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Abstract In this article, several iterated line graphs £*(G) with all equal negative eigenvalues
—2 are characterized for £ > 1 and their energy consequences are presented. Also the spectra
and the energy of complement of these graphs are obtained, interestingly they have exactly two
positive eigenvalues with different multiplicities. Moreover, we characterize a large class of
equienergetic graphs which extend some of the existing results.

1 Introduction

Spectral graph theory is aimed at answering the questions related to the graph theory in terms
of eigenvalues of matrices which are naturally associated with graphs. Graphs with all equal
positive or negative eigenvalues are very special kind. The line graph of a graph has a special
property that its least eigenvalue is not smaller than —2 [21]. In the last two decades the graphs
with least eigenvalues —2 have been well studied [2, 10]. The problem of particular interest
in this class of graphs is the graphs with all negative eigenvalues equal to —2. This problem
can be restated in terms of the eigenvalues of signless Laplacian matrix Q for line graphs as the
graphs with all its signless Laplacian eigenvalues belongs to the set [2, oo) U {0} with the help of
the relation (2.1). In [31] Ramane et al. obtained the spectra and the energy of iterated regular
line graphs £*¥(G) for k > 2 and thus gave infinitely many pairs of non-trivial equienergetic
graphs which belong to the above class of graphs. Let p be the property that a graph G has
all its negative eigenvalues equal to —2. In this paper we are motivated to find several classes
of iterated line graphs £*(G) with the property p for k& > 1, spectra of their complements and
energy consequences. As a consequence of the energy of these graphs we present a large class
of equienergetic graphs which generalize the existing results. The energy relation between a
graph G and its complement were studied in [26, 27, 29, 30], we extend the results pertaining
E(G) = &(G) to non-regular iterated line graphs with the property p. The energy of line graphs
is well studied in [1, 11, 23, 31, 32]. In this paper, we also present hyperenergetic iterated line
graphs and their complements. The software sage [35] is used to verify some of the results.

This paper is organized as follows: Section 2 introduces basic definitions, equitable partitions
and known results on the spectra and energy of graphs. In Section 3, it is proven that the two dis-
tinct quotient matrices defined for an equitable partition of the H-join of regular graphs produces
the same partial spectrum for the adjacency matrix, Laplacian matrix and signless Laplacian ma-
trix. Section 4 presents findings on the spectra and energy of iterated line graphs that satisfy the
property p. Section 5 discusses the spectra and energy of the complements of the graphs covered
in Section 4. Section 6 provides an upper bound for the independence number of iterated line
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graphs and their complements along with a theorem regarding the minimum order of a connected
graph whose complement is also connected and considers line graphs satisfying the property p.

2 Preliminaries

In this paper, simple, undirected and finite graph G are considered with vertex set V(G) =
{vi,v2,...,v,} and edge set E(G) = {ej,ez,...,em}. Let e = v;v; be an edge of G with its
end vertices v; and v;. The order and size of a graph G refer to the number of vertices and
the number of edges, respectively. The complement G of a graph G has same vertices as in
G but two vertices are adjacent in G if and only if they are not adjacent in G. Let the sub-
graph of a graph GG obtained by deleting vertices vy, v2, ..., v, K < n and the edges incident
to them in G be G — {vy,v2,..., v} and simply G — v if one vertex v and edges incident to
it are deleted. The adjacency matrix A(G) or simply A of a graph G of order n is the n x n
matrix indexed by V(G) whose (7, j)-th entry is defined as a;; = 1 if v;v; € E(G) and 0 oth-
erwise. The Laplacian L and signless Laplacian @) of a graph are defined as L = D — A
and Q = D + A, respectively, where D = [d;] is the diagonal degree matrix of appropriate
order, and the i-th diagonal entry d; represents the degree of vertex v;. The matrix @ is positive
semidefinite and possesses real eigenvalues. The spectrum of a square matrix M is the multiset
of its eigenvalues, including their algebraic multiplicities. Denote the characteristic polyno-
mial and the spectrum of a matrix M associated to a graph G, respectively by (M (G); z) and
Spm(G). Let aSpy(G) £b = {aX £ b : X € Spy(G)} for any real numbers a and b. Let
the difference between two sets A and B is denoted by A \ B. The spectrum of a graph is the
spectrum of its adjacency matrix A. The inertia of a graph G is the triplet (n*,n~,n°), rep-
resenting the number of positive, negative and zero eigenvalues, respectively. Given a graph
G we denote the spectrum of adjacency matrix and signless Laplacian matrix respectively by
Spa(G) = {7, A2, A% and Spo(G) = {q¢", 4y, ..., qp'*}, where \;’s and ¢;’s are
indexed in descending order, and m; is the multiplicity of the respective eigenvalue for 1 < i < k.
Denote the least eigenvalue of 51gnless Laplacmn by gmin- The energy [16] of a graph G is de-

fined as £(G) = Z|/\ | =2 Z A= =2 E An—it1- Two graphs Gy and G, having the same

order are called equlenergetlc 1f they share the same energy. A set of vertices in a graph G is
independent if no two vertices in the set are adjacent. The independence number «(G) of a
graph G is the maximum cardinality of an independent set of G. As usual the graphs C,, K,
and P, denote the cycle graph, complete graph and path graph on n vertices respectively. For
additional notation and terminology, we refer [8].

