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Abstract In this research paper, we present a thorough exploration of .#-convergence and .7 -
Cauchy sequence in neutrosophic n-normed linear spaces. Furthermore, we prove some interest-
ing results associated with this notion. Additionally, we define the concept of .#*-convergence
and .#*-Cauchy sequence and establish the connection between these notions within this specific
framework.

1 Introduction

As a momentous generalization of ordinary convergence structure of sequences of real num-
bers, the concept of statistical convergence was first explored independently by Fast [10], Stein-
haus [38] and Schoenberg [39]. One of its engrossing generalization known as .#-convergence
has been described by Kostyrko et al. [24] where .# stands for an ideal defined as a collec-
tion of subsets of the set of natural numbers which satisfies certain conditions. After that,
this significant concept is being brought up in different directions by various researchers like
[7,8,9,12,17, 19, 20, 21, 22, 27, 32, 33, 35, 36, 37, 42], and many more references therein.

Zadeh [46] is the first prominent pioneering of the introduction of fuzzy set theory as an ex-
tension of classical set theory. Since then, it is being developed and applied in various branches
of engineering and science, namely population dynamics [4], control of chaos [11], fuzzy reason-
ing [15], fuzzy nonlinear dynamical system [18], fuzzy physics [30] etc. Later on, this concept
has been intriguingly generalized into new notions as its extension like intuitionistic fuzzy set
[1], interval valued fuzzy set [43], interval valued intuitionistic fuzzy set [2], vague fuzzy set
[3]. As a comprehensive generalization of these concepts, Smarandache [41] defined a new idea
named as neutrosophic set. Later on, Bera and Mahapatra explored the notion of neutrosophic
soft linear space [5] and neutrosophic soft normed linear space [6]. In recent times, Kirisci
and Simgek [26] defined neutrosophic normed space and in this significant framework, different
types of summability method have been investigated. The idea of 2-normed linear space as well
as its momentous extension to n-normed linear space was introduced by Géhler [13, 14]. After
that, this notion was intriguingly nurtured by many researchers like Kim and Cho [23], Mal-
ceski [31], Misiak [29], Gunawan and Mashadi [16], Tripathy and Borgogain [44, 45]. In 2023,
Murtaza et al. [34] defined the excellent idea named as neutrosophic 2-normed linear space
which is a momentous generalization of neutrosophic normed space. In very recent time, Kumar
et al. [28] introduced the concept of neutrosophic n-normed linear space and studied conver-
gence structure and defined Cauchy sequence within this space. In this article, we have defined
and studied .#-convergence, .#-Cauchy sequence and prove some interesting results within this
specific framework.

2 Preliminaries

In this section, we provide an overview of basic definitions and terminology which will be
useful to describe our main results. Throughout the study N stands for the set of all natural



& -convergence in Nn-NLS 869

numbers.

Definition 2.1. [24] A family .# of subsets of a non empty set 2" is said to be an ideal in .2~ if
the following conditions hold:

() o, % € ¥ implies & UA € 7,
(i) & € & and # C o implies # € .¥.
An ideal .# is called non trivial if 2" ¢ .# and .# # ().
Definition 2.2. [24] A non trivial ideal .# C 2% is called admissible if {{z} : z € X} C .Z.

Definition 2.3. [24] A non empty family .% of subsets of a non empty set .2~ is called a filter in
2 if the following properties hold:

i 0¢ 7
(i) o, % € & implies &/ N A € .F,
(i) & € F and & C % implies B € .F.

If .# € 2% is anon trivial ideal then the class .Z (%) = {2\ & : & € #} is afilter on 2
which is called filter associated with the ideal .# [24].

Definition 2.4. [24] An admissible ideal .# C 2" is said to satisfy the condition (AP) if for every
countable family of mutually disjoint sets {7, <%, ...} belonging to .# there exists a countable
family of sets {%), %, ...} such that the symmetric difference <7 A%, is finite for each i € N
and | J;2, % € .

Definition 2.5. Let .#" C N. Then the natural density of %", denoted by §(.%"), is defined as
.1
§(x) = n11_>n;O 5|{k <n:kex},

provided the limit exists, where the vertical bars denote the cardinality of the enclosed set.

Definition 2.6. [40] A binary operation &1 : ¢ x ¢ — _#,where ¢ = [0, 1] is named to be a
continuous ¢-norm if for each vy, 15, v3,v4 € _Z, the below conditions hold:

(i) @ is associative and commutative;
(il) @ is continuous;
(i) @1 =v forally, € ¢;
(iv) 11 @ v, < v3 @ vy whenever vy < vz and v, < 1y.

Definition 2.7. [40] A binary operation & : ¢ x ¢ — _#,where ¢ = [0, 1] is named to be a
continuous ¢-conorm if for each v, 15, 13,14 € _#, the below conditions hold:

(i) @ is associative and commutative;
(i1) @ is continuous;
(iii) v @0 = forall vy € Z;
(iv) v1 ® v, < v3 @ vy whenever vy < vz and v, < 1y.

