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Abstract Let G; and G, be two graphs, T'(G) denotes the total graph of G [2]. The T-vertex
join of G} with G, denoted by G; ® G, is the graph obtained from 7'(G;) and G, by joining
every vertex of V(Gy) N V(T(G)) with every vertex of V(G,). The T-edge join of G| with
G, denoted by G| © G, is the graph obtained from T'(G;) and G, by joining every vertex
of E(G1) N V(T(G)) with every vertex of V(G>). In this paper, we determine the adjacency
spectra, the Laplacian spectra and the signless Laplacian spectra of G| ® G (respectively, G| ©
G>) for a regular graph (G| and an arbitrary graph G, in terms of the corresponding spectra of
G and G,. Further, we obtain the number of spanning trees and the Kirchhoff index of G| ® G,
and G| © G, for regular graphs G| and G, as applications of Laplacian spectra of G; ® G, and
G S Gy,

1 Introduction

We consider simple graphs. Let G be a graph with vertex set V(G) = {vy,v2,...,v,} and
edge set £(G) = {e1,e2,...,em}. The degree of vertex v; in G is denoted by dg(v;). The
incidence matrix R(G) of G is the (V(G) x E(G))-matrix {g;; }, where ¢;; = 1 if vertex v; is
incident to edge e; and ¢;; = 0, otherwise. Let A(G) be the (V(G) x V(G))- matrix {a;;},
where a;; = 1 if (v;,v;) € E(G) and a;; = 0, otherwise. Let D(G) be the (V(G) x V(G))-
matrix {dg(vi;)}, where dg(vi;) = de(vi) and dg(v;;) = 0 for i # j. The matrices A(G),
D(G), L(G) = D(G) — A(G) and Q(G) = D(G) + A(G) are called the adjacency matrix,
the degree matrix, the Laplacian matrix, and the signless Laplacian matrix of G, respectively.
The characteristic polynomial A of G is defined as fg(A;x) = det(z1, — A), where I, is the
identity matrix of order n. The roots of f(A; x) are called the eigenvalues of G. It is denoted by
AM(G) > X (G) > -+ > A\ (G) and are called A - spectrum of G. The eigenvalues of L(G) and
Q(G) are denoted by 11 (G) > u2(G) > -+ > pp(G) = 0and 11 (G) < 1n(G) < -+ < vy (G).
They are called the L - spectrum and @ - spectrum of G. The total graph T'(G) or T-graph of a
graph G [2] is the graph whose vertex set is V(G) U E(QG), such that vertices are adjacent if and
only if they are either adjacent or incident in G.

Until now, many derived graph related operations such as subdivision-vertex join, subdivision-
edge join, R-vertex join, R-edge join, the subdivision-vertex neighbourhood corona, the subdivision-
edge neighbourhood corona, R-vertex corona and R-edge corona have been introduced, and their
spectra are computed in [5, 9, 10, 12, 13, 16]. Motivated by these works, we define two new
graph operations based on total graphs as follows.

Definition 1.1. The 7-vertex join of two graphs G| and G, denoted by G| ® G, is the graph
obtained from 7'(G) and G, by joining every vertex of V(G) NV (T(G;)) with every vertex of
V(Ga).

Definition 1.2. The 7T-edge join of two graphs G| and G, denoted by G| © G, is the graph
obtained from 7'(G4) and G, by joining every vertex of E(G1) NV (T(G1)) with every vertex of
V(Ga).
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Note that if GG; has n; vertices and m; edges for i = 1,2, then G; ® G, and G| & G, have
ny + ny + my vertices.

The M-coronal I'y;(z) of an n x n matrix M is defined [3, 14] to be the sum of the entries
of the matrix (zI,, — M)~ thatis, Ty (2z) = 1% (xI,, — M)~'1,,, where 1,, denotes the column
vector of size n with all entries equal to one. It is known [3, Proposition 2] that if M isann x n
matrix with each row sum equal to a constant ¢, then

l"M(x) = "

3 (1.1)
In this paper, we determine the A-spectra, the L-spectra and the Q)-spectra of G| ® G (respec-
tively, G| © G,) for a regular graph G| and an arbitrary graph G, in terms of the corresponding
spectra of G| and G,. Further, we obtain the number of spanning trees and the Kirchhoff index
of G| ® G, and G| & G for regular graphs G| and G, as applications of L-spectra of G; ® G,
and G| © G,. We refer to [8] for unexplained terminology and notation.

