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Abstract We study Hermitian structures on the twisted cartesian product
(8(p1,p), 35 K) of two Hermitian Lie algebras according to two representations p; and p,. We give
the conditions on (g(,, ,,),J, K) to be balanced and locally conformally balanced. As an appli-
cation, we classify six-dimensional balanced Hermitian twisted cartesian products Lie algebras.

1 Introduction

The twisted product structure of Lie algebras defined by means of linear representations is a
well known construction which can be regarded as the generalization of the semidirect product
of algebras, see for instance [5]. By using this construction we can obtain examples of some
special Hermitian metrics in Lie algebras.

In literature, a Hermitian structure on a 2n-dimensional smooth manifold M is a pair (J, K)
where J is an integrable almost complex structure which is compatible with a Riemannian metric
K on M, namely K(J.,J.) = K(.,.). The fundamental form is given by w(.,.) = K(J.,.) and
the Lee form is defined by § = Jd*w = —d*w oJ. A fundamental class of Hermitian metrics
is provided by the Kdhler metrics by means dw = 0. In literature, many generalizations of the
Kihler condition have been introduced. Indeed, (M, J, K) is called:

» Balancedif 6 = 0.
« Locally conformally balanced (shortly, LCB) if d0 = 0.

« Locally conformally Kihler (shortly, LCK) if dw = 6 A w where the Lee form 6 is a closed
1-form.

For general results about these generalized Kihler metrics, we refer the reader to [3], [2], [4].

The aim of this paper is to study Hermitian structures on the twisted cartesian product
(8(p1,p),3, K). We give the conditions on (g, ,),J,K) to be balanced, locally conformally
balanced and Kéhlerian.

The article is organized as follows: In section 2 we give the framework of the Hermitian Lie
algebra (g, ,),J; K). In particular, we provide a formula of the Lee form ¢ and we investi-
gate it to know when the Hermitian twisted cartesian product structure becomes balanced, LCB
and Kéhlerian. We also give a method to construct balanced Hermitian Lie algebras from two
Hermitian Lie algebras and apply it in section 3.

Notation. Using the Salamon notation, we write structure equations for Lie algebras:

e.g. tr3; = (0,—12,-13,0) fixing a coframe (e', e*, ¢, e*) for vej | that means de! = de* = 0

and de? = —el Ne?2 = —el2,de® = —el A ed = —el3.

P1,0P2
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2 Hermitian twisted cartesian products

Let (g1,J1,k;) and (g2, J2, k) be two Hermitian Lie algebras for which there exist two linear Lie
algebra representations

p1: g1 — Der(gz) and  py: g2 — Der(gi).
We will say that (p;, p2) is a representation compatible couple if
p1(p2(a)2)b = pi(p2(b)r)a, 2.1
p2(pi(x)a)y = pa(p1(y)a)z, 2.2

forany z,y € g; and a, b € g.
The non-zero Lie brackets [.,.] on g
of gi and g>) by

p1.p) are defined on the vector space g; @ gz (direct sum

[x’y}:[way]lv T,y € 91
[avb} = [a7b]27 a,be g
[3370’} :pl(w)a_p2(a)x7 T € g, ac g

A direct calculation shows that (g(,, ,,),[-, ]) is a Lie algebra if and only if p; and p, are
compatible. The Lie algebra (g(,, ,,); [, -]) is called twisted cartesian product of g; and g,
according to the representation compatible couple (p1, p2) also noted g; X g, (see [5] and [6] for
more details).

Remark 2.1. If p, = 0 then the twisted cartesian product becomes the semi-direct product of g,
and g, by p; and vice-versa.

We let K be the scalar product on g, ,,) which is defined by (2 + a,y + b) = k;(z,y) +
kz(a, b), the almost-complex structure J on g(,, ,,) verify J(z + a) = Ji(x) + J2(a) for z,y € g
and a, b € g,. Clearly, J and K are compatible i.e., K(J.,J.) = K(.,.). The following proposition
gives a necessary and sufficient condition for J to be integrable.