Example 2.8. [25] The continuous ¢-norms are v; [ v, = min{v,1»} and v; @ v, = 1.5, On
the other hand, continuous ¢-conorms are v ¢ v, = max{v;,v,} and v| S vy = v + vy — V.15,

Definition 2.9. [16] Let n € N and # be a real vector space having dimension d > n (d is finite
or infinite). A real valued function ||-,...,-||on # x # x ... x # = #", gratifying the below

. n times
four axioms:

1) [[(wy,wa,...,wy,)|| = 0if and only if w;,wy, ..., w, are linearly dependent;
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(i) |[(wy,ws, ..., wy,)|| remains invariant under any permutation of wy, wa, . .., wy;
(i) ||(wr, w2, .., wn_1, kwy)|| = |&| (w1, w2, ..., wa—1,wy,)| for K € R (set of real num-
bers);
(V) (wi,way . ywp—t, 7+ w)|| < |[(wi,wa, ..., wp—1, T)|| + || (w1, w2, ..., we—1,w)].
is called an n-norm on % and the pair (#,|,...,-||) is named to be an n-normed linear
space.

As an illustration of n-normed linear space we take # = R" equipped with the Euclidean
norm

wir o Wiy
[|(wy, wa, ..., wy,)|| = abs
Wy o Wy
where w; = (w;1, Wi, ..., wy) € R™. For instance, we get ||(wy,wy,...,wy,)|| > 0 in an

n-normed linear space.

Definition 2.10. [28] Let 7 be a vector space over .% and [ and & be continuous ¢-norm and
t-conorm respectively. Let &, R, o be the functions from #" x (0, o) to [0, 1]. Then a six tuple
(7,3, R, p, 3, @) is named to be a neutrosophic n-normed linear space (in short Nn-NLS),
(wi,wa, ..., Wy—1,wn;C) € #™ x (0,00) — [0, 1], if the below conditions hold:

(1) \s(w17w27 cee awnfhwn;c) + §R(U}Iau&7 e 7wn717wn;g) + p(w17w27 e ;wnfhwn;c) S
3.
(11) (‘}(wtha e awn—hwn;g) > Os
(iil) S(wi,wa, ..., wy—1,wy;¢) = 1if and only if w; are linearly dependent, 1 < j < n;
(iv) S(wy,wa, ..., wn_1,wy; ) is invariant under any permutation of wy,w, . .., wy;
) %(wlawb '7wn—17/€wn;<) =9 (w17w27"'7wn—lawn;|7i|), /<;7é0and/<; €F
. !
(Vi) S(wi,wa, ... Wp_1, Wy + w5+ 7T)
!’
> S(wr,wy, . Wno1, Wei €) B S(wr,wy, - Wo—1, W, T);
(vii) S(wy,wa,...,ws—1,wy; ) is non-decreasing continuous in ¢;
(Viii) limg_mo S(wl,wg, e, Wh—1, Wy, C) =1 and lim¢_>0 S(wl,wz, - ,wn_l,wn;g) =0;

(IX) %(whwh s awnfhwn;c) > 0;
(x) R(wi,wy, ..., wy—1,wy,;¢) = 0if and only if w; are linearly dependent, 1 < j < n;

(xi) R(wi,wa, ..., wy_1,wy; ) is invariant under any permutation of wy,wy, . .., wy;

(xii) R(wy,wa, ..., wp—1, Kwy; () :%(wl,wz,...,wn_l,wn;l—il),R#Oandlie9

(xiil) R(wy, way ..., Wpe1, Wy, +w,; ¢+ 7)
< R(wi,wa, .. Wo—1, w3 C) @ R(wi, wa, ..., Wn—1, W, T);
(xiv) R(wy,ws, ..., wn_1,wy; ) is non-increasing continuous in ¢;
(xv) lim¢ o R(wyi, w2, . . ., w1, wy; ¢) = 0 and lim¢ o R(wy, wa, . .., w1, wn; () = 1;
(XVi) p(wlau&w"?w’nflawn;g) >09
(xvii) p(wi,ws, ..., wy—1,wy;¢) = 0if and only if w; are linearly dependent, 1 < j < n;
(xviii) @(wy,wa,...,wn_1,wy,; ) is invariant under any permutation of wy, wy, ..., wy;
(xix) (wl,wz,...,wn_l,nwn;g):@<w1,w2, s Wn—1, Wn T ) k#0and k € .7,
(xx) p(wy,wa, ..., Wy, Wy, + w3 ¢+ 7)

!
< plwy,way ooy Wp—1,Wi; C) B (Wi, wa, .y Wy—1, W3 T);
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(xxi) p(w1,wy, ..., Wn_1,wn;() is non-increasing continuous in ¢;
(xxii) lime_yo0 (Wi, wa, ..., Wy—1,wp;¢) = 0and lim¢e_,o p(wi, wo, . .., W1, wy; () = 1;

In the sequal, we shall use the notation .7 for neutrosophic n-normed linear space instead of
(7,3, R, p, [0, &) and we denote .4, to mean neutrosophic n-norm on 7.