Firstly, we introduce two lemmas that need to be used in the proof process.

Lemma 1.3. [4] Let G be an r-regular graph with an adjacency matrix A and an incidence
matrix R. Let £.(G) be its line graph. Then RRT = A+ rI and RTR = A(L(Q)) + 21.

Lemma 1.4. [19] Let M, M,, M3 and My be matrices with My invertible. Then

My M, _
det <M3 M4> = det(My)det(M, — My M, ' M),

where M; — M2M4*1M3 is called the Schur complement of Mj.

2 A-spectra of T-vertex join and T-edge join

Theorem 2.1. Let G| be an r\-regular graph on n; vertices and m| edges, and G, an arbitrary
graph on ny vertices. Then

faoc) (@) = fA(Gz>($)'(33+2)m‘_""(xz—(ner<G2>($)+3ﬁ —2)z=2(n (1=r1)Tay) (z)+
2y — r%)) I, (zZ — (20(Gh) + 11— 2)z = 20(Gh) = (M(Gh) 4+ ) (1 — /\i(Gl))).

Proof. Let R be the incidence matrix of GG;. Then, with a proper labeling of the vertices, the
adjacency matrix of G; ® G, can be written as
A(Gl) R Jn1><n2
AG10Gy) = RT  RTR-2I,, Om xn,
anxnl Onzxml A(G2>

Then the adjacency characteristic polynomial of G| ® G, is given by

xlnl - A(Gl) -R _J7L|><’n2
feoc,(x) = det —RT (x+2)Im, — RTR Oy xn,
_anxnl On2><m1 xl’ﬂz - A(GZ)

det(xl,, — A(G?)) - det(S)
faqay) (z) - det(S),

where

¢ (a:[n]_A(Gl) -R )

RT (x +2)I,,, — RTR

_ (—J> (@l = A" (s O

Om1 XNy

_ I'In] - A(Gl) - FA(GZ)(x)Jnl Xny —R
—RT (z +2)Im, — R'R
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is the Schur complement of x1,,, — A(G,) obtained by Lemma 1.4. Add the first row left —
of the block matrix S to the second row.

S — xly, — A(Gl) - FA(Gz)(x)']m X7y -R
= - .
-R (({L‘ + I)Inl - A(Gl) - FA(Gz)(‘r)Janl) ({L‘ + Z)Im]

Now,
det(S) = det((z+2)I,,) - det (a:] — A(G1) = Tagn () Ty,
~R((w +2)In) " BT (2 + DI, = A(GY) = Taay (@) n, o))
= (z+42)™ ™det(B),
where B = (z+2) (21, — A(G1) =T () ( )mem)—(A(G)+nlm)((:c+1) —A(Gr) -

FA(G2>(x)Jn] Xm) Here matrix B is a polynomial with two variables A(G1), Jp, xn, and real
coefficients. Then B(A(G1), Jn,xn, ) has the eigenvalues oy = B(ry,ny) and o; = B(\;(G1),0)
fori=2,3,...,n;. Hence,

or = (z+2)(x—r —ml e () = (1 +r)(@+1 =7 —mTag,(z))
= [I,'z — (ner(Gz)(x) + 3’1"1 — 2)16 — 2(711(1 — Tl)FA(GZ)(l') + 2T1 — 7’1) and
o = (z+2)(x—X(G1)) — (N(Gr)+r)(xz+1—=X(Gy))

= .’L‘2 — (2/\Z(G1) +r — 2).1' — 2)\2(G1) — ()\Z(GI) + Tl)(] — )\Z(Gl)) for i = 2,3, 031
Since det(S) = (z+2)™ ™ [];"| 04, The required result follows from f4 (¢, 06, ) (%) = fa(e) (@)
det(S). i
Corollary 2.2. Let G| be an ri-regular graph on ny vertices and m, edges, and G, be an r;-
regular graph on ny vertices. Then the A-spectrum of G| © G, consists of:

(a) —2, repeated m; — n, times;
(b) Ai(Gz)fori =2,3,....,m

(c ) i(Gr)+r— i\/(z/\i(Gl)+r1—2)22+4(2>\i(G1)+(/\1(G1)+T1)(1—/\1(G1))),for7; =2.3,....n

(d) three roots of the equation x> — (ry 4+ 3ry — 2)a? — (nyny — r2(3r) — 2) +2(2r) —7}))z +
2(r2(2ry —r3) — nna(1 — 1)) = 0.

