Palestine Journal of Mathematics

Vol 14(3)(2025) , 63-78 © Palestine Polytechnic University-PPU 2025

Third order Newton-like method in Riemannian manifolds

Chandresh Prasad

Communicated by Theodoros Katsaounis

MSC 2010 Classifications: Primary 65H10; Secondary 65D99.

Keywords and phrases: Vector fields, Riemannian manifolds, w- continuity condition, Newton-like method, Semilocal
convergence.

The author would like to thank the reviewers and editor for their constructive comments and valuable suggestions that

improved the quality of our paper.

Chandresh Prasad was very thankful to the UGC, India (No: NFO-2018-19-OBC-JHA-68560) for their necessary support
and facility.

Abstract In this paper, we study a semilocal convergence analysis of a Newton-like method
in Riemannian manifolds. We present a semilocal convergence analysis of a Newton-like method
under w-continuity condition on the second order covariant derivative of a vector field. Using
normal coordinates the order of convergence is derived. Finally, two numerical examples are
provided.

1 Introduction
Many problems in engineering and technology field can be solved through nonlinear equation
&(z) =0, (1.1

where ® is a nonlinear operator defined in an open convex subset ® of a Banach space B into
itself. The exact solution of these equations are difficult to find so that we use iterative methods
to solve these equations. There are various methods to find the solution of a nonlinear equation.
The most famous iterative method is Newton’s method which converges quadratically. To im-
prove the convergence order many higher order iterative methods have been presented. The most
famous third order iterative methods are Halley method, Euler method, Chebyshev method and
Chebyshev-Halley method etc. Many articles of numerical iterative method in Banach spaces
can be found in [1, 2, 3, 11, 12]. The Newton-like method [14] in Banach space to solve (1.1) is
defined as:

Yn = Tn — 6/(3771)_16(3771)7

& (xn) + &' (yn)
2

(1.2)

-1

an:xn—( ) &(z,), foreachn =0,1,2,...,
where &’ is first Fréchet derivative of &. The Newton-like method being of third order is im-
portant to study because it does not contain higher order derivatives. Recently, there has been
a growing interest in studying iterative methods in Riemannian manifolds, since there are many
numerical problems in manifolds that arise in many contexts [4, 5]. In this paper, we study a
semilocal convergence analysis of a Newton-like method (1.2) in Riemannian manifolds to find
the singular point of a vector field and establish the convergence analysis under w-continuity
condition on the second order covariant derivative of a vector field.

The paper is organised as follows: Section 1 is the introduction. In Section 2, we introduce
some basic results of differential geometry. In Section 3, we present a semilocal convergence
analysis of a Newton-like method in Riemannian manifolds under w-continuity condition on the
second order covariant derivative of a vector field. In Section 4, the order of convergence of the
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Newton-like method is derived. In Section 5, two examples are given. In Section 6, conclusion
is given.

2 Preliminaries

In this section, we discuss some basic results of differential geometry (see [9] and the references
therein).

Definition 2.1. Let Z be a real n dimensional Riemannian manifold. The tangent space of Z at a
is denoted by T,Z. The inner product (., .), on T,Z induces the norm |.||,. The tangent bundle
of Z is denoted by TZ and is defined by

TZ = {(a,v);a € Zandv € T,Z} = U T.Z.
a€l

Leta,t € Z, and let p : [0,1] — Z be a piecewise smooth curve joining the points a and ¢. The
arc length of p is defined by

1 1 1
/ dp dp\*
(p) /0 10" (z) || dx /0<dx,dx> T

and the Riemannian distance from a to ¢ is defined by

d(at) = infi(p),

where the infimum is taken over all the piecewise smooth curves p connecting a and .

Definition 2.2. Let x(Z) be the set of all vector fields of class C>° on Z and D(Z) be the ring of
real-valued functions of class C'*° defined on Z. An affine connection V on Z is a mapping
Y X(Z) x X(Z) - X(Z)
(X7 ‘ﬁ) — VxI.
Definition 2.3. Let 91 be a vector field of class C! on Z, the covariant derivative of 91 is deter-
mined by the connection V which defines on each a € Z a linear application of 7, Z itself
DN(a) : T,Z — ToZ
v DN(a)(v) = VxN(a),

where X is a vector field satisfying X (a) = v.

