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Abstract Let G1 and G2 be two graphs, T (G) denotes the total graph of G [2]. The T -vertex
join of G1 with G2, denoted by G1 ⊙ G2, is the graph obtained from T (G1) and G2 by joining
every vertex of V (G1) ∩ V (T (G1)) with every vertex of V (G2). The T -edge join of G1 with
G2, denoted by G1 ⊖ G2, is the graph obtained from T (G1) and G2 by joining every vertex
of E(G1) ∩ V (T (G1)) with every vertex of V (G2). In this paper, we determine the adjacency
spectra, the Laplacian spectra and the signless Laplacian spectra of G1 ⊙G2 (respectively, G1 ⊖
G2) for a regular graph G1 and an arbitrary graph G2, in terms of the corresponding spectra of
G1 and G2. Further, we obtain the number of spanning trees and the Kirchhoff index of G1 ⊙G2
and G1 ⊖G2 for regular graphs G1 and G2 as applications of Laplacian spectra of G1 ⊙G2 and
G1 ⊖G2.

1 Introduction

We consider simple graphs. Let G be a graph with vertex set V (G) = {v1, v2, . . . , vn} and
edge set E(G) = {e1, e2, . . . , em}. The degree of vertex vi in G is denoted by dG(vi). The
incidence matrix R(G) of G is the (V (G) × E(G))-matrix {qij}, where qij = 1 if vertex vi is
incident to edge ej and qij = 0, otherwise. Let A(G) be the (V (G) × V (G))- matrix {aij},
where aij = 1 if (vi, vj) ∈ E(G) and aij = 0, otherwise. Let D(G) be the (V (G) × V (G))-
matrix {dG(vij)}, where dG(vii) = dG(vi) and dG(vij) = 0 for i ̸= j. The matrices A(G),
D(G), L(G) = D(G) − A(G) and Q(G) = D(G) + A(G) are called the adjacency matrix,
the degree matrix, the Laplacian matrix, and the signless Laplacian matrix of G, respectively.
The characteristic polynomial A of G is defined as fG(A;x) = det(xIn − A), where In is the
identity matrix of order n. The roots of fG(A;x) are called the eigenvalues of G. It is denoted by
λ1(G) ≥ λ2(G) ≥ · · · ≥ λn(G) and are called A - spectrum of G. The eigenvalues of L(G) and
Q(G) are denoted by µ1(G) ≥ µ2(G) ≥ · · · ≥ µn(G) = 0 and ν1(G) ≤ ν2(G) ≤ · · · ≤ νn(G).
They are called the L - spectrum and Q - spectrum of G. The total graph T (G) or T -graph of a
graph G [2] is the graph whose vertex set is V (G) ∪E(G), such that vertices are adjacent if and
only if they are either adjacent or incident in G.

Until now, many derived graph related operations such as subdivision-vertex join, subdivision-
edge join, R-vertex join, R-edge join, the subdivision-vertex neighbourhood corona, the subdivision-
edge neighbourhood corona, R-vertex corona and R-edge corona have been introduced, and their
spectra are computed in [5, 9, 10, 12, 13, 16]. Motivated by these works, we define two new
graph operations based on total graphs as follows.

Definition 1.1. The T -vertex join of two graphs G1 and G2, denoted by G1 ⊙ G2, is the graph
obtained from T (G1) and G2 by joining every vertex of V (G1)∩V (T (G1)) with every vertex of
V (G2).

Definition 1.2. The T -edge join of two graphs G1 and G2, denoted by G1 ⊖ G2, is the graph
obtained from T (G1) and G2 by joining every vertex of E(G1)∩V (T (G1)) with every vertex of
V (G2).
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Note that if Gi has ni vertices and mi edges for i = 1, 2, then G1 ⊙ G2 and G1 ⊖ G2 have
n1 + n2 +m1 vertices.

The M -coronal ΓM (x) of an n × n matrix M is defined [3, 14] to be the sum of the entries
of the matrix (xIn −M)−1, that is, ΓM (x) = 1T

n (xIn −M)−11n, where 1n denotes the column
vector of size n with all entries equal to one. It is known [3, Proposition 2] that if M is an n× n
matrix with each row sum equal to a constant t, then

ΓM (x) =
n

x− t
. (1.1)

In this paper, we determine the A-spectra, the L-spectra and the Q-spectra of G1 ⊙ G2 (respec-
tively, G1 ⊖G2) for a regular graph G1 and an arbitrary graph G2, in terms of the corresponding
spectra of G1 and G2. Further, we obtain the number of spanning trees and the Kirchhoff index
of G1 ⊙G2 and G1 ⊖G2 for regular graphs G1 and G2 as applications of L-spectra of G1 ⊙G2
and G1 ⊖G2. We refer to [8] for unexplained terminology and notation.

Firstly, we introduce two lemmas that need to be used in the proof process.