Proof. By Theorem 2.1, we obtain (a) readily Since G, be an rp-regular graph on n, vertices,

by Eq. 1.1, we have I'yq,)(z) = . The pole of T'y(¢,)(z) is © = 1 = A(G2). Thus,

by Theorem 2.1, (b) and (c) follows The remaining 3 eigenvalues of G| ® G, are obtained by

solving
n2
.%‘2 — (m
T —

this yields the eigenvalues in (d). O

_ _ _ 2 _2)
r2+3T1 2>x 2(n1(1 rl)x—r2+2m rl) 0,

By substituting the well-known result [14] that A(K, 4)-coronal of complete bipartite with
p,q > 1 vertices in the two parts of its bipartition is I' 4 M)(x) = (”;(12)77“;;’”’ in Theorem 2.1,
we have the following corollary. The computations are routine as in the above Corollary 2.2, and

hence we omit the proof.

Corollary 2.3. Let G be an r-regular graph on n vertices and m edges. Then the A-spectrum of
G © K, 4 consists of:

(a) O, repeated p + q — 2 times;

(b) —2, repeated m — n times;

(© (ZAi(G)+r72):t\/(ZAI»(G)+r72)22+4(2>\i(G)+(>\i(G)+r)(lfAi(G))),forZ. =23, ..n;
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() four roots of the equation z* + (3r — 2)z* — (pq + n(p + q) + 2(2r — r?))a? — (2npq —
pg(3r —2) +2n(1 —r)(p +q))z + 2pq((2r — r?) —2n(1 — r)) =0.

Theorem 2.4. Let G| be an r|-regular graph on n, vertices and m, edges, and G, an arbitrary
graph on n; vertices. Then

fa@eay) (@) = fay (@) - (x+2)™M™™ (552 +(2-3r + T aey (@) — (2r1(2 =) —
ey (@) - TI (2% = NG + 11 =20 = 20(G1) = (A(G1) +11)(1 = A(G1)))-

Proof. Let R be the incidence matrix of GG;. Then the adjacency matrix of G| ©G; can be written
as
A(Gy) R On, xn,

A(G1 © Gz) = RT RTR — ZIml Jml XMy
Oann] J’I’Lsz] A(GZ)

Then the adjacency characteristic polynomial of G| © G, is given by

xl,, — A(G)) -R On, xn,
fGler (ﬁ) = det _RT (.13 + 2)Im1 - RTR —Jmxn,
On2><n1 _anxml l.I’ﬂz - A(Gz)

= det(zl,, — A(Gr)) - det(S)
= faiay (@) - det(9),

6 <ﬂn_— A(Gy) -R )

RT (24 2)In, — RT"R — T 4Gy (@) Ty xcm,

where

is the Schur complement of z1,,, — A(G,) obtained by Lemma 1.4. Add the first row left —RT of
the block matrix S to the second row. Since G| is the regular graph, then J,,, xn, R = 2Jm, xm, -
Therefore,

g ( &Ly, — A(G1) R >
—RT((z + 1)I,, — A(G1)) (z+2)Im, — T4y (@) Iy xn R)

Now, multiply the first row of this block matrix —%F A(G») () Jimyn, and add to the second row.

6 ( eI, — A(G)) -R )
*RT«x =+ 1)In1 - A(Gl)) - %FA(Gz)(‘T>Jm1n1 (‘TI’L] - A(Gl)) (f =+ Z)Iml .

Since G is the ri-regular graph, then RJ,,, xn, = r1Jpn,xn,- By Lemma 1.4 and 1.3, we have
det(S) = (z+2)™~ ™ .det(B),

where B = (2+2) (2L, — A(G1))—(A(G1) 4711, ) (a-+1) L, —A(G1)+ 11T ) (@) oy o (L, —
A(G)). Similar argument in the proof of Theorem 2.1. Therefore the eigenvalues of B are

o = (@+2@—r) =)@+ 1) —n)+ 5 Taey (@)@ —n)
71 TL1T2
= l‘2+(2—3T1+anrA(G2)($))l‘—(27‘1(2—7‘1)+ ZIFA(GZ)(x)> and
o = (x+2)(x—XN(G1)) — N(Gr) +r1)(x+1=X(Gh))

= 22— 2N(Gh) + 11 —2)z = 20(G1) — (Ni(Gh) + 1) (1 = Ni(Gy)) for i =2,3,...n.

