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Abstract The aim of this paper is to define e-Zumkeller numbers and e-unitary Zumkeller
numbers generalizing the concepts of e-perfect numbers and e-unitary perfect numbers, respec-
tively. Different characteristics of these numbers are investigated and illustrative examples are
provided in support of these numbers.

1 Introduction

A positive integer n is called a perfect number, if the sum of proper positive divisors of n is
equal to n. It is a well known result from the work of Euclid and Euler that the even perfect
number is of the form n = 2kp, where p = 2k+1 − 1 is a Mersenne prime and k ≥ 1. But no
odd perfect number has been found till now and it is an open problem for the mathematicians
whether there exist odd perfect numbers. This open problem has motivated many researchers to
generalize the concept of perfect numbers and to investigate their characteristics. Researchers
have studied various aspects of arithmetical functions and associated concepts like Zumkeller
numbers, harmonic divisor numbers, Zumkeller graph labeling([9, 5, 1, 13, 10]).

The concept of Zumkeller number is one of the generalizations of perfect numbers, which
is introduced by R. H. Zumkeller, in 2003. A positive integer n is called Zumkeller number,
if the set of all positive divisors of n can be partitioned into two disjoint subsets of equal sum.
It is a point to be noted that every perfect number is a Zumkeller number. In 2013, Peng and
Rao [8] proved several results of Zumkeller numbers. There exist odd Zumkeller numbers and
945 is the first odd Zumkeller number. In latter Mahanta, Saikia and Yaqubi [7] characterized
all Zumkeller numbers with two distinct prime factors and proved several results connecting
Zumkeller numbers with harmonic mean numbers. In [4] Kalita and Saikia introduced the con-
cept of s-Zumkeller numbers and derived some properties of these numbers.

Let n > 1 be a positive integer and n = pa1
1 pa2

2 · · · pam
m be the prime factorization. A

positive divisor d of n is called an exponential divisor(e-divisor) of n , if d = pb1
1 pb2

2 · · · pbmm
with bi|ai, for all i = 1, 2, · · · ,m. For example e-divisors of 36(= 22 × 32) are 6(= 2 × 3),
12(= 22 × 3), (18 = 2 × 32) and 36(= 22 × 32). Collaborating the concept of perfect num-
bers and e-divisors of a positive integer, Straus and Subbarao[11] introduced exponentially per-
fect or e-perfect numbers. A positive integer n is called an exponentially perfect or e-perfect
number if the sum of proper e-divisors of n is equal to n, or equivalently if σ(e)(n) = 2n,
where σ(e)(n) denotes the sum of e-divisors of n. Some examples of e-perfect numbers are
22 ×32, 22 ×33 ×52, 24 ×32 ×112, 24 ×33 ×52 ×112 etc. Straus and Subbarao proved that there
are no odd e-perfect numbers and proved that for each k, the number of e-perfect numbers with
k prime factors is finite. Fabrykowski and Subbarao[2] proved that any e-perfect number not
divisible by 3 must be divisible by 2117, greater than 10664, and have at least 118 distinct prime
factors.

A positive divisor d of n is called unitary exponential divisor(unitary e-divisor) of n, if
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d = pb1
1 pb2

2 · · · pbmm with bi|∗ai, for all i = 1, 2, · · · ,m, where bi|∗ai denotes that bi is a unitary
divisors of ai. For example, the unitary e-divisors of n = p12, with p prime, are d = p, p3, p4, p12,
while its e-divisors are d = p, p2, p3, p4, p6, p12. Tóth and Minculete[12] studied the properties of
related arithmetical functions of e-unitary Zumkeller numbers and introduced the notion of ex-
ponential unitary perfect(e-unitary perfect) numbers. A positive integer n is called an e-unitary
perfect number if σ(e)∗(n) = 2n, where σ(e)∗(n) denotes the sum of the e-unitary divisors of n.

Using the concepts of e-divisors, e-perfect numbers and Zumkeller numbers, we introduce
the concept of e-Zumkeller numbers in Section 2 of this paper. We present some examples and
results of e-Zumkeller numbers .In Section 3, we introduce the notion of e-unitary Zumkeller
numbers and study their characteristics.