Lemma 1.3. [4] Let G be an r-regular graph with an adjacency matrix A and an incidence
matrix R. Let Ł(G) be its line graph. Then RRT = A+ rI and RTR = A(Ł(G)) + 2I .

Lemma 1.4. [19] Let M1,M2,M3 and M4 be matrices with M4 invertible. Then

det

(
M1 M2

M3 M4

)
= det(M4)det(M1 −M2M

−1
4 M3),

where M1 −M2M
−1
4 M3 is called the Schur complement of M4.

2 A-spectra of T-vertex join and T-edge join

Theorem 2.1. Let G1 be an r1-regular graph on n1 vertices and m1 edges, and G2 an arbitrary
graph on n2 vertices. Then
fA(G1⊙G2)(x) = fA(G2)(x)·(x+2)m1−n1 ·

(
x2−

(
n1ΓA(G2)(x)+3r1−2

)
x−2(n1(1−r1)ΓA(G2)(x)+

2r1 − r2
1)
)
·
∏n1

i=2

(
x2 −

(
2λi(G1) + r1 − 2

)
x− 2λi(G1)− (λi(G1) + r1)(1 − λi(G1))

)
.

Proof. Let R be the incidence matrix of G1. Then, with a proper labeling of the vertices, the
adjacency matrix of G1 ⊙G2 can be written as

A(G1 ⊙G2) =

A(G1) R Jn1×n2

RT RTR− 2Im1 Om1×n2

Jn2×n1 On2×m1 A(G2)

 .

Then the adjacency characteristic polynomial of G1 ⊙G2 is given by

fG1⊙G2(x) = det

xIn1 −A(G1) −R −Jn1×n2

−RT (x+ 2)Im1 −RTR Om1×n2

−Jn2×n1 On2×m1 xIn2 −A(G2)


= det(xIn2 −A(G2)) · det(S)
= fA(G2)(x) · det(S),

where

S =

(
xIn1 −A(G1) −R

−RT (x+ 2)Im1 −RTR

)

−

(
−Jn1×n2

Om1×n2

)
(xIn2 −A(G2))

−1
(
−Jn2×n1 On2×m1

)

=

(
xIn1 −A(G1)− ΓA(G2)(x)Jn1×n1 −R

−RT (x+ 2)Im1 −RTR

)
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is the Schur complement of xIn2 − A(G2) obtained by Lemma 1.4. Add the first row left −RT

of the block matrix S to the second row.

S =

(
xIn1 −A(G1)− ΓA(G2)(x)Jn1×n1 −R

−RT ((x+ 1)In1 −A(G1)− ΓA(G2)(x)Jn1×n1) (x+ 2)Im1

)
.

Now,

det(S) = det
(
(x+ 2)Im1

)
· det

(
xIn1 −A(G1)− ΓA(G2)(x)Jn1×n1

−R((x+ 2)Im1)
−1RT ((x+ 1)In1 −A(G1)− ΓA(G2)(x)Jn1×n1)

)
= (x+ 2)m1−n1det(B),

where B = (x+2)(xIn1 −A(G1)−ΓA(G2)(x)Jn1×n1)−
(
A(G1)+r1In1

)(
(x+1)In1 −A(G1)−

ΓA(G2)(x)Jn1×n1

)
. Here matrix B is a polynomial with two variables A(G1), Jn1×n1 and real

coefficients. Then B(A(G1), Jn1×n1) has the eigenvalues σ1 = B(r1, n1) and σi = B(λi(G1), 0)
for i = 2, 3, . . . , n1. Hence,

σ1 = (x+ 2)(x− r1 − n1ΓA(G2)(x))− (r1 + r1)(x+ 1 − r1 − n1ΓA(G2)(x))

= x2 − (n1ΓA(G2)(x) + 3r1 − 2)x− 2(n1(1 − r1)ΓA(G2)(x) + 2r1 − r2
1) and

σi = (x+ 2)(x− λi(G1))− (λi(G1) + r1)(x+ 1 − λi(G1))

= x2 − (2λi(G1) + r1 − 2)x− 2λi(G1)− (λi(G1) + r1)(1 − λi(G1)) for i = 2, 3, . . . n1.

Since det(S) = (x+2)m1−n1
∏n1

i=1 σi, The required result follows from fA(G1⊙G2
)(x) = fA(G2)(x)·

det(S).

Corollary 2.2. Let G1 be an r1-regular graph on n1 vertices and m1 edges, and G2 be an r2-
regular graph on n2 vertices. Then the A-spectrum of G1 ⊙G2 consists of:

(a) −2, repeated m1 − n1 times;

(b) λi(G2) for i = 2, 3, . . . , n2;

(c) (2λi(G1)+r1−2)±
√

(2λi(G1)+r1−2)2+4(2λi(G1)+(λi(G1)+r1)(1−λi(G1)))

2 , for i = 2, 3, . . . , n1;

(d) three roots of the equation x3 −
(
r2 + 3r1 − 2

)
x2 −

(
n1n2 − r2(3r1 − 2) + 2(2r1 − r2

1)
)
x+

2(r2(2r1 − r2
1)− n1n2(1 − r1)) = 0.