Proposition 2.2. Let (g1,J1,k;) and (g2, J2,k2) be two Hermitian Lie algebras and let (p1, p2) a
representation compatible couple. Then, (g< ) wsJ ) is a Hermitian Lie algebra if and only if

P1,P2
[p1(J1(2)),d2] =J2 0 p1(z) 0 J2 + pi(z), Vo € g1 (2.3)
[p2(32(a)), 1] = J1 0 pa(a) o Ty + pa(a), Va € ga. (2.4)

Proof. Using that J; and J, are integrable and the bilinearity of the Nijenhuis operator, the com-
pleteness of J reduces to N;(z,a) =0 forall z € g; and a € g;.

NJ(I’,Q) = [J].T,Jza] — [x,a] — J([Jlx,a] + [:c,]za])
= pr(Jiz)aa — p2(J2a)J1z — pi(x)a + pa(a)x
= L(pi(hz)a) + 31 (p2(a)1z) — 2 (p1(2)]2a) + J1(p2(J20)2)
= (I 20 + pa(@)a + Ti(pa(a)i)) + ([ (i), Jala
~ pi(@)a—o(pi (2))2a) )
and the result follows. O

Remark 2.3. The conditions (2.3) and (2.4) are satisfied if p;(x) and J, (resp; p2(a) and J;)
commute, for all z € g; (resp; a € g2).

The Hermitian Lie algebra (g(,, ,),J, K) is called Hermitian twisted cartesian product of two
Hermitian Lie algebras according to two representations p; and p;, or simply Hermitian twisted
product if there is no confusion. Moreover, we consider in what follows that p;(x) and J, (resp;
p2(a) and J;) commute for all = € g; (resp; a € g2).
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Lemma 2.4. The Levi-Civita product associated to (g ,, ), KC) is given by:

Vea = 5((p1(2) = pi(z))a = (p2(a) + p3(a))x),

—_— NI =

Vazr = =((p2(a) — p3(a))z — (p1(x) + pi(2))a),

- N

2
Vay =Vygy, Vab=V,b,
forany z,y € g1 and a,b € g,

Proof. The Koszul formula for the Levi-Civita connection in the invariant setting, is given by:

ZK(v(x,a)(ya b),(z,¢)) = ]C([(:ZZ,G,), (v, b)]? (z,¢)) — ’C([(ya b), (Z,C)], (2,a))
- /C([(.I‘, CL), (270)]7 (y7 b))
For (z,a) = (x,0) and (y,b) = (y,0) and (z,c) = (z,0), we have

2K(V (2.,0) (4, 0), (2,0)) = K([(z,0), (y,0)], (2,0)) = K([(y,0), (2,0)], (x,0))
- /C([(I,O), (Z’O)]a (y,()))

=ki([z, )1, 2) = ki(ly, 21, @) =k ([z, 2]1,y)

1
2IC(V(:£,O) (y7 0)7 (Z7 O)) - 2kl (vxy7 Z)

and therefore
1 1

1
Hence V,y = V,y. A similar calculation show that

2
ZIC(V(O,a)(O, b),(0,¢)) = 2ky(V4b, )
and therefore

2
K(Vab,c) =ka(Vab,c) = K(Vab, ).

2
Hence Vb = V,b.
For (z,a) = (2,0) and (y,b) = (0,b), we have

2K(V (2,0)(0,0), (2, ¢)) = K([(2,0), (0,D)], (2, ¢)) = K([(0,0), (2, ¢)], (x,0))
= K([(2,0), (2, )], (0,b))
= K(p1(2)b — p2(b)x, (2, ¢)) — ki(p2(b)z, 2)
—ka(p1(2)c, b)
= ka(p1(2)d, ¢) — ki(p2(b)z, 2) — ki (p2(D)2, )
—ka(p1(x)c, b)
=ka((p1(x) — pi(2))d,c) — ki ((p2(b) + p3 (b)), 2).

Replacing (z, ¢) by (z,0), then by (0, ¢) we find

2Vgb = (p1(z) = pi(x))b — (p2(b) + p3(b))z.

A similar calculation show that

2Vaz = (p2(a) = p3(a))z — (p1(y) + pi(2))a

and we get the desired result.