2 e-Zumkeller numbers

We first define some arithmetic functions and preliminary results of these functions that are
needed in the sequel.

The arithmetic functions σ(e)(n) and τ (e)(n) denote the sum of all positive e-divisors of n
and the number of positive e-divisors of n, respectively.

Lemma 2.1. [11] Let n = pa1
1 pa2

2 · · · pam
m be a positive integer. Then

τ (e)(n) = τ(a1)τ(a2) · · · τ(am).

Also,

σ(e)(n) =
m∏
i=1

σ(e)(pai
i ) =

m∏
j=1

(
∑
bj |aj

p
bj
i ).

Now we define e-Zumkeller numbers as follows:

Definition 2.2. A positive integer n is called an exponential Zumkeller number (or e-Zumkeller
number) if the set of exponential divisors (e-divisors) of n can be partitioned into two subsets of
equal sum.

Example 2.3. Some e-Zumkeller numbers are 36, 180, 252, 396, 468, 612, 684, 828, 900, 1044,
1116, 1260, 1332 etc.

Proposition 2.4. If n is an e-Zumkeller number, then σ(e)(n) is even and σ(e)(n) ≥ 2n.

Proposition 2.5. A positive integer n is an e-Zumkeller number if and only if σ(e)(n)
2 −n is either

zero or the sum of distinct proper e-divisors of n.

Proof. Let n be an e-Zumkeller number with e-Zumkeller partition {A,B}. Without loss of
generality, we may assume that n ∈ A.
Case1 If A does not contain any element other than n, then σ(e)(n)

2 = n and hence σ(e)(n)
2 − n is

zero.
Case2 If A contains elements other than n, then the sum of remaining elements of A is σ(e)(n)

2 −n.

Hence σ(e)(n)
2 − n is the sum of distinct proper e-divisors of n.

Conversely, Suppose σ(e)(n)
2 − n is zero. Then obviously n is an e-Zumkeller number with

partition {A,B}, where n ∈ A and B contains other e-divisors of n.
Again suppose σ(e)(n)

2 − n is the sum of distinct proper e-divisors of n. If we augment this

set of distinct e-divisors with n, then we get a set of e-divisors of n summing to σ(e)(n)
2 . The

complementary set of these e-divisors of n sums to the same value, and so these two sets form
an e-Zumkeller partition of n. Hence n is an e-Zumkeller number.

Proposition 2.6. Every e-perfect number is an e-Zumkeller number.

Proof. Let n be an e-perfect number. Then σ(e)(n) = 2n, which implies σ(e)(n)
2 − n = 0. Then

by Proposition 2.5, n is an e-Zumkeller number.
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Remark 2.7. Converse of the above Proposition does not hold. There exist e-Zumkeller numbers
which are not e-perfect numbers. For example, 900 is an e-Zumkeller number, but not e-perfect.

For an integer n and a set A of integers, let nA = {na : a ∈ A}.

Proposition 2.8. If n is an e-Zumkeller number and p is a prime with (n, p) = 1, then for any
positive integer l, npl is an e-Zumkeller number.

Proof. Let n be an e-Zumkeller number with e-Zumkeller partition {A,B}. Let τ(l) = k and
the positive divisors of l are b1(= 1), b2, b3, · · · , bk(= l). Therefore {(pA) ∪ (pb2A) ∪ · · · ∪
(pbkA), (pB) ∪ (pb2B) ∪ · · · ∪ (pbkB)} be the e-Zumkeller partition of npl. Hence, npl is an
e-Zumkeller number.

As a consequence of the above Proposition, we get the following corollary.

Corollary 2.9. If n is an e-Zumkeller number and m is co-prime to n, then nm is e-Zumkeller
number.

Proposition 2.10. Let n be a non e-Zumkeller number and p be a prime with (n, p) = 1. If npl

is an e-Zumkeller number, for any positive integer l, then p ≤ σ(e)(n).