Since det(S) = (z+2)™ ™ T, 0;, The required result follows from fg,ca,(2) = fa(q,)(2)-

1=

det(S). m|

Similar to corollaries 2.2 and 2.3, Theorem 2.4 implies the following results.



Spectra of T-vertex join and T-edge join of two graphs 629

Corollary 2.5. Let G be an ri-regular graph on ny vertices and m, edges, and G, be an r;-
regular graph on ny vertices. Then the A-spectrum of G| © G, consists of:

(a) —2, repeated m| — n; times;

(b) \i(Ga) fori=2,3,... ny

(©) (X (G1)+71=2) £/ (22 (G1)+r1 =22 4420 (G1)+(As (G1)+r1) (1—A

2 i(Gl)»Jforl-:2a3?"'7n1;

(d) three roots of the equation x> + (2 —3r; — rz)xz - (7’2(2 —3r))— %nlnzrl +2r(2—r )):z: +
2rima(2 = 1) — sninor} = 0.

Corollary 2.6. Let G be an r-regular graph on n vertices and m edges. Then the A-spectrum of
G © K, 4 consists of:

(a) O, repeated p + q — 2 times;

(b) —2, repeated m — n times;

(© (2>\,;(G)+r—2):i:\/(2>\,;(G)+r—2)22+4(2>\,;(G)Jr()\,,(G)Jrr)(l—)uz(G)))’fori —2.3,....n

(d) four roots of the equation z* + (2 — 3r)a® — (pq — %m’(p +q)+2r(2—r))z* — (pg(2 —
3r) —nrpq — snr?(p+ q))z + rpg(2(2 = r) — nr) = 0.

3 L-spectra of T-vertex join and T-edge join

Theorem 3.1. Let G| be an r-regular graph on n; vertices and m, edges, and G, an arbitrary
graph on ny vertices. Then

fL(GIQGz)(I) = fL(Gz)(xfnl) . (I*ZT’] 72)m17m . <l‘2 — (’I"] +TL2+2+R1FL(G2)(LIJ*TZ1))I+
2(ry +np + mFL(GZ)(m —n)(r+1)+2r(ri+ny+ 1+ mFL(GZ)(x — nl))) H:l:‘fl (:v2 —
(r1 4 mn2 +2(us(G1) + 1))z — (2n2 + pa(Gr) (1 +n2 +3 + Ni(Gl))))-

Proof. Let R be the incidence matrix of Gi. Then, with a proper labeling of the vertices, the
degree matrix of G; ® G, can be written as

(Zrl + nZ)Inl O’n1><m1 Onlxng
D(Gl O] GZ) = Omlxnl 27ﬁ11m1 Omlxnz
O’nz)(’n] O’anml nlInz + D(Gz)

Then using adjacency matrix given in Theorem 2.1, Laplacian matrix of G| ® G is given by,

(2r1 +n2)In, — A(Gh) -R Ty s
L(Gl @ Gz) = _RT (27‘1 + 2)1””1 - RTR Oml XNy
_Jn2><n1 Onngl ﬂlfnz + L(Gz)

and the Laplacian characteristic polynomial of Gy © G is

(:E—ZT‘I —nz)Inl +A(G1) R Ini xns
fL(GIQGz)(x) = det RT (x —2ry —2)I,,, + RTR O,y xcns
Jn2><n1 Onzxml (w - nl>In2 - L(Gz)

= det((z —n)I,, — L(G,)) - det(S)
= fray (@ —m) - det(S),
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where
g - (CB —2r; — ?”Lz)]nl + A(Gl) R _ Iy xny
RT (JJ - 27"1 - 2)Im1 + RTR Oml Xny
—1
((3;‘ - nl)Inz - L(Gz)) (anxnl Onzxml)
_ (= 2r1 —n2)In, + A(G1) =Ty (@ = n1) Jnyxem, R
RT (x —2ry —2)I,,, + RTR

is the Schur complement of (z — ny)1,,, — L(G,) obtained by Lemma 1.4. Add the first row left
—RT of the block matrix S to the second row.