Proof. By Theorem 2.1, we obtain (a) readily. Since G2 be an r2-regular graph on n2 vertices,
by Eq. 1.1, we have ΓA(G2)(x) = n2

x−r2
. The pole of ΓA(G2)(x) is x = r2 = λ1(G2). Thus,

by Theorem 2.1, (b) and (c) follows. The remaining 3 eigenvalues of G1 ⊙ G2 are obtained by
solving

x2 −
(
n1

n2

x− r2
+ 3r1 − 2

)
x− 2

(
n1(1 − r1)

n2

x− r2
+ 2r1 − r2

1

)
= 0,

this yields the eigenvalues in (d).

By substituting the well-known result [14] that A(Kp,q)-coronal of complete bipartite with
p, q ≥ 1 vertices in the two parts of its bipartition is ΓA(Kp,q)(x) =

(p+q)x+2pq
x2−pq

in Theorem 2.1,
we have the following corollary. The computations are routine as in the above Corollary 2.2, and
hence we omit the proof.

Corollary 2.3. Let G be an r-regular graph on n vertices and m edges. Then the A-spectrum of
G⊙Kp,q consists of:

(a) 0, repeated p+ q − 2 times;

(b) −2, repeated m− n times;

(c) (2λi(G)+r−2)±
√

(2λi(G)+r−2)2+4(2λi(G)+(λi(G)+r)(1−λi(G)))

2 , for i = 2, 3, . . . , n;
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(d) four roots of the equation x4 +
(
3r − 2

)
x3 −

(
pq + n(p + q) + 2(2r − r2)

)
x2 −

(
2npq −

pq(3r − 2) + 2n(1 − r)(p+ q)
)
x+ 2pq

(
(2r − r2)− 2n(1 − r)

)
= 0.

Theorem 2.4. Let G1 be an r1-regular graph on n1 vertices and m1 edges, and G2 an arbitrary
graph on n2 vertices. Then
fA(G1⊖G2)(x) = fA(G2)(x) · (x+ 2)m1−n1 ·

(
x2 +

(
2 − 3r1 +

n1r1
2 ΓA(G2)(x)

)
x− (2r1(2 − r1)−

n1r
2
1

2 ΓA(G2)(x))
)
·
∏n1

i=2

(
x2 − (2λi(G1) + r1 − 2)x− 2λi(G1)− (λi(G1) + r1)(1 − λi(G1))

)
.

Proof. Let R be the incidence matrix of G1. Then the adjacency matrix of G1⊖G2 can be written
as

A(G1 ⊖G2) =

A(G1) R On1×n2

RT RTR− 2Im1 Jm1×n2

On2×n1 Jn2×m1 A(G2)

 .

Then the adjacency characteristic polynomial of G1 ⊖G2 is given by

fG1⊖G2(x) = det

xIn1 −A(G1) −R On1×n2

−RT (x+ 2)Im1 −RTR −Jm1×n2

On2×n1 −Jn2×m1 xIn2 −A(G2)


= det(xIn2 −A(G2)) · det(S)
= fA(G2)(x) · det(S),

where

S =

(
xIn1 −A(G1) −R

−RT (x+ 2)Im1 −RTR− ΓA(G2)(x)Jm1×m1

)
is the Schur complement of xIn2 −A(G2) obtained by Lemma 1.4. Add the first row left −RT of
the block matrix S to the second row. Since G1 is the regular graph, then Jm1×n1R = 2Jm1×m1 .
Therefore,

S =

(
xIn1 −A(G1) −R

−RT
(
(x+ 1)In1 −A(G1)

)
(x+ 2)Im1 − 1

2 ΓA(G2)(x)Jm1×n1R

)
.

Now, multiply the first row of this block matrix − 1
2 ΓA(G2)(x)Jm1n1 and add to the second row.

S =

(
xIn1 −A(G1) −R

−RT
(
(x+ 1)In1 −A(G1)

)
− 1

2 ΓA(G2)(x)Jm1n1(xIn1 −A(G1)) (x+ 2)Im1

)
.

Since G1 is the r1-regular graph, then RJm1×n1 = r1Jn1×n1 . By Lemma 1.4 and 1.3, we have

det(S) = (x+ 2)m1−n1 · det(B),

where B = (x+2)(xIn1−A(G1))−(A(G1)+r1In1)((x+1)In1−A(G1))+
1
2r1ΓA(G2)(x)Jn1×n1(xIn1−

A(G1)). Similar argument in the proof of Theorem 2.1. Therefore the eigenvalues of B are

σ1 = (x+ 2)(x− r1)− (r1 + r1)((x+ 1)− r1) +
n1r1

2
ΓA(G2)(x)(x− r1)

= x2 +
(
2 − 3r1 +

n1r1

2
ΓA(G2)(x)

)
x−

(
2r1(2 − r1) +

n1r
2
1

2
ΓA(G2)(x)

)
and

σi = (x+ 2)(x− λi(G1))− (λi(G1) + r1)(x+ 1 − λi(G1))

= x2 −
(
2λi(G1) + r1 − 2

)
x− 2λi(G1)− (λi(G1) + r1)(1 − λi(G1)) for i = 2, 3, . . . n1.