Balanced Hermitian structures on twisted cartesian products 695

Lemma 2.5. The differential of the fundamental form w associated to the twisted cartesian prod-
uct (g(p]’pz), J,K) is given by:

dw(z,y,c) = —wi((p3(c) + p2(c))z,y),

dw(xa b, C) = —Ww2 ((pik(x) + 1 (.’K))b, C)a

dw(z,y,2) = dwi(z,y,2) and dw(a,b,c) = dws(a,b,c),
forany x,y,z € g1 and a,b,c € gs.

Proof. Using the exterior derivative of the 2-form w, we have

([, 9], ¢) + w([z, ], y) — w([y, ], 2)

([, y]1,¢) +w(p1(z)e = pa(c)z,y) — w(p1(y)e — p2(c)y, z)

1(p2(c)y, ) — wi(p2(c)z,y)
(

dw(z,y,¢) = —w

= —Ww

|
€

ki ((J1 0 p2(c))ys ) — ki ((J1 0 pa(c))z, y)

=ki((p2(c) o I)y, ) — ki ((J1 0 pa(c))z,y)

=k (J1y, p3(c)z) — ki ((J1 o p2(c) xy)
= ki (p3(c)e, le) ki (T e pa(e))z,y

= —ki((Jiep3(c)wy) - (Jloﬂz( )z, y)

:—kl(hO(Pz ) + p2(c))z, )

dw(z,y, ) = —wi((p3(c) + pa(c))z, y).
A similar calculation show that dw(x, b, c) = —wz(( (@) + p1(x))b, ). O

Corollary 2.6. The Lie algebra (g, ,,),J, K) is Kihlerian if and only if (i, )i, k;)i=1.2 is Kdh-
lerian and p; = —p} fori € {1,2}.

Proof. By Lemma théoréme 2.5 we have, dw(z,y, z) = dw;(,y, z) and dw(a, b, ¢) = dw,(a, b, c)
and since J; commute with p;(c) we get :

dw(z,y,c) = —wi(p2(c)z,y) + wi(p2(c)y, )
= wi(y, p2(c)x) + wi(p2(c)y, x)
=ki(J1y, p2(c)z) + ki (J1 0 p2(c)y, 2)
1(p3(c) o D1y, z) + ki(J1 o pa(c)y, @)

((p3(0) 031+ 0 pa(e))y, )
- kl((p;(c) oJi + pa(c) oJl)y,a:)
deo(,y,¢) = ki (((p3(c) + p2(0)) 0 1)y, )
and similarly since J, commute with p; (z) we get
do(,b,¢) = ko (07 () + p1(2)) 0 ) e, b).

If we suppose that (g(phpz),J, K) is Kéhlerian then dw; = 0 = dw,, which means that w; and w,
are both Kihlerian. In addition to that

duo(a,y.¢) =k (((73(0) + pa(e)) o T )y ) =0,

dw(z,b,c) = kz(((pf(x) + pi(z)) o Ia)e, b) =0,
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by non-degeneracy of k; and k; and the fact that J% = —Idg, and J% = —Idy, thus
p1=—pi, and pr=—pj.
For the inverse it can be check easily. O

We note that &, (resp. X,,) is the character of the representation p; (resp. p;) defined by
X, (z) = tra(pi(z)) and X,, (a) = tri(p2(a)). Our main result is the following theorem:

Theorem 2.7. Let (g
0 is given by

p1.o)» 35 KC) be a Hermitian twisted product. Then, its associated Lee form

0(z) = 01(x) — &, (2), x € gi (2.5)
0(a) = 62(a) — X,,(a), a € go. (2.6)

Moreover, the Hermitian Lie algebra (g(,, ,,),J,K) is
i. Balanced if and only if 0,(x) = X, (x) and 0,(a) = X,,(a) for all x € g, and a € g,.

ii. LCB if and only if g, and g, are both LCB and

01(p2(a)z) = 02(p1(2)a) = X, (p2(a)x) — Xy, (p1(2)a)
forall xz € g and a € gy.