Proof. Since npl is an e-Zumkeller number, the set of e-divisors of npl can be partitioned into
two disjoint subsets of equal sum. Let τ(l) = k and b1 = 1, b2, · · · , bk = l be the positive
divisors of l. It is obvious that every e-divisor of npl can be expressed as dpbi , for all i =
1, 2, · · · , k, where d is an e-divisor of n. Since npl is an e-Zumkeller number, these divisors can
be partitioned into two equal summed subsets. Therefore, there exist si, ti, each of which is a
sum of some e-divisors of n, such that

k∑
i=1

pbi(si − ti) = 0,

and
si + ti = σ(e)(n).

So, p|(s1 − t1). Additionally, s1 + t1 = σ(e)(n) and n is not an e-Zumkeller number. Therefore
s1 − t1 ̸= 0. This implies |s1 − t1| ≥ p. Hence,

σ(e)(n) = s1 + t1 ≥ |s1 − t1| ≥ p.

Proposition 2.11. Let the positive e-divisors of n be a1 < a2 < ... < ak = n. If ai+1 ≤ 2ai, for
all 1 ≤ i < k and σ(e)(n)

a1
is even, then n is an e-Zumkeller number.

Proof. Let bi = ai

a1
, or −ai

a1
, for each i. We explain how we choose the sign of bi precisely. Then

we show that
∑k

j=1 bj = 0, which implies that
∑k

j=1 a1bj = 0. Therefore it will imply that
σ(e)(n) can be partitioned into two equal summed subsets. Let us illustrate the process precisely.

Let bk = ak

a1
, which is positive. So we assign negative sign to bk−1. i.e. bk−1 = −ak−1

a1
. Since

ak ≤ 2ak−1, ak

a1
≤ 2ak−1

a1
. Therefore 0 ≤ bk + bk−1 = ak

a1
− ak−1

a1
≤ 2ak−1

a1
− ak−1

a1
= ak−1

a1
, i.e

0 ≤ bk + bk−1 ≤ ak−1
a1

. Since the current sum bk + bk−1 is positive, we assign the negative sign
to bk−2, i.e. bk−2 = −ak−2

a1
. Then bk−2 ≤ bk + bk−1 + bk−2 ≤ ak−2

a1
. If bk + bk−1 + bk−2 ≥ 0,

then we assign the negative sign to bk−3. Otherwise we assign the positive sign to bk−3.
Let si =

∑k
j=i bj . In general, the sign assign to bi is the opposite of the sign of si+1. Now we

show that |si| ≤ ai

a1
, for 1 ≤ i ≤ k.

It is true for i = k. We assume that |si+1| ≤ ai+1
a1

. Since the sign of bi is opposite of the sign
of si+1, |si| = ||si+1| − ai

a1
|. Note that −ai

a1
≤ |si+1| − ai

a1
≤ ai+1

a1
− ai

a1
≤ ai

a1
, since ai+1 ≤ ai.

Therefore, |si| ≤ ai

a1
. So, for i = 1, |s1| ≤ a1

a1
= 1. Here s1 is obtained by assigning positive or

negative sign to each of the terms in σ(e)(n)
a1

. Again σ(e)(n)
a1

is even. Therefore s1 =
∑k

j=1 bj is
even. Hence s1 =

∑k
j=1 bj = 0. This implies that

∑k
j=1 a1bj = 0. Hence the set of the positive

e-divisors of n can be partitioned into two subsets of equal sum. Therefore, n is an e-Zumkeller
number.
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Proposition 2.12. If n is an e-Zumkeller number, then τ (e)(n) > 3.

Proof. Let n be an e-Zumkeller number. Clearly, τ (e)(n) > 2.
Suppose τ (e)(n) = 3. Let the prime factorization of n be

∏m
i=1 p

ki
i . By Lemma 2.1, τ (e)(n) =

τ (e)(
∏m

i=1 p
ki
i ) =

∏m
i=1 τ(ki). Therefore, τ (e)(n) = 3 implies

∏m
i=1 τ(ki) = 3. In this case,

τ(kj) = 3, for some j and for all other i, τ(ki) = 1 and say n = p1p2 . . . p
kj

j . . . pm such
that τ(kj) = 3. Let the divisors of kj be 1, d and kj . Therefore, the e-divisors of n are
p1p2 . . . pj . . . pm, p1p2 . . . p

d
j · · · pm and p1p2 . . . p

kj

j . . . pm. Since n is an e-Zumkeller number,
σ(e)(n) ≥ 2n, this implies that 1 + pd−1

j + p
kj−1
j ≥ 2pkj−1

j , which is a contradiction. Therefore
τ (e)(n) > 3.

