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Abstract. It is well known that the numerical range W (T) of a bounded linear operator T
on a complex Hilbert space is included in the real line if and only if T is self-adjoint. Recently,
it was proven that the numerical range W (T') is a line segment if and only if there are scalars
A and p such that 7* = AT + pl, and it was given a process to determine the equation of the
straight support of this numerical range in terms of A\ and p. In this paper, we complete these
results and give the converse process, we determine the scalars A and p such that 7% = AT 4 ul
from the equation of the straight support of the numerical range W (T') . Also, we generalize a
condition for the selfadjointness of an operator and we give some properties concerned a small
convex regions containing the numerical range.

1 Introduction

Let (H,(-,-)) be a complex Hilbert space, and let B (H) denote the Banach algebra of all
bounded linear operators defined on the space . For an operator A € B (#), the numerical
range of A is the subset of the complex numbers C given by

W (A) = {{Azx,z) 1z € H,|z| = 1},
and the numerical radius of A is the positive real given by
w(A) =sup{|z|: 2z € W (A)}.

The numerical range W (A) is always convex, contains the eigenvalues of A and its closure
contains the spectrum of A. In particular, if A is a normal matrix, then W (A) is the convex hull
of its spectrum. Certain analytic and algebraic properties of an operator can be concluded from
the geometrical properties of its numerical range. As example, A = §1 if and only if W (A) is
the point {d}, A is self-adjoint if and only if W (A) is real, and if W (A) is a line segment, then
A is normal [2]. Readers are referred to the the books ([2], [3]) for more detail properties on the
numerical range.

Chettouh and Bouzenada show in [1, th 2.2] that the numerical range W (A) of an operator
A € B(H) is a line segment if and only if there are scalars A € C* and p € C such that
A* = MA + pl, and in [1, th 2.3] they determine the equation of the straight line containing
W (A) in terms of X and p as follows:

(1) If |A| # 1, then W (A) is the point {J}, where

A+ T7
5= L
1—Al

() If A = 1, then the equation of straight line containing W (A) is

Yy = %i, with Rey = 0.
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(i12) If A = —1, then the equation of straight line containing W (A) is

ng, with u € R.

(iv) Otherwise, the equation of straight line containing W (A) is

=1+ Rel Rep
"\ )T Imx

In the present paper we give the converse theorem, we determine A and 4 from the equation of
the straight line containing the numerical range. We also generalize a result of Toivo Nieminen
[4] presented by George H. Orland in [5] for the seltadjointness of a bounded linear operator. In
the second part of this paper we give a small convex region containing the numerical range and
we give a necessary condition for the numerical range to be a disc.

In the following we will denote the spectrum, the spectral radius and the resolvent set of
operators A by o (A), r (A) and p (A), respectively. Furthermore, we will denote the convex
hull of a set X ¢ C by conv(X). An operator A is said to be convexoid if W (A) coincides with
the convex hull of their spectrum. Here, Similarly ans in reference [1], S (%) denotes the class
of operators A in B (H) which satisfy A* = XA + uI, for A\, u € C.

The following basic properties (see ([2], [3])) will be used.

(HW(A+S)CcW(A)+W(B).

2) W (aA+ BI) =aW (A) + B, forall o, 8 € C.
(3) W(A® B) = conv(W (A) UW (B)).
(4) W (4) = [m, M), then || Al = sup {|m| ,|M]} .

2 When the numerical range is a line segment

Theorem 2.1. Let A € B (H) a non scalar operator such that W (A) included in a complex line
L. Then A* = MNA + ul such that:
(1) If the equation of L is y = ax + b with a # 0, then

N2 .
4¥E%L7am p— oyt

A= 14 a?
(2) If the equation of L is y = b, then
A =1, and p = —2ib.
(3) If the equation of L is © = a, then
A=—1, and i = 2a.

Proof. According to [1, th2.2], there are (A, ) € C* x C such that A* = XA + ul, then
A=A+ (Ap+m) 1, so that

~(u/m) =X or p=0. (1)

Since A is non scalar operator and according to [1, th 2.3], we have

(ReA)” + (ImA)* =1, 2)
—1 4+ ReA
S A ©)
and R
(&
b= " “

(1) From equation (3) we have Re\ = 1 4 a (ImA) . Substituting this into equation (2), we
obtain
(1+a?) (ImA)* + 2a (ImA) = 0.
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Then under [1, th 2.3] and that (Im\) # 0, we get

—2a

Imh\= ——

m 14+ a2’

thus )
l1—a

Re\ = ——

€ 1+ a2

which implies that

A_l—az—Zia —(a+1i)’

1+a2 1+4+a?
In the sequel from equation (4) , we have Repy = b(Im)), then

Rep = 1_3;{)2
From equation (1), we notice that
i(14+ A
Imp = ((1 j_)\)) Re
In particular, we get
and hence )
w= —ZblaT_FaZz.