Proof. i. Let B = {ey,... e, } and By = {f1,..., fan, } an orthonormal basis of g; and go,
respectively. Recall the definition of d*w :

2n4 2n,

d'w(X) ==Y (Vew)(ei, X) = D (Vyw)(f;, X)

i=1 j=1

where X € g(,, ,,) and V is the Levi-Civita connection associated to (g, ,), ). Taking

into consideration the Koszul formula for the Levi-Civita connection, we get
(veiw)(ei7 X) = _w(veiei7 X) - W(eia veiX)
= IC(VSI. €, JX) — ]C(J@Z', VeiX)

= %(”C(UX’ eil, ei) + K([X, el Je;) + K([X, Jei], ei)

- K([Jei,ei],X)>

Therefore
2n1

_;(Veiw)(ei’X) = —tri(adyx) — %(— try(Jadx ) + tr (adx J)

2n1

— ZK([Jlei,ei]l,X))

2n1

1
= —try(adyx) + 3 ;/C([Jlei,ei]uX)-

Similarly, we get

277,2 277,2

=3 (V) X) = —twafadin) + 3 3 K([B2 . Sl X).

J=1 J=1
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ii.

So
2n4 2n,
d*w(X) = —tr adJX (Z’C Jlezaez 17 + Z’C JZfJ?fj]27 ))
7=1
We have for X = e, k=1...2n
2n1
d*w(ey) :—tr(adjlek) Zk1<Jleuez 1,61«)
2n, ' 2n, 4
=- Zez([Jleka@i]l) - Zfz([h@mfi])
i=1 i=1
2n,
+ 5 Zh(llez,ez]uek)
2n, 2ny

= d"wi (ex) Zf (Pl Jier) i) +Zfi(p2(fi)-]1€k)

i=1

= 601017 (ex) — tra <p1(J1€k)>-

So
d*w(lier) = =01 (ex) — tra(pi(—ex))
= —0i(ex) +tra (Pl(ek))
= —bi(ex) + Ap, (ex)-
Since § = —d*w o J, we get

O(er) = —d*w o I(ex)
= 7d*w(J1€k)
0(er) = O1(ex) — &, (ex)-

The same is true for the second identity 0(f,) = 612(f,) — X,,(f,) that we get for X = f,,

r =1,...2n,. Taking into consideration the balanced condition, we get the result.

By the assertion (), we know that

0(z) = 01 (x) — X, (2),
0(a) = 02(a) — X (a).

for all x € g; and a € g;. So the differential of 6 is defined by

dﬂ(a:,y) :d91(x,y), Vz»yegl
df(a,b) = db>(a,b), Va,be g

d6(x,a) = 01 (p2(a)z) — 02 (p1()a) — (X, (p2(a)2) — Xy, (1 (2)a) ).

where (z,a) € g1 X g2.
Then df = 0 if and only if df; = df, = 0 and

01(p2(a)z) = 02(p1(2)a) = &, (p2(a)z) — X, (p1(2)a)

and the result follows.
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Remark 2.8. If (g;,w,J;) and (g2, ws,J2) are balanced then the Hermitian twisted cartesian
product is balanced if and only if tr; (p; (2)) = 0 and try (p2(a)) = 0, forall z € g; and a € g».

A simple case that generates several examples is when g; and g, are abelians.

Corollary 2.9. Let (91,11, k1) and (92,12, k2) be two abelian Hermitian Lie algebras and (g
their Hermitian twisted cartesian product. The associated Lee form 0 is given by

)7J7K:)

P1,P2

0(z) = =X, (z) and 0(a) = -, (a).

Moreover, the Lie algebra (g,, ,,),w,J) is balanced if and only if X, (x) = X,,(a) = 0 and
LCB if and only if try (p2(p1(z)a)) = tra(p1(p2(a)z)).