Since det(S) = (x+2)m1−n1 ·
∏n1

i=1 σi, The required result follows from fG1⊖G2(x) = fA(G2)(x)·
det(S).

Similar to corollaries 2.2 and 2.3, Theorem 2.4 implies the following results.
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Corollary 2.5. Let G1 be an r1-regular graph on n1 vertices and m1 edges, and G2 be an r2-
regular graph on n2 vertices. Then the A-spectrum of G1 ⊖G2 consists of:

(a) −2, repeated m1 − n1 times;

(b) λi(G2) for i = 2, 3, . . . , n2;

(c) (2λi(G1)+r1−2)±
√

(2λi(G1)+r1−2)2+4(2λi(G1)+(λi(G1)+r1)(1−λi(G1)))

2 , for i = 2, 3, . . . , n1;

(d) three roots of the equation x3+
(
2−3r1 −r2

)
x2 −

(
r2(2−3r1)− 1

2n1n2r1+2r1(2−r1)
)
x+

2r1r2(2 − r1)− 1
2n1n2r

2
1 = 0.

Corollary 2.6. Let G be an r-regular graph on n vertices and m edges. Then the A-spectrum of
G⊖Kp,q consists of:

(a) 0, repeated p+ q − 2 times;

(b) −2, repeated m− n times;

(c) (2λi(G)+r−2)±
√

(2λi(G)+r−2)2+4(2λi(G)+(λi(G)+r)(1−λi(G)))

2 , for i = 2, 3, . . . , n;

(d) four roots of the equation x4 +
(
2 − 3r

)
x3 −

(
pq − 1

2nr(p+ q) + 2r(2 − r)
)
x2 −

(
pq(2 −

3r)− nrpq − 1
2nr

2(p+ q)
)
x+ rpq

(
2(2 − r)− nr

)
= 0.

3 L-spectra of T-vertex join and T-edge join

Theorem 3.1. Let G1 be an r1-regular graph on n1 vertices and m1 edges, and G2 an arbitrary
graph on n2 vertices. Then
fL(G1⊙G2)(x) = fL(G2)(x−n1) · (x−2r1 −2)m1−n1 ·

(
x2 −

(
r1 +n2 +2+n1ΓL(G2)(x−n1)

)
x+

2(r1 + n2 + n1ΓL(G2)(x− n1)(r1 + 1)) + 2r1(r1 + n2 + 1 + n1ΓL(G2)(x− n1))
)
·
∏n1−1

i=1

(
x2 −(

r1 + n2 + 2(µi(G1) + 1)
)
x−

(
2n2 + µi(G1)(r1 + n2 + 3 + µi(G1))

))
.

Proof. Let R be the incidence matrix of G1. Then, with a proper labeling of the vertices, the
degree matrix of G1 ⊙G2 can be written as

D(G1 ⊙G2) =

(2r1 + n2)In1 On1×m1 On1×n2

Om1×n1 2r1Im1 Om1×n2

On2×n1 On2×m1 n1In2 +D(G2)

 .

Then using adjacency matrix given in Theorem 2.1, Laplacian matrix of G1 ⊙G2 is given by,

L(G1 ⊙G2) =

(2r1 + n2)In1 −A(G1) −R −Jn1×n2

−RT (2r1 + 2)Im1 −RTR Om1×n2

−Jn2×n1 On2×m1 n1In2 + L(G2)



and the Laplacian characteristic polynomial of G1 ⊙G2 is

fL(G1⊙G2)(x) = det

(x− 2r1 − n2)In1 +A(G1) R Jn1×n2

RT (x− 2r1 − 2)Im1 +RTR Om1×n2

Jn2×n1 On2×m1 (x− n1)In2 − L(G2)


= det

(
(x− n1)In2 − L(G2)

)
· det(S)

= fL(G2)(x− n1) · det(S),
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where

S =

(
(x− 2r1 − n2)In1 +A(G1) R

RT (x− 2r1 − 2)Im1 +RTR

)
−

(
Jn1×n2

Om1×n2

)

·
(
(x− n1)In2 − L(G2)

)−1 (
Jn2×n1 On2×m1

)
=

(
(x− 2r1 − n2)In1 +A(G1)− ΓL(G2)(x− n1)Jn1×n1 R

RT (x− 2r1 − 2)Im1 +RTR

)

is the Schur complement of (x− n1)In2 − L(G2) obtained by Lemma 1.4. Add the first row left
−RT of the block matrix S to the second row.