Definition 2.4. A parametrized curve p : I C R — Z is a geodesic py € I, if V,(,)p'(p) = 0 at
the point py. If p is a geodesic for all p € I, then we say p is a geodesic. If [z,y] C I, then p is
a geodesic segment joining p(x) to p(y). Since p’(p) is parallel along p(p) therefore ||p’(p)|| is
constant. Let U(a, s) and UJa, s] be an open and a closed geodesic ball with centre a and radius s
respectively. By the Hopf-Rinow theorem, if Z is a complete metric space, then for any a,t € Z
there exists a geodesic p called the minimizing geodesic joining a to ¢ with

l(p) = d<av t),

here we have assumed that Z is complete therefore if v € T,7Z, then there exists a unique mini-
mizing geodesic p such that p(0) = a and p’(0) = v. The point p(1) is called the image of v by
the exponential map at a, i.e.

exp, : ToZ — 7,

such that exp, (v) = p(1) and p(p) = exp,, (pv), for any p € [0, 1].
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Definition 2.5. Let p be a piecewise smooth curve. Then for any z,y € R, the parallel transport
along p is denoted by R, . and given by

Rp’m’y . Tp(m)Z — Tp(y)Z
v Vip(y),
where V' is the unique vector field along p such that V)V = 0 and V(p(z)) = v.

Definition 2.6. Let j € N and 91 be a vector field of class C*. The covariant derivative of order
j of M is denoted by DN and defined as the multilinear map

DIN: CH(TZ) x C*(TZ) x --- x C*(TZ) — C*~I(TZ)

j-times
which is given by
DIN(Ay, Ay .. Aj 1, A) = VaD I (A, Ay, A y)

7j—1
—ZDjilg}II(A],Az,...,VAAia-~'7Aj—1)7 2.D

i=1
for all A, Ay, ... ,Aj_l S Ck(TZ)

Definition 2.7. Let Z be a Riemannian manifold, Q C Z be an open convex set and 91 € x(Z).
The covariant derivative D0 = V)9 is Lipschitz with constant M > 0, if for any geodesic p
and x,y € R such that p[z,y] C Q, it satisfies the inequality

IRy DR By~ DRG] <M [ 10

We will write DN € Lipy(Q). If Z = R"™, then the above definition is the same as the usual
Lipschitz condition for the operator DN : Z — Z.

Proposition 1. Let p be a curve in Z and 91 be a C'! vector field on Z, the covariant derivative of
M in the direction of p’(t) is defined as

D)9 (1) = V 0y = him ~ (RpsirsR(plt + 7)) — N(o(2))).

r—=07
If Z = R™, then it is the same as the directional derivative in R™.

To prove the convergence analysis of our iterative method we need some theorems. The
proofs are given in [7].

Theorem 2.8. Let p be a geodesic in 7. and let N be a C'-vector field on Z.. Then,
t
R dp(0) = R 0)) + [ Fy0oDR(o(0) (0)0.
Theorem 2.9. Let p be a geodesic in Z and let N be a C*-vector field on 7. Then,

Ryt 0 DN(p(1))p' () = DN(p(0))p' (0) + /0 t Rp0.0D*N(p(0))(p'(6), ' (0))do.

Theorem 2.10. Let p be a geodesic in 7 such that [0,1] C Dom(p) and let N be a C*-vector
field on Z. Then,

Ry1,09p(1)) = N(p(0)) + DR(p(0))p'(0) + A (1= 0)R,00D°N(p(0)) (' (0), p'(6))d.
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3 Semilocal convergence analysis

In this section, we shall study a semilocal convergence analysis of a Newton-like method in
Riemannian manifolds. The Newton-like method (1.2) in Z can be formulated as:

fn = _an(an)a
by = exp,,, (fn),
W, (t) = €XPq,, (tfn),

-1
G = — (Dm(an) + R‘Pn,lz,ODm(bn)R‘Pn,O,l > m(an)’

any1 = exp, (gn), foreachn =0,1,2,...,

3.1)

where D0(a,) = V()M(a,) and T, = DN(a,) "' Let ag € Q C Z and assume that
@) [[Toll <& £>0,

(i) [ToN(ao)ll < ¢, ¢ >0,

(i) |[D*N(a)| < A, A>0, VacQ,

(V) [|Rgp.a D*N(e(b)) R} ., — D*N(e(a))]| < w(d(p,q)),

0,a,b
where o is a geodesic such that g(a) = ¢, 0(b) = p, and w : R, — R is a continuous and

increasing function such that w(0) > 0,

(v) There exists a continuous and increasing function C : [0,1] — R, such that w(ta) <
C(t)w(a) witht € [0,1] and a € R..