Proposition 2.13. There is no e-Zumkeller number of the form pα1 p
β
2 except 36(= 22×32), where

p1 and p2 are distinct odd primes and α and β are primes.

Proof. Let n = pα1 p
β
2 be an e-Zumkeller number, where p1 and p2 are distinct odd primes and

α and β are primes. Then σ(e)(pα1 p
β
2 ) ≥ 2pα1 p

β
2 . Since α and β are primes, σ(e)(pα1 p

β
2 ) =

(p1 + pα1 )(p2 + pβ2 ). This implies that (p1 + pα1 )(p2 + pβ2 ) ≥ 2pα1 p
β
2 and simplifying this we have

1 + pα−1
1 + pβ−1

2 ≥ pα−1
1 pβ−1

2 , which is possible if and only if p1 = 2, p2 = 3, α = β = 2.
Again, 22 × 32 = 36 is an e-Zumkeller number. Hence there is no e-Zumkeller number of the
form pα1 p

β
2 , except 36.

Proposition 2.14. There is no e-Zumkeller number of the form 2α
∏m

i=1 pi, where pi’s are odd
primes and α is a positive integer.

Proof. Suppose, n = 2α
∏m

i=1 pi is an e-Zumkeller number, where α is a positive integer. Let
τ(α) = k and divisors of α be d1 = 1, d2, d3, . . . , dk = α. Then σ(e)(2α

∏m
i=1 pi) = (2 + 2d2 +

2d3 + · · · + 2α)
∏m

i=1 pi. Since n is an e-Zumkeller number, σ(e)(2α
∏m

i=1 pi) ≥ 2(2α
∏m

i=1 pi).
This implies that (2 + 2d2 + 2d3 + · · · + 2α)

∏m
i=1 pi ≥ 2(2α

∏m
i=1 pi) and simplifying this we

have 1 + 2d2−1 + 2d3−1 + · · · + 2α−1 ≥ 2α, which is impossible. Hence there does not exist
e-Zumkeller number of the form 2α

∏m
i=1 pi.

Lemma 2.15. For any prime number p,

1 +
1
p2 +

1
p3 < 1 +

1
p
.

In [11], the authors have proved that there is no odd e-perfect numbers. Now we investigate
whether there exists odd e-Zumkeller numbers.

Proposition 2.16. If n = pk1
1 pk2

2 . . . pkm
m is an odd e-Zumkeller number, then

2 ≤
m∏
i=1

pi + 1
pi

.

Proof. Let n = pk1
1 pk2

2 . . . pkm
m be an odd number , where pi’s are odd primes. Then σ(e)(n) =

σ(e)(pk1
1 )σ(e)(pk2

2 ) . . . σ(e)(pkm
m ).

Let n be an e-Zumkeller number. Then σ(e)(n) is even. This implies that either some
σ(e)(pki

i )’s are odd and at least one σ(e)(pki
i )’s is even or all σ(e)(pki

i )’s are even.
For odd values of σ(e)(pki

i ), we have ki’s are perfect square and then we have

σ(e)(pki
i )

pki
i

≤ σ(e)(p4
i )

p4
i

= 1 +
1
p2
i

+
1
p3
i

<
pi + 1
pi

, (using lemma 2.15).

Again for even values of σ(e)(pki
i ), we have

σ(e)(pki
i )

pki
i

≤ σ(e)(p2
i )

p2
i

=
pi + 1
pi

.
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Thus, for both cases
σ(e)(n)

n
=

m∏
i=1

σ(e)(pki
i )

pki
i

≤
m∏
i=1

pi + 1
pi

.

Again, if n is an e-Zumkeller numbers, then 2n ≤ σ(e)(n). Hence, n is an odd e-Zumkeller
number, which implies that

2 ≤
m∏
i=1

pi + 1
pi

.

Corollary 2.17. If n is an odd e-Zumkeller number, then n contains at least 5 distinct odd primes.

Proof. Let n =
∏m

i=1 p
ki
i be an odd e-Zumkeller number. Then Proposition 2.16 implies that

2 ≤
m∏
i=1

pi + 1
pi

. (2.1)

If m < 5, then we have
m∏
i=1

pi + 1
pi

≤ 4
3
× 6

5
× 8

7
× 12

11
< 2, which contradicts (2.1).

Therefore m ≥ 5. Hence n contains at least 5 distinct primes.

Corollary 2.18. If n =
∏5

i=1 p
ki
i is an odd e-Zumkeller number, then ki ̸= 1 for all i.

Proof. Let n =
∏5

i=1 p
ki
i be an odd e-Zumkeller number. Suppose for some j, kj = 1. Without

loss of generality, let k5 = 1. Then σ(e)(p
k5
5 )

p
k5
5

= 1. Therefore

σ(e)(n)

n
=

4∏
i=1

σ(p
ki
i )

pki
i

≤
4∏

i=1

pi + 1
pi

< 2, which is a contradiction.

Therefore for all i, ki ̸= 1

Corollary 2.19. The smallest odd e-Zumkeller number is 32 × 52 × 72 × 112 × 132.

Proof. Let n be an odd e-Zumkeller number. Then by Corollary 2.17, n contains at least 5
distinct odd primes. Again by Corollary 2.18, power of each distinct prime is greater than 1.
Hence possible smallest odd e-Zumkeller number is 32 × 52 × 72 × 112 × 132.

Again 32 × 52 × 72 × 112 × 132 is an e-Zumkeller number with the e-Zumkeller partition
{A,B}, where

A = {3×5×7×11×132, 3×52×7×112×132, 3×52×72×112×13, 32×52×72×112×132}
and

B = {3 × 5 × 7 × 11 × 13, 3 × 5 × 7 × 112 × 13, 3 × 5 × 7 × 112 × 132, 3 × 5 × 72 × 11 ×
13, 3×5×72 ×11×132, 3×5×72 ×112 ×13, 3×5×72 ×112 ×132, 3×52 ×7×11×13, 3×
52 × 7 × 11 × 132, 3 × 52 × 7 × 112 × 13, 3 × 52 × 72 × 11 × 13, 3 × 52 × 72 × 11 × 132, 3 ×
52 × 72 × 112 × 132, 32 × 5 × 7 × 11 × 13, 32 × 5 × 7 × 11 × 132, 32 × 5 × 7 × 112 × 13, 32 ×
5 × 7 × 112 × 132, 32 × 5 × 72 × 11 × 13, 32 × 5 × 72 × 11 × 132, 32 × 5 × 72 × 112 × 13, 32 ×
5 × 72 × 112 × 132, 32 × 52 × 7 × 11 × 13, 32 × 52 × 7 × 11 × 132, 32 × 52 × 7 × 112 × 13, 32 ×
52 × 7 × 112 × 132, 32 × 52 × 72 × 11 × 13, 32 × 52 × 72 × 11 × 132, 32 × 52 × 72 × 112 × 13},
and the sum of elements of each subset is 242161920.

Hence, 32 × 52 × 72 × 112 × 132 is the smallest odd e-Zumkeller number.

Proposition 2.20. Let α0, . . . , αk be non-negative integers. If α is an e-Zumkeller number, a|αi

for all 1 ≤ i ≤ k, and (α, α0) = 1, then

P (n) = αα0 + αα1n+ · · ·+ ααkn
k

is an e-Zumkeller number, for all non-negative integers n.
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Proof. Let α be an e-Zumkeller number, a|αi for all 1 ≤ i ≤ k, and (α, α0) = 1. Then for all
positive integers n,

(α, α0 + α1n+ α2n
2 + · · ·+ αkn

k) = 1.

Therefore by Corollary 2.9, we have

α(α0 + α1n+ α2n
2 + · · ·+ αkn

k) = αα0 + αα1n+ · · ·+ ααkn
k

is an e-Zumkeller number.

