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Abstract. In this paper, we study a certain type of polynomials that yield new identities for (odd) homogeneous multiple
harmonic numbers and other related sums.

1 Notation and preliminaries
The generalized harmonic number of order n of m is defined by

1

m
H7n(n) = Z in :
i=1
For (ny,...,ng) € N* we define the multiple harmonic sum (number) and the multiple harmonic star sum (number),
respectively, by
1
Hm(ng,...,ng) = Z AT R
1< <ja<<gp<m 1Tk
and |
H'r*n(nlawwnk) = T g
1< <pr<—<jr<m IU Tk
When n; = ny = -+ = ng = n we call these sums homogeneous multiple harmonic sums and homogeneous multiple
harmonic star sums and denote them by
1 1
ky . ky._
1< <jr<<gp<m 1Tk 1< << <gp<m I Ik

When k = 1 we omit the parentheses and find the generalized harmonic numbers.
If a bar is placed over some n, this indicates the insertion of a factor (—1)7r in the summand. For example,

~ ~ (_1)j1+jk
Hp (1, ma, ..., g) = Z S
1k

1<j1<ip<-<jp<m

The odd multiple harmonic sum and the odd multiple harmonic star sum are defined as follow (other convention are also
being used, see for example [2]. Here we adopt a simpler description)

1
Om(n1rma, .o mi) i= > TR R
1<j1 <jo< - <jp<m 1 J2 Jk
i odd
" 3 1
Om(nl7n27“.7nk) = My My ng
1<51<Gr < <jp<m I1 T2 Ik
74 odd

In the homogeneous case we set

1 1
ky . ky .
Om({n}*) = > = On({n}Y) = > o
1<1<i < <jr<m U Ik 1< <p < <jr<m IU Ik
Ji odd j; od
For ny > 2, the limits
¢(ni,...,ng):= lim Hpy(ng,...,ng), ¢*(nyy...,ng) = lim Hx (ng,...,ng)

™m— o0 ™m— o0
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exist. These are the well-known multiple zeta values (MZVs) and multiple zeta star values (MZSVs); see for instance
[3, 4, 11] for further properties and results.
Likewise, we define the odd multiple zeta values and odd multiple zeta star values by

O(ni,..oyng) = lim_ Om(ni, ... ng), O*(ni,..oyng) = lim_Op(ni, ... ng).

The identities for multiple harmonic sums established in this paper can be converted into identities for multiple zeta
values by taking limits. For instance, applying Theorem 2.4, Eq(2.8), we obtain

S0 -
O({n}*) = 3 iy SUn¥) ¢ ({m}* ), (.
0

j:

and from Eq(3.6) we deduce
¢3n,3n) = 3[CHRP + C({n)°) + <X {nH)] + C({n}?)?

(1.2)
= 3[CmCUnIICRY) + CHPICERY) + ¢ ({n))]-
Let X, X5,..., X be m variables. The k-th elementary symmetric polynomial and the complete homogeneous
symmetric polynomial are defined by
en(X1,. .., Xm) = > Xj, - Xy,
1<j1<jo<-++<jg<m
hi (X1, Xom) = Z Xy Xy
1<j1<p < <jg<m
These polynomials are characterized by the generating function identities
m m m 1
[0 - Xit) = > (-Drer(Xi,. .., Xm) t*, ] X D> he(Xy, ., X)) tF
i=1 k=0 i=1 - k>0
We also define the k-th power sum symmetric polynomial by
m
se(X1,. ., Xm) =YX
i=1
For a partition A = (A1, ..., A¢), the monomial symmetric function is defined as
ma (X1, Xm) = Y X[ X,
«@
where the sum runs over all distinct rearrangements & = («p, . . ., &m ) of the sequence (g, ..., Ag,0,...,0) of length m

(see [1] for further details).
When m is a non-negative integer, it follows directly from the above definitions that

alligpeos)= X = Ha),

b .
1<j1<ga< - <jp<m 71 J

=3

1 1 US|
sk(l,ﬁ,..‘, m") :Zi"k = Hm,(nk),

i=1

a(lgme )= X g = Onln)

jTL ]7L
1<51 <G <---<jrp<m 71 k
J4 odd

where m’ = m if mis odd, and m’ = m — 1 if m is even.
For the star analogues we have

(g )= X =),

;N
1<ii<h<<jp<m I Ik

1 1 1 . .
hk<1,377---7(m,)n): Z W:Om({n} ),
1<51<Gp <+ <jg<m 71 k
J; odd

where m/ is equal to m or m — 1 depending on the parity of m.