S =

(
(x− 2r1 − n2)In1 +A(G1)− ΓL(G2)(x− n1)Jn1×n1 R

−RT (x− 2r1 − n2 − 1)In1 +A(G1)− ΓL(G2)(x− n1)Jn1×n1 (x− 2r1 − 2)Im1

)
.

By 1.4, hence,

det(S) = (x− 2r1 − 2)m1 · det
(
(x− 2r1 − n2)In1 +A(G1)− ΓL(G2)(x− n1)Jn1×n1

+
RRT

(x− 2r1 − 2)
(
(x− 2r1 − n2 − 1)In1 +A(G1)− ΓL(G2)(x− n1)Jn1×n1

)
−A(G1)− ΓA(G2)(x)Jn1×n1)

)
= (x− 2r1 − 2)m1−n1det(B),

where, B =
(
(x− 2r1 − n2)In1 +A(G1)− ΓL(G2)(x− n1)Jn1×n1

)
· (x− 2r1 − 2) + (A(G1) +

r1In1)((x−2r1−n2−1)In1+A(G1)−ΓL(G2)(x−n1)Jn1×n1). Here matrix B is a polynomial with
two variables A(G1), Jn1×n1 and real coefficients. Then B(A(G1), Jn1×n1) has the eigenvalues
σn1 = B(r1, n1) and σi = B(r1 − µi(G1), 0) for i = 1, 2, . . . , n1 − 1. Hence,

σn1 = (x− 2r1 − n2 + r1 − n1ΓL(G2)(x− n1))(x− 2r1 − 2) + (r1 + r1)(x− 2r1 − n2 − 1

+r1 − n1ΓL(G2)(x− n1))

= x2 −
[
r1 + n2 + 2 + n1ΓL(G2)(x− n1)

]
x+

[
2(r1 + 1)(r1 + n2 + n1ΓL(G2

(x− n1))

−2r1(r1 + n2 + 1 + n1ΓL(G2)(x− n1))
]

and

σi = (x− 2r1 − n2 + r1 − µi(G1))(x− 2r1 − 2) + (r1 + r1 − µi(G1))

(x− 2r1 − n2 − 1 + r1 − µi(G1))

= x2 −
[
r1 + n2 + 2µi(G1) + 2)

]
x+

[
2n2 + µi(G1)(r1 + n2 + 3 + µi(G1))

]
,

for i = 1, 2, . . . , n1 − 1.

Since det(S) = (x − 2r1 − 2)m1−n1
∏n1

i=1 σi, The required result follows from fL(G1⊙G2)(x) =
fL(G2)(x− n1) · det(S).

Note that, for regular graph G2, we have ΓL(G2)(x − n1) =
n2

x−n1
. Theorem 3.1 implies the

following result.

Corollary 3.2. Let G1 be an r1-regular graph on n1 vertices and m1 edges, and G2 be an r2-
regular graph on n2 vertices. Then the L-spectrum of G1 ⊙G2 consists of:

(a) 0;

(b) 2(r1 + 1), repeated m1 − n1 times;

(c) µi(G2) + n1 for i = 1, 2, . . . , n2 − 1;

(d) two roots x1, x2 of the equation x2 − (n1 + n2 + r1 + 2)x−
(
n1(r1 + 2) + 2n2

)
= 0;
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(e) two roots xi,1, xi,2 of the equation x2 −
(
r1 + n2 + 2(µi(G1) + 1)

)
x−

(
2n2 + µi(G1)(r1 +

n2 + 3 + µi(G1))
)
= 0, for i = 1, 2, . . . , n1 − 1.

Next we consider the Laplacian spectra of T -edge join.

Theorem 3.3. Let G1 be an r1-regular graph on n1 vertices and m1 edges, and G2 an arbitrary
graph on n2 vertices. Then
fL(G1⊖G2)(x) = fL(G2)(x−m1) · (x− 2r1 − n2 − 2)m1−n1 ·

(
x2 −

(
r1 + n2 + 2+m1ΓL(G2)(x−

m1)
)
x+

(
r1n2 + r1m1ΓL(G2)(x−m1)

))
·
∏n1−1

i=1

(
x2 −

(
r1 +n2 +2+2µi(G1)

)
x+(2r1 +n2 +

2)(r1 + µi(G1))− (2r1 − µi(G1)) · (r1 + 1 + µi(G1))
)
.

Proof. Let R be the incidence matrix of G1. Then, with a proper labeling of the vertices, the
degree matrix of G1 ⊖G2 can be written as

D(G1 ⊖G2) =

 2r1In1 On1×m1 On1×n2

Om1×n1 (2r1 + n2)Im1 Om1×n2

On2×n1 On2×m1 m1In2 +D(G2)

 .