Definition 2.1. [24] The Turéan graph T,.(n), r > 1, is the complete r-partite graph of order n
with all parts of size either |[n/r| or [n/r].

Definition 2.2. [19] The line graph £(G) of a graph G is constructed by taking the edge set of G
as the vertex set of £(G). Two vertices in £(G) are connected by an edge if their corresponding
edges in G share a common vertex. The k-th iterated line graph of G, denoted by £*(G) for
k € {0,1,2,...}, is defined as follows: £°(G) = G and for k > 1, £F(G) = L(L*1(G)).

Let ny and my, be the order and size of £L¥(G) for k € {0,1,2,...}. Itis noted that n,, =
myg_y for k € {1,2,...}. Let us denote the eigenvalues of £*(G) and its complement £*(G)
respectively by A(;) and Xk(j) for k € {1,2,...} and 1 < j < ny. The complement of a line
graph is also called jump graph [6].

Theorem 2.3. 8] Suppose G is an r-regular graph of order n with its spectrum Sp A<Ci) =
{r, X2, ..., A\n}, then its complement G is a (n—r—1)-regular graph with the spectrum Sp(G) =
{n—r—1,-1=X,,...,—1 =X }.

Theorem 2.4. [33] Suppose G is an r-regular graph of order n and size m with its spectrum
Spa(G) ={r,Xa,..., A\n}, then the line graph of G is a (2r—2)-regular graph with the spectrum
Spa(L(G))={2r =2, 4+7r—2,..., Ay +7—2,-2m""}
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Let n and m represent the order and size of a graph G, respectively. The relationship between
the eigenvalues of the line graph £(G) and the signless Laplacian @ of G is given by [7]:

Spa(L(@)) = {—2"""} U (Spa(G) —2). .1

The multiplicity of the eigenvalue —2 in £(G) is m — n + 1 if G is bipartite, and m — n if G is
not bipartite [9].

Theorem 2.5. [11] Let G be a graph with order n(> 2), m edges and minimum degree 8. If
§ > 5 + 1, then the line graph L(G) satisfies the property p and has the energy of 4(m — n).
Thus, all line graphs of such graphs with order n, size m and minimum degree 6 > 5 + 1 are
mutually equienergetic.

Theorem 2.6. [23] Let G be a graph of order n(> 5) and size m. If m > 2n, the line graph
L(G) is hyperenergetic.

The following is an elegant, though not sharp, relation between the smallest eigenvalue Api, of
A and the smallest eigenvalue ¢y, of Q.

Proposition 2.7. [14] If G is a graph with minimum degree 6 and maximum degree A, then
Imin — A < Apin < Gmin — 0.

Proposition 2.8. [13] If G is a spanning subgraph of a graph G', then ¢pmin(G) < @min(G').

Theorem 2.9. [20] If G is a graph with vertex v, then qpmin(G) — 1 < gmin(G — v).

Let j denote all one’s column vector, thatis j = (1,1,..., 1)T.

Theorem 2.10. [18] If A € Spa(G), then —1 — X\ € Spa(G) if and only if jTY = 0 for some
eigenvector'Y of G corresponding to the eigenvalue \.

Proposition 2.11. [8] In the line graph L(G) of a graph G the eigenspace of the eigenvalue —2
is orthogonal to the vector j.