2 Identities for (odd) homogeneous multiple harmonic sums

The identities in this paper are expressed in terms of a particular product of binomial coefficients defined over a field K. For
any z € K and integer k, we set
z(x—1)---(x—k+1)

A
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For convenience, we define the even and odd parts of the binomial coefficient (z;ll) by
(:t—l)e_ H r—j <:r:—1>°_ H T —j
- . k) - . -
m 1<j<m 7 m 1<j<m 7
Jj even J odd

It follows immediately that
o

<:p;1> _ (x;l)e(xn;l) .

Lemma 2.1. For all integers m > 0, We have the following decomposition:

CL)=C0C) =G0
Proof. Tt suffices to show that X
—1\¢ z _
<xm ) - (i% )

We consider two cases.
Case 1: m even. If m > 0 is even, then

z—1\° (z-2)(x—4)---(x—m) 2
<m> N 2:4.---m 2% (1.2

Since | 75 | = 7, the claim follows.

Case 2: m odd. If m > 1 is odd, then
(171)67 (z=2)(z—4)---(z—(m—1)) B

m

24 (m—1) 2 21(1.2~ -—‘) Cmel

Since | 73 | = ™5, the claim follows. O

Theorem 2.2. Let K be any extension of Q that contains the n-th roots of unity. Then, for all x € K, we have

T (1) =0 Yo -0 Hanl ()b, 1)
wn=1 k=0

1 mn * ky,kn
_—— =(—1 HJ ({n}")z™". (2.2)
e O S )

Proof. This is a slight modification of the proof given in [5, Theorem 2]. Replacing the polynomial F}, (x) used there by
(@ — 1™ (@ =27 - (@ — m™)

Fn,m(x) = 1”2’"‘ ceemn kl
we can establish that
m(n— wz — 1 m - n
Fom(@) =(=)" =0 TT (%9 77) = (<07 3o (=0  Hin({n} )", @3
wn=1 k=0
1 1
s = (=) e = ()™ Y Hy ({02 2.4
Fn,’m(x) Hw'"'ZI( m 1) k>0 "
O
Theorem 2.3. Let m be a non-negative integer, then
m,+l
wr — 1\° L7n+]J J
IT (™7, ) = Z m({n}*)a* @5)
wn=1 k=
1
T = ERED WAL 2.6)
Hw":l ( m 1) k>0

Proof. We first consider the case when m is even. Define
(" —1")(@" —3") - (@" — (m—1)")
1m3n ... (m—1)n )
Let {1,wy,...,wn } denote the n-th roots of unity. Then the polynomial F}, () can be written as
mo o om mo
o = T T - T

j=1 j=1 j=1
 odd 7 odd Jodd

m m m .om =1, - m .
— (1%t ) [T =L [T 228 J...HM

Fom (@) =
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where m!! denotes the double factorial

mll — m(m — 2)(m — 4)--- 1 when m is odd,
© Im(m —2)(m —4)---2 when m is even.

As the product of roots 1 - ws - - - wp, = (—1)* 71, it follows

. mn=1) 1= r—j ¥ wz_'w—j mownle—
Pt = ()™ ] e

— (_1)Lf”(x;]>

On the other hand,
(z" = D(a" =3") -+ (" = (m = ")
(m —1)ln

-(5) (5) - ()

E? . (z) =

n,m

For odd m the proof is analogous. Combining both cases, we conclude that

m+l1
2

Fit (@) = (00 T (00 2 ()l S Cnfom(ny et

wn=1 =i

Theorem 2.4. Let m be a non-negative integer. Then, for all k > 0 we have
E Om({n}?)H m ({n}*"7)

Hn((n}) =2 270—7)
§=0
k (=D)F 7 Ho({n}) Hfm | ({n}* )
Om({n}*) =3° s .
§=0
S ) ()05 (1)

: : +1 —
Proof. We use the simple observation {mTJ + {%J =m.
(i) For the full product, we factor into odd and even parts:

H (wxm— l) _ wln—L (wxm— 1)0(wwm— 1)

wn=1

e

L5

= |0 ST 1Oy

=0

L7 .
x [(—1)“’?‘J S HE () (5) ]

m k Om({n}) H m ({n}k—I
= (™S (Z e ))

k=0 =0

Comparing with the expansion in Eq(2.3) yields the first identity.