Example 2.11. [28] Let (#/, ||wy, w2, . . . ,w,]||) be an n-normed linear space. Also, let vy Hv, =
min(vy,1,) and vy ® v, = max(vy, ;) for every vy, 1, € [0, 1] . If we define S, R and g as
¢
R} wlvw27~"7wn—lawn;C =
( ) C+||(w1,w2,...,wn_1,wn)||
H(wlawZa ey wnflawn)H
Rlwi,w, ...y wp—1,wn3 () =
( C) <+||(w17w27"'7wn—17wn)”
and p(wlv’u&a eee 7wn717wn;g) = H<w17w27 ~ éwnhwn)n .

Then (7,3, R, p, @, @) is a neutrosophic n-normed linear space.

Definition 2.12. [28] Let {wy,} be a sequence in a Nn-NLS 7. Then {wy} is named to be con-

vergent to v € # with respect to .4, if for every o > 0,¢ > 0 and wy, wy, ..., w,_1 € # there
exists ko € N such that S(wy, wy, ..., wu_1,wr — v;¢) > 1 — o and R(wy,wa, ..., wWp_1, Wk —
v;¢) < g, p(w,wa, ..., wp—1,w, —v;¢) < o forall k > ky. In this scenario, it is denoted as

. N
Ny, — limwg, = v or wy, —= v.

Definition 2.13. [28] Let {w;} be a sequence in a Nn-NLS .. Then {wy} is named to be
Cauchy sequence with respect to .4, if for every ¢ > 0, > O there exists ky € N such

that S(wy, w2, ..., wWyp_1,wWg — Wy ¢) > 1 — o and R(wy,wy, ..., wp_1, W — Wy3¢) < 0,
p(wr,wa, ..., Wy, Wk — w3 ¢) < o forall k,m > k.
Theorem 2.14. [28] Let {wy} be a sequence in #'. Then {wy} is convergent in (¥, ||-,...,-|)

iff {wy} is convergent in F€ with respect to neutrosophic n-norm as defined in Example 2.11.

3 Main Results

Throughout this section .# stands for an admissible ideal of N unless otherwise stated. First
we introduce the notion of .#-convergence in neutrosophic n-normed linear spaces.

Definition 3.1. Let {w;} be a sequence in a Nn-NLS .. Then {wy} is named to be .7-
convergent to v € ¥ with respect to .4, (in short .#(.4;,)-convergence) if for every o €
(0,1),¢ > 0 and wy,ws, ..., w,—1 € # such that

{k e N:S(wi,wa, ..., wp—1,wi —v;¢) <1 —0or R(wy,w, ..., w1, wr —v;() >0

and p(whw%"wwnfhwk —U,C) > U} €.

In this scenario, it is denoted as .#(.4;,) — limwy = v or wy M v. And, v is called

I (Ay,)-limit of {wy,}.

Example 3.2. Let 7 = R" with

wir o Wip
|(wi, wa, ..., wy,)|| = abs
Wn1 ot Wnn
where w; = (w;1, w2, ..., w;y) € R™. We take continuous t-norm and ¢-conorm as vy H v, =

min{v,1,} and v; @ v, = max{v;,1,} for every vy, 1, € [0, 1]. We take Nn-NLS as defined in
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Example 2.11. Let .# be a class of subsets of N such that natural density of each subset is zero.
Then .# becomes a nontrivial admissible ideal. Now, we define a sequence {wy} € # by

wr — (1,0,...,0) =1, ifk =i, icN
b (0,0,...,0) =0, otherwise.

Then for any o € (0,1) and ¢ > 0, we have

{k e N:S(wy,wa, ..., wp_1,w;¢) <1 —0or R(wy,ws, ..., wy—1,wg;¢) > o and
p(wi, w, ..., Wp_1,wg;¢) > 0}
o
(ke N: [[(wi,wa. .., wn1,w0)] > 1%; > 0or ||(w1,wn, ..., wn1,wp)]| > Co > 0}

c{keN:k=4iecN}.
Since §({k e N: k=4, i e N}) =0, #(A;,) — limwy, = 0.
From Definition 3.1, we can easily prove the following lemma.