3 e-Unitary Zumkeller numbers

The arithmetic function τ (e)∗(n) denotes the number of e-unitary divisors of n and σ(e)∗(n)
denotes the sum of the e-unitary divisors of n. The function ω(n) denotes the number of distinct
prime divisors of n.

Lemma 3.1. [12] If n = pa1
1 pa2

2 · · · pam
m , where p1, p2, · · · , pm are primes, then

(i) τ (e)∗(n) = τ∗(a1)τ∗(a2) · · · τ∗(am) = 2ω(a1)+ω(a2)+···+ω(am);

(ii) σ(e)∗(n) =
(∑

d1|∗a1
pd1

1

)(∑
d2|∗a2

pd2
2

)
· · ·

(∑
dm|∗am

pdm
m

)
.

We note that for any n > 1, the values of τ (e)∗(n) and σ(e)∗(n) are even.

Definition 3.2. An integer n is called an e-square free number if all the exponents of the prime
factorization of n are square free. By convention 1 is square free number.

Lemma 3.3. [12] If n is an e-square free number, then a divisor d of n is a unitary e-divisor if
and only if d is an e-divisor of n.

Now we define e-unitary Zumkeller numbers:

Definition 3.4. A positive integer n is called an e-unitary Zumkeller number if the set of ex-
ponential unitary divisors(e-unitary divisors) of n can be partitioned into two subsets of equal
sum.

Proposition 3.5. An e-square free number n is e-unitary Zumkeller number if and only if n is
e-Zumkeller number.

Proposition 3.6. A positive integer n is an e-unitary Zumkeller number if and only if σ(e)∗(n)
2 −n

is either zero or the sum of distinct proper e-unitary divisors of n.

Proof. The proof is similar as the proof of Proposition 2.5.

Using Proposition 3.6 and following the proof of Proposition 2.6, we obtain the following
Proposition.

Proposition 3.7. Every e-unitary perfect number is an e-unitary Zumkeller number.

Proposition 3.8. If n is an e-unitary Zumkeller number and p is a prime with (n, p) = 1, then
for any positive integer l, npl is an e-unitary Zumkeller number.

Proof. The proof is similar as the proof of Proposition 2.10.

Corollary 3.9. If n is an e-unitary Zumkeller number and m is co-prime to n, then nm is an
e-unitary Zumkeller number.

Proposition 3.10. If n is an e-unitary Zumkeller number, then τ (e)∗(n) > 3.

Proof. The proof is similar as the proof of Proposition 2.12

Following the proof of Proposition 2.16, we obtain a similar result for e-unitary Zumkeller
numbers as follows:
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Proposition 3.11. If n = pk1
1 pk2

2 . . . pkm
m is an odd e-unitary Zumkeller number, then

2 ≤
m∏
i=1

pi + 1
pi

.

Remark 3.12. The smallest e-Zumkeller number , which is not e-unitary Zumkeller number, is
24 × 32 × 112 = 17424.

Remark 3.13. By Corollary 2.19, the smallest odd e-Zumkeller number is 32×52×72×112×132,
which is an e-square free number. Therefore by Proposition 3.5, the smallest odd e-unitary
Zumkeller number is 32 × 52 × 72 × 112 × 132.

Remark 3.14. The smallest e-unitary Zumkeller number, which is not e-squarefree, is 24 × 32 ×
52 × 72 × 112 = 21344400.

Proposition 3.15. Let α0, . . . , αk be non-negative integers. If α is an e-unitary Zumkeller num-
ber, a|αi for all 1 ≤ i ≤ k, and (α, α0) = 1, then

P (n) = αα0 + αα1n+ · · ·+ ααkn
k

is an e-unitary Zumkeller number, for all non-negative integer n.

Proof. The proof is similar to the proof of Proposition 2.20.

4 Conclusion

In this paper we have defined e-Zumkeller numbers and have studied certain properties. We
have noticed that though there does not exist any odd e-perfect numbers but there exists odd
e-Zumkeller numbers and 32 × 52 × 72 × 112 × 132 is the smallest odd e-Zumkeller number. In
future we can investigate more results of these numbers and can generalize e-Zumkeller numbers
partitioning the set of e-divisors into k number of distinct subsets. We can also study graph
labeling using the notion of e-Zumkeller numbers.
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