g = (.ﬁ — 27 — nZ)InI + A(Gl) - FL(GZ)(I - nl)JrLI Xn R
—RT(x —2ry —ny — 1)1, + A(Gy) — Cre) (@ —=n1)dnxn, (2 =211 = 2) Iy,

By 1.4, hence,
det(S) = (xz—2r —2)™ - det((x —2r1 —m) I, + A(Gh) — FL(GZ)(x —n1)Jn, xn,

o
(x —2r —2)

~A(G1) = Ta() (#) T )
= (z—2r —2)™ " ™det(B),

((x — 27“1 — Ny — 1)In] —|— A(Gl) — FL(GZ) (CL’ — nl)Jann])

where, B = ((z — 2r1 — n2) I, + A(G1) — Ty (x — 1) Jnyxn, ) - (& = 2r1 = 2) + (A(Gh) +
ri0n, ) ((x=2r1—na—1) I, +A(G1) =T (g,) (£—=n1) Jn, xn, ). Here matrix B is a polynomial with
two variables A(G), Jp, xn, and real coefficients. Then B(A(G)), J,, xn, ) has the eigenvalues
on, = B(ri,n) and o; = B(ry — u;(Gy),0) fori = 1,2,...,n; — 1. Hence,
Ony = (2 =2r1—na+r—mlpe,) (e —n1))(x—2r =2) + (r1 +r)(x—2r —ny — 1
+ry — nlrL(Gz)(ﬂlj —n1))
= ;1;2 _ [7‘1 +ny+2+ nlrL(G2)<1‘ — nl)]z + [2(7’] —+ 1)(7‘] —+ ny + TL]FL(GZ(I — n1)>
—27‘1(7“] +ny+ 1+ n1FL<G2)(1‘ — n]))} and
oi = (x=2r1—ny+r—pi(Gr))(@—2r1 = 2) + (11 +r1 — pi(G1))
(:c —2ri—np—1+7r — /Li(Gl))
= 27— [r1 4+ 2+ 20:(Gr) + 2)] @ + [2n2 + 1i(G1)(r1 +n2 4+ 3 + i(Gh))],
for i=1,2,...,n1 — 1.
Since det(S) = (z — 2r; —2)™ ™[], 0y, The required result follows from f1¢,0q,) () =
friey) (@ —ny) - det(S). =
ny

Note that, for regular graph G, we have I'r(¢,)(z —n1) = 7> Theorem 3.1 implies the
following result.

Corollary 3.2. Let G be an ri-regular graph on ny vertices and m, edges, and G, be an r;-
regular graph on n, vertices. Then the L-spectrum of G1 © G consists of:

(@) 0;
() 2(ry + 1), repeated my — ny times;
© pi(Ga)+nyfori=1,2,...,np—1;

(d) two roots x1, x5 of the equation x> — (ny +ny + 71 + 2)x — (nl(rl +2)+ 2n2) =0;

)



Spectra of T-vertex join and T-edge join of two graphs 631

(e) two roots x; 1, x; » of the equation 2 — (1"] +np 4+ 2(ui(Gr) + 1))9: — (an + wi(Gr)(r1 +
ny +3+ pi(Gy))) =0, fori=1,2,...,n; — L

Next we consider the Laplacian spectra of T-edge join.

Theorem 3.3. Let G| be an r|-regular graph on n, vertices and m, edges, and G, an arbitrary
graph on ny vertices. Then

fL(Glegz)(x) = fL(GZ)(x —my)-(x—2r —ng—2)™ ™. (wz — (’1"1 +ny + 2+m1FL(G2>(x -
my))z+ (r1n2+r1m1FL(G2)(x—m1))) T (:cz —(r+n2+2+2p,(Gr))z+ (2r) +no+
2)(r + 1i(G1) = 21 = ps(G1)) - (m + 1+ i(Gh)))-

Proof. Let R be the incidence matrix of Gj. Then, with a proper labeling of the vertices, the
degree matrix of G; © G, can be written as

zrlInl O?’L]Xml O’I’LIXTLZ
D(G] (S Gz) = Om]an (27“1 + ’nz)]ml Omlxnz
Onzxnl Onzxml mIInz + D(GZ)

Then using adjacency matrix given in Theorem 2.4, Laplacian matrix of G| © G is given by,