Lemma 3.3. Let {wy,} be a sequence in a Nn-NLS 5#. Then, for every o € (0,1),¢ > 0 and
Wi, Wy, ..., Wn—1 € W, the below properties are gratified:

(i) I(AN) — limwy, = v;

(ii) {k e N: S(wy,wa, ..., wp_1,wp—v;¢) < 1—0} € F, {k e N: R(wy,w, ..., wp_1, wr—
v;€) >0} €S and{k e N: p(wy,wz,...,wp_1,w, —v;() >0} €5,

(iii) {k € N: S(wy,wz, ..., wp_1,wr —v;¢) > 1 —0 and R(wy, wa, ..., wp—1, wr, —v;¢) < o,
plwi, wy, ..., wy_1,wp —v3¢) <o} €F(I);

(iv) {k e N:S(wy,wa, ..., wn_1,wg—v;¢) > 1—0c} € F(F), {k € N: R(wy,wa, ..., w,_1,
wg —v;¢) <o} e F(I)and {k e N: p(wy,wy,...,wp_1,wr —v;() <o} € F(I);

(v) I () —limS(wy,wy, ..., wp_1,wr —v;¢) = 1, I (M) —limR(wy, w2, ..., Wnp—1, Wk —
v;¢) = 0and I (N,) — limp(wy,wy, ..., wy_1,w, —v;¢) = 0.

Theorem 3.4. Let {wy,} be a sequence in a Nn-NLS 7. If {wy} is I (Ny,)-convergent, . (N;,)-
limit of {wy} is unique.

Proof. If possible, let .7 (A;,) — limwy, = vy and & (A;,) — limwy, = v, where vy # v,. For a

given o € (0, 1), choose w € (0,1) such that (1 — @)@ (1 —w) > 1 —cand w ® w < . For
any ¢ > 0 and wy,wy,...,w,_1 € #, we define

M) (w, () = {k’GN (w17w2a---7wn17wk_U1;g)§]_w}§

keN:

.//mlwc {/{3

w17w27~-'7wn—17wk*1)2;§ <1 w};

m

:@;szC:kN%

m

N: %(w WYy ey Wy, W — V5

{ wi wzw--,wn—uwkvz;g)zw
M1 (w,¢) = {keN @(wlyw%'--awnlywk_vl;)

%p,Z(WaC) = {kEN:p(w]awZV"awn—]awk_’UZ;

Since . (A;,) — limwy, = vy, by Lemma 3.3 , each of .#5 ;(
belongs to .#. Again, as .# (.4;,) —limwy, = v,, each of %y »(w

9 8
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belongs to 5. Let (g ) (0, () = {A5,1(w, () U B 2(w, ()} {1 (@, () UBp2(w, ()} N
{ My (w,0) U By 2(w,()}. Then A3 3,0) (0,¢) € #. Obviously N \ .d(gﬁ’p)(a, ¢) e F(H).
So, let k € N\ (g % ) (0, (). Then, there arise three cases:

« ke N\ (Mg 1(w, () UBs2(w,())
s ke N\ (Mp,1(w, () UBx2(w,())

« ke N\ (Ay,(w,()UByar(w,())
)

Ifk € N\ (%g,l(W, C) ) %S,Z(Wa C ) then,
%(whwz, ey, Wp—1,U1 — Uz;(:)
=5 )= 3)
N w17w27"-awn717wk_vlsi DY w17w27"-awn717wk_U275
>(l-w)Bp(l-w)
>1-o0.
Since o € (0, 1) is arbitrary, (w1, wy, ..., wn—1,v1 — v2;¢) = 1 which yields v; = v,. Using
similar technique, for other two cases, we can prove the same. Hence, . (.4;,)-limit of {wy,} is
unique. O

Theorem 3.5. Let {wy} be a sequence in a Nn-NLS 5. If Ny, — limwy, = v then I (N,) —
limwg = v.

Proof. Let A;, — limwy, = v. Then, for every o > 0, > 0 and wy,wy,...,w,_1 € # there

exists ko € N such that S(wy, wa, ..., wy—1,w, — v;¢) > 1 — o and R(wy, wa, ..., wWy_1, ws —
v;¢) < o, plwy,wy, ..., wp_1,wr, —v;¢) < o for all k& > ky. Therefore, it is immediate that
the set {]C eN: %(wl,wg,...,wn_l,wk 7’();() <l—-ocor %(wl,wg,...,wn_l,wk 7’();4) >
o and p(wy,wy, ..., wy_1,w, —v;¢) > o} is finite. Hence {k € N : S(wy, wa, ..., wp_1, wy —
v;¢) < 1—0or R(wy,wa, ..., wp—1,wr—v;¢) > oand p(wy, wy, ..., We_1, Wt —v;() >0} €
F. S0, I(AN,) — limwy, = v. O

But, in general, the converse of the above theorem is not true which can be illustrated as given
below.