2.7)

(2.8)

(2.9)
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(i) For the odd part, we compute

m

Tont (P

<—1>J‘Hm<{n}j>a:j"] [(—1)"“5” S Hig ({n}) (i)m]
2

Il
D
3

3

k(=DFY Hy ({0} ) H o ({n}*77)
= (D S (Z I )
J

k>0 j=0
L

= (=nrl7] > (=DFOm({n}F)ak
k=0

This gives the second identity.

(iii) For the even part, we similarly have

we— 1\ Tloney (957
wlvl( m ) = Moo (“571°

[ D! {n}ﬂ)xﬂ"] [(1>"V”z*'JZo:n<{n}j>xj”]

Jj=0

k
= (=)t (=t (Z(—l)’“*iﬂm({n}j)o:n({n}’“J’)) akn

k>0 §=0
L%J x\ kn
— (—1\nL3 ] _1\k m ky (2
(=0"UE Y (R () (5)
k=0
This proves the third identity.
O
Theorem 2.5. Let m be a non-negative integer. Then, for all k > 0 we have
k On({n})Hfm ({n}*)
* L J
Hy({n}*)=>" ) . (2.10)
7=0
k(=1 H|m | ({n}))HS ({n}F~7)
* L]
or ({n}*) Z T . @2.11)
7=0
K
LmJ ({n}
=D (1) Om({n}’) Hy, ({n}* ). (2.12)
7=0
Proof. The result follows by inverting the relations established in the previous proof. O
Theorem 2.6. Let m be a non-negative integer and let
Ny = (2n,2n,...,2n,2n) or (2n,2n,...,2n,2n),
and similarly o o o o
N = (2n,2n,...,2n,2n) or (2n,2n,...,2n,2n).
Then, for any non-negative integer m, the following relations hold
k Om({20}7)H| m | ({2n}*77)
AR e @
J=0
k ({Zn}J)HLm J({2n}F )
Hpn({Ni}) = _2;(—1) ) : (2.14)
=
k O3, ({20} H | ({20}79)
* ([N _ L J
H}y ({Nk}) —_2;(—1> ) : 2.15)
=
: O ({20} Hi s ({20}

Hy ({Ne}) = D (=) ) : 2.16)
0
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Proof.
(i) First assume that m is even. Consider the polynomial
(172" + 12n)(r2n _ 22n) .. (xZn + m2n)

a —
2n7m($) - 12n22n e m2n
Let ¢ be a primitive 4n-th root of unity, so that (2 = —1. Then
o _ (l.Zn 4 12n)(12n 4 32n) . (IZn 4 (m _ 1)271,)
Zn,m(x) - 12n32n ... (m _ 1)271

(IZTL _ 2277’)(2?277‘ _ 421'1,) . (xZn _ mZn)
22n42n . m2n
(@ — ()@ = (3)*") - @ — ((m = 1)¢P")

12n32n . (m _ 1)2n

((%)Zn_12n)((%)2n_22n)”,(<% 2n_ % Zn)
12n22n . (%)Zn

" ((%)Zn _ 127L)((%)27L _ 32n) .. ((%)Z'n _ (m _ ])Zn) (:L‘)

— (2
- (C ”) 2 12n32n . 2n anvm

2
m x x
= (71) 2 FZOn,m(Z) FZn,% <5) .

If m is odd, a similar argument yields

X

2

—

(m—1

Fon(@) = () 5 (2) By ()

Thus, in general,

m+l
F‘gn,m($):<_l)L 2 JFZOn,m( >F2n¢\_mJ
3

Expanding via the product identities for Oy, ({n}*) and H EY ( ) gives

{n
LNH»]J ok
By (z) = (-1)L7) Z Om({2n}*) 2”’“” (=D H| 2 ({2n} )(2) ]
k=0
On the other hand, by direct expansion one has

m
Fiy (@) = ()T Y (-1 Nyg) k.
k=0
Comparing coefficients yields the first identity.
(ii) For the case of N, consider instead
an/ ($) _ (mZH _ 12n)(1,2n + 22n) .. (.IZ’VL + mZn)
n,m 12n92n .

..m2n
and follow the same procedure.

(iii) To obtain the last two identities, we consider the reciprocal polynomials 7 1 @ and P 1 @’ respectively.
x

B m 2n,m

3 A shuffie like relation for homogeneous multiple harmonic sums indexed
by integer partitions
In this section we establish a shuffle like relation (see for instance [3], [11]) between homogeneous multiple harmonic sums
that involve the symmetric monomial polynomials evaluated at roots of unity.
Lemma 3.1. For a > 1, we have
Fanm(@) = (=1)™O"VE, 0 (@) Fon (W) - - - Fy (w0 L), 3.1)
where w is a primitive an-th root of unity.

Proof. Let w be a primitive an-th root of unity. Set {wy = 1,wi, ..., wq—1} to be the set of all a-th roots of unity. We can
then rearrange terms so that w*™ = w; for 0 < ¢ < a — 1. We have the following

(xan _ 1)(xan _ zan) . (Ian _ man)

Fan,m(w) = mlan
n
_a_lﬁmn_wlj _cﬁm%ijn
N o jo1 men N io jo1 M
a—1 m n
_ wmwl a . H H e
=0 j=1
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Theorem 3.2. Let a > 1 and k > 0, we have

(i) For homogeneous multiple harmonic sums, we have

(=D *Hp ({an}*) = S wel w s Hi () Hyn ({n}1) -+ Hyn ({n}la=1),

lo++lq_1=ak

= ma @) Ha((nP ) Hin({n}2) - Hyy ({n}e).

1(M)<a
(3.2)
(ii) For homogeneous multiple harmonic star sums, we have
ly, 1 la—
Hy({an}*) = > wle)'w T Hy({n}) Hy, ({n}") - Hyy ({n} o),
lo++lg_1=ak
_ H* Al H* A2y H* Aa (3'3)
m(wo, - -+ wa—1) Hy, ({0} ) Hy, ({1372) m({n}?e).
A=(A],..-sAq)Fak
1N)<a

Proof. The result follows by expanding the product (—1)™(@=DF, 1 (2)Fyy m(w) - - - Frm (w®* '2) and comparing
coefficients with those of Fr,m (z). [}

Corollary 3.3. When a = 2 and k > 0, we find

S

k
(=D o ({201) = S (=D Hon ({}) Hoa () 1) =
= (3.4)

T

LEH
2 Hon({nP) Hin ({72 + (= )F Hin({n}5)? = 2>~ Ho ({3 ) Hon ({7270,
1=
We also have

—

k
2

—

N‘

o
Il
o

2k
H ({2n3%) = 370 By (n)) Hy ({ny ) =

1=0

‘& %]
2> Hy(nP)Hy (n*72) + (=) H, ({n})? —ZZH* ({nPH) Hy ()R =21

1=0

(3.5)

Proof. We regroup similar terms. O

Examples 1. (i) When k = 3, we find
Hon (21, 20,20) = 2 [~ Hin ({n}°) + H(0) Hin ({n}) = Hon ({n}2) Hon ({n})] + Hon ({n})2.
(ii) If we set v and S the two 3-roots of unity then
Hyn (3n,3n) =(o28%) Hm({n}?)* + (2 + 87 + o B Hy ({n})? + (1 + o° + B°) Hyn ({n}°)
B+ aB’ + B+ af’ + B + P8 Hyn(n) H ({n}*) Hn ({n})
af + a8+ af*) Hy(n)’ Hy ({n}*)
o +at+ B+ B+ B + 2B Hin ({n}) Hi({n}*)
a+a’+ B+ B+’ B+ af’)Hm(n)Hm({n}).

Now, using relations a8 = 1, &® = 8% = 1 and o + 8 = —1 the above equation may be simplified to

Hin(3n,30) = Hin({n})’ +3 [Hon ({n})? + Hin({n}°) + Hon (0)* Hon ({n}*)]

+ (@
+(
+(o?
+(

. 3.6)
=3 [Hon () Hos ({0 Hon ({n}) + Hon({0}) Hi ({n}*) + Ho () Hi ({n)°)
A similar argument can be made to prove the following result on odd homogeneous multiple harmonic (star) sums.
Theorem 3.4. Let a > 1 and k > 0, we have
(i) For odd homogeneous multiple harmonic sums, we have

(~DE RO, ({an}) = Y0 e @ T Om({n}0)Om ({n}1) - Om ({n}la),

lo++lq_1=ak

= Y ma@es @ )Om ({1 )0 ({n}2) - O ({n} ).
A=(Ay,-,Aq)Fak
1N)<a

3.7

(ii) For odd homogeneous multiple harmonic star sums, we have

On(an}) = D0 wfwy w0 On({n})05 ({n}') - Of ({n}le-),
Lo+ +lg—1=ak

(3.8)
= > mAWo, -+ wa—1) O, ({0305, ({n}2) - O, ({n} ).
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