Example 2.10. A general result of the corollary above is the balanced Hermitian twisted carte-
sian product (R* X R?,J, K) such that

(R* = span{ey, ..., ez}, J1,k1) and (R?? = span{fi,..., f2q},J2,k2) are the two abelian Her-
mitian Lie algebras associated respectively to the representations

p1 : R?? — End(R?%) and p, : R?? — End(R??) defined by:

pi(er) = (2D andpz(fj)—< G Dj)

“B; | A —D; | ¢
where (A;, B;) € Diag(ay,...,aq) x Diag(bi,...,b,) and
(Cj,D;) € Diag(cy, ..., cp) x Diag(dy,...,dp) and tr A; = 0 = tr C; for the standard complex
0 I, 0 Iq>

structures J; = and J, = 0

1,

p q

3 Applications in dimension six

In this section we look for six-dimensional balanced Hermitian twisted cartesian products. In
order to do that only two cases are presented, the first one is R? X g and the second one is
aff(R) X g, where dim(g) = 4.

3.1 R? X g withdim(g) = 4

Let R? = span{e;, ez} with [e1,e2] = 0, w; = e'? and Ji(e;) = e, and (g,w>,J2) be a four-
dimensional Hermitian Lie algebra and its associated Lee form 6,, in order to applicate our
Theorem théoréme 2.7 g is necessary Lck (because df, = dtr(pz) = 0 and dw, = 6, A wy).
In the other hand, the article [1] gives a classification of Lck structures on four dimensional
Lie algebras up to linear equivalence. In fact basing on results of Table 2 see [1], we twist R?
with each one of the four-dilensional Lie algebras listed in this table. We obtain the following
theorem.

Theorem 3.1. Balanced Hermitian twisted cartesian products Lie algebras of type (R*> M g, w, J)
where dim(g) = 4 are described as follows:
e R2xtr3:
(—13 — 223 — 26,213 +t16 — 23,0, 34, -35,0)
J(er) = ez, J(e3) = €6, J(eq) = es.
w=e? 4+ 0e3 + e witho > 0.
e R2xtr3p:
($13 4+ &15 — 223 — 225 — 126,13 + 215 + 116 + 523 + £25,0, —34,0,0)
J(el) = €, J(63) = €4, J(€5) = €6.
5(8+1)

w=el2 4 20TV 4 36 _ 45 4 %656 withd >0, 0 > 0.

o
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RZ

R2

R2

]R2

Rz

RZ

RZ

]R2

X thy :
(=416 — 223 — y24 — 126,213 + y14 + t16 — 126,0,0,-34,0)
J(e1) = ez, J(e3) = eq, I(es) = e.
w=e2+o (634 + 656) with o > 0.
xrey oy >0
(=913 — 223 — 126,213 + t16 — 23,0, —y34 — 35,34 — v35,0)
J(e1) = ez, I(e3) = eg, J(eq) = es.
w=e?2+0e3 + e witho > 0.
X1 Tty
(—%13 — 223 — 225,213 — %23 + 215,0,-34,0, —56)
J(er) = ez, IJ(e3) = eq, J(es) = eg
w = e'? + we** + wse(—e30 + &b + ) with wiy > wse > 0.
Xo oty
(—115 — 223 — 225,213 4 215 — 125,0,-34,0, —56)
J(er) = ez, J(e3) = eq, I(es) = e.
w=e'? +wy (e — e + ) + wsee® with wse > wig > 0.
X3 Taty ¢
(213 + 515 — 223 — 225,213 + 215 + $23 + 525,0,—-34,0,-56)
J(er) = ez, I(e3) = eq, I(es) = e.

w:elz—l—u(“‘%eﬂ—i—e%—e“—i— %656) withor #0, 04+ 7 # —1, u # 0,
ultte) o g wbn) 5 g orsl s g

Xpth:
(=13 — 223 — 424,213 + y14 — 23,0,0, —35 + 46, —36 — 45)
J(e1) = ez, J(e3) = es, J(eq) = e6.
w = e +ws (e + ) + wss(e¥ + %) with wss > 0, wis — w3, > 0, ws > 0.
X th:
(%13 — 223 — y24,213 + y14 + 523,0,0, —35 + 46, —36 — 45)
J(e1) = ez, J(e3) = es, J(eq) = ee.
w = wye(—(a + 1)e> + e*) with wye >0, a+ 1 < 0.
X3 th:
(=13 — 223 — y24, 213 + y14 — 23,0,0, —35 + 46, —36 — 45)
J(er) = e2, J(e3) = —aes + ey, J(es) = e with (a,b) # (0, 1),

w=e2 + wye + e withbws, > 0.