Example 3.6. Let 7 = R" with

wyp vt Wip
lwi,wa, ... ,wy| = abs
Wn1 o Wan
where w; = (w;1, w2, ..., w;y) € R™. We take continuous t-norm and ¢-conorm as vy B v, =

min{v, 1, } and v @ v, = max{v;,1,} for every v1,1, € [0, 1]. We take Nn-NLS as defined in
Example 2.11. Let .# be a class of subsets of N such that natural density of each subset is zero.
Then .# becomes a nontrivial admissible ideal. Now, we define a sequence {w} € # by

(k,0,...,0), ifk =i ieN
w p—
b (0,0,...,0) = 0, otherwise.

Then .#(4;,) — limw;, = 0, but it is not .4;,-convergent.

Theorem 3.7. Let W be a real vector space, {wy} and {li.} be two sequences in a Nn-NLS 5.
Then, the below statements hold good:

(i) ]ff(%) —limw, = v; andf(,/i/n) —limi, = vy, f(%) —limwy + I = v + vy,
(ii) If I (AMy,) —limwg, = v, I (Ny,) — limkwy, = kv, k # 0;
(iii) Iff(JVn) —limwk = V] andﬂ(JVn) —1iIlll1€ = vy, f(JVn) —limwk — lk = v — V).



874 Nesar Hossain and Ayhan Esi

Proof.

(0, 1), choose @ € (0, 1) such that (1 — @)

¢ > 0and wy,ws,...,w,_1 € ¥, we take

///gvl(w,C) = {kGN:%

{kEN
{

My, (w,C) =

By (w, C) —{kEN §R<w wy, ...,
{kEN p<w wy, ...

Boo(w,() = {kGN:p(wl,wz,...,

Let (g 5,0)(0,C) = {Ms,1(w, () UBs 2 (w
U%g2(w,()}. Then, by Lemma 3.3, /g g,

S(wi,way ..oy Wo—1, (W + 1) —

<wlaw2a"'a
(’U)l,wz,...,

keN: §R<w wg,...,wn_l,wkvl;g> Zw};

(i) Suppose that .#(.4;,) — limwy, = vy and # (A7) — liml, = v,. For a given o €
(l1—w)>1—0and w® w < o. For any

wn—lawkvl;§> §1w};

Wr—1, —Uz;g) <1 —w};
wnlalk_U%g) ZW};

¢
7wn—1,wk*U1;§ > W,

W1,k —U2;§> > W}-

C)}m{%ﬁ,l (wv C)U%%,Z(wa C)}m{%g),l (wa C)
o(0,¢) € F. Letk € N\ /(g 5 ) (0,C). Then,

(v +12);C)

Z%(wlawb"'awn—hwkUl;z) B%(wlawb"'awn—hlkU2;2>

>(1-w) & (1l —w)

>1-—o,

R(wi,wa, ..., wp—1, (Wi + 1) —

(v1 +12);C)

S%(whwb-“awn—hwkU1;2) ®%(w17w2,-~~7wn—17lkU2;2>

<wdw

< o,

and same inequality can be obtained for indeterminacy membership function g. This shows

that {k € N : S(wy, wy, ...,
(wk+lk)—

Wn—1, (W +1;) — (V1 +12); ) < 1—0 or R(wy,wo,. ..,

(v1 +12);¢) > o, and p(wy, wy, .. .,

Wn—1,

Wp—1, (Wi + 1) — (V1 +v2);¢() >0} C

JZ{(QX’%’@)(O', C) Hence f(%) —limwyg + I, = v + vy.

(ii) Since ' (A;,) — limwy, = v, for every o € (0,1),¢ > 0 and wy, wy, .. .,

that

{kEN:%(wl,wg,...,wn_l,wk—

>Jandp<w1,w2,...,wn_1,wk—

ie., {k € N: S(wy,wy,...,
kv;¢) > o and p(w,wy, ...,
lim kKwy, = K.

W1, kwg — kU;¢) < 1 — o or R(wy,w,. ..,
W1, kW, — KU;C) > o} € F. Therefore & (A;,) —

wy,_1 € # such

ap ) <1—oor§R<w1,w2,...,wn_1,wk—U;C|>
K

'U;C> >a} € 7,
||

Wp—1, KW), —

(iii) By (i) and (ii), we can easily prove our desired result.

O

Now we proceed with the notion of .#*-convergence in a neutrosophic n-normed linear space
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.

Definition 3.8. Let {w;} be a sequence in a Nn-NLS 7. Then {wy} is named to be .#*-
convergent to v € # withregards to ./4;, if there existsaset & = {k; < kp < --- <k, <---} C
N such that # € .7 (%) and A7, —lim,,_,oc wy,, = v. In this case, we write .7*(A47,) —lim wj, =

vorwy, s 5 and v is called 2% (A7, )-limit of {wy).

We establish the connection between .#*(.4;,) and .# (_4;,)-convergence.

Theorem 3.9. Let {wy} be a sequence in a Nn-NLS 2. If 9*(Ny,) — limwy, = v, I (A;,) —
limwg = v.