Let o = AEC, yo = £Cw((¢) and for all n > 1, we define the sequences

Zn = A(In)B(xnvyn)a Tn+1 = ITLA(‘TH)'ZTM Yn+1 = ynA(zn)ZnC(Zn)a (3.2)
where
2—a
A(a) = 2 _ 30;7 (3'3)
B(a,b) = ‘W L Ib|, L>o0. (3.4)

Let by = 0.1905960896 . . . be the smallest positive zero of the polynomial C(a) = —a® + 164> —
24a + 4. Before studying the convergence of (3.1), we will first analyze some properties of the
sequences given in (3.2). For this we will prove some lemmas.

Lemma 3.1. Let A and B be the real valued functions, which is given by (3.3) and (3.4), then,
Jor a € (0,by]

(i) Ais increasing and A(a) > 1,
(ii) B is increasing in both arguments for b > 0,

(iii) A(Xa) < A(a) and B(Aa, \b) < AB(a,b), for A € (0,1).

Proof. It is easy to prove and hence omitted. O

Lemma 3.2. Let A and B be the real valued functions, which is given by (3.3) and (3.4) and
C(t) <1, Vt € [0, 1]. Let us define a function

(—a® 4+ 16a*> — 24a + 4)

Dla) = L(2—a)?

(3.5)

If xo € (O,bo] and 0 < by < D(Io), then,



Third order Newton-like method in Riemannian manifolds 67

(i) znA(zy,) <1,
(ii) {xn}, {yn}, {#n} are decreasing and x,, < 1, z, < 1 foralln > 1.
Proof. See [14]. O

Lemma 3.3. Suppose xy € (0,by) and 0 < by < D(xy). Define s = x1/x, then forn > 1, we
have

. n—1 n
(i) n <2 wpy < ¥ g, forn > 2,

.. n—I1 n—1
(i) yn <2 yuo1 <2 yo,

(iii) 2, <" [ A(o).

Proof. See [14].
O

Lemma 3.4. Let N be a C? vector field on on Z and let P,,(t) be given as above. Then, for all
n > 0, we have

1
Ry, 100(by) = / (1 —t)Ry, 1 0 D*N(Wn(t)(Rw, 0,0fn: Rw, 0,.0fn)dt.
0

Proof. By Theorem 2.10 and (3.1), we have

Py, 10M(by) = N(an) + DN(ay) fr + /01(1 — )Ry, 1 0D*N(P,. (1)) (¥, (1), ¥, (1))dt

= N(an) + DN(an)(—DN(an) " N(an))

[0 ), PP 0) (¥, 1), ()
0

= [0 R DR (), 0, 1)
0

Since ¥, is the family of minimizing geodesics, then ¥/, (¢) is parallel and ¥/, (t) = Ry, 0,:¥,(0),
¥ (0) = f,. We have
1
R 10%(bn) = [ (1= )R, 0 DU, () (R 0o R, 00)
0
O

Lemma 3.5. Let N be a C? vector field on 7 and let yu(t) be given as u(t) = expy, (tln), where
- —1

ln = Ry, 0. [D‘ﬂ(an) "N(an) — 2(DN(an) + Re, 1.0DN(by) Ry, 0.1) ‘ﬁ(an)], 1(0) = b,

and (1) = an11 and let ¥,,(t) be given as above. Then, for all n > 0, we have

1
R W) = [ (1 O Ruaa DPRO) B, L)
0
1 1
+§R~Pn,o,1/ Ry, 10D* (Y0 (t)) Ry, 0.4 (fns R, 10ln)dt
0
1
+Ruor [ (1= O, D NP ()R, 0, (s f )i

0
1 ! 2 2
~ 3B01 [ R o DPOUR ()R, .o )
0
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Proof. Since ¥,,(0) = a,, and ¥,,(1) = b,,, by Theorem 2.9, we have

1
Ry, 10DN(by)l, = 3
1

+ E[R‘YH,I,ODm(bn)R‘Pn,O,I + DN(ay,)|Rw, 1.0ln

[Rw,, 1,0DN(b,)Rw, 0,1 — DN(a,)|Rw, 10ln

1 ]
= 5/ Ry, 1,0 D*M(¥n () RY, 0,0 (fr, R, 1,00)dt
0

1
+ E[R‘Y”,I,ODm(bn)R‘Pn,O,l + DN(ay,)] x Ry, 10Rw, 0.1

[D9(an) ™ N(an) = 2(DN(an) + Ry, 100N Ry, 01) " Mlan)]

1
=5 Ry, 1 0D*N(W0 (1)) R, o(fn: Rw, 10ln)dt
0

+ [%[Rl{l 1 oDm(bn)R'{JmoJ + D‘ﬁ(an)] — D‘ﬁ(an)} D‘ﬁ(an)*l‘ﬂ(an)

nylsy

1 1
=5 | R o DR () R, s B, ol
0

1 1
- E R‘PmtODzm(an(t))thx,O,t(fna fn)dt’
0

implies that

1 1
DN(bp )l = 7R, 0. / Ry, 1 0D*N(¥Yn (1)) Ry, 0.4 (fn: Ry, 10ln)dt
0

1

!
- iR‘Pn,O,l/ R‘P,,L,t,ODzm(an(t))R‘ZI—’n,O,t(fn,fn)dt-
0

By Theorem 2.10 and Lemma 3.4, we have
Ru,l,o‘ﬁ(anﬂ) = R#,l,o‘ﬁ(anﬂ) — ‘)T(bn) — D‘Jt(bn)ln + m(bn) + D‘Jt(bn)ln

1
= [ 0= DR DRG0 . (11

1 1
+ 3Ry, 0 / Ry, 1 oD*N(Wn (1) Ry, 0.4 (fn: R, 1,0ln)dt
0

1
+ Ruor [ (1= O, 0 DPR(P, ()R, 0, (s f )i
0

1 1
~ 3B 01 [ R o DPOUP ()R, .o )
0

O

Theorem 3.6. Let 7 be a complete Riemannian manifold, Q C 7 be an open convex set, and
N € x(Z) satisfies the conditions (1) — (3) with:

1
0 <z Sbo, D(I‘Q) > 07 MfAC < E, V(QQ,MC) C Q,

where V = ﬁm and M = m. Then, the method given by (3.1) converges to a singular
point a* of the vector field M, and the solution a*, the iterations a,,b, belong to V(ag, M(),

and a* is unique in 'V (ag, MQ).

Proof. First, we shall prove that the following inequalities hold for n > 1, by mathematical in-
duction:
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(D) Tl < A(zn—1)ITn-1l;

( ) (bnyan) < Zn— ld(bn 170/71—1)7

(I11) A|T,[ld(bn,an) < @,

(IV) d(an+1,an) <2/(2 = z,)d(bn, an),

(V) d(ant1,bn) < (4= 20)/(2 = 20)d(bn, an),
(VD)||IT0||d(br, an)w(d(bn; an)) < yn.

I)
11
11

Before proving the inequalities (I) — (VI), we will prove some results and later will be used to
prove (I) — (VI). As Iy exists. Therefore A||Ty||d(bo, ap) < AEC = xp and we have

Ry, 1,0DN(bo) R, 0,1 + DN(ap)
2

Dm(ag) — R\yo’hoDm(bQ)R\po’o’l
2

I, —To

F

1 X0
<-A < = .
=3 ||1"0||d(b0,a0) =5 <1

By Banach’s lemma, (RW“'“ODm(bO)I;W"’O'I+Dm(a°)) DMN(ap) exists and

Jt >4qu%)

(R‘PO,I,ODm(bO)RLIJO 0.1+ Dm(ao)

Thus, we have

d(ay. a0) < <R\y0,1,0Dm(bo)P;p0,o,1 + D‘ﬂ(ao)) DN(ao)|| | DR (o)~ N(ao) |
<5 xod(bo, ao)
and
d(a1,bo) < d(ar,a0) + d(ao, bo) < :ga%@@
Also

ITold(bo, ag)w(d(bo, ao)) < £¢w(C) = yo-
Now, we will prove the inequalities (1) — (V1) for n > 1. We have

[0y — ToRy,,1,0DM(a1) Ry, 0,11l =[Toll [[DM(ao) — Ry,,1,0D(ar) Ry, 011 < AllLolld(ar, ao)

2x
< 0

Afd(b(),ao) <
— X0 — I

<1,

where Y, is the family of minimizing geodesics such that Y,,(0) = a,, Y,,(1) = a,,1 for each

n =0,1,2.... Therefore by Banach’s lemma I'; exists and
I Tol| ITol|
R IR = ||| < < = Iyl
H TO,I,O 1 Y0107]” || l|| — 1 _ AHFOHd(ahaO) — 1 _ Zxo/(z _ l‘o) A(IIZO)” 0”
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Also

1 1
(/0 RlPo,t,oDzm(‘PO(t))Rlzpo,o,t(l—t)dt(fmfo)—%/o Rw(,,uoDzm(‘PO(t))Rlzyo,o,tdf(fo,fo))H

1
< [ (R o DR Ry, — D)) (1 = )| d(bo, a0)?
0
1 ! 2 2 2 2
)5 [ (B D R#(0) B, — Do) e, a0
0

</01 w(td(bo, ag))(1 — t)dtd(bo, ap)? + ;/01 w(td(bg, ap))dtd(by, ap)?

< /01 C(t)(l — t)dtw(d(bo, ao))d(bmao)z + % /01 C(t)dtw(d(bo, ao))d(bo,ao)z
=Lw(d(bo, ag))d(bo, ap)?,
where
1 1 /!
L:/O e —t)dt+§/0 C(t)dt.

Now by Lemma 3.5, we have

A A
[Ry,1,00(ar)| de(al,bo)2 + 5 d(a1, bo)d(bo, ao) + Lew(d(bo, ao))d(bo, ao)?

(4 — 5C0)(3 — 3;'0)

<
=4 (2 — 330)2

d(bo, ao)? + Lw(d(bo, ao))d(bo, ap)?,

IT1 R, 1,09 an)|| <[ITi[[[9(ar)]]

4 — SL’())(?) — xo)

(
ATl A= 20s

d(bo, ao)? + La(d(bo, ao))d(bo, a)>

<A(zo) lx0(4(2?l<03)2 o) + Lyo | d(bo, ao)

=A(z0)A(zo, y0)d(bo, ao) = 20d(bo, ao).
Also
A|Ty||d(by,a1) < Al A(zo)2z0d(bo, an) < xoA(x0)20 = 1.
Again as I'} exists , therefore

1 Ry, 1,0DN(b1)Rw, 0,1 + DN(ay)

Ial _ F ’ _ HF1 D‘ﬁ(al) — Rw]7170Dm(bl)R\yho,1 ‘
2
1 X1
<= < — .
_2A||F1||d(b17a1) <5<l
1
By Banach’s lemma, (R"" "’ODm(b')ISW"OﬁDm(a‘)> D(ay) exists and
Rlyhh()Dm(b])Rl{Jl,O,] + D‘ﬂ(al) _le(a ) < 2
2 VI=2-z
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We have
Ry, 10DM(b)) Ry, 0.1 + DN(ay)\ -
d(az,a1) < ( .10 D91) 5 (1)) DN(ar)| | DN(ar) ' N(ar)
2
<
_2_x1d(b1aal)
and
471‘1
d(az,bl) < d(ag,al) +d(a1,b1) < 2_x1d(b1,a1).
Again

[IT1][d(b1, ar)w(d(bi, a1)) < [|Tol|l-A(zo)20d(bo, ao)w(z0d(bo, ao))
< A(z0)20C (20)[Tolld(bo, ao))w (d(bo, ao))
< yoA(z0)20C(20) = Y1
Therefore all the inequalities (1) — (VI) for n = 1 hold. Suppose that all the inequalities hold
forn = 2,3,4, ..., k. Then proceeding similarly as above we can show that all the inequalities
hold for n = k + 1. Hence by mathematical induction all the inequalities hold for all n. Now, to
prove the sequence {a,} is convergent, it will be sufficient to show that it is Cauchy sequence.

For zog = by, D(xp) = 0 and A(z¢)zo = 1. From (3.2), we have z,, = z,, 1 = -+ = g, 25, =
Zp—1 ="+ = 20, and y, = yn—1 = --- = yo = 0. From inequality (1), we have

d(bnaan) S anld(bnfhanfl) = ZOd(bnflaanfl) S T S ng(b();aO) = vnc
and

d(an+17an) < vnc

2 2
d(bn,an) <
(bnsn) < 5

— Tn — X0

Thus, we have
d(am+na am) Sd(aern) am+n—l) +--+ d(am+] 5 am)

2 [Vl 4o 4 V)¢ = V" (1V”><. (3.6)

<
—2—x 2—x90\ 1 -V

From (3.6), {a, } is a Cauchy sequence as V < 1. Let 0 < zy < by and D(xy) > yo. Now from
the inequalities (I) — (VI) and Lemma 3.3(2), for n > 1, we have

n—1 n—1

d(b'rnan) gznfld(bnfhanfl) S ce S H(Zi)d(bOaG/O) < H(§2lv)< = §2"—lvn<,
i=0 i=0

where ¢ = x1 /29 < 1 and V = 1/ A(z) < 1. We obtain that

d(aner) am) Sd(an,+7m am+n—1) +---+ d(aerl , am)
2 2

2
-2 — Tm4n—1 d(bn-‘rmil’am"'—nfl) + + 2 — Tm d(bm7 alm)
; . .
B mTiigminele g g v

2 — Typin—1 2= m
QU™ pmint g 21
G B A R R S
™ lom
2V [27R gt 2Ry e

2 — ¢l
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By Bernoulli’s inequality, we have

LIS AV B Vo
2 — g2 =lgg 1-¢2"V

¢. (3.7)

d(an+mv am) <

Put m = 0in (3.7), we have

2 Xl—g"V
2 —xp 1-¢V

d(an, ag) < "¢ < Mc. (3.8)

Therefore a,, € V(ag, M(). Also b,, € V(ag, M(), as

d(bny1,00) <d(bpi1, ans1) + d(ans1,an) + - +d(ar, ag)

2
< .
_d<bn+l 5 an+]) + 7 _ T d(bna an) + + 7 _ o d(b07 (1())
e bt ) + -+ —2—d (b, a0)
7 _ Totl n+1, Un+1 2 o 0, &0
2 1= n+1y7n+1
<< VT < M

2—3;‘0 I—CV

Taking n — oo in (3.6) or (3.8), we get a* € V (ag, M (). Now to prove a* is a singular point of
N(a) = 0, we find the bounds of ||[DN(ay,)||. For this let 6 be a minimizing geodesic such that
5(0) = ag, 6(1) = an, and ||6’(0)|| = d(an, ap), then

| DM(an)|l =[|Rs5,1,0DN(an)Rs0,1 + DN(ag) — DN(ao) ||
<||Rs,1,0DN(an)Rs.0,1 — DN(ao)|| + || DN(ao) ||
<||DN(ao)|| + AMC.

From (3.1), we have
19 (an) || <[ DN(an)|d(bn, an).

Since || DN(ay,)]| is bounded and d(b,,, a,) — 0, when n — oo, we obtain that ||9t(a*)|| < 0,
thus M(a*) = 0. Now, we will prove the singularity is unique. Before that we will find the
bounds of ||I',,||. We have

1
1 Rs.1.0DR(an) Rso1 — DR(ao)]| < A / 16(0)) | ds = Ad(an, ao) < AMC
0

and
||F()HHR(;’L()Dm(an)R&OJ - Dm(ao)H < EAMC < 1.
So that Rj1,0DN(an)Rs0,1 is invertible by Banach’s lemma and

Tl =[1Rs.1.0Tn Rs0.1

< [ To ||

1 — ||ITol[[| Rs,1,0DM(an) Rs.0,1 — DN(ao)||
<&
ST AEMC

Now, let a** be the another singularity of 9T in V (ag, M) and let ¥ : [0, 1] — Z be the minimiz-
ing geodesic such that ¥(0) = a* and 9(1) = a**. Then, we have

t
[Ro.o DRD(O) Roo — D) < 4 [ [9/(0) s
0

=Atd(a*,a*) < At (d(ao, a*) + d(ay, a**)).
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Hence

1
DN (@) / | Ro.0.0 DR(I(t)) Ry 0.1t — DN(a”) | dt
0

1
S(ljiéMC) /0 At (d(a()7 a*) + d(a(), a**))dt
A
<(1_j§M§)2(MC+MC) <1

By Banach’s lemma, the operator fol Ry 1 0DIN(V(t)) Ry 0, dt is invertible and we have
1
0= Ry o9(a™) — M(a”) = / Ro.0. o DR(I()) Roo.0 (9 (0)) .
0

Therefore ¥/(0) = 0. As 0 = ||#/(0)|| = d(a*,a**), we get a* = a**. Hence the proof is
complete. O

4 The Order of convergence of the Newton-like method in Riemannian
manifolds

In this section, we will study the order of convergence of the Newton-like method in Riemannian
manifolds.

Definition 4.1. ([8]) Let Z be a complete Riemannian manifold and {a, } be a sequence in Z
converges to a*. If there is a chart (U, k) of a* and constants [ > 0 and T > 0 such that

1R (ans1) = A= (o)l < ElIh~ (an) = A7 (o) @.1)
holds for all sufficiently large n, we say that {a,,} converges to a* with order at least [.

Remark 4.2. The above definition do not depend on the choice of the chart i.e. if (Y, z) is another
chart of a*, then (4.1) holds changing % by z and constant ¥ by & [10]. So that, we can assume U
is a normal neighborhood of each of its points, see Theorem 3.7 in [9]. Since in a totally normal
neighborhood U of a*,

d(a,b) = ||exp, ! (a) —exp, | (D), (4.2)
for all a,b € U and for all sufficiently large n, we can rewrite (4.1) as
d(ani1,a0%) < Td(an,a*).

Now, we will prove the order of convergence of the Newton-like method in Riemannian
manifolds. Before that, we will prove the order of convergence of the iterative method defined
by

—1
Gn = — (Dm(an) + R\Pn,lzi()Dm(bn)R'{ln,O,l ) m(an>’

Ap+1 = €Xp, (gn), foreachn=0,1,2,...

(4.3)

.For this, we will prove a lemma.

Lemma 4.3. Let Z be a complete Riemannian manifold, Q C Z be an open convex set, & € x(Z)
and o(t) = exp, (tv).

Then,

Ry

ns

v+ R(t)

DN(b,) Ry, 0.1 + DN(ay

with

I1R@)] <

A
5 (tholl + d(an, ba)) oIl
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Proof. From (2.8), we have
t
RosoM(a(t)) = Nay) + / R o DR((5)) Bev.0(0)ds.
0
Thus

Ryt oM(a(t)) — N(ay,) —t

ol

(R\pm],oDm(bn)qumoJ + Dm(an) )U
2

_ /Ot (Ra,s,oDm(a(S))Ra,o,s(v) B (R‘Pn,l 0DN(bn) Ry, 0,1 + D‘ﬁ(an)>v) ds.

2

letting

R(t) = /Ot (Ra,s,ODm(a(s))Ra,O,s(U) 3 (R‘Pml 0DN(by, )P;Pn,m + Dm(an))v) ds.

We obtain

1 t
1RO < 5 [ 12RecoDN(5) Ras = DR(a) = B, 1 0DNb, ) B, 0]

ny ns

1 t
= / 12 R0 DR((5)) R, — 2DM(an) + DN(an) — Rop, .1 0DN(ba) Rop, 0.1l [0 s
0

A
gz(tszll + td(an, bn))||v]l.

Therefore

A
2

IR < 5 (vl + d(an, bn))t]v]l-

Theorem 4.4. (Order of convergence) The iterative method given in (4.3) is of order one.
Proof. By Lemma 4.3, if «v is a minimizing geodesic joining a,, to a* defined by
at) = exp, (tvy),

where v, € T, Z and d(ay,,a*) = ||v,||. Then,

Ra,ty()m((l*) = ‘ﬁ(an) +

(an,l,oDm(bn)R\Pn,o,l + DN(ay)

‘ >vn LR 44

with

wm

IR < 5 (lonll + d(an, b)) [lvn]l

Therefore, from (4.4), we have

1 —1
D D D D
(R‘Pn,lo N(by, )RZ\P",OHr ‘ﬁ(an)> N(an) + vn + (R‘Pn,lo N(by, )R;'n,o,l + ‘n(an)> R(1)

=0.

Since

1
_ (R‘PmlyODm(bn)};‘Pn,O,l + D‘ﬁ(an)> N(an) = exP;: (ans1) and v, = eXP;,} (a*).
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We have

-1
_ 1 s Ry, 1,0D(b,) Ry, + DN(a,
expanl(anJrl) —expa:(a ): ( ¥, ,1,0 ( ) ¥,,,0,1 ( )) R(l),

2

we conclude that

d(an‘H’ - ||expan a?’LJrl) _expa ( *)”
1
H R‘I’n,l,ODm by)Rw, 0,1 +D‘ﬁ(an)) R(1)
2
—1
R\ym ’()Dm by, Rlym()’l + DN(a,
< ‘ (Rreto DA @) iy
2A
<13 (||vn\| + d(an, bn)) ||vn
2A N "
<5 4_2a, ”rnH( (anaa )-i-d(an,bn))d(an,a )
24 d(an,a*) .
- IT. ] <d(an,bn) + 1>d(an,bn)d(an,a ).

If n is sufficiently large, then d(ay,,a*) < d(an,, b,), and therefore

d(an,a*)
— L1+ 1)<2
(d(ambn) * ) B
and then, for b,, sufficiently close to a*,

d(an—H , a*) < NOd(an» bn)d(ana CL*),

with Ny < 1Tl o

42a

Remark 4.5. If we fix a; sufficiently close to a*, then, the calculations made in the Theorem 4.4
become in

d(ap+1,a*) < Njd(a;,a*)d(an,a”),

with N; < IT || Thus,

42a, 2a
d(an+1,a*) < Nd(aj,a*)d(an,a"), 4.5)

. 44
with NV < ;=5

Now, we can prove the order of convergence of the Newton-like method in Riemannian man-
ifolds.

Theorem 4.6. Under the hypotheses of Theorem 3.6, the method described in (3.1) converges
with order of convergence 3.

Proof. Since
d(an-‘rla an) S d(an+17 bn) + d(bna an)-

Now, from Theorem 3.6 the sequence {a,} converges to a*. Also, by using the Lemma 28 (i)
(see [8]) and (4.5), we have

d(ans1,a") < Nd(an,a*)d(by,a*) < Nd(an,a*)C’d(an,(f")2 = NC’d(an,a*)3.
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5 Numerical examples

In this section, two numerical examples are given to show the effectiveness of our results.

Example 5.1. Consider the vector field W : R? — R? defined by

a —a
Wila |l = |a — ala%
as a1a2a3

with the Frobenius norm and let 01 = W2 be a vector field on $? = {a;, az,a3 € R : a2 + a3+
a3 = 5}. Then it can be easily verified that

W (a) € T,8* Vae S
Now, the derivative D91 using the method given in [6] of 91 in the tangent plane of S is given
b
’ < —ajaz(a? + 1) —l—a%(a%Jra%—l))
l—a}—a}(-2+a3)—a} —ajax(a3+a3—3)
Next, by using the method of Lagrange’s multipliers, we get
A = sup{DN(ay,az,a3) : a} + a3 + a3 =5} =11

is a Lipschitz constant of DN. Initially for ag = (2, —0.0013091, 1)T", we get ||| = 1.00779 =
&, IToM(ao)|| = 0.0013192979 = (. Hence all the assumptions for convergence are satisfied.
By the Newton-like method on S?, we get the solution. The results are in the Table 1, which
shows that {a;} converges to the singularity (2,0,1)7.

Table 1. Results of the Newton-like method on S :

Iterations a; [19%(a;)]] d(a;+1,a;)
2
0 —1.309100e — 03 2.927237e-03 0

1
1.999999¢ + 00
6.356511e — 09 2.927237e-03  1.309107e-03
9.999991e — 01
1.999999¢ + 00
—8.170206e — 15 3.427543e-06  9.580408e-07
1.000000e + 00

Table 2. Results of the Newton’s method on S :
Iterations a; [19%(as)|| d(air1,a;)

2
0 —1.309100e — 03 2.927237e-03 0
1
1.999999¢ + 00
2.991289% — 09 2.927237e-03  1.309104e-03
9.999991e — 01
1.999999¢ + 00
—7.689527e — 15 3.427503e-06  9.580201e-07
1.000000e + 00

Example 5.2. Consider the vector field 0 : R*? — R? given by

cos ap +20a1 )T
— 5 @

N(a) = N(ay, a2)” = ( 30

5.1
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with the max norm ||.|| = ||.||c. The first and second Fréchet derivatives of 1
are respectively:
—sina;+20 0
DN(a) = 20 ,
0 1
— cos ay
D)= | 2 0100
0 0|0 O

Initially for ag = (0,0)%, we have

IDN(ag) ™!l = 1 =&, [ DN(ag)~'N(ag)|| = 0.05 =,

COS @ 1
= < A - —.
’0> ‘ 20 ’ - 20
Hence all the assumptions for convergence are satisfied. By the Newton-like method on R?, we

get the solution. The results are in the Table 3, which shows that {a;} converges to the singularity
(—0.04994,0)7.

—cosay

20

D29 = x|

Table 3. Results of the Newton-like method on R? :

Iterations a; |19%(as)]| d(ai1,a;)
0 (8) 5.000000e-02 0

1 —4.993 70608 02} 500000002 4.993760e-02
2 ’4'99370676 ~02)  (484663¢-08  6.468519-08

Table 4. Results of the Newton’s method on R? :

Iterations a; [19%(as)|| d(ait1,a;)
0 (8) 5.000000e-02 0

1 - '0000(?0‘3 ~02) 5000000602 5.000000e-02
2 ’4'99370678 “O02)  (248698¢-05 6.233122¢-05
3 _4'99370675 “02) 970082311 9.676672¢-11

6 Conclusion

In this paper, we have extended the Newton-like method from Banach space to Riemannian
manifolds to find the singular point of a vector field and studied the convergence analysis of the
Newton-like method under w-continuity condition on the second order covariant derivative of
vector field. Also, we have derived the order of convergence using normal coordinates. Finally,
two numerical examples are provided.
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