Then using adjacency matrix given in Theorem 2.4, Laplacian matrix of G1 ⊖G2 is given by,

L(G1 ⊖G2) =

2r1In1 −A(G1) −R On1×n2

−RT (2r1 + n2 + 2)Im1 −RTR −Jm1×n2

On2×n1 −Jn2×m1 m1In2 + L(G2)


and the Laplacian characteristic polynomial of G1 ⊖G2 is

fL(G1⊖G2)(x) = det

(x− 2r1)In1 +A(G1) R On1×n2

RT (x− 2r1 − n2 − 2)Im1 +RTR Jm1×n2

On2×n1 Jn2×m1 (x−m1)In2 − L(G2)


= det

(
(x−m1)In2 − L(G2)

)
· det(S)

= fL(G2)(x−m1) · det(S),

where,

S =

(
(x− 2r1)In1 +A(G1) R

RT (x− 2r1 − n2 − 2)Im1 +RTR

)
−

(
On1×n2

Jm1×n2

)

·
(
(x−m1)In2 − L(G2)

)−1 (
On2×n1 Jn2×m1

)
=

(
(x− 2r1)In1 +A(G1) R

RT (x− 2r1 − n2 − 2)Im1 +RTR− ΓL(G2)(x−m1)Jm1×m1

)

is the Schur complement of (x−m1)In2 −L(G2) obtained by Lemma 1.4. Add the first row left
−RT of the block matrix S to the second row. Since G1 is the regular graph, then Jm1×n1R =
2Jm1×m1 . Therefore,

S =

(
(x− 2r1)In1 +A(G1) R

−RT
(
(x− 2r1 − 1)In1 +A(G1)

)
(x− 2r1 − n2 − 2)Im1 − ΓL(G2)(x−m1)

1
2Jm1×n1R

)
.

Now, multiply the first row of this block matrix 1
2 ΓL(G2)(x − m1)Jm1n1 and add to the second

row.

S =

(
(x− 2r1)In1 +A(G1) R

C (x− 2r1 − n2 − 2)Im1

)
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where C = −RT
(
(x−2r1 −1)In1 +A(G1)

)
+ 1

2 ΓL(G2)(x−m1)Jm1×n1((x−2r1)In1 +A(G1)).
Since G1 is the r1-regular graph, then RJm1×n1 = r1Jn1×n1 . By lemmas 1.3 and 1.4, we have

det(S) = (x− 2r1 − n2 − 2)m1−n1 · det(B),

where B =
(
(x− 2r1)In1 +A(G1)

)
· (x− 2r1 − n2 − 2) + (A(G1) + r1In1)((x− 2r1 − 1)In1 +

A(G1)) − 1
2 ΓL(G2)(x −m1)r1Jn1×n1((x − 2r1In1 + A(G1))). Similar argument in the proof of

Theorem 3.1. Therefore the eigenvalues of B are

σn1 = (x− 2r1 + r1)(x− 2r1 − n2 − 2) + (r1 + r1)(x− 2r1 − 1 + r1)

−1
2
r1n1ΓL(G2)(x−m1)(x− 2r1 + r1)

= x2 −
(
r1 + n2 + 2 +m1ΓL(G2)(x−m1)

)
x+

(
r1n2 + r1m1ΓL(G2)(x−m1)

)
and

σi = (x− 2r1 + r1 − µi(G1))(x− 2r1 − n2 − 2) + (r1 + r1 − µi(G1))(x− 2r1 − 1 + r1 − µi(G1))

= x2 −
(
r1 + n2 + 2 + 2µi(G1)

)
x+

(
(2r1 + n2 + 2)(r1 + µi(G1))− (2r1 − µi(G1))

·(r1 + 1 + µi(G1))
)

for i = 1, 2, . . . n1 − 1.

Since det(S) = (x−2r1−n2−2)m1−n1 ·
∏n1−1

i=1 σi, The required result follows from fL(G1⊖G2)(x) =
fL(G2)(x) · det(S).

Corollary 3.4. Let G1 be an r1-regular graph on n1 vertices and m1 edges, and G2 be an r2-
regular graph on n2 vertices. Then the L-spectrum of G1 ⊖G2 consists of:

(a) 0;

(b) 2r1 + n2 + 2, repeated m1 − n1 times;

(c) µi(G2) +m1 for i = 1, 2, . . . , n2 − 1;

(d) two roots xi,1, xi,2 of the equation x2 −
(
r1 + n2 + 2 + 2µi(G1)

)
x+

(
(2r1 + n2 + 2)(r1 +

µi(G1))− (2r1 − µi(G1)) · (r1 + 1 + µi(G1))
)
= 0, for i = 1, 2, . . . , n1 − 1;

(e) two roots x1, x2 of the equation x2 −
(
m1 + n2 + r1 + 2

)
x+

(
(r1 + 2)m1 + r1n2

)
= 0.