2701[711 — A(Gl) —R On1><n2
L(GioGy) = —RT (2r1 +np+2)1,, — RTR — Ty xna
Onzxm _anxml ml[nz + L(Gz)

and the Laplacian characteristic polynomial of G| © G, is

(IIZ’ — 27”‘1)In1 + A(G]) R Onlxng
fL(Gler)(x) = det R (‘T —2ry —mna — Z)Iml + R"R Ty xny
On2><n1 anxml (I - ml)Inz - L(GZ)

= det((x —my) I, — L(Gz)) - det(S)
= fu@)(x—mi)-det(S),

where,

S — (IE — 27‘1).[”1 + A(Gl) R o Onl XMy
RT (x —2ry —ny —2)I,,, + RTR Ty xna

(@m0~ L62) " (Onens o))

_ (x —2r1)In, + A(Gh) R
RT (x = 2r1 —np —2) I, + RT"R — T,y (2 — m1) Iy xcmy

is the Schur complement of (z — m;)I,, — L(G,) obtained by Lemma 1.4. Add the first row left

—RT of the block matrix S to the second row. Since G| is the regular graph, then Jmyxn B =
2Jm, xm,- Therefore,

S = (LB - ZTI)In] + A(Gl) R
7RT(<I - ZTI - 1)In1 + A(G1>) (‘T - 2T1 —ny — Z)Iml - FL(GZ)(‘r - ml)%Jml Xn,]R )
Now, multiply the first row of this block matrix 3I'z(g,)(# — m1)Jm,n, and add to the second

row.
5_ (x = 2r1) L, + A(G) R
C (x —2ry —npg — 2) 1y,



632 Shreekant Patil et al.

where C = —RT((QS —2r = 1)1, + A(G, )) + %FL(Gz)@S —m1) I xn, (£ =2r1) L, + A(Gh)).
Since G is the r|-regular graph, then RJ,,, xn, = 71Jpn, xn,- By lemmas 1.3 and 1.4, we have

det(S) = (x—2r —mnp—2)"™"™ .det(B),

where B = ((z —2r1) I, + A(G1)) - (x = 2r1 —np — 2) + (A(G1) 4+ ri 1y, ) ((x = 2r1 = 1)1, +
A(GY)) = 301Gy (@ — my)r1dn s, (@ — 2711, 4+ A(G1))). Similar argument in the proof of
Theorem 3.1. Therefore the eigenvalues of B are

on, = (@=2rm+mr)(z-2r—-—m—-2)+(rm+r)xz—-2r—14+r)

1
—ETInIFL(Gz)(x —my)(z—2r; +71)

= z* - (r1+n2 +2+miTpgy) (@ —mi))x + (ring +rimilg, (z —mi)) and
o = (x=2r+r —w(G))(x—=2r—ny—2)+ (r1 +r1 — wi(G1))(x —2r1 = 1 + 711 — u;(Gr))
= z2- (r1+n2 424 2u(Gr))x + ((2r1 +n2 4 2)(r1 + 1:(Gr)) — (2r1 — 1i(Gy))
(r1+1 +#1(G1))) for i=1,2,...n; — 1.
Since det(S) = (z—2r1—ny—2)™ ™[] 0, The required result follows from frciea)(x) =
fria,) (@) - det(S). =

Corollary 3.4. Let G| be an r-regular graph on n| vertices and m; edges, and G, be an r;-
regular graph on n; vertices. Then the L-spectrum of G| © G, consists of:

@ 0;

(b) 2r; + ny + 2, repeated m; — n, times;

© pi(Gy)+myfori=1,2,....np—1;

(d) two roots x; 1,z of the equation z* — (ry + no + 2+ 2p;(G1))x + ((2r1 +n2 +2)(r1 +
1i(Gh)) — (2r1 — wi(Gh)) - (r + 1+ i(Gh))) =0, fori = 1,2,...,ny — 1;

() two roots x1, x5 of the equation x* — (my +ny + 11 + 2)z + ((r1 +2)my +riny) = 0.