(2) If the equation of L is y = b, then according to [1,th 2.3], A = 1 and y = ui/2 which

yields
A=1, and p= —2ib.

(3) If the equation of L is x = a, then according to [1, th 2.3], A\ = —1 and x = /2, therefore
A=-1, and p=2a.
This complete the proof. O

Remark 2.2. If W (A) = {4} such that § # 0, then

)
A* = A
4]
Example 2.3. As a simple example, let
1 00
A=]101 0 |,
0 0 ¢
then
1 0 0
A*=10 1 0
0 0 —i

We have A*A = AA*, then A is a normal matrice and W(A) =convo(A) =conv{l,i},
hence W (A) is the line segment joining the points 1 and . Therefore, W (A) is included in the
complex line whose equation y = —z + 1. From the first case of the theorem, we have

N2 :
/\:M:i and = 2(1) T 1,
1+ (-1) 1+ (-1)
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Therefore,
A" = MNA+4ul

1 00 1 00

=4/ 01 0 |+(I=2) 0 1 0
0 0 1 0 0 1
1 0 O

= 01 0
0 0 —i

Example 2.4. For a general example, let P € B (#) an orthogonal projection and let’s pose
A= (1+1i)P+il. Then
W (A) = (144 W (P)+1,

hence W (A) is the line segment joining the points ¢ and 1 + 2i, identically W (A) is included in
a complex line of the equation y = = + 1. Furthermore, we have a = 1 and b = 1 from the first
case of the theorem, then A = —i and x = —1 — 4. Therefore

A = —iA— (1 4+ ) = —i(1+40) P+il)— (14T = (1 —i) P —il,
which is equal to ((1 +4) P +il)".

Remark 2.5. According to the previous theorem, if the operator A is convexoid and o (A)
included in the line L of the equation y = ax (a # 0), then

N2 .
7_1(6:;3) A —p 2ttt

A = 1

14a2

Theorem 2.6. [5] If o (A) is real and || Ry, (A)|| < || ™" for all nonzero purely imaginary «, then
A is self-adjoint.

We give a weaker sufficient condition on the operator A with A* = AA + pl, and A\, u € C.
Similarly, we generalize the previous theorem for all complex line through the origin.

Theorem 2.7. Let A € B(H). If o (A) included in the line L of the equation y = az, (a # 0)
and H(A —al)™! H < |a|™" forall
1
o€ (1 — z) R*,
a

then, W (A) is a segment of the line L and

—(a+1)’

A =
1 + a?

Proof. Leta=(1—1i/a)Bwithg € R*and ||(A — al ! < ||~ for all real number different
of.

then zero 3, we have
lal llyll < [|[Ay — ayl, Yy € H, VB € R,

and we have
la* Iyl < Ayl + |a* yl* — 2Re (Ay, ay) ,
or
2Re (1 +i/a) B (Ay,y) < || Ay|.
Hence

1
26 (Re (Ay,y) — —Im <Ay7y>) < || Ayl”,
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where § is real number different then zero, therefore one can get
I'm (Ay,y) = aRe (Ay,y), Vy € H.

Thus, W (A) is a line segment of the line L which is described by the equation y = ax. Moreover,
according to the previous theorem we obtain
g —lati)’
1 +4a
O

Remark 2.8.1f o (A) C iR, and H(A —al)”! H < |a|~" forall & € R*, we obtain W (4) C iR
and A is anti-self-adjoint.

3 Boundedness of the numerical range
Theorem 3.1. Let A € B(H). Then the intersection of the disk D = D (0,w (A)) and the

rectangle R = [a,b] x [c,d] is a small convex region containing W (A) such that:

a= min (), b= max (A\),c= min (A) and d= max (\).
A€o (ReA) AEo(ReA) A€o (ImA) A€o (ImA)

Moreover:
(i) The rectangle R is contained in the disk D if and only if

VIRe (4) [P+ [ Fm (A) P = w (4).
(7) The disk D is contained in the rectangle R if and only if
w(A)=b=d=—-a=—c
Proof. The cartesian decomposition of an operator A € B () is
A= Re(A)+ilm(A),

where

A+ A* A—A*
3 and Im(A)= T

Re (A) and I'm (A) are self-adjoint operators, then W (Re (A)) and W (Im (A)) are the line
segments [a, b] and [c, d] respectively. Hence, we have

W (A) C [a,b] +i[c,d

Re (A) =

]
Then, the rectangle R containing W (A). Therefore W (A) is contained in the intersection of
the disk D = D (0, w (A)) and the rectangle R = [a,b] x [c,d].
(¢) Since

sup [o] = \/[|Re (4) 2+ 11m (4) 2

and
VIRe (4) [+ [ Tm (A) 2 > w (4),
because
W (A) € W (Re (A)) + iW (Im (A)) = Re (W (A)) + ilm (W (A)).
Then
RC D ifandonlyif y/|[Re (A) |+ | Im (A)|P = w (4).
(2%) Since
w(A) = A, VA e{a,b,cd},

then

DcRifandonlyifw(A)=b=d=—a= —c.
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Remark 3.2. The three cases of this intersection : D C R, R C D, and D N R different from D
and different from R are possible according to the following examples:

0 1
Example 3.3. a) Let A be the operator on C? defined by the matrix < 0 0 ) . Then W (4) is

the closed disk of radius 1/2, centred at the origin.

Therefore w (A) = 1/2, with the eigenvalues of Re (A) are: a = —1/2, b = 1/2, and the
eigenvalues of Im (A) are: c=—1/2,d=1/2.

Hence

W(A)=DcCR=[-1/2,1/2] x [-1/2,1/2].

b) Let A = diag(0, 1, 4, 1 +14). Since A is normal, then W (A) =convo(A) =conv{0, 1,4, 1 + i},
identically W (A) = [0, 1] x [0, 1] . Therefore w (A) = V2.

The eigenvalues of Re(A) are: a = 0, b = 1, and the eigenvalues of I'm (A) are: ¢ = 0,
d=1.

Hence o
W(A):RcD:D(o,xﬁ).
010 0 1
c)LetA=1] 0 0 O |.Thematrix A canbe written as A; & A,, where A; = < 0 0 )
0 0 1
,and A, = 1 the identity operator on C.
Then
W (A) = conv (W (4;)UW (4,))
= conv (D (0,1/2)U{1}).
Therefore

w(A)=1 and D =D (0,w(A)) =D (0,1).

The eigenvalues of Re (A) are: a = —1/2, b = 1, and the eigenvalues of I'm (A) are: ¢ = —1/2,
d=1/2.
Then
R=[-1/2,1] x [-1/2,1/2].

Hence
DNR+#D and DNR#R.

Corollary 3.4. Let A € B (H). If W (A) is the disk centered at the origin (open or closed), then
w(A) = ||Re(A) || = [[Im (A) ||

Proof. From previous theorem, if W (A) is the disk D (0, w (A)) then: the disk D (0,w (A)) is
contained in the rectangle R.
Hence

w(A4) <|a|, Va € {—a,b, —c,d}.
On the other hand

[Re (A) [| = w (Re (A)) < 5 (w(A4) +w (A7) = w (4),

| —

and [[Im (A) || < w (A).
Therefore
w(A) = [|[Re(A)[| = [Im (A) |
O

Corollary 3.5. Let A € B (H). If W (A) is the disk D (z, p) (open or closed) where z € C, p > 0,
then
w(A) = ||Re (A= zI) ||+ [z| = [Im (A = 2I) || +|2].



62 Ouafa Sellat, Raouda Chettouh and Smail Bouzenada

References

[1] R. Chettouh and S. Bouzenada, Numerical Range and Sub-Self-Adjoint Operators, TWMS Journal of
Applied and Engineering Mathematics. Vol. 10, No. 2, (2020), 492-498.

[2] K. Gustafson and D. K. M. Rao, Numerical Range. The Field of Values of Linear Operators and Matrices,
Springer, New York, 1997.

[3] P.R. Halmos, A Hilbert Space Problem Book, Springer-Verlag, New York, Heidelberg, Berlin, Second
edition, 1982.

[4] T. Nieminen, A condition for the selfadjointness of a linear operator, Ann. Acad. Sei.Fenn. Ser.A I No.
316 (1962), 5 pp.

[5]1 G. H. Orland, On a Class of Operators, Proc. Amer. Math. Soc. 15 (1964), 75-79.

Author information

Ouafa Sellat, Laboratory of Mathematics, Informatics and Systems (LAMIS), Echahid Cheikh Larbi Tebessi
University - 12002 Tebessa, Algeria.
E-mail: Quafa.sellat@univ-tebessa.dz

Raouda Chettouh, Laboratory of Mathematics, Informatics and Systems (LAMIS), Echahid Cheikh Larbi
Tebessi University - 12002 Tebessa, Algeria.
E-mail: mathchettouh@gmail.com

Smail Bouzenada, Laboratory of Mathematics, Informatics and Systems (LAMIS), Echahid Cheikh Larbi
Tebessi University - 12002 Tebessa,.
E-mail: bouzenadas@gmail.com

Received: 2023-11-01
Accepted: 2025-08-09



	1 Introduction
	2 When the numerical range is a line segment
	3 Boundedness of the numerical range

