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Abstract In this paper, we investigate the existence of a weak solution for a nonlinear
parabolic initial boundary value problem related to the p(z)-Kirchhoff-type equation. The equa-
tion is given by:

% o /Q (A(=,1,V0) + p(lz)|19|p<z>)dz) (aiva(z, 1, 90) = 9179 20) = f(z,1)

where Q C RN (N > 2) is a bounded domain with Lipschitz boundary 9, g : RT — R* is the
p(2)-Kirchhoff-type function, and a : Q x RN — R is a Carathéodory function. We show the
existence of a weak solution for this problem by applying Berkovits and Mustonen topological

degree theory in the space LP (0, T, VVOl P(2) (Q)), provided that certain assumptions hold.

1 Introduction

In this paper, we study a specific class of parabolic problems, namely the p(z)-Kirchhoff parabolic
problem, which is defined as follows:

% —g(£(¥)) (div a(z,t, Vo) — |19|P(Z>—219) =f(zt) in Q:=Qx(0,T)
¥(z,0) = Do(2) in Q
I(z,t) =0 on I'=0Qx(0,T).

Where
L(9) = /Q (A(z,t,wwp(lz)|ﬂ|ﬂz)> dz.

The motivation for studying problem (P) lies in its relevance to nonlinear diffusion processes
that combine nonlocal effects with spatially varying anisotropy. The presence of the variable ex-
ponent p(2) allows the medium’s properties to vary across space, reflecting real-world materials
whose resistance to diffusion is non-uniform. Moreover, the Kirchhoff-type nonlocal term involy-
ing the functional L(V) models situations where the diffusion rate depends on the total energy
of the system, which is typical in stretched membranes, thermo-mechanical systems, and even in
certain biological and image-processing models. These features make equation (P) an impor-
tant and realistic subject of modern nonlinear analysis.

Here, Q C RY is a bounded smooth domain, a(z,t,5) : Q x RN — R¥ is a Carathéodory
function with a continuous derivative with respect to s, and A(z,t,s) : Q x RN — Risa
continuous mapping. For all (z,t) € Q and all s,¢' € RN, ¢ # ¢', we assume the following
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hypotheses on M, A, a, and f: there exist positive constants «, [, and a positive function
k(z,t) € LY3)(Q) such that

(hy) A(z,t,0) = 0 and a(z,t,¢) = V. A(z,t,5),
(h2) al¢P®) < a(z,t,6) - < < p(2)Alz,t,5),
(h3)  az,t,9)] < k(z,t) + Bls|P7,

(hy) [a(z,t,5) —a(z,t,¢")] - (s —¢') > 0.

To ensure the existence of weak solutions, we assume that the Kirchhoff function g : R™ — R*
is continuous, non-decreasing, and satisfies the following growth condition:

(My) There exist two positive constants By and B, such that B, tr=-1 < g(t) < Bytr(=)-1,

Herer € C1(Q) with1 <r~ <r(2) <r" <p~ <p(2) <p* forallt e |0,+00).

Within this framework, Q denotes a bounded open domain in RN, N > 2, with smooth
boundary Q. We define Q := Q x (0,T), where I' = 9Q x (0,T) represents its lateral
boundary, and T > 0 is fixed. The term —div a(z,t, V) acts as a Leray—Lions operator from V
to its dual V*, with

V=11 (0,T;W,"*(Q)) and V*=LF (0, T,w 75 (Q)),
where —— 4+ - — = 1. The right-hand side f is assumed to belong to V*, and the Kirchhoff-type

p(z) ' p(z) T
function g : Rt — R™" is continuous and satisfies the above assumptions.

Problem (P) constitutes a new variant of the class of p(z)-Kirchhoff parabolic equations.
Such models were originally introduced by Kirchhoff [22] as a generalization of the classical
D’Alembert wave equation in the study of vibrating elastic strings.

The p(z)-Kirchhoff parabolic problem studied here extends classical Kirchhoff-type models,
where the diffusion operator depends not only on the local behavior of the gradient but also on
a nonlocal integral term involving the solution. This dual dependence makes the problem both
anisotropic and nonlocal, reflecting many complex physical phenomena such as non-Newtonian
fluids, thermorheological materials, or image processing problems with spatial adaptivity. The
presence of the variable exponent p(z) adds further challenges, as it allows the growth condi-
tions to vary with the spatial position, making standard tools such as monotonicity methods or
variational approaches less straightforward.

In recent years, Kirchhoff-type problems have attracted considerable attention (see e.g.,
[38, 6, 16, 30, 33, 19, 1, 17, 32, 36]), with a wide range of analytical approaches including
variational methods, Galerkin approximations, topological techniques, and the sub- and super-
solution method.

To establish the existence of weak solutions, we rely on the topological degree theory devel-
oped by Berkovits and Mustonen. This framework is well suited to problems where the operator
is the sum of a maximal monotone linear operator and a bounded demicontinuous perturbation
of type (S.), which is precisely the case for Kirchhoff-type structures. Unlike classical degree
theories, this approach can handle both the lack of compactness and the variable growth im-
posed by the p(z)-structure.

The concept of weak solutions is fundamental in the analysis of nonlinear partial differential
equations, particularly when the equations involve irregular data or degenerate/singular behav-
ior. Weak solutions provide a rigorous framework in which existence (and sometimes unique-
ness) can be proved without requiring strong differentiability of the solution. They also form the
Sfoundation for further studies on stability, regularity, and numerical approximation schemes for
complex physical models governed by such PDEs.

The remainder of this paper is organized as follows: In Section 2, we present the functional
framework required for our analysis. Section 3 introduces several classes of operators and the



Weak solution to the non-local parabolic problem 81

corresponding topological degree. Finally, in Section 4, we provide the proof of the main result
of the paper.

2 Notations and preliminaries

2.1 Sobolev space with variable exponent

In this subsection, we will examine a selection of fundamental characteristics and definitions

concerning Lebesgue-Sobolev spaces with variable exponents L") (Q), W'»()(Q) and VVO1 #() (Q),
for more insights into the properties of Lebesgue-Sobolev spaces with variable exponents, we
recommend consulting the work of Fan and Zhao [15].

Let Q be a bounded open subset of RN (N > 2), we say that a real-valued continuous
Sunction p(-) is log-Héder continuous in Q if

C

<——— — Vr,yeQ
| log |z — yl|

Ip(z) — p(y)]

such that |x — y| < %, with possible different constant C. We denote
C(Q) = {log-Héder continuous functionp : Q — Rwith 1 < p~ <p" < N},

where p~ = min{p(z) : z € Q} and p* = max{p(z) : z € Q}.

We denote by P(Q) the set of Lebesgue measurable functions: P(Q) = {w : Q — R measurable}
and P*(Q) = {w : Q — [1, 00) measurable}.

We define the variable exponent Lebesgue space for p € C,(Q) by

LP0(Q) = {w € P(Q) : /Q lo(2) P dz < o},

this space is endowed with the (Luxembourg) norm defined by the formula

w(z)
A

p(2)

dz <1}.

wll oy = wlly) = inf{A > 0 /Q

If1 < p~ <p" < oothen LPV)(Q) is a uniformly convex Banach space and therefore reflexive,
and if p € PT(Q) N L®(Q), then LP')(Q) is a separable space. We denote by LP'()(Q) the

conjugate space of L") (Q) where ﬁ + p,l(.) =1, see [14].

Proposition 2.1. (Young’s Inequality): Let p,p’ € C(Q), where p' the conjugate of p, ﬁ +

P%(‘) = 1. Forall a,b > 0, we have

@ )
ab< 4 .

“r(z)  P(2)
Proposition 2.2. (Generalised Holder Inequality): see [15, 21]

io) For any functions w € LP")(Q) and v € L? V)(Q), we have
1 1
jwoldz < (= + —= ) Juollygo loll () < 2l ol
Q p p

i1) Forall p,q € C(Q) such that p(z) < q(z) a.e. in Q, we have L") — LP1) and the embed-
ding is continuous.

Lemma 2.3. (See [15]) If we denote o(w) = / lw(2)|P*) da: for all w € LPO)(Q), then
Q

min { ol ol b < otw) < max { ol ol



82 Mouad Allalou, Soukaina Yacini and Abderrahmane Raji

Proposition 2.4. ( See [14] ) For w € Lp(')(Q) and {wg}ren C L”(‘)(Q), the following asser-
tions hold:

t) w#0= ([l =Aeo(y)=1),

.
t) wllyy > 1= ) < ow) < Jwl?,,

(.
t3) fJwllp) < 1= Jwll

() <o(w) < ||w||§<i),

t4) limys o0 lwllp) = 0 & limg_o0 o (wy,) =0,

ts) limy o0 [[wil| poey @) = 00 & limg o0 0 (wy) = 0.

Lemma 2.5. Let h,, — h a.e. and h,, — h in L") (Q). Then,

lim / Ihnlp(z’dz—/ = P dz:/ | dz.

Theorem 2.6. For any function w € LP")(Q) and w,, € L") (Q), the following statements are
equivalent :

ap) lim, o |wn, — w|p.) =0,
az) limg_, o0 o(w, —w) =0,

az) wy, converges to w in measure and lim,,_, o, o(wy,) = o(w).

Which share the same type of properties as Lp(')(Q), we define also the variable Sobolev
space by
WPO(Q) = {w € LPY)(Q) and |Vw| € LPV(Q)},

where the norm is defined by
lwllyppy = lwllye) + Vel forallw e WHH(Q).

We denote by Wol’p(')(Q) the closure of C§°(Q) in WHP0)(Q), ie.,

1,p(-)
wir) = e,

and we define the Sobolev exponent by

Proposition 2.7. (See [14])

1) Assuming 1 < p~ < p* < oo, the spaces W'P1)(Q) and Wol’p(')(Q) are separable and
reflexive Banach spaces.

) If ¢ € C(Q) and q(z) < p*(2) for any » € Q, then the embedding Wol’p(')(Q) — L10)(Q)
is continuous and compact.

r3) Poincaré inequality: there exists a constant C > 0, such that
[wllpy < CIVwllyey  forallw e Wy (Q).

Remark 2.8. . By (t3) of Proposition 2.4, we deduce that || Vw]|,,.. and [Jw]]; ,.) are equivalent
norms in W, 0(Q).
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2.2 Spaces LP (0,T; Wol’p(z)(ﬂ))

In this subsection, we revisit the fundamental definitions and properties of Bochner spaces, as
discussed in various references such as [10, 13, 25, 26, 28, 31]. We will also use the standard
notation for Bochner spaces. Specifically, if ¢ > 1 and X is a Banach space then L1(0,T; X)
denotes the space of strongly measurable functions w : (0,T) — X for which t — |Jw(¢)||x €
L9((0,7)). Additionally, C ([0, T]; X) denotes the space of continuous functions w : [0,T] — X,
equipped with the norm ||w|| ¢ (jo,r);x) = max,cjo, 7] [|[w(t)||x-

_ T - 1/p
L? (0,T; W(:vp(z)(g)) = {w :(0,7) — Wolap(z)(Q) measurable; (/ Hw(t)||€vl,p(z)(g) dt) < oo}.
0

0

and we define the space
L*(0,T;X) = {w :(0,T) — X measurable,3C > 0: |Jw(t)||x < C’a.e.},
where the norm is defined by
]| e fo.175) = inf{c >0 lw(t)||x < C a.e.}.
We introduce the functional space (see [9])
v={rer ©mrwrQ) v e (9}, @1
which is endowed with the norm

1fllv = [V FlLeer o)

or, the equivalent norm
|||fH|V = ||f||Lp*(o,T;WO‘vP<'>(Q)) + ||vf||LP<'>(Q)~

Space V' is a separable and reflexive Banach space. The equivalence of the two norms is
an easy consequence of the continuous embedding L*")(Q) — LP™(0,T; L*")(Q)) and the
Poincaré inequality. We state some further properties of V in the following lemma.

Lemma 2.9. Let V' be defined as in (2.1) and its dual space be denoted by V*. Then,

h1) we have the following continuous dense embeddings:

L7 (0, T; Wy P(Q)) < V s LP (0, T W, PV(Q)).

In particular, since D(Q) is dense in L*" (0, T, Wol’p(')(Q)), it is dense in V and for the
corresponding dual spaces, we have

L0, T; Wy (Q))7) = V* — LP (0, T; (W, " (Q))).

hy) One can represent the elements of V* as follows: if T € V*, then there exists F' =
(fi,--, fn) € (LY ()(Q))N such that T = divF and

<T7£>V*,V_/OT/QF-vgdzdt,

forany £ € V. Moreover, we have

1T

Vo :mﬁX{”fi”Lp(,)(Q), = 1,...,”.}
Remark 2.10. The space V' N L>°(Q) endowed with the norm defined by the formula
[vllvaze(q) = max{[[v]lv, [[vllL=(@}, veVNLZQ)

is a Banach space. In fact, it is the dual space of the Banach space V* + L!'(Q) endowed with
the norm

H’U| VA LI(Q) = inf{||1}1| v+ + ||U2||L1(Q) v=v; +wv,v €V € L](Q)}
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3 Classes of mappings and Topological degree

In this section, we present certain outcomes and characteristics derived from Berkovits and
Mustonen’s degree theory for demicontinuous operators of generalized (S ) type in real reflexive
Banach spaces. Throughout the discussion, let X denote a real separable reflexive Banach space
with its dual space X* and continuous dual pairing denoted by (-, -). Consider a nonempty
subset Q of X, and let — represent weak convergence.

Let T : X — 2% be a multi-valued mapping. The graph of T, denoted by G(T), is defined as:

G(T)={(w,v) € X x X" : veT(w)}.

Definition 3.1. The multi-values mapping 7 is termed

(i) Monotone if, for each pair of elements (w;,w;), (v2,v2) in G(T), the inequality
<w1 — Wy, V] — U2> >0

holds.

(ii)) Maximal monotone, if it is monotone and maximal in the sense of graph inclusion among
monotone multi-values mappings from X to 2%~ . Equivalently, for any (wg,vp) € X x X*
for which (wy — w,vg — v) > 0, for all (w,v) € G(T) , we have (wp, vo) € G(T).

Definition 3.2. Let ) be another real Banach space. A mapping F: D(J) C X — Y is said to
be

(i) bounded, if it takes any bounded set into a bounded set.
(ii) demicontinuous, if for each sequence (w,,) C Q, w, — w implies J (w,) — J(w) .
(iii) of type (S, ), if for any sequence (w,) C D(J) with w, — u and limsup{Jw,,w, —

n— o0
w) < 0, we have w,, — w.

In the sequel, let h : D(h) C X — X* be a linear maximal monotone map such that D(h)
is dense in X.
For each open and bounded subset G on X, we consider the following classes of operators:

Fa(Q):={h+S:GNnD(h) = X*| S isbounded, demicontinuous
and of type (S4.) with respect to D(h) from G to X*},

He :={h+5(r) : GND(h) = X* | S(7) is a bounded homotopy
of type (S4) with respect to D(h) from G to X*}.

Remark 3.3. ([7]). Remark that the class H g encompasses all affine homotopy
h+(1—-7)81+78, with (h+S;) € Fg andi=1,2.

We present the Berkovits and Mustonen topological degree for a category of demicontinuous
operators satisfying condition (S )r. For a more detailed discussion, see [7].

Theorem 3.4. Let i be a linear maximal monotone densely defined map from D(h) C X to X*.
There exists a unique degree function

d:{(J,G,h) : J € Fg, G an open bounded subsetin X, h ¢ J(0GND(h))} — Z,

which satisfies the following properties :

(i) (Normalization) h+ F is a normalising map, where I is the duality mapping of X into
X*, that is, d(h+ F,G,h) = 1, when h € (h+ F)(G N D(h)).
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(ii) (Additivity) Let F' € Fg. If Gy and G, are two disjoint open subsets of G such that
h & F((G\(Gy UG>)) N D(h)), then we have

d(F,G,h) = d(F, Gy, h) + d(F, Gy, h) .

(iii) (Homotopy invariance) If J(z) € Hg and h(1) & F(7)(0GN D(h)) for every T € [0, 1],
where h(T) is a continuous curve in X*, then

d(J(z), G, h(z)) = constant, Vz € [0, 1].

(iv) (Existence) if d(J,G,h) # 0, then the equation Jw = h has a solution in G N D(L).
Lemma 3.5. Let h + S € Fx and h € X*. Suppose that there exists R > 0 such that

(hw + Sw — h,w) > 0, 3.1
for any w € OBr(0) N D(h). Then

(h+ S)(D(h)) = X" (3.2)
Proof. Lete >0, 7 € [0,1] and

Je(z,w) = hw+ (1 — 7)Fw + 7(Sw 4+ e Fw — h).

As 0 € h(0) and applying the boundary condition (3.1), we have

(Te(Tyw),w 7(hw 4+ Sw — h,w) + {(1 = 7)hw + (1 — 7 + &) Fw, w)

=
(1=7)hw+ (1 —z+¢e)Fw,w)

(1 —7)(hw,w) + (1 — 7+ &) (Fw,w)
>(1—1+e)|w|*>=(1—-7+e)R>>0.

v

Which means that 0 ¢ J.(z, w). Since F and S + ¢ F" are bounded, continuous and of type (S ),
{T:(m, -)}76[0’1] is an admissible homotopy. Hence, by using the normalisation and invariance
under homotopy, we get

As aresult, there exists w. € D(h) such that 0 € J.(7,-).

If we take 7 = 1 and when ¢ — 0", then we have h € hw + Sw for some w € D(h). Since
h € X* is arbitrary, we deduce that (7 + S)(D(h)) = X*. i

4 Main results

Lemma 4.1. ([4]). Assume that (hs)-(hy) hold, and let (9,,),, be a sequence in L (0, T; W, P(2) (Q))
such that 9, — 9 weakly in LP~ (0,T; W, -#(2) (Q)) and

/ [a(z,t,V0,) — a(z,t, VI)|V (9, — 9)dz — 0. 4.1
Q

Then ¥,, — ¥ strongly in LP~ (0, T; Wol’p(z)(Q)).

Let us consider the following functional:

G(9) —/OT@\(/Q(A(z,t,Vﬁ)—i—p(lz)|19|”(z>)dz)dt Vo €V,

where G : [0, +o0o[— [0, +oo[ is the primitive of g, defined by

(n) = /0 " gle)de.

Q)
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It is well known that G is well defined and continuously Gateaux differentiable whose Gateaux
derivatives at point 9 € V is the functional F(9) := G'(9) € V* given by

<]:(19) ) (D> =

/OT {g(/Q(A(z,t,Vﬁ)+p(lz)|19|p<z))dz> [/Qa(z,t,wwcb dz+/g\19\p<z)_219<b dz”dt

forall® e V.

Lemma 4.2. Suppose that the assumption (hy)-(hs) and (M) hold, then
« F is continuous and bounded mapping.

* the mapping F is of class (Sy).

Proof.  The continuity of F is immediate, since it is the Fréchet derivative of G.
Now, we prove that the operator F is bounded.

| (FO, D) ‘ / /Q A(z,t,V0)+])(IZ)|19|p<z))dz)

x(/a(z,t,vq9)v<bdz+/ \ﬁ\p<z)‘219<bdz}dt’
Q Q

<B /T(/A( £ V) + —— |97 )NZH
z,t, — Z
= 0 o p(2)
x(/ la(z,t, V)| - VD] dz+/ |19|p(z)’1-\<1>|dz)dt

r(z) —1 r(z)—1
<Const/ (/ (z,t,V9) dz / |9[P(= dz >

x(/ la(z,t, V)| - |VD| dz—l—/ |19|p(z>_]-<1>|dz>dt
Q

<c t/T /(A( £, v9)d )T(z)_ + 9]t
s tons A o Z,1, z lpz) Q)

(1t T 19 lg) + [ 9100 02) 7 |

<c t/T /(A( t,V9)d )T(z% 4 9)ete)=D
< Cons | A z,t, z ,pz)(g)

% | (a2t V) ey - 19000, )+||19||”1, 1Pl J dat
T r(z)—1 —1)
<C t ,,4 ,t,V’ﬂ d 9 z
< ons/o /Q<(z )Z) + )1 1p>g)
. p= ? b
X {(|a(z,t7V19)||p/(z) Hq)HWOI’p(Z)(Q)) + ”,ﬁHWO] ”q)H IPZ)(Q):| dt.
Where
o i [l <1
pt o if [Py > 1
and
) if |oP(= _| y <1
n= ptif [9r=) | >1

Or by (h;) we have for any z € Q and £ € R"

1 d 1
AGit.8) = [ AGrsods = [ anse)eds
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by combining (h3), Fubini’s theorem and Young’s inequality we have

/Athﬁ // (z,t,sVY)Vids dz
:/ [/ (z,t,sVﬁ)Vﬁdz}
0 Q
: (2)
S/ [Op,/ la(z,t, sV0)|" dz+cp/ |Vﬁ\P<Z>dz]ds
0 Q Q

(11)
i
<C C’/ / VIIPE) dz ds + Col|9)|® 10
<Ot [ [ VO dzds 4 Gyl g
(2) a
<C1+C [ [9OPD a4 9l g
From the growth condition (%), we can easily show that [|a(z, ¢, VJ)| 1,/ (q) is bounded
forall ¥ € Wol’p(z)(ﬂ). Then,
T
(F,®)] gconst/o 110 g
< Const||P||); .
Which means that the operator F is bounded.
» Next, we verify that the operator F is of type (S.).
Assume that (9,,),, C V and
Oy — 0 m V
lim sup(Fd,,, 9, — 9) <O0. (4.2)
n—oo

We will show that 9,, — 9 in V.

On one hand, it is indeed true that ¥, — ¢ in V. Consequently, the sequence (9,), is
bounded in V. Given that V compactly embeds in LP(*)(Q), there exists a subsequence, still
denoted by (9,,), such that 9n — ¢ in L) (Q), we obtain

lim sup(Fdy,, ¥, — V) = limsup(Fv,, — Fv, ¥, — J) = lim (F9, — F9, 9, — ) <O0.

n—00 n—00 n—0o0
“4.3)

Which means

n—oo n— oo

lim (F, — F9, 0, — 9) = lim (/Tg(ﬁ(ﬁn)) [/ alz,t, V9,V (0, — 0)dz
0 Q
T
P2y, . — 9)dz|dt — a(z —39)dz
—I—/Q|19n\ 29, - (0 ﬂ)d}dt /0 g(ﬁ(ﬂ))[/Q (2,1, VIV (¥, — 0)d
p(z)—2 . — z . .
+/Qw\ 9 (9, —9)d ]dt) <0. (44

Since / o) |9|P(*))dz is bounded and by (), we infer that g(L(9,)) is bounded.
Q P\z
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As g is continuous, up to a subsequence there is k£ > 0 such that
g([ﬂ(ﬁn)) s glk) > BEPT as n oo 4.5)

Using the compact embedding V —— LP(Q), we have

n—oo

lim / 19,7729, - (9, —9) dzdt =0 and lim / [9PE) =29 (9, —0) dz dt = 0. (4.6)
Q el JQ
From (4.5), (4.4), (4.6) and since B; > 0, we have

lim (a(z,t, Vi,) — a(z,t, W))V(ﬁn — ) dz dt <O0. @.7)

n—oo
Q

By combining (4.7) and (h4), we have

lim (a(z, t,V9,) — a(z,t, Vﬂ))V(ﬁn —9)dzdt =0,

e JQ
and therefore, in light of Lemma 4.1, we obtain
¥, — 0 inV,
which implies that F is of type (S). ]

Let us consider the following operator h defined from the subset D(h) of V into its dual V*,

where
D(h) = {CI> eV d eV, &0) = 0},

such that
(h9, ®) = —/ 9P, dz dt forally € D(h), ® €.
Q

Consequently, the operator h is generated by 0/0t by means of the relation
T
(19, @) = / (W (1), (1)) dt, forall9 € D(h), d € V.
0

Lemma 4.3. (/38]). his a linear maximal monotone densely defined map.
Our main result is the following existence theorem:

Theorem 4.4. Let f € V* and 9y € L*(Q), suppose that the assumptions (hy)-(hs) and (M) are
satisfied. Then there exists at least one weak solution ¥ € D(h) of problem (P) in the following
sense

_/Qq‘}fbt dz dt+/0T {g(,c(ﬁ))[/ga(z,t,vq9)vq> dz+/g|q9|1l(z)—219d> dz]}dt

:/0T<f,<13)dt

Proof. On the one hand, from the lemma 4.3, the operator

h:D(h)CV—V,

(9, @)y = AT<19’(t),d>(t)> dt, foralld € D(h), ® € V.

is a densely defined maximal monotone operator.
By the monotonicity of 7, we have

(hd,9) >0 forally € D(h),
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then we obtain

(9 + F9,9) > (F0,9)

- /OT {9(/9“4(27@V19) + p(lz)|19|p(z>)dz) X (/g)a(z,t,Vz?)Vﬁdz+/Q|19\p<z) dz)} dt,

by using the assumptions (h;) and (M), we get

T T r(z)—1
(h9 + F9,9) > Bl/ (/A(z,t,w)+ N (/a(z,t,vmvwz+/ 9|7 dz)} dt
o L‘Ja p(2) Q Q

Tr o 1 r(z)—1
> had p(z) _ p(2) p(2) p(z)
_31/0 _(p+/g|w| dz+p+/g|19| dz) ><( | alvore dz+ | ) dz) dt
T r(z)—1
231/ Cl(/ |VOPE) + |9 dz) xcz(/ WS dz+/ Pl dz)} dt
0 L Q Q Q
g p(2) pz) 5\
> Cst ( (V9P 4 || dz) dt
0 Q

T
> yr(z)
> Cst/o 91775

> Cst||19||y(z) forall 9 € V. (4.8)

p- if ||¢
[

ptif ||¢
Since the right side of the above inequality (4.8) tends to oo as ||¢||y — oo, then for each f € V* there exists
R = R(f) such that

Where
1
1

1,p(2)

1,p(2)

IV IA

(W9 + F9 — £,9) >0, forall 9 € Br(0) N D(h). (4.9)

From Lemma 4.3, h : D(h) C V — V" is a maximal monotone operator. By combining the monotonicity of
h, assumptions (ha)—(Mp), and coercivity estimates, one proves that for each f € V*, there exists ¢ € D(h)
satisfying

o+ F9) = f.

Hence, problem () admits at least one weak solution. O
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