W) (see [12], Theorem 4.2, pp. 17) we can easily conclude that (XU") is tight. Thus,
we can extract from (XY") a weakly convergent subsequence which still denoted by (XV").

Therefore, by Skorohod’s representation theorem, there exists a probability space (Q, F, ]f”) and

processes XU” and XU" on it such that
(a) The laws of XU" and XV" coincide for each n > 0.
(b) XU" — XU" P-as, asn — oo.

Similarly to the proof of Proposition 3.6, to show that XU is a solution of equation (6.1) corre-
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sponding to the control U*, we just need to show that

5| (r (27) - (5) - /¢UJ>ngyﬂM;U*ngyj)d{)g4
- nlljgoIEP Kf XU" XU") /: (L"f) (T,Xf,]n,pf,U” (T,Xjf”)) dr) Qs}

:nan;OE[(f( ) f(XU") /t(L"f)(T,Xﬁf"‘,uf,U7’(r,Xﬁf"))dr>gs] (6.5)

S

=0, (6.6)

for any continuous, bounded and W-measurable functional G, where (Lf) and (L" f) are de-
fined accordmg to (6.3) for XU" and XU", respectively, with we = P XUt In one side, by (b),

we have XU" % XU” for r € [s,t] as n — oo, and by the same way used in the proof of (3.4),
we get hmnHoo W, (,ur ,1i5) = 0. In other s1de we have f € C7 (R?), i.e, there exists a constant

Ry such that the inequalities | f (z)| < Ry, < R; and ‘%‘ < R; hold for z € R? and
1 <14,j < n. Then,

/t @) (r, X0 o (r, X0 ) ) dr

S

iE

PR = (867) = [ (R (8 )

}+EP[

|

"N e o e\ OF (YT
§2<R1+EP /SLZIb <T,X7{J NN (r,Xg )) (axi)dr]
+ EF /:zd:qii (r,f(;f",U" (rXU)XU U”( XU")) %dr . (6.7)

Using Holder’s inequality, the linear growth conditions (ii) and (C.4) for ¢ and inequality (6.4)
gives us

8 || [ 30 a0 (20 0 (807 8070 (re)) 22D,
s et

i,5=1

<Ef {i

ot
gRldEP/
L[t a2 o |2
< RydE? /g(r) (1+‘X§f o (22 )dr]
T t 2 2
< RidE? | sup g(r)/ <1+’Xf/ ‘ 202 (1+‘Xf,] ’))dr

0<r<T
un |?
dr

< Rid(t—s)(1+2M3) (1+Le™). (6.8)

fw@wwijﬁﬂwhﬁwﬁmgw
. 1 J

|

’q (r,)A(yn,U” (T,XTUH) ,)A(TUH,U" (r,f(ﬁjn>)Hdr]

to
SRld(t—s)(l+2M32)+R1d(1+2M32)/ EP[)A(

By Cauchy-Schwartz’s inequality, the linear growth conditions (ii) and (C.4) for b, the property
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of the 2-Wasserstien metric (2.2) and inequality (6.4), we obtain

P 2
[/ ZbZ XU" U (T,Xijn)) %dr ]

R d sun
< ]E]P’ [dz (Xr )
i=1

(g0 on (rnx)) L2,

|
! (r, X’g:) ’2 + W5 (u?,, 50)) dr}

)]

3(MyRy) d (t— )" (14+2M3) + 6 (MiR,)*d(t —s) ( +M3Z Ut

d A t o2
<3(MR)d(t-s)) EF U <1+‘X§{T

0 t A 712
§3(M1R1)2d(t—s)ZEP U <1+2’X}{T

M2 (1 + ‘XU

<6 (MR’ d®(t—s) (1+M3) (1+Le™N). (6.9)
Combining inequalies (6.7)-(6.9), we get

) =g (R0) = [ (n 5 o (50 ) i

<2 (6 (MiRy)? & (t — s)* (1 + M2) (1 + LeTN))l/z

|

#|

F2R, (14+d(t—s) (1+2M3) (1 + Le™))

< 00.

Thus, by the dominated convergence theorem we get (6.6). Then X" is the weak solution of
(6.1) associated with the control U* (¢, z) .

To finish the proof of Theorem 6.3, it remains to show that U* (¢, x) is an optimal control.

By Cauchy-Schwartz’s inequality, conditions (C.5), and inequality (6.4), we obtain

| |

< 2EP [ +2E Uz (Xgugz) ﬂ

T

B8RV U (R0 dt 4 (RY7
o (R (1) o (28 )
[ (8 o (1507 ) a
0

r '\U"2 U™ 2 2
/ (1+‘Xt ] —i—’U”(t,Xt )] + W (u?,&)))dt
0

. a2

+ 6M3EP [1 + &8+ w2 (N%ﬁo)}

T 2 2 2
[ (reolae [+ SR () o

0
1))

2

< 8MZTE?

< 8MZTEF

+ 6M?2 (1 +2EF {XT
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A

UTL
Xt

< 8 (M,T)? (1 + (2]\243)2) + 8M3T <2 + (2]\243)2> /T EP {
0

1)

2k
< 8(M,T)? (1 +2LeTN 4 %

2
K&

+ 612 (1 +oE? [XT

(14 LeTN)> +6M; (1 +2Le™)

< 00.

Therefore, according to the above properties (a)-(b) and by the dominated convergence theorem,
it follows that

inf J(U) = lim J(U")

veu n— 00
T n n n
— lim E / h(t,XtU',uf,U" (t,X}f’))dtH(XTU',MTL)
n— oo 0
i T A n A n A n
— lim E? / h(t,XtU U (t,X,ff ))dt+é(X¥ ug)]
n—oo O

—EP

n—oo

T
/ lim h(t,XtU",u?,U” (t,X’tU"))dtJr lim e(xgug)l
0 n— o0

]EIP’

[ (e i (137 ) (;zg*,ﬂ;)]

—J(U").

Consequently, the function U* (¢, ) is an optimal control.
The proof of Theorem 6.3 is thus completed. O

Remark 6.4. It should be noted that the control produced by Theorem 6.3 is called Markovian
because it is given in the form U* (¢, x), i.e., it depends only on the current time and the current
state, but it does not necessarily render the state process X a Markov process. Although the
dynamics appear to be Markovian, the process X is a solution of a potentially ill-posed martin-
gale problem, and it is well known (see [21], Chapter 12) that uniqueness in law is required to
guarantee the solution is Markovian.
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