Xy th
(=13 —24,14 —23,0,0, —a(13 +24) + b(23 — 14) — 354+ 46,a(23 — 14) + b(13 +
24) — 36 — 45)
J(el) = €7, J(e3) = €4, J(65) = €4 .
w=e?2 4+ ge** + wsee®® with o > 0.
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RZ

RZ

]R2

]R2

R2

R2

R2

]R2

X5 th
(=13 — 223 — y24, 213 + y14 — 23,0,0, —35 + 46, —36 — 45)
J(el) = €7, J(63) == &4, J(BS) = €.
w=e? 4+ ge** + wsee®® with o > 0.
Xeth:
(=13+24,-14-23,0,0,a(24 — 13) — (14 +23) —35+46, —a(14 +23) + b(13 -
24) — 36 — 45)
J(er) = ez, J(e3) = eq, I(es) = es.
w=e'2 + ge3* 4+ wsee®® with o > 0.
X7 th
(513 + §14 — 223 —y24,213 + yl4 + 523 + §24, 0,0, —35 + 46, —36 — 45)
J(e1) = ez, J(e3) = es, J(eq) = es.
w=e'2 4+ wss (635 + g(e36 +e¥) + aﬂ(;fl“)e%) with wys > 0, a # —1, a # 0,
2 2
8 >0, ﬁ > 5
NTa1, O ¢ {O, 1} :

(—16 — £25,t16 — 26,36, 246, 56,0)
J(el) = €7, J(€3) = es, J(€4) = —€4.
w=-¢e24+e¥ + e witho < 0.
X taa, ¢ {0;1}:
(—al6 — 126,116 — 026,36, 046, a56,0)
J(el) = €2, J(63) = —€¢, J(es) — —¢€4.
w=-¢e24 e + e* witho < 0.
Xty 5, 0>0,7#0:
(=716 — 126,16 — ~26, 36,746 + §56, —546 + 756, 0)
J(e1) = ez, J(e3) = —es, I(es) = +eq
w=-¢e24 e’ + e witho < 0.

X 04 :
(—116 — 126,16 — 126,36, —46, —34,0)
J(el) = €2, J(€3) = —es, J(€4) = —eg.
w=re?—e¥ +oe* witho < 0.

X104, :

(—%16 — 24 — 126, y14 + t16 — %26, 36,0, —34 + 56,0)
J(e1) = ea, I(e3) = eq, J(eq) = es.
w=e2 4+ e + e witho > 0.
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Rz Ao 0471 :
(114 + 916 — y24 — 126, y14 + t16 + 124 + $26,36,0, —34 + 56,0)
J(e1) = ez, J(e3) = es, J(eq) = es.
w = e 4 (wzxsEHO;Jrl)) 34 4 ((w34ﬁ*0525)(a+1)> 36 4 %645 + (_w45(50§+1)) &35 with
ﬂ 75 0, wys > 0, (w34ﬁ—w45)(a—0— 1) > 0, (W34ﬂ7W45 7&)45(0[4‘ 1))W45(O£+ 1) > 0.
R2 X 347% .
(216 — 126,116 + 226, 136, 146, —34 + 56,0)
J(el) = €7, J(€3) = €4, J(65) = —€6.
w=-e?+7(e*~ (0 + 1)) witht >0,0+1>0.
Rz Ao 047% .
(=316 — 126,16 — 326,136, 146, ~34 + 56,0) .
J(el) = €7, J(€3) = —€&4, J(€5) = —€6.
w=e'2+ (e + 1e3) with o < 0.
R2 X 047% :
(—316 — 126,16 — 326,136,146, ~34 + 56,0) .
J(el) = €7, J(€3) = 266, J(e4) = e5.
w=e2+wne+ ﬁe% with wy > 0, o > 0.
R2 A1 0270 .
(%16 — 126,116 + 526,46, -36, —34, O)
J(el) = €7, J(€3) = €4, J(es) = €6.-
w=-e?+o(e* — pue) witho >0, u < 0.
R2 X 02’01
(416 — 126,116 + £26,46, —36, —34,0)
J(el) = €7, J(€3) = €4, J(€5) = —€4.
w=-e?+ (e — pe) witho >0, u > 0.
R2N1047,\, A > %,)\7&11
((3 = 1) 16— 126,116 4 (3 — 1) 26,736, (1 — \)46, —34 + 56,0)
J(er) = ez, J(e3) = —es, J(ea) = —x11es.

w=e?—e¥ - o twunA—1)e¥ - o Fwne® + (1 — Nwne*® witho < 0,
wyp > —0.
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RZ

Rz

RZ

RZ

RZ

RZ

RZ

X2 04x )\>%,>\7512
((% — 1) 16 — t26,t16 + (% — 1) 26, A36, (1 — )\)4-67 —34+5670)

J(e1) = ez, J(e3) = —es, J(es) = _ﬁeﬁ'

wr=e? —eP + o Fwn(A—1)e + o+ wne® + (1 — Nwne® with
0 <0,wy>-—0.

X304, >\>%,)\7é1:
(24116 — 126,116 — 24126, 136, (1 — A)46, —34 + 56,0)

J(er) = e, J(e3) = —es, J(es) = —x7e.

w=e? —we — (A~ 1wxne* withw;; > 0, wy > 0.
Mg dan, A>3, AA1L:
((2 = 1) 16— 126,416+ (3 — 1) 26,36, (1 — )46, —34 + 56,0)

J(el) = €2, J(€3) = %66, J(e4) =e5

w=e? + w A3 + wrne® withwy; >0, wy > 0.

X gl,
(7‘5‘16, —526,-45,-2 x 34,2 x 35,0)
J(61> = ey, J(63) = 7(64 + 65), J(64) = %63 — i@é with p € R \ {0}
w=c¢e24+ W34e34 + o.)35e35 + w45,ue36 + w45645 + %W34/L€46 — %o.)35,u656 with
wia > wsys > 0, was > 0, wiawszs — wis > 0.
Xy gly :
(%16, 526,45, -2 x 34,2 x 35,0)
Jer) = e, J(es) = —(ea +es), J(ea) = 3e3 — je with p € R\ {0}
w=e'? + wue* + wped — %w34ae46 + %W34Ol€56 with o # —p, wag > 0, % < 0.
AUy
(%16 — 126,116 + 526,45, —35,34, 0)
J(e1) = ea, J(e3) = aesz — beg, J(eq) = —es witha # 0, b # 0.
w = e'? + wysae® + wyse® with o # 0, wys < 0, 3 >0.
Xo Uy
(7%16 +126,—t16 — 526,45, —35, 34, O)
J(el) = e, J(€3) = —beg, J(€4) = —eswithbd 7& 0.
w = e'? + wysae®® + wyse® with a ¢ {0, —é}, wys <0, 7 >0.
X1 02’5 :
(416 — 26,16 + £26, $36 + 46, —36 + 546, —34 + §56,0)
J(el) = €7, J(€3) = —é€4, J(es) — —€4.
w=e?+o(e*— (04 p)ed) witho <0, +pu <0, u#0.
X 0275 :

(516 — 126,16 + 526, 536 + 46, =36 + 546, —34 4 656,0)
J(61> = €7, J(63) = —é€4, J(e5) = €6.
w=e2+o(e*— (04 p)e) witho < 0,5+ u>0, u#0.
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2 /A
* R >430475.

(516 — 126, ¢16 + 426, 336 + 46, 36 + 346, —34 + 656, 0)

J(er) = ez, J(e3) = eq, I(es) = e.

w=e?+o(e* — (04 p)ed) witho >0, +pu <0, u#0.
« RT X405

(416 — 126, ¢16 + 426, 336 + 46, 36 + 346, —34 + 656, 0)

J(er) = ez, J(e3) = e4, J(es) = —es.

w=e?+o(e*— (04 p)ed) witho >0, +pu >0, u#0.