The Weyl’s eigenvalue inequality [22] A; (M) + A\g (M) < Ni(My + Ma), j + k —n > i for
sum of two Hermitian matrices M; and M, of order n gives the following useful eigenvalues
inequality on a graph G of order n and its complement G [25]:

N+ An—j2 < —1forje{2,3,....n} (2.2)

Proposition 2.12. [15] Let M be any square matrix of order n with the characteristic polynomial

o(M;z) =3 (=1)"m,z™". Then m, is equal to the sum of the principal minors of M of order

. =0

Definition 2.13. If G is a graph of order n with vertices vy, v2,. .., v,, then the graph G[Hy, H;,
.., Hy,] called generalized composition or H-join [34, 4] which is obtained from the graphs

Hy, H,,..., H, by joining every vertex of H; to every vertex of H; if v; is adjacent to v; in G.
Let 7 = (m,m,...,m,) be a partition of a vertex set of a graph G. The partition 7 is called
equitable partition [5, 34] if for each 7,7 = 1,2,...,p there exists a number c;; such that for

every vertex v € m; there are exactly c;; edges between v and the vertices in 7;. If 7 is an
equitable partition then the associated p x p matrix with rows and columns corresponding to the
partite sets 7,72, ..., 7, is called quotient matrix. Let A, is the p x p matrix with (¢, j)-th
element af; equal to ¢;; and the p x p diagonal matrix D, whose i-th diagonal element equal to

b
> cik. If 7 is an equitable partition, we denote the quotient matrix for adjacency, Laplacian and

k=1

signless Laplacian of a graph, respectively by A, L, and Q.. The matrices A, L, and @, are
given by A, = [afj] [34], L, = [lfj] =D, — A, [3]land Q, = [qu] =D, + A, [5 37] Itis
noted that these need not be symmetric matrices.
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Let H; be r;-regular graphs of order n; fori = 1,2, ..., p. Incase of H-join G[H,, H>, ..., H,],
where G is a graph of order p, let us denote the quotient matrix for adjacency, Laplacian and
signless Laplacian of a graph, respectively by A¥ = [a/T], L¥ = [IF]] and Q¥ = [¢[]. These
matrices are defined as [4, 38]

Cij if ¢ I]
all = nin; ifvv; € E(G)
0 otherwise,
L7 ifi=j
ZZI = —/Min; if ViUj S E(G)
0 otherwise
and
a7 ifi=j

0 otherwise.

It is noted that these are symmetric matrices.

If 7 = (my,m2,...,m,) is an equitable partition of a graph G with cardinality of 7;, |m;| = m;
fori = 1,...,p then 7 also equitable partition to its complement G. The quotient matrix A, of
Gisgivenby A, = J, — I — A, [36], where J; is the matrix of order p whose (i, j)-th element
equal to m; and I is the identity matrix of order p.

Proposition 2.14. [36] Let the graphs G and G are co-spectral with equitable partitions w1
and 2 respectively. If A1 = A, then the graphs G| and G, are co-spectral.

Theorem 2.15. [38] Let G be a graph of order n and H; be r;-regular graph of order n; for
i=1,2,...,n. IfT = G[Hy, Hy, ..., Hy,), then

Spa(l) = (Ui (g = 2r) + (Spa(H) \ {2r:}) ) ) U (Sp(QE)).

Suppose that n > 2 and M = [m;;] € C**". The GerSgorin discs D;,i = 1,2,...,n of the
matrix M are defined as the closed circular regions D; = {z € C : |z — my| < R;} in the

complex plane, where
Ry =) |mij|
j=1

i
is the radius of D;.

Theorem 2.16 (Gersgorin). [22] Let n > 2 and M € C"*™. All eigenvalues of the matrix M lie
in the region D = U' | D;, where D;,i = 1,2,...,n are the Gersgorin discs of M.

3 Spectra of Quotient Matrices

Theorem 3.1. Let I' = G[H,, H,, ..., H,|, where H; is an r;-regular graph of order n; for
i =1,2,...,n. Then the spectrum of the quotient matrices A, L, and Q) equal to the spectrum
of the quotient matrices A2 L2 and QX respectively.

Proof. 1t is clear that 7 = (V(H;),V(H>),...,V(H,)) is an equitable partition of I". Let us
first prove the result for the matrices Q, and QI using Proposition 2.12 and similar can be
applied for the remaining matrices. The entries of the matrices @, and QI can be written as
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45 = agny, qff = aij/mm; fori # jand ¢, = ¢ff, where a;; is the entry of the adjacency

matrix of G. Let S,, be the set of all permutations over the set {1,2,...,n} and if & € S,

denote its sign by sgn(co). Let M, be the principal minor of order r which is obtained by

deleting any n — r rows and corresponding columns of the matrix ), and the respective prin-
1" 7 ks

cipal minor of the matrix Q be M, for 1 < r < n. Then M, = _ sgn(o) [] Tiory =
k=1

g€S,
r

> sgn(o) I1 aromynow) = X 597(0) T areyne and M, = 3> sgn(o) kl:[l Gy =

c€eS, k=1 oceS, k=1 oc€eS,
> sgn(0) T1 ko) /TiTtom) = 2. s9n(0) [1 aroynk if k # o(k) forany k =1,2,... 7.
oS, k=1 ocES, