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Abstract Let R be a commutative ring with 1 # 0, and M be unital R-module. We say that M/
satisfies the dual of property (A) if, for each finitely generated ideal I of R with I C Wgr(M),
we have IM # M. Similarly, M is said to satisfy the dual of strong Property (A) if, for
any r1,- -+ ,r, € Wg(M), there exists a completely irreducible submodule N of M such that
M C N # M [13]. In this paper, we establish several results concerning these classes of
modules. Additionally, we investigate the relationships between Property (A), strong Property
(A), the dual of Property (A4) and the dual of strong Property (A). Moreover, we highlight a
notable phenomenon in the theory: the absence of a complementary notion to "Property (A)".
Our aim is to bridge this gap and explore key aspects of this dualization.

1 Introduction

In this paper, all rings are assumed to be commutative with a unit element, and all modules are
unital. Let R be a commutative ring and N an R-module. The subset Zz (V) of R.known as the
set of zero-divisors of N, is defined as

Zr(N) = {a € R : ax = 0 for some nonzero element x € N}.

Similarly, the set of zero-divisors of R is denoted by Z(R) = Zr(R). Also, E(N) denotes the
injective envelope of V. A ring R is said to satisfy Property (A) ( or to be an (A)-ring ) if,
for each finitely generated ideal I of R with I C Z(R), there exists a nonzero element b € R
such that 76 = (0) [16]. Note that the class of (A)-rings includes Noetherian rings and Z-graded
rings (see [16, Theorem 2.5] and [19, p 63] ). In [9], Darani initiated the study of Property
(A) for modules and used the term F-McCoy ( following Faith McCoy terminology ) instead
of Property (A). He also introduced strong Property (A) under the name super coprimal and
defined a module NV coprimal if Z(N) is an ideal. In [23], Mahdou and Hassani independently
introduced the concept of a strong (A)-ring. A ring R is said to satisfy strong Property (A) (
or to be a strong (A)-ring ) if, for each ay,ay,- - ,a, € Zr(R), there exists a nonzero element
b€ Rsuchthat a;b = ab=---=a,b=0.

In [3], Anderson and Chun extended Property (A) from rings to modules. According to
their definition, an R-module N is said to satisfy Property (A) if, for each finitely generated
ideal I of R with I C Zg(N), there exists a nonzero element = € N such that [z = (0), or
equivalently anng (V) # (0). An R-module N is said to satisfy strong Property (A) if, for each
ai,ay, - ,a, € Zr(N), there exists a nonzero element x € N such that ajz = apx = -+ =
anz = 0. The dual notion of Zr (V) is defined as

Wgr(N)={a€ R:aN # N}.
Similarly, the dual notion of Z(R) is given by W (R) = Wx(R). Then, W(R) is given by
W(R) = J{m : m € max(R)},
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where max(R) denoted the set of maximal ideals of R. A non-zero submodule L of N is said to
be secondal if Wg(L) is an ideal of R. In this case, Wg(V) is a prime ideal of R (see [4]).
Recall that a proper submodule C' of R-module M is said to be completely irreducible if, when-
ever C' = N;erC;, where {C; };c is a family of submodules of M, it follows that C' = C; for
some ¢ € I. Equivalently, this means that M /C is a cocyclic R-module. It is easy to see that ev-
ery submodule of M can be expressed as the intersection of completely irreducible submodules
of M (see [21]).

In [13], F. Farshadifar initiated the study of the dual of Property (A) and, respectively, the
dual of strong Property (A) in modules. In fact, an R-module M satisfies the dual of property (A)
if, for each finitely generated ideal I of R with I C Wx (M), we have IM # M, or equivalently,
% ®pr M # 0. An R-module M satisfies the dual of strong Property (A) if, for any ry,--- , 7, €
Wr(M), there exists a completely irreducible submodule N of M such that ;M C N # M.
Since every submodule of M is an intersection of completely irreducible submodules of M, it
follows that M satisfies the dual of strong Property (A) if and only if, for any ry,--- ,r, €
Wr(M), there exists a submodule N of M such that 7;M C N # M. Clearly, if an R-module
M satisfies the dual of strong Property (A), then M satisfies the dual of Property (A). In general,
the converse does not hold. For example, the Z-module Z satisfies the dual of Property (A), but
does not satisfy the dual of strong Property (A), see for instance [13, Example 2.3]. Now, let
S be a ring such that R is an S-algebra, £ an injective cogenerator for S-modules, and M an
R-module. Then M is an (R, S)-bimodule. We define M* = Homg(M, E). If N = M* as an
(R, S)-bimodule, then N is called a dual module of M. Similarly, we define the (R, S)-bimodule
M**. In particular case, when S = Z, E = Q/Z, the dual module M* = Homgz(M,Q/Z) is
called the character module of M and denoted by M. If S = Rand E = E(®,,cmax(r) R/m),
then F is an injective cogenerator for R-modules, providing another example of a dual module.

In this paper, we first present some fundamental results related to the notion of the dual set
of zero divisors. Among these results, Theorem 2.9 plays a crucial role in the remainder of our
paper: Let S be aring such that R is an S-algebra. If E is an injective cogenerator for S-modules
and M is an R-module, then

(1) Wr(M) = Zg(M*),
(2) Wr(M*) = Zr(M).

We then utilize this result to characterize the dual of (strong) Property (A) for modules in terms
of (strong) Property (A). This provides a duality between the dual of ( strong ) Property (A)
and (strong) Property (A). For example, in Theorem 3.5 and Theorem 4.1, we prove if R is an
algebra commutative over a commutative ring S and F is an injective cogenerator for S-modules,
then, for an R-module M, the following holds:

(1) M satisfies the dual of (strong) Property (A) < M* satisfies (strong) Property (A).
(2) M* satisfies the dual of (strong) Property (A) < M satisfies (strong) Property (A).

Moreover, we present several examples, many of which are pathological, for modules satis-

fying the dual of Property (A). For instance, the R-module B; ¢ B, satisfies the dual of Property
(A), whereas the R-modules B; and B, do not (Example 3.8). Conversely, the R-modules B
and B, satisfy the dual of Property (A4), but By @ B, does not (Example 3.9). This demonstrates
that the dual of Property (A) is not preserved under submodules, homomorphic images, direct
sums, or direct summands. In fact, as shown in [13, Example 2.14], every module is a direct
summand (and thus a submodule and homomorphic image) of a module satisfying the dual of
Property (A).
Finally, if an R-module M is an Artinian (resp., a Noetherian) module, then M satisfies both
a Property (A) and the dual of Property (A) (see Corollary 3.2). Hence, while most notions
related to the Artinian (resp., a Noetherian) modules can easily be dualized, we demonstrate in
this paper a notable phenomenon: the absence of a complementary notion to "Property (A)".
Our goal is to bridge this gap and explore key results of this dualization.

2 On the set Wg(M)

Let’s start with the following proposition.
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Proposition 2.1. Let R be a commutative ring, and let X : 0 N M

SIS

be an exact sequence of R-modules. Then we have the following.

(1) Wr(§) S Wr(M) S Wr(N) UWr(F).

(2) If ¥ is RD-exact, then WR(M) =Wgr(N)UWg(X).
(3) If R is an integral domain and 3L is torsion-free, then Wr(M) = Wr(N) UWg(%).
(4) If (M;)ier is a family ofR-modules then we have W g(®;erM;) = Uier Wr(M;).
(5) If N is a small submodule of M, then Wg(4F) = Wg(M).
Proof. (1) Suppose a € Wg (%), which means that 4l @z £ # 0. Consider the exact
sequence:
R R M R
(%) N®RR —)M@RR W®RE—>O.

Since % ®R % # 0, it follows that M ®g ﬁ # 0, and hence a € Wg(M).

Now, suppose a € WR(M ) Then, M ®p Ra # 0. Consider again the sequence (x). It
follows that either & ©r £ # 0 or N ®@p £ # 0. Thus, a € Wr(N) U Wg (§).

(2) Suppose a € Wr(N) U Wg (A). Then either a € Wg (%) ora € Wg(N). If a €
Wr (45), then by (1), we obtain a € Wg(M). If a € Wg(N), then N ®p 4 # 0. Since
X’ is RD-exact, we have the exact sequence:

R R M R
N M — — .
0— ®RR — ®RR N®RRQ—>0

Thus, M ®p £ # 0, which implies a € Wx(M).
(3) This follows from (2).
(4) Leta € R. Then:
R R
== M; | = =X @r M, ).
RIGIORHICERD

Hence, % ®R (EB el Ml) # 0if and only if there exists some iy € I such that % ®prM;, #
0.

(5) It suffices to prove that Wg(M) C Wg (&). Indeed, if a € Wg(M), then aM # M.
Suppose, for contradiction, that a (%) = % Then for every x € M, there exists m € M
such that x — am € N, implying that x € (aM + N). This leads to M = aM + N. Since
N is a small submodule of M, it follows that M = aM, contradicting our assumption.
Therefore, a € Wg ().

O

It is well known that, given a ring R, an R-module N is called cocyclic if NV is isomorphic
to a submodule of F(S) for some simple R-module S in (see [17], [26]). A prime ideal P of
R is said to be a coassociated prime of an R-module M if there exists a cocyclic homomorphic
image N of M such that P = anng (V). The set of coassociated prime ideals of M is denoted
by Coass(M) [26]. Also, a prime ideal P of R is said to be a weakly coassociated prime of
M if there exists a cocyclic homomorphic image N of M such that P is a minimal element in

V(anng(N)). The set of weakly coassociated prime ideals of M is denoted by a\a_;(M ) [26].

By [26, Theorem 2.11], we have Eg)\z;;(M ) # () whenever M # 0. Moreover, by [26, Theorem
2.15],

weg(M)= |J P
PeCoass(M)

One can easily verify that

Wg(R) ={P: P e Spec(R)} =J{m: m € max(R)}.
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Proposition 2.2. Let R be a ring, and let M be a nonzero finitely generated R-module. Then,

Wr(M)= ] P
PeSupp(M)

To prove this proposition, we require the following two lemmas:

Lemma 2.3. Let R be a ring, and let 0 # M be a finitely generated R-module. Then J(R) C
Wgr(M), where J(R) denotes the Jacobson radical of R. In particular, if R is a local ring with a
maximal ideal m, then W (M) = m.

Proof. Assume the contrary, that J(R) € Wg(M). Then there exists a € J(R) such that aM =
M. Since M is a finitely generated R-module, and by Nakayama’s Lemma, we have M = 0,
which is a contradiction. O

Lemma 2.4. Let R be a ring, and O # M be a finitely generated R-module. Then the following
are equivalent:

(1) IS Wr(M);
(2) IM # M.

Proof. (1) = (2) Suppose that I C Wg(M). Assume, for the sake of contradiction, that
IM = M. Since M is a finitely generated R-module, and by Nakayama’s Lemma, there exists
a € I'suchthat (1—a)M = 0. Asa € I C Wg(M), there exists z € M\aM. Now, (1—a)z =0
implies that = € aM, which leads to a contradiction.

(2) = (1) This is straightforward. O

Proof of Proposition 2.2. Leta € Wg(M). By [26, Theorem 2.15], there exists P € Coass(M)
such thata € P, and P is a minimal element in V(anng (L)), where L is a cocyclic homomorphic
image of M. Thus, anng(M) C anng(L), so P € V(anng(M)). Since M is finitely generated,
P € Supp(M). This implies that W r(M) € Upesupp(ar) I

On the other hand, let P € Supp(M ). Then Mp is non-zero finitely generated Rp-module. Since
Rp is local ring with maximal ideal PRp of Rp, by Lemma 2.3, we have Wg,(Mp) = PRp.
Now, by Lemma 2.4, (PRp)Mp # Mp. Thus, PM # M, and therefore P C Wgr(M) by
Lemme 2.4. Consequently, W (M) = Upcsupp(ar) P i

Remark 2.5.Let R be a ring and M an R-module. Recall that M is called faithfully flat if
M 1is a flat R-module and IM # M for all ideal proper I of R, or equivalently, M is flat
R-module and mM # M for every maximal ideal m of R, as stated in [6]. Now, if M is
faithfully, then Wr(M) = Wg(R). By [6, Exercie 1, § 3], consider a family of R-modules
{M;}icr, where I is an arbitrary set. Then the module @®;c;M; is faithfully flat if all the M;
are flat and at least one of them is faithfully flat. However, the converse is false. For example,
let R = Z/157 = 7./37Z x 757, which shows that the Z-module Z/57Z of R is projective.
However, it is not faithfully flat because Z/57Z ® g Z /37 = 0. Now, if all the M, are flat and at
least one of them is faithfully flat, then W (B, M;) = Ujer Wr(M;) = Wg(R). In particular,
if F is a free R-module, then Wi (F) = Wg(R).

The following proposition characterizes local rings R for which the set Wg(M), for any
finitely generated R-module M, is equal to Wg(R).

Proposition 2.6. Let R be a ring. Then the following assertions are equivalent:
(1) R is a semi-perfect and any projective R-module is faithfully flat;

(2) Any non-zero finitely generated R-module M, Wgr(M) = Wgr(R);

(3) Any non-zero cyclic R-module N, Wr(N) = Wgr(R);

(4)

4) Ris alocal ring.
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Proof. (1) = (2) Suppose that R is a semi-perfect and any projective R-module is faithfully
flat. Let M be any finitely generated R-module. Since R is semi-perfect, M has a projective
cover. Now let g : P — M be a small epimorphism with P projective. This implies Wr(M) =
Wr(P), by Proposition 2.1 (5). Since P is faithfully flat, by Remark 2.5, we have Wg (M) =
Wr(R).
(2) = (3) This is straightforward.
(3) = (4) Assume that for each cyclic R-module N, Wr(N) = Wgr(R). Suppose that R has
at least two maximal ideals, say Q;, Q2. As R/Q is cyclic R-module, by hypothesis Q, C
Wgr(R/Q1). Thus, Q1 + Q2 # R, which is a contradiction since Q; + Q2 = R. Hence R must
be a local ring.
(4) = (1) Suppose that R is a local ring. Then, by [15, Corollary 26.7], every projective R-
module P is free. As R is a local ring, it follows that R is semi-perfect.

]

Recall that a faithfully flat module M over aring R is always flat and faithful (anng (M) = 0).
However, the converse does not hold in general. For example, QQ is a faithful and flat Z-module,
but it is not faithfully flat. In fact, Q ®7 —, which reduces all the quotient modules Z/aZ to zero
(Q®z Z/aZ = 0). In this context, the following theorem characterizes when the set W (M) of
finitely generated flat modules M over a ring R is equal to Wr(R).

Proposition 2.7. Let R be a ring, and let M be a non-zero finitely generated flat R-module. Then
the following assertions are equivalent:

(1) M is faithfully flat;
(2) M is faithful;

(3) max(R) C Coass(M);
(4) Wr(M ) WR(R)
(5) annp(M

(6) Wg, (M ) PRpfor each prime ideal P of R;
(7) Wg,.(Mp) = PRp for each maximal ideal P of R.

Q

Proof. The implications (1) = (2), (2) = (5), and (6) = (7) are clear.

(1) = (3) Suppose that M is faithfully flat. For any m € max(R), we have M @5 & # 0,
which implies that M 7 mM. Thus, there exists a cocyclic homomorphic image % of -2 M - with
mM C D, and hence m = annp, (4£). Therefore, m € Coass(M).

(3) = (4) Suppose that max(R) C Coass(M). By [26, Theorem 2.15], we have Wr(M) =
Upecoass(nr) P- Since max(R) C Coass(M), it follows that max(R) C Coass(}M). This implies

that WR(M) = WR(R)

(4) = (1) Suppose that W (M) = Wg(R). Since M is a flat R-module, we can show
that mM # M for each m € max(R). Moreover, as M is a finitely generated R-module and
Wgr(M) = Wg(R), Lemma 2.4 implies that mM # M for each m € max(R).

(5) = (7) Assume that anng(M) C J(R). Then max(R) C Supp(M). By the proof of
Proposition 2.2, we obtain W, (Mp) = PRp for each maximal ideal P of R.

(7) = (4) This follows from the proof of Proposition 2.2.
(1) = (6) This follows from the proofs of the implication (1) = (5) and Proposition 2.2. O

The next theorem will play an important role in the rest of the paper.

Theorem 2.8. Let S be a ring such that R is an S-algebra. Let E be an injective cogenerator
for S-modules and M be an R-module. Then the following holds:
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(1) Wr(M) = Zp(M~).
(2) Wr(M*) = Zr(M).
Proof. We can assume that M # 0.

1) Note that ((R/aR) ® g M)* = Hompg(R/aR,Homg(M, E)) = anny;« (a) for any element
a € R. Since E is a cogenerator for S-modules, it is easy to check that a € Wg(M) if and
only if a € Zr(M*).

2) Leta € Wg(M*). Then we have (R/aR) ® M* # 0. Since E is an injective S-module,
we also have

0 # (R/aR) @ g Homg (M, E) = Homg(Hompg(R/aR, M), E) = Homg (anny/(a), E).

By hypothesis, since E is a cogenerator for S-modules, we conclude that anny;(a) # 0,
and thus a € Zg(M). Conversely, let a € Zr(M). Then annps(a) # 0. Since E is an
injective cogenerator for S-modules, we have:

(R/aR) @ g Homg (M, E) =2 Homg(Hompg(R/aR, M), E) = Homg (anny;(a), E) # 0.

This implies that (R/aR) ® g Homg(M, E) # 0, hence a € Wgr(M*).

O

Corollary 2.9. Let R be a ring and E an injective cogenerator for R-modules. The following
hold:

(1) Wr(E) =Zg(R).
(2) Zr(E) = Wg(R).

Recall that if ¢ : R — T is a ring map where R and 7" are commutative rings, and F
is an injective cogenerator for R-modules, then Homg(7, F) is an injective cogenerator for
T-modules. In the particular case when T = R/anng (M), where M is an R-module, then
anng(anng(M)) is an injective cogenerator for (R /anng (M ))-modules. Moreover, by Corollary
2.9, we have.

Proposition 2.10. Let R be a ring and E an injective cogenerator for R-modules. If M is an
R-module, then

(1) W(R/annR(M))(annE(annR(M))) =Z(R/anng(M)).
(2) W(R/anng(M)) = Z(g/ amnp () (anng (anng (M))).
Recall that given a ring R with a total quotient ring Q(R), any element of Q(R) is either a

zero-divisor or invertible in Q(R). The following proposition addresses the case when a ring R
is equal to its total quotient ring in terms of Wx and Zp.

Proposition 2.11. Let R be a ring and E an injective cogenerator for R-modules. Then the
following assertions are equivalent:

(1) R is equal to its total quotient ring.
(2) Wr(R) = Zgr(R);
(3) Wr(E) = Zgr(E).

Proof. (1) = (2) Assume that R is equal to its total quotient ring. If a € Wg(R), then a is
not invertible in R, and thus a is a zero divisor in R. Hence, Wr(R) C Zg(R). Conversely, let
a € Zr(R). Then a is not invertible in R, and thus aR # R. Hence, Zr(R) C Wr(R).

(2) = (1) Assume that W (R) = Zg(R) and suppose that an element a of R is not invertible in
R. Then a € Wr(R) = Zgr(R), and thus « is a zero divisor.

(2) & (3) Apply Theorem 2.8. i
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For any commutative ring R and M an R-module, if a,b € R\ Wr(M), then aM = M and
bM = M, implying abM = a(bM) = aM = M. Hence, R\ Wg(M) is a multiplicatively
closed subset of R. Now, let Sy = R\ Wx(M), q,,;(R) = Sy, R, and q,,;(M) = S, M. Then,
qu (M) is an q,,(R)-module.

Proposition 2.12. Let R be a ring and M an R-module. Then

(1) WqM(R)(QM(M)) C SJ\QI Wr(M).
(2) IfZr(M) C Wg(M), then

(a) Wa,,(m)(dar(M)) = Sy Wr(M).
(b) Any element of q,,(R) is either an element of Wy (g)(d,;(M)) orinvertible in q,,(R).

Proof. (1) Let T € q,,(R) such that £ € Wy (g)(q,,(M)). Then £ q,, (M) # qp(M). As-
sume, for contradiction, that » ¢ Wr(M). Then rM = M, and since £ q,,(M) # q,,(M),
there exists an element % € q,,(M) \ £ q,,(M). Now, rM = M implies that %t € = q,,(M),
which is a contradiction.

(2) Now, assume that Zr(M) C Wg(M).

(a) Let £ € S,/ Wr(M) with r € Wr(M) and s € Sy Assume, for contradiction, that
= ¢ Wy, (r)(dp(M)). Then £ q,, (M) = q,,(M), so for every m € M, there exists m' € M
and t € Sy such that 7 = ng Since st € S, we have stM = M, and there exists m” € M
such that m’ = stm/’. Therefore, 5t = ”?”. Thus, M = M, which is a contradiction. By (1),
we conclude that Wy (r)(qy,(M)) = Syt Wr(M).

(b) Let & € qy,(R) witha € Rand s € Sy Suppose that ¢ ¢ Wy (z)(q,,(M)). Then, by (a),
a ¢ Wgr(M), soa € Sy. Hence, ¢ is invertible in q,,(R), as desired. o

3 On the duals of Property (A)

We begin this section with some examples of modules that satisfy the dual of Property (A), as
demonstrated by the following lemma.

Lemma 3.1 ([13], Theorem 2.12). (1) The trivial module vacuously satisfies the dual of Prop-
erty (A).
(2) Every module over a Bezout ring R, satisfies the dual of Property (A).

(3) Let M be a finitely generated module over a commutative ring R. Then M satisfies the dual
of Property (A). In fact, for any ideal I of R with I C Wr(M), IM # M.

(4) Let M be an artinian module over a commutative ring R. Then M satisfies the dual of
Property (A). In fact, for any ideal I of R with I C Wg(M), IM # M.

(5) Let R be a zero-dimensional commutative ring ( e.g. R is artinian ). Then every R-module
satisfies the dual of Property (A).

(6) Let M and N be R-modules with Wr(N) C Wgr(M). If M satisfies the dual of Property
(A), then M @ N does.

(7) Let R be a commutative ring and N be a small submodule in M. Then M satisfies the dual
of Property (A) if and only if M/N does.

Corollary 3.2. Let R be a ring and M an R-module. Then the following hold:
(1) R satisfies the dual of Property (A);

(2) If M is an Artinian (resp., a Noetherian) module, then M satisfies both a Property (A) and
the dual of Property (A).

Proof. (1) Apply Lemma 3.1.
(2) Apply [3, Theorem 2.2 ] and Lemma 3.1.
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Example 3.3. Let R be a ring, and M be a faithfully flat R-module. Then, if for each finitely
generated ideal I of R with I C Wgr(M), we have TM # M, it follows that M satisfies the dual
of Property (A). In particular, If M is a free R-module, then M is a faithfully flat R-module,
and thus M satisfies the dual of property (A).

O

Corollary 3.4. Let R be a ring. Then, every R-module is a submodule, homomorphic image, or
direct factor of a module satisfying the dual of Property (A).

Proof. Let M be any R-module, then W (M) C Wg(R). By Corollary 3.2, R satisfies the dual
of Property (A). Then, by Lemma 3.1(6), M & R also satisfies the dual of Property (A). i

The following theorem establishes a relationship between Property (A) and its dual.

Theorem 3.5. Let R be an algebra commutative over a commutative ring S, and let E be an
injective cogenerator for S-modules. For an R-module M, the following holds:

(1) M satisfies the dual of Property (A) if and only if M* satisfies Property (A).

(2) M* satisfies the dual of Property (A) if and only if M satisfies Property (A).
Proof. (1) Note that ((R/I) ®g M)* = Hompg(R/I,Homg (M, E)) = anny- (I) for any ideal

I of R. As E is a cogenerator for S-modules, by Theorem 2.8(1), Wr(M) = Zr(M*). Itis
easy to check that M satisfies the dual of Property (A) if and only if M* satisfies Property
(4).

2) Let I be any finitely generated ideal I of R. Since F is an injective S-module, we have
(R/I) @ g Homg(M, E) = Homg(Hompg(R/I, M), E) = Homg(anny (), E). Since E is
an injective cogenerator for S-modules, and by Theorem 2.8(2), Zr(M) = Wg(M*). Itis
easy to check that M* satisfies the dual of Property (A) if and only if M satisfies Property

(A).

O

According to this theorem, the following corollary can be easily derived.

Corollary 3.6. Let R be a ring and E an injective cogenerator for R-modules. Then,

(1) E satisfies Property (A).

(2) Risan (A)-ring if and only if E satisfies the dual of Property (A).
Proposition 3.7. Let M be an R-module over a ring R, and let E be an injective cogenerator
for R-modules. The following statements are equivalent:

(1) R/anng(M) is an (A)-ring;

(2) anng(anng(M)) satisfies de dual of Property (A) as (R/ anng (M ))-module;

(3) anng(anng(M)) satisfies de dual of Property (A) as R-module.
Proof. (1) < (2) Apply Corollary 3.6 since anng(anng(M)) is an injective cogenerator for

(R/ ann(M))-modules
(2) < (3) Apply [13, Corollary 2.7]. o

Next, we show that the dual of Property (A) is not preserved under submodules, homomor-
phic images, or direct factors.

Example 3.8 (B, ¢ B, satisfies the dual of Property (A), but By and B, do not). Let R be a
commutative ring in which each maximal ideal is finitely generated, and let max(R) denote the
set of maximal ideals of R. Suppose that max(R) has a decomposition max(R) = A; U A,
where

Umea, M = Upemax(R)M = Umea, M-

Put B; = A}, where A; = ©mea,R/m,i = 1,2, and B = By & B,. Then, by [3, Example
2.6], the module A; @ A, satisfies Property (A), but neither A; nor A, satisfies Property (A). By
Theorem 3.5 (2), B satisfies the dual of Property (A), but neither By nor B, satisfies the dual of
Property (A).
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Example 3.9 (B, and B, satisfies the dual of Property (A), but B; & B, does not). Take D to be
a two-dimensional regular local ring with maximal ideal m = (z1,x,), as in [3, Example 2.9].
Define A; = D/(z) and

Ax = ®pex(D\{(= )} P/ P

where X!(D) denotes the set of height-one prime ideals of D. Then, A; @& A, does not satisfy
Property (A), but A; and A, satisfies Property (A4) ( see [3, Example 2.11] ). Now, define
B; = A fori =1, 2. By Theorem 3.5 (2), both By and B satisfy the dual of Property (A), but
By @ B, = does not satisfy the dual of Property (A).

Recall that an R-module M is called a multiplication module if, for every submodule N
of M, there exists an ideal I of R such that N = IM. The following theorem characterizes
multiplication modules that satisfy Property (A).

Theorem 3.10. let R be a ring and M be a multiplication R-module. If E is an injective cogen-
erator for R-modules, then the following statements are equivalent:

(1) M satisfies Property (A);
(2) R/anng(M) is an (A)-ring;
(3) anng(anng(M)) satisfies the dual of Property (A) as R-module.

Proof. (1) < (2) It follows from [22, Theorem 1].
(2) < (3) Apply Proposition 3.7.
O

Recall that an R-module M is called a comultiplication module if, for every submodule N
of M, there exists an ideal I of R such that N = anny; (7). The following theorem characterizes
comultiplication modules that satisfy the dual of Property (A).

Theorem 3.11. let R be a ring and M be a comultiplication R-module. If E is an injective
cogenerator for R-modules, then the following statements are equivalent:

(1) M satisfies the dual of Property (A);
(2) R/anng(M) is an (A)-ring;
(3) anng(anng(M)) satisfies the dual of Property (A) as R-module.

Proof. (2) < (3) Apply Proposition 3.7.

(1) = (2) Suppose that M satisfies the dual of Property (A4). Let a1, az,...,a, € R/anng (M)
such that a; € R fori = 1,2,...,n, and assume that G = (ay,az,...,a,) C Z(R/anng(M)).
Let I = (aj,az,...,a,) be an ideal of R. Take any = € I. Then T € G, and so there exists some
7 € R/anng(M) such that 77 = 0, with § # 0. This implies that xyM = 0, so we conclude
y ¢ anng(M), and hence there exists m € M such that ym # 0. Since zyM = 0, we have
x(ym) = 0, which implies that x € Zg(M). Therefore, I C Zgr(M). Since M satisfies the dual
of Property (A), it follows that IM # M. Since M is a comultiplication R-module, we have
IM = annp; (L) for some ideal L of R. Thus, we conclude that LM # 0. There exists some
b€ L\ anng(M), and so b M = 0. This implies that Ib = 0, showing that R/ anng (M) is an
(A)-ring.

(2) = (1) Suppose that R/ anng (M) is an (A)-ring. Let I = (a, az, ..., a,) be an ideal of R
contained in Wg(M). Now, let G = (a7, az, . ..,a,) be anideal of Z(R/ anng(M)). If T € G for
some x € R, then there exist u € anng (M) and y € I such that x = u + y. Since y € Wr(M),
we have yM # M and zM = (u+ y)M = yM. Since M is a comultiplication R-module,
we have M = anny;(K) for some ideal K of R. Since xM # M, it follows that there exists
some b € R\ annp(M), and so xbM = 0. This implies that b = 0 for some b # 0. Thus, we
conclude that G = (ay,az, . ..,a,) C Z(R/anng(M)). Since R/ anng (M) is an (A)-ring, there
exists some ¢ € R/ anng (M) such that G¢ = 0, which implies that a;c € anng (M) for all i with
¢ ¢ anng(M). Thus, we obtain that cm # 0 for some m € M. Now, suppose for contradiction
that ITM = M. Then, cM = c¢IM = 0, which implies that ¢ € anng(M), a contradiction.
Therefore, IM # M, and hence M satisfies the dual of Property (A). ]
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We conclude this section with the following proposition, which provides the module-theoretic
version of this result.

Proposition 3.12. Let R be a commutative ring and M be an R-module such that Zr(M) C
Wr(M). Then the following assertions are equivalent:

(1) M satisfies the dual of Property (A) as R-module;
(2) q,, (M) satisfies the dual of Property (A) as R-module;
(2) q,, (D) satisfies the dual of Property (A) as q,,;(R)-module.

Proof. Apply [13, Corollary 2.10]. O

4 On the duals of strong Property (A)
We start this section with a theorem that is similar to Theorem 3.5.

Theorem 4.1. Let R be an algebra commutative over a commutative ring S, and let E be an
injective cogenerator for S-modules. For an R-module M, the following holds:

(1) M satisfies the dual of strong Property (A) if and only if M* satisfies strong Property (A).
(2) M* satisfies the dual of strong Property (A) if and only if M satisfies strong Property (A).
Proof. The proof is similar to the proof of Theorem 3.5. O

Definition 4.2. The ring R is said to satisfy the dual of strong (A)-ring if R satisfies the dual of
strong Property (A) as R-module.

Corollary 4.3. Let R be a ring and E an injective cogenerator for R-modules. Then,
(1) R satisfies the dual of strong (A)-ring if and only if E satisfies strong Property (A).
(2) R satisfies strong (A)-ring if and only if E satisfies the dual of strong Property (A).

Proof. Apply Theorem 4.1. O

The following theorem characterizes the conditions under which a module M satisfies the
dual of the strong Property (A).

Theorem 4.4. Let R be a ring and M an R-module. Consider the following conditions:
1) M satisfies the dual of strong Property (A).

2) M satisfies the dual of Property (A) and W r(M) is an ideal of R.

M satisfies the dual of Property (A) and W r(M) is a prime ideal of R.

M satisfies the dual of Property (A) and q,,(R) is a local ring.

)
)
)
)

~—_ —

q,, (M) satisfies the dual of strong Property (A) as q,,(R)-module.
6) q,,(M) satisfies the dual of Property (A) as q,,(R)-module and q,,;(R) is a local ring.

Then (1), (2) and (3) are equivalent. If further Zr(M) C Wg(M), then (1), (2), (3), (4), (5)
and (6) are equivalent.

For the proof this theorem, we need the following lemma.

Lemma 4.5. Let R be a ring and M be an R-module. Consider the conditions:
(1) Wg(M) is an ideal of R.
(2) Wg(M) is a prime ideal of R.
(3) qu(R) is a local ring.
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Then (1) < (2) and (2) = (3). Furthermore, if Zr(M) C Wgr(M), then (1), (2), and (3) are
equivalent.

Proof. (1) & (2) and (2) = (3) are straightforward. Now assume that Zp(M) C Wr(M).
Then (3) = (2) follows from Proposition 2.12. i

Proof of Theorem 4.4. (1) = (2) Assume that M satisfies the dual of strong Property (A). Thus,
M also satisfies the dual of Property (A). Let a,b € Wgr(M). By hypothesis, there exists a
submodule N of M such that aM C N # M and bM C N # M. It follows that (a — b)M C
N # M, which implies that a — b € Wr(M). Hence, W (M) is an ideal of R.

(2) = (1) Assume that M satisfies the dual of Property (A) and that Wx(AM) is an ideal of
R. Suppose that rq,...,r, € Wgr(M). Since Wr(M) is an ideal of R, we have (ry,...,r,) C
Wgr(M). As M satisfies the dual of Property (A), it follows that (r1,...,7r,)M # M. This
implies that M satisfies the dual of strong Property (A).

(2) < (3) It holds by lemma 4.5.

Now, assume that Zg(M) C Wg(M). Then:

(3) = (4) This follows from lemma 4.5.

(4) = (5) Suppose that M satisfies the dual of Property (A) and that q,,(R) is a local ring. Let
G = (3, 2,...,5*) be afinitely generated ideal of q,,(R) such that {* € W, (r)(qs,(M)),
with r; € Wg(M) and s; € Sy for each i, as stated in Proposition 2.12. Consider the finitely
generated ideal I = (ry,72,...,r,) of R, where r; € Wr(M) for each i. By lemma 4.5, Wg (M)
is an ideal of R, so we have I C Wx(M). Since M satisfies the dual of Property (A), it follows
that IM # M. Now, assume for contradiction that Ggps (M) = gp(M). Let m € M\IM,

then we can write ™ = Y/~) ™ = SNTU I M where i, € M and t; ¢ Wgr(M) for each

i=1 s; t; i=1 1 s;t;°

i. Since s;t; ¢ Wgr(M), it follows that s;t;,M = M, and so m; = sitim; for some m; e M.

Therefore, we have ™ = 771 my , and there exists gé W (M) such that t(m—3"1=1" r;m;) =
0. Since t ¢ Zr(M), we conclude that m = Zz:l rym; € IM, which is a contradiction. Hence,
Gaun (M) # qu(M). This implies that gy (M) satisfies the dual of strong Property (A) as a
q,, (R)-module.

(5) = (6) The proof is similar to the proof (1) = (2).

(6) = (2) This follows from Proposition 3.12 and lemma 4.5. This completes the proof of the
theorem. O

Note that Zr(R) € Wg(R) since Wgr(R) = [J{m : m € max(R)}. Next, we state the
ring-theoretic version of Theorem 4.4.

Proposition 4.6. Let R be a commutative ring and E an injective cogenerator for R-modules.
Then the following assertions are equivalent:

(1) R satisfies the dual of strong (A)-ring;
(2) E satisfies strong Property (A) ;
(3) Zgr(E) is an ideal of R;
(4) Wg(R) is an ideal of R;
(5) Wgr(R) is a maximal ideal of R;
(6) Risalocal ring;
(7) q
(8) q
©)

0)

7
8

r(R) is a local ring;
r(R) satisfies the dual of strong (A)-ring;
9) Coass(R) has a unique maximal element;

(1

Ass(E) has a unique maximal element.
For the proof this proposition, we need the following lemma.

Lemma 4.7 ([7], Theorem 2.4). Let R be a ring and M an R-module. Then the following asser-
tions are equivalent:
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(1) M satisfies strong Property (A);
(2) M satisfies Property (A) and Zr(M) is an ideal of R.
Proof of Proposition 4.6. (1) < (2) Apply Corollary 4.3.

(2) < (3) This follows from Lemma 4.7 and Corollary 3.6.
(3) < (4) Apply Theorem 2.8.

(4) = (5) Assume that Wg(R) is an ideal of R. Since Wgr(R) = [J{m : m € max(R)}, we
have Wy (R) = m for each maximal ideal m of R. Therefore, Wx(R) is a maximal ideal of R.
(5) = (4) This is trivial.

(4) < (6) and (6) < (7) Apply Lemma 4.5.

(7) < (8) Apply Theorem 4.4.

(5) & (9) Since Wr(R) = Upccoass(r) I by [26, Theorem 2.15], it is easy to check that
Wr(R) is a maximal ideal of R if and only if Coass(R) has a unique maximal element.

(5) & (10) Note that Zr(E) = Wg(R) by Corollary 2.9, and Zr(E) = UPE;‘;(E) P. There-

fore, it is easy to check that W(R) is a maximal ideal of R if and only if Ass(E) has a unique
maximal element. o

From the [26, Corollary 1.2 and Theorem 2.10], if R is Noetherian ring and M is a finitely
generated R-module, then Ass(M) = Ass(M) and Coass(R) = Coass(M ). Next, we can easily
recover this result from Proposition 4.6, since in the Noetherian setting, the maximal primes of
R are the coassociate primes of R.

Corollary 4.8. Let R be a Noetherian ring and E an injective cogenerator for R-modules. Then
the following assertions are equivalent:

(1) E satisfies strong Property (A);
(2) Risalocal ring;
(3) Coass(R) has a unique maximal element;

(4) Ass(E) has a unique maximal element.

Example 4.9. Let Z,, be the ring of integers modulo an integer n > 1. Let n 1= up{"'p3? - - - p2~
be the decomposition of n into prime numbers, where v € {—1,1}. By Proposition 4.6, Z,,
satisfies the dual of strong (A)-ring if and only if n = wup]', an associate of a power of a prime
number p;.

Our next result completely characterizes (A)-rings R that coincide with their total quotient
rings and over which a strong (A)-ring coincide with the dual of strong (A)-ring. Note that
among the (A)-rings that coincide with their total quotient rings, the class of zero-dimensional
rings is included.

Corollary 4.10. Let R be an (A)-ring with Q(R) = R (for instance, a zero-dimensional ring).
Then the following statements are equivalent:

(1) Ris astrong (A)-ring;
(2) R satisfies the dual of strong (A)-ring;
(3) Risalocal ring.

Proof. (1) < (2) Since Q(R) = R, by Proposition 2.11, we have Zr(R) = Wg(R). Since R
satisfies the dual of the (A)-ring property and is an (A)-ring, by Proposition 4.6 and Lemma 4.7,
R is a strong (A)-ring if and only if R satisfies the dual of strong (A)-ring.

(2) < (3) Apply Proposition 4.6. o

Recall that an R-module M is said to be a reduced module if 7>m = 0 forr € Rand m € M
implies that rm = 0. An R-module M is called a semisecond if aM = a*>M for each a € R [4].
Now, an R-module M is called a coreduced if 2M C N implies that rM C N, where r € R
and N is a completely irreducible submodule of M. Equivalently, M is a semisecond by [5,
Theorem 2.13]. We now present the following proposition characterizing coreduced rings that
satisfy the dual of strong Property (A).
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Proposition 4.11. Let R be a ring and E an injective cogenerator of R-modules. Then the
following statements are equivalent:

(1) Ris a coreduced and satisfy the dual of strong (A)-ring;
(2) Eis a reduced and satisfy strong Property (A);
(3) Ris a field.

Proof. (1) = (3) Suppose that R is coreduced and satisfies the dual of a strong (A)-ring. Then,
by Proposition 4.6, R is local ring with maximal ideal m of R. Since R is a coreduced, it follows
from [5, Theorem 2.13] that aR = a?R for each a € m. By Nakayama’s Lemma, we obtain
aR = 0, which implies that a = 0 and hence m = {0}. It follows that R is a field.

(3) = (2) is straightforward.

(2) = (1) Suppose that E is a reduced and satisfies strong Property (A). Let a € R and I be
a completely irreducible ideal of R such that a>R C I. Since R/I is a cocyclic R-module, we
see that R/T is a submodule of E. As F is reduced, we obtain a(R/I) = 0. Thus aR C I, and
so R is coreduced. Since E satisfies strong Property (A), it follows from Proposition 4.6 that R
satisfies the dual of a strong (A)-ring. i

Lemma 4.12. Let R be a ring and E an injective cogenerator of R-modules. Consider the
following conditions:

(1) R is an integral domain;

(2) E is coreduced and satisfy the dual of strong Property (A);
(3) Ris reduced and a strong (A)-ring.
Then (1) = (2) and (2) = (3).

Proof. (1) = (2) Suppose that R is an integral domain. Since E is an injective R-module, we
have ¢2E = aF four each ¢ € R. Thus, we conclude that F is semisecond, and hence F is
coreduced. It is clear from the definition that an integral domain is a strong (A)-ring. Moreover,
by Corollary 4.3 (2), F satisfies the dual of strong Property (A).

(2) = (3) Suppose that E is coreduced and satisfies the dual of strong Property (A4). Let
a € R be such that ™ = 0 for some integer n > 1. Since FE is coreduced, it follows that £
is semisecond, and thus aE = a"E = 0. Consequently, we conclude that a € anng(E) =
anng(R) = 0, implying that R is reduced. Since F satisfies the dual of strong Property (A), it
follows from Corollary 4.3 (2) that R satisfies strong (A)-ring. i

In [10, Proposition 2.1], Dobbs and Shapiro proved that if R is a ring with only finitely many
minimal prime ideals ( for instance, a Noetherian ring or even a finite ring ), then R is reduced
and a strong (A)-ring if and only if R is an integral domain. Next, we easily recover this result
from Lemma 4.12.

Corollary 4.13. Let R be a ring with only finitely many minimal prime ideals, and let E be an
injective cogenerator of R-modules. Then the following statements are equivalent:

(1) R is an integral domain;
(2) E is coreduced and satisfy the dual of strong Property (A);
(3) R is reduced and a strong (A)-ring.
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