4 Q-spectra of T-vertex join and T-edge join

Theorem 4.1. Let G| be an r|-regular graph on n, vertices and m, edges, and G, an arbitrary
graph on n; vertices. Then

facioa) (@) = foon (@ —m) - (@ = 2r =2)™m=™ - (xz = (Ot +m2 + 24 g, (@
n1))z + (5r1 +2)(4r1 +no +nilgq, ( —n1)) — 3r1) eyt (:c2 = (Bri+m+2(wi(Gh) +
D)z +2(r1 + 1)(r1 + 12 +vi(G1)) + vi(Gr) (r1 +n2 — 1+ Vi(Gl)))-

Proof. Let R be the incidence matrix of GG;. Then, with a proper labeling of the vertices, the
degree matrix of G; ® G, can be written as

(2T1 + nZ) ny Om X my Om XNy
D(Gl O] GZ) = Oml X np 27"1]m1 Olenz
Oan’ﬂ] Onz)(m] nll’nz + D(G2)

Then using adjacency matrix given in Theorem 3.1, signless Laplacian matrix of G| ® G is
given by,

(27"1 + nz)[nl + A(Gl) R Jnl X1y
Q(Gl ® Gz) = RT (2’/’1 — Z)Iml + RTR Omlxnz
JTLQXTLI On2><m1 nlI’nz + Q(G2>

The rest of the proof is similar to that of Theorem 3.1 and hence we omit details. O
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ny
z—27)"

Note that, for regular graph G, we have (g, (z) = Theorem 4.1 implies the

following result.

Corollary 4.2. Let G| be an ri-regular graph on ny vertices and m, edges, and G, be an r;-
regular graph on ny vertices. Then the Q-spectrum of G| ® G, consists of:

(@) 2(ry + 1), repeated m — ny times;
(b) Vi(Gz) +nyfori=2,3,...,ny;

3ri4+na+2(vi(Gh)+1)) | £ 3ri+n+2(vi (Gh)+1 2—4 2(r1+1)(r1+n2+vi (G vi(G1)(r1+n2—14+v; (G
© (3ri+nat2(vs(G1)+1))) \/( +na42(vi (G1)+1)) ) 2(( +1)(ritna i (G1) 41 (Gr) (o — s >>)’f0r
i:1,27...,n1—1;

(d) three roots of the equation x> — (97"1 +ny+ny+2r + Z)mz + ((27"2 +n1)9r1 +n2+2)+
(5?“1 +2)(47‘1 +n2) —nmg)x — ((57“1 +2)(47“1 +2)(m +27”2) —77,177,2(57"1 +2) +3T1) =0.

Theorem 4.3. Let G| be an r-regular graph on n; vertices and m, edges, and G, an arbitrary
graph on ny vertices. Then

fQ(G19G2)(I) = fQ(GZ)(I’fml)'(:L'fz’l’l 7n2_,’_2)m]7n1 . (sz (97’1 +n272—%r1n1FQ(GZ)(3§f
my))x +r1(4(2r1 +ny —2) +3(4r — 1) = 2rimDgg,) (z — ml))) H?:‘fl (mz —(Bri4+ny—
24 20,(G1))x + (2r1 + 2 — 2) (11 + 1:(G1)) + vi(G1) (r1 + 1i(G)) — 1)).

Proof. Let R be the incidence matrix of GG;. Then, with a proper labeling of the vertices, the
degree matrix of G; © G, can be written as

ZT]Inl Onl Xm Onl XNy
D(Gl e Gz) = Om| Xnq (27'1 + nZ)Iml Oml XNy
Onzxnl Onzxml mljnz + D(GZ)

Then using adjacency matrix given in Theorem 3.3, signless Laplacian matrix of G| © G is
given by,

2r Iy, + A(G]) R On,xny
QG IeG) = RT (2ry +ny —2)I,, + RTR Ty xma
Onzxn] anxml mIIng + Q(G2>
The rest of the proof is similar to that of Theorem 3.3 and hence we omit details. O

Corollary 4.4. Let G| be an ri-regular graph on n vertices and m, edges, and G, be an r;-
regular graph on n; vertices. Then the Q-spectrum of G| © G, consists of:

(@) 2ry + ny — 1, repeated my — n; times;
) v, (Gy) +my fori=2,3,...,ny;

(3T1+’n272+2ﬂi(G1 )) :‘:\/(37’1+n272+2ﬂ1‘(G1 ))274 ((2r1+n272)(r1 +I/1‘(G1 ))+l/i(G] )(’I"H»l/i(Gl)fl))
© ; fori =
1,2, ony — 1;

(d) three roots of the equation x> — (m+11r;+ny—2)2?+ ((m1 +2r1)(9r1+n2—2)+ 3 nyna+

7 (4(2r1 +ny—2)+3(4r —1)))33—7“1 ((m1+27“1 ) (4(2r1 +ny—2)+3(4r —1))+2r1n]n2) =
0.