4 Q-spectra of T-vertex join and T-edge join

Theorem 4.1. Let G1 be an r1-regular graph on n1 vertices and m1 edges, and G2 an arbitrary
graph on n2 vertices. Then
fQ(G1⊙G2)(x) = fQ(G2)(x − n1) · (x − 2r1 − 2)m1−n1 ·

(
x2 −

(
9r1 + n2 + 2 + n1ΓQ(G2)(x −

n1)
)
x+ (5r1 + 2)(4r1 + n2 + n1ΓQ(G2)(x− n1))− 3r1

)
·
∏n1−1

i=1

(
x2 −

(
3r1 + n2 + 2(νi(G1) +

1)
)
x+ 2(r1 + 1)(r1 + n2 + νi(G1)) + νi(G1)(r1 + n2 − 1 + νi(G1))

)
.

Proof. Let R be the incidence matrix of G1. Then, with a proper labeling of the vertices, the
degree matrix of G1 ⊙G2 can be written as

D(G1 ⊙G2) =

(2r1 + n2)In1 On1×m1 On1×n2

Om1 × n1 2r1Im1 Om1×n2

On2×n1 On2×m1 n1In2 +D(G2)

 .

Then using adjacency matrix given in Theorem 3.1, signless Laplacian matrix of G1 ⊙ G2 is
given by,

Q(G1 ⊙G2) =

(2r1 + n2)In1 +A(G1) R Jn1×n2

RT (2r1 − 2)Im1 +RTR Om1×n2

Jn2×n1 On2×m1 n1In2 +Q(G2)

 .

The rest of the proof is similar to that of Theorem 3.1 and hence we omit details.
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Note that, for regular graph G2, we have ΓQ(G2)(x) = n2
x−2r2

. Theorem 4.1 implies the
following result.

Corollary 4.2. Let G1 be an r1-regular graph on n1 vertices and m1 edges, and G2 be an r2-
regular graph on n2 vertices. Then the Q-spectrum of G1 ⊙G2 consists of:

(a) 2(r1 + 1), repeated m1 − n1 times;

(b) νi(G2) + n1 for i = 2, 3, . . . , n2;

(c)
(

3r1+n2+2(νi(G1)+1))
)
±
√(

3r1+n2+2(νi(G1)+1))
)2

−4
(

2(r1+1)(r1+n2+νi(G1))+νi(G1)(r1+n2−1+νi(G1))
)

2 , for
i = 1, 2, . . . , n1 − 1;

(d) three roots of the equation x3 −
(
9r1 +n1 +n2 + 2r2 + 2

)
x2 +

(
(2r2 +n1)(9r1 +n2 + 2)+

(5r1 +2)(4r1 +n2)−n1n2
)
x−

(
(5r1 +2)(4r1 +2)(n1 +2r2)−n1n2(5r1 +2)+3r1

)
= 0.

Theorem 4.3. Let G1 be an r1-regular graph on n1 vertices and m1 edges, and G2 an arbitrary
graph on n2 vertices. Then
fQ(G1⊖G2)(x) = fQ(G2)(x−m1) ·(x−2r1−n2+2)m1−n1 ·

(
x2−

(
9r1+n2−2− 1

2r1n1ΓQ(G2)(x−

m1)
)
x+ r1

(
4(2r1 + n2 − 2)+ 3(4r1 − 1)− 2r1n1ΓQ(G2)(x−m1)

))
·
∏n1−1

i=1

(
x2 −

(
3r1 + n2 −

2 + 2νi(G1)
)
x+ (2r1 + n2 − 2)(r1 + νi(G1)) + νi(G1)(r1 + νi(G1)− 1)

)
.

Proof. Let R be the incidence matrix of G1. Then, with a proper labeling of the vertices, the
degree matrix of G1 ⊖G2 can be written as

D(G1 ⊖G2) =

 2r1In1 On1×m1 On1×n2

Om1×n1 (2r1 + n2)Im1 Om1×n2

On2×n1 On2×m1 m1In2 +D(G2)

 .

Then using adjacency matrix given in Theorem 3.3, signless Laplacian matrix of G1 ⊖ G2 is
given by,

Q(G1 ⊖G2) =

2r1In1 +A(G1) R On1×n2

RT (2r1 + n2 − 2)Im1 +RTR Jm1×n2

On2×n1 Jn2×m1 m1In2 +Q(G2)

 .

The rest of the proof is similar to that of Theorem 3.3 and hence we omit details.

Corollary 4.4. Let G1 be an r1-regular graph on n1 vertices and m1 edges, and G2 be an r2-
regular graph on n2 vertices. Then the Q-spectrum of G1 ⊖G2 consists of:

(a) 2r1 + n2 − 1, repeated m1 − n1 times;

(b) νi(G2) +m1 for i = 2, 3, . . . , n2;

(c)
(

3r1+n2−2+2µi(G1)
)
±
√(

3r1+n2−2+2µi(G1)
)2

−4
(
(2r1+n2−2)(r1+νi(G1))+νi(G1)(r1+νi(G1)−1)

)
2 , for i =

1, 2, . . . , n1 − 1;

(d) three roots of the equation x3−
(
m1+11r1+n2−2

)
x2+

(
(m1+2r1)(9r1+n2−2)+ 1

2r1n1n2+

r1
(
4(2r1+n2−2)+3(4r1−1)

))
x−r1

(
(m1+2r1)

(
4(2r1+n2−2)+3(4r1−1)

)
+2r1n1n2

)
=

0.