Proof. We will give the proof in the case R? X vtz ; since all cases should be handled in a

similar way. Let (vv3; = span{es,es,es,ec},ws,J2) be the four-dimensional Hermitian Lie
algebra with [e3, e4] = e4, [e3,e5] = €5, wr = g’ +e® (6 > 0) and Jo(e3) = €5, J2(es) = e5
and 6, = —2¢3. Using the definitions above, we know that p; : R> — Der(tvs;) and p; :

tr3; — Der(R?). Lets look now for the derivations p;(e1), pi(e2) of tr3; which commute
with J, and p, (63)7 02 (64)7 02 (65), 02 (66) of R? which commute with Ji. We get

x —x - 2y —Z t, —t
ples) =7 T e = [P T ) pales) = [T ) e = 0
T X2 Y Y2 Z1 2 ty i

and
0 O 0 0 0 0 0 O
(6 ) o 0 aq —an 0 (6 ) o 0 b1 —b2 0
PREVZ00 a4 ap oY 7|0 5, 5 0
0 O 0 0 0 0 0 O

with L1, T2,Y1,Y25 21,22, tla t27 ay, az, bl7 b2 eR.
Taking into consideration that p; and p;, are representations, we have:

pa(e3) = (wz —$1>’ p2(es) =0, pa(es) =0, pa(es) = CT _t1>.

Ty X [2)

and 0 = 6,(ep) =

Since #; = 0 and 6, = —2¢3, we have : 0 = 0;(e;) = tra(pi(er)) = 2ay
=1r; (p2(€6)) = 2t5.

t7“2(p1 (62)) =2byand -2 = 92(63) = tTl(p2(€3)) =2x,and 0 = (92(66)
So ap=b;=0and 2o = —1and t, = 0.
As a consequence, we get :

p2(e3) = <_1 _xl>, p2(es) =0, paes) =0, pa(es) = (0 _t1>

r; -1 t7 O
and
00 0 0 00 0 0
|00 e o = |0 0 b0
€1) = , p1ler) =
prEL 0 a 0 of M 0 b 0 0
00 0 0 00 0 0

A calculation show that the non-zero brackets on the balanced Hermitian Lie algebra R2 X T3 g
are defined by :

le1,e3] = e —xiea, [er,e6] = —tiea, [ez,e3] = i€+ e, [ea, 6] = tiey,
le3,ea] = €4, [e3,e5) =es,

and result follows. m|
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3.2 aff(R) X g2 with dim(g) = 4

Let aff(R) = span{e;, ex} with [e1, e2] = €1, w; = e'? and J;(e1) = e, and (g, wy,J2) be a four-
dimensional Hermitian Lie algebra, The Lie algebra g is of dimension four, so its associated
Lee form 6, satisfy dw, = 62 A wy. In addition to that 6, = tr;(p2(.)) is a closed 1-form. As
a consequence (g, J», K,) is LCK. On the other hand, LCK structures on four-dimensional Lie
algebras are classified in [1]. We investigate this classification by twisting aff(R) with each of
its Lie algebras.

Theorem 3.2. Balanced Hermitian twisted cartesian products Lie algebras of type (aff(R) X
g, w,J) where dim(g) = 4 are described as follows:

o aff(R) »; 94 :

(—12,0,2 x 36,—46,56 — 34,0)

J(el) = €2, J(GS) = —es, J(€4) = —eg.

w=e?—e® -0 Fwned — /o FwneP —wne*®withe <0, wy > —o.
o aff(R) X204 :

(—12,0,2 x 36,—46,56 — 34,0)

J(el) = €7, J(€3) = —es, J(€4) = —eg.

w=e2 &3 4 /o T wn e+ Vo Tome® — wne® witho < 0, wy > —o.
» aff(R) X304 :

(—12,0,2 x 36, —46,56 — 34,0)

J(el) = €2, J(GS) = %@6, J(64) = es.

w = e'? 4+ 20113 + wpe® with wy; >0, wyn > 0.

Proof. The proof is similar to Theorem théoréme 3.1. O

4 conclusion

By Theorem théoréme 3.1 we conclude that all the Hermitian twisted cartesian products R? X g
carries a balanced structure, contrary to Theorem théoréme 3.2 the aff X 0,4, is the only one.
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