Proof. Since 9*(A;,) — limwy, = v, there exists a set # = {k; < kp < -+ < kp <
---} € Nsuch that " € () and A}, — lim,_, o, w, = v i.e., for every o > 0,¢ > 0 and
wi,wa, ..., wy_1 € # there exists pg € N such that S(wy,wy, ..., wy—1, W, —v:¢) > 1 -0
and R(wi, wy, ..., wy—1,w, —v;() < 0, p(wi,wa,. .., W1, wg, —v;¢) < o forall p > po.
So, {ky € N : S(wy,wy, ..., wyp_1,wp, —v;¢) < 1 —0or R(wi,ws, ..., wa_1, Wi, —V;¢) >
o and p(wi,wy, ..., wy_1, W, — vV;C) > o} C {ki,ka, ... kp—1}. Let¥ = N\ J#. Then,
{k € N : S(wy,wz,...,wp—1,w, — v;¢) < 1 —0 or R(wy,wa,...,wp—1,wp — v;¢) >
oand p(wy, wa, ..., Wy—1,w —v;¢) > 0} C G U{ky, ka, ..., kp,—1}. Since .# is an admissible
ideal, {k € N : S(wy,wa,...,wp_1,wr —v;¢) < 1 —0 or R(wy,wa, ..., wp_1,wp —v;() >
o and p(wy,wy, ..., wy_1,w, —v;¢) > o} € F. This shows that .Z(47,) — limw, = v. O

In general, the converse of Theorem 3.9 need not be true which can illustrated by the follow-
ing example.

Example 3.10. Let # = R" with

w1l Wip
l(wi, w2, ..., wy,)|| = abs
Wnp1 ++° Wnpn
where w; = (w1, wi, ..., wi,) € R™. We take continuous ¢-norm and ¢-conorm as vy & v, =

min{v, 1} and v; @ v, = max{v;,1,} for every vy, v, € [0,1]. We consider the neutrosophic
n-normed linear space defined as in Example 2.11. Let N = | J; Z; be a decomposition of N such
that for any » € N each %; contains infinitely many i's where ¢ > r and 2; N 2, = () whenever
i # r. Let .# be the class of all subsets of N which intersects only a finite number of %/s.
Then .# becomes a non trivial admissible ideal of N. Now we define a sequence {wy} € #
by wy = (£,0,...,0) € R"if k € 9. Let 0 = (0,0,...,0) € R™. Then for ¢ > 0 and
Wy, W2,y e, Wn—1 € W, we have

¢
S(wi,wa, ..., Wy, W () = -1
( 1, ) y Wn—1, ksC) <+||(1U1,w27--~7wn_1,wk)”
H(w1,’LU2,...,wn_1,wk)||
%wl Wy ooy Wp—1, Wk, = —0
( ’ ’ Ty ’C) C+||(w17w27"°7wn717wk)”
and p(wlaw27~"7w7l—l,Wk;<) = ||(w17w27"'7wn—lawk)” —0

¢

as k — oo. Since .# is an admissible ideal, therefore .7 (4;,) — limwy, = 0.

Now, if possible, let .#*(.4;,) — limwy, = 0. Then there exists a set % = {k1 < kz <
oo < kp <---} C Nsuchthat # € (%) and .A;, — lim,_,c wy, = 0. Since % € F(.5),
there is 4 € . such that N\ # = ¢. Now by the construction of .7, there is j € N such

that ¢ C Uf:] ;. But then 2;,1 C % and therefore wy, = (J%, 0,...,0) for infinitely many

n—Iltimes
k, € 22 which contradicts .47, — lim, o wy, = 0. Therefore {wy} is not #*(A;,)-convergent
to0e?.
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Then, question normally arises that under what condition the converse of Theorem 3.9 is true.
We investigate it in the following theorem.

Theorem 3.11. Let {wy} be a sequence in a Nn-NLS . If 9 (Ny,) — limw, = v and 5
satisfies the condition (AP) then %* () — limwy, = v.

Proof. Suppose that .# satisfies the condition (AP) and .#(.4;,) — limwy, = v. Then, for every
€ (0,1),¢ > 0and wy,wy, ..., w,—_; € # such that

{k e N:S(wy,wa, ..., wp—1,wi —v;¢) <1 —0or R(wy,w, ..., wp_1,w —v;{) >0
and p(whw%"wwnfhwk —U,C) ZU} €.

Define

1
S%(wl,wg,...,wn_l,wkfv;g) <1-— -

szf/g-:{lcEN:l ——— or ——
j+1 i+ 1

L] =

1 1 1
< R(wy,wy, ..., Wy, wp —v;¢) < —and —— < p(wy, wy, ..., Wy, W — V;C g‘}.
( )< < and — < of )< -

Clearly, {«/, @, ...} is countable and pairwise disjoint and each .Z; € .#. Since .# satisfies the
condition (AP), there exists a countable family {4, %,, ...} of subsets of N belonging to .%
and 7, A\ %; is finite for each i and ¥ = U;%4; € .#. Now from the associated filter of .# there
is # € Z(&) such that # = N\ ¢. It is sufficient to prove the theorem that the subsequence
{wy }rex is convergent to v with regard to .4;,. Let @ € (0,1). Choose ky € N such that
L < . Then, it is immediate that

ko
{k e N:S(wy,wa, ..., wp_1,wi —v;¢) <1 —wor R(wy,wa, ..., wp—1,wg —v;() > @
and p(wi,wa, ..., Wy_1,wg —v;¢) > w}
C {keN:S(wl,wg,...,wn_l,wk—v;g) g1—kioor%(wl,wz,...,wn_l,wk—v;()
1 | ko+1
> k—oand p(wr,wa, .. Wy, w, — v;¢) > ko} C LJ] ;.
im

Since A, NB;, 1 = 1,2, ..., ko + 1, are finite, there is py € N such that
ko+1 ko+1
<U,%’i>ﬂ{keN:k>po}:(Um)m{keN:k>po}. (3.1)
i=1 i=1

Ifk>poand k € 7, k ¢ Ufffl P;. So,by 3.1, k ¢ Ufgl ;. Therefore, for every k > py and
k € X we get

S(wr,wz, ..y W, wr —v;¢) > 1 —w
R(wr,wz, ..., wp_1,w —v;¢) < @
and p(wy,wa, ..., wp_1,wg —v; () < @.
Since @ € (0, 1) is arbitrary, we have .#*(.4;,) — limwy, = v. This completes the proof. ]

Theorem 3.12. Let {wy} be a sequence in a Nn-NLS 5. Then, the following conditions are
equivalent:

(i) I*( M) —limwy, = v;

(ii) There exist two sequences {t} and {l} in W such that wy, = ti + lg, ti Ly v and
{k € N:lj # 0} € ¥ where 0 is the zero element in ¥ .

Proof. First suppose that (i) holds. Then, there exists a set & = {k; < kp < -+ < k, <
---} € Nsuch that #" € .7 (.#) and A}, — lim,_,o wi, = v. So, for every o > 0,{ > 0 and
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wi, Wy, ..., Wp_1 € # We get
S(wr, way -y Wp—1,wg —v; () >1—0c (3.2)
§}E(u}hu]27"')’u}nfhu]k_U;C) <o (33)
p(wlawZM";wn—lawk*'U;C) <o, (34)

whenever k € .#". Define the sequences {¢;} and {l;;} in # as follows

wi, ifk €.
tr = dl, = —tg, Vk € N. 3.5
k {u,ifkelfc eI = T G-2)
Then for each k € 7,
S(wr,wz, -y wp_1,tg—v;)=1>1—0
R(wr,wz, .. W1ty — ;) =0< o

p(w17w27"-awn717tk _U,C) =0 <o.

Therefore, using (3.2), (3.3), (3.4) and 3.5, we get ¢, Sy 4. From (3.5), wehave {k e N: ¢ #
w} C A = {keN:ty—w, #0} C #° = {k € N:l, # 0} C J°. Therefore,
{keN:l,#0} e 7.

Let the condition (ii) holds. Then, it is obvious that {k € N : [, = 0} € .#(.#) must be
infinite. Let {k € N : [, = 0} = J#. Since ¢ Sy 4 and tr = wy for k € ¢, the subsequence
{wy, }ex must be A,-convergent to v. Therefore .#*(.4;,) — limwy, = v. This completes the
proof. O

Now, we proceed with the notion of .#-Cauchyness in neutrosophic n-normed linear spaces.

Definition 3.13. Let {wy, } be a sequence in a Nn-NLS J#. Then {wy, } is named to be .#-Cauchy
sequence with regard to .4, (i.e. .#(.4;)-Cauchy sequence) if for every o € (0,1),¢ > 0 and

wy, W, ..., Wy_1 € # there exists a natural number kg = ko (o) such that
{k e N: %(wl,wz,...,wn_l,wk fka;C) <1 foor%(wl,wz,...,wn_l,wk 7wk0;C) >0
and p(wi,wa, ..., W1, Wk — Wgy3() >0} € I

Definition 3.14. Let {w;} be a sequence in a Nn-NLS 2. Then {wy} is named to be .#*-
Cauchy sequence with regard to .4;, (i.e. .#*(A4;,)-Cauchy sequence) if there exists a set # =
{ki < ky <--- <k, <---} C Nsuchthat # € .7(.#) and the subsequence {wy,} is an
ordinary Cauchy sequence with regard to .4;,.

Theorem 3.15. Let {wy, } be a sequence in a Nn-NLS 7. If {wy} is I *(N,)-Cauchy sequence,
it is S (Ny,)-Cauchy sequence.