5 Applications

The Laplacian matrix of a graph has many interesting properties. In sub sections, we have used
two properties to find the number of spanning trees and the Kirchhoff index of T-vertex join
and T-edge join of graphs. Recently, computing the number of spanning trees and the Kirchhoff
index of many graph products and circulant graphs attracted many researchers’ attention (see,
[1,6, 11,12, 15,17, 18, 20]).
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5.1 The number of spanning trees

Let ¢(G) be the number of spanning trees of a connected graph G on n vertices with Laplacian
spectrum 41 (G) > p2(G) > -+ > pun(G) = 0. Then [4]

HG) = MI(G)NZ(G)"'/MFI(G). .1

n

Theorem 5.1. Let G| be an r-regular graph on n| vertices and m; edges, and G, be an r;-
regular graph on n; vertices. Then

1 ny—1

t(Gl ® Gz) = m(z(ﬁ + 1))m1—n| (nl(rl + 2) + 2n2) H (Mi(G2) + nl)
=1

’I’L]—l

T 202+ (G (1 + 2 + 3+ m(G1))].
=1

ny 1
1 mp—ni
t(G1oGy) = m(z(ﬁ +1) +n2) ((r +2)my +ring) - }—[1 (1i(Ga) +my)

’I’L]*l

. H [(27“1 +ny + 2)(7“1 + /J,Z(Gl)) — (27‘1 — ,uZ(Gl)) . (7‘1 +1+ ,Uq(Gl))]

i=1

Proof. Notice that the roots of f (¢, o,)(x) are given in Corollary 3.2. By the relation between
coefficients and roots of the quadratic equation, we have z 1z, = n;(r; +2)+2ny and z; 1z, » =
2np 4+ 1i(G1) (1 +m2 + 3+ pi(Gy)) fori = 1,2,--- . ny — 1. Then t(G; ® G,) is obtained by
Eq. 5.1. Similarly, ¢(G; © G,) follows from Corollary 3.4. O

5.2 The Kirchhoff index

Gutman and Mohar [7] and Zhu et al. [21] obtained the Kirchhoff index of a graph in terms of
Laplacian eigenvalues as follows:

Lemma 5.2. [7, 21] Let G be a connected graph with n > 2 vertices. Then

(5.2)

where 111 (G), p2(G), -+, pin—1(G) are the nonzero Laplacian eigenvalues of G.

Theorem 5.3. Let G| be an r-regular graph on n, vertices and m, edges, and G, be an r;-
regular graph on n; vertices. Then

’I’Lz*l

Kf(GioG) = (m +m1+n2){%+ Z
i1

ny+ny+r+2
wi(Ga) +ni - ni(r +2) 4+ 2n,

1+ no +2(pui(Gr) + 1))
Z 2np + pi(G1)(m +n2—|—3—|—,u,'(G1))}

ngfl

Kf(Gl @Gz) = (m =+ my +n2) {ﬁ + Z

"+ 1y +mp +2
wi(Ga) +my  (r1 +2)mi +ring

nlfl

ri+no+ 2+ 2u(Gy)
i ; (2r1 +mn2 +2)(r1 + pi(G1)) — (21 — pi(Gr)) - (11 + 1 +m(G1))]'

Proof. Consider the roots in the Corollary 3.2 of fL(GIQGZ)(l‘). By the relation between co-
efficients and roots of the quadratic equation, we have x; + 2o = n; + ny + r; + 2 and
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Ty Tip =T1+ N2 —i—2(,u,(G|) + 1) fori=1,2,---,ny — 1. Then

1 +i_ Titr _ mtmtrt2
T T2 172 ni(ry +2) +2n,
and

ny—

1 1 mig+@p i+ no +2(pi(Gr) + 1))
T o Z 2n2

Tl Tin  TiaTin + 1i(Gr)(r1 +n2 + 3 + 1i(Gy))’

fori =1,2,---,n — 1. So Kf(G) ® G,) is obtained by Eq. 5.2. Similarly, K f(G; © G»)
follows from Corollary 3.4. O
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