5 Applications

The Laplacian matrix of a graph has many interesting properties. In sub sections, we have used
two properties to find the number of spanning trees and the Kirchhoff index of T -vertex join
and T -edge join of graphs. Recently, computing the number of spanning trees and the Kirchhoff
index of many graph products and circulant graphs attracted many researchers’ attention (see,
[1, 6, 11, 12, 15, 17, 18, 20]).
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5.1 The number of spanning trees

Let t(G) be the number of spanning trees of a connected graph G on n vertices with Laplacian
spectrum µ1(G) ≥ µ2(G) ≥ · · · ≥ µn(G) = 0. Then [4]

t(G) =
µ1(G)µ2(G) · · ·µn−1(G)

n
. (5.1)

Theorem 5.1. Let G1 be an r1-regular graph on n1 vertices and m1 edges, and G2 be an r2-
regular graph on n2 vertices. Then

t
(
G1 ⊙G2

)
=

1
n1 +m1 + n2

(2(r1 + 1))m1−n1
(
n1(r1 + 2) + 2n2

) n2−1∏
i=1

(µi(G2) + n1)

·
n1−1∏
i=1

[
2n2 + µi(G1)(r1 + n2 + 3 + µi(G1))

]
.

t
(
G1 ⊖G2

)
=

1
n1 +m1 + n2

(2(r1 + 1) + n2)
m1−n1 ·

(
(r1 + 2)m1 + r1n2

)
·
n2−1∏
i=1

(µi(G2) +m1)

·
n1−1∏
i=1

[
(2r1 + n2 + 2)(r1 + µi(G1))− (2r1 − µi(G1)) · (r1 + 1 + µi(G1))

]
.

Proof. Notice that the roots of fL(G1⊙G2)(x) are given in Corollary 3.2. By the relation between
coefficients and roots of the quadratic equation, we have x1x2 = n1(r1 +2)+2n2 and xi,1xi,2 =
2n2 + µi(G1)(r1 + n2 + 3 + µi(G1)) for i = 1, 2, · · · , n1 − 1. Then t(G1 ⊙G2) is obtained by
Eq. 5.1. Similarly, t(G1 ⊖G2) follows from Corollary 3.4.

5.2 The Kirchhoff index

Gutman and Mohar [7] and Zhu et al. [21] obtained the Kirchhoff index of a graph in terms of
Laplacian eigenvalues as follows:

Lemma 5.2. [7, 21] Let G be a connected graph with n ≥ 2 vertices. Then

Kf(G) = n ·
n−1∑
i=1

1
µi(G)

, (5.2)

where µ1(G), µ2(G), · · · , µn−1(G) are the nonzero Laplacian eigenvalues of G.

Theorem 5.3. Let G1 be an r1-regular graph on n1 vertices and m1 edges, and G2 be an r2-
regular graph on n2 vertices. Then

Kf
(
G1 ⊙G2

)
= (n1 +m1 + n2)

[ m1 − n1

2(r1 + 1)
+

n2−1∑
i=1

1
µi(G2) + n1

+
n1 + n2 + r1 + 2
n1(r1 + 2) + 2n2

+
n1−1∑
i=1

r1 + n2 + 2(µi(G1) + 1))
2n2 + µi(G1)(r1 + n2 + 3 + µi(G1))

]
.

Kf
(
G1 ⊖G2

)
= (n1 +m1 + n2)

[ m1 − n1

2(r1 + 1) + n2
+

n2−1∑
i=1

1
µi(G2) +m1

+
r1 + n2 +m1 + 2
(r1 + 2)m1 + r1n2

+
n1−1∑
i=1

r1 + n2 + 2 + 2µi(G1)

(2r1 + n2 + 2)(r1 + µi(G1))− (2r1 − µi(G1)) · (r1 + 1 + µi(G1))

]
.

Proof. Consider the roots in the Corollary 3.2 of fL(G1⊙G2)(x). By the relation between co-
efficients and roots of the quadratic equation, we have x1 + x2 = n1 + n2 + r1 + 2 and
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xi,1xi,2 = r1 + n2 + 2(µi(G1) + 1) for i = 1, 2, · · · , n1 − 1. Then

1
x1

+
1
x2

=
x1 + x2

x1x2
=

n1 + n2 + r1 + 2
n1(r1 + 2) + 2n2

and
1
xi,1

+
1
xi,2

=
xi,1 + xi,2

xi,1xi,2
=

n1−1∑
i=1

r1 + n2 + 2(µi(G1) + 1))
2n2 + µi(G1)(r1 + n2 + 3 + µi(G1))

,

for i = 1, 2, · · · , n1 − 1. So Kf(G1 ⊙ G2) is obtained by Eq. 5.2. Similarly, Kf
(
G1 ⊖ G2

)
follows from Corollary 3.4.
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