Theorem 3.16. Let {wy} be a sequence in a Nn-NLS 5. If % satisfies the condition (AP) and
{wy} is I (N;,)-Cauchy sequence, it is I *(Ny,)-Cauchy sequence.

The Theorem 3.15 and 3.16 can be proved in the line of Theorem 3.9 and 3.11 respectively.
So, we omit details.

Now we proceed with the investigations of relation ship between .# (.4;,)-Cauchy sequence
and .7 (_4;,)-convergence of a sequence.

Theorem 3.17. Let {wy.} be a sequence in a Nn-NLS €. If {wy} is I (ANy,)-convergent, it is
I (Ny)-Cauchy sequence.

Proof. Let {wy} is & (A;,)-convergent to v. For a given o € (0, 1), choose @ € (0, 1) such that
(l1-w)a(l—w) >1—cand w @ w < 0. Then for any ¢ > 0 and wy,ws,...,w,—1 € #,
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each of the following sets

szl—{keN:S(wl,wg,...,wn_l,wk—v;g> >1—w}
%:{keN:%(wl,wb...,wn_l,wk—v;g) <w}

and o5 = {keN:p(wl,wz,...,wn1,wk—v;§> <w}

belongs to . (7). Let Z = o/ N @/ N <. Then B € F (7). So, let k € . Choose a fixed
ko € 2. Then

S(wi, wa, ..oy Wpo1, Wi — Wiy3 )

23(w1,w27~-~,wn1,wk—v;2) E%(whwb---ywnlvwko —U;2>

>(1-wo)a(l—w)

> (1-o0)
and
%(w],wQ,...,wn_],wk—ka;C)
NS NS
<R wl,wz,...,wn_l,wk—v,i OR wl,wz,...,wn_l,wko—v,i
<wdw
< 0.
Similarly we have p(wy,wa, ..., w,—1, w, — wy,; ) < o. Therefore,
{k eN: %(wl,wz, ey, Wh—1, W — wkU;C) >1— o0 and ER(whwz, e, Wh—1, W — ka;C)
<o, p(wi,wa, ..., Wyp_1, Wi — Wiy ¢) < o} € .F(F).
Hence, {wy} is #(A;,)-Cauchy sequence. i

Theorem 3.18. Let {wy, } be a sequence in a Nn-NLS . If {wy} is 7 (Ny,)-Cauchy sequence,
it is S (Ny,)-convergent.

Proof. Let {wy} be .7 (4;,)-Cauchy sequence but not .# (.4;,)-convergent. Then for o € (0, 1),
¢ >0and wy,wy,...,w,—1 € # there exists kg = ko(c) € N such that %" € .# where

H ={k e N:S(wi,wa, ..., wy_1, W — wy3¢) < 1 — 0 or R(wy,wa, ..., Wn—1, W — Wiy C)
> o and @(wl»wbnwwn—l,wk—kaQO ZJ}
And, # € % where # = {kEN:S(wl,wz,...,wn_l,wk—v;%) >1—ocand
%(wl,wz,...,wn_l,wk—v;%) < o, p(wl,wz,...,wn_l,wk—v;%) <O’}. Since
S(wi, wa, ..oy Wy 1, W — Wy C)
o S
ZZ\s w15w27"'7wn—1)wk_vvi

>1—-0



7 -convergence in Nn-NLS 879

and
¢
R(wi, wa, ..., W1, W — Wiy ¢) < 2N (w17w2a s Wnop, Wy — U5 ) <O
. NS
plwi,wa, ..oy Wpe1, Wk — w3 €) < 20 | Wi, wa, .., W1, W ) < o,
if
¢ 1—0
%(wl,wz,...,wn_1,wk—v;2 > D)
¢ o ¢ o
and & (whwz,...,wnhwk —’U;E < 5; WL, W2, .oy Wy 1, Wk —U;E < 5
This yields {k € N : S(wy,wa, ..., wp—1,wp — wg,;¢) > 1 — o and R(wy, wa, ..., wp—_1, W —
Wk €) < 0, p(wi,wa, ..., Wy_1, W — w3 ) < o} € & which means £ ¢ € .# that implies
K € F () by which we arrive at a contradiction. Hence, {wy,} is .#(.4;,)-convergent. i

Definition 3.19. A Nn-NLS is named to be .#-complete with regard to .4;, (in short .#(A4;,)-
complete) if every .# (.1;,)-Cauchy sequence is .# (.4;,)-convergent.

Remark 3.20. In the light of Theorem 3.18, we see every Nn-NLS is .# 4, )-complete.

Conclusion and future developments

In this research paper, we have introduced .#(.4;,) -convergence and .#(.4;,)-Cauchy se-
quence and obtained that every neutrosophic n-normed linear space is .#(.4;,)-complete. In
future, based on this research work, one can generalize this notion to different types of conver-
gence. Also, this idea can be used in the field of convergence related problems in many branches
of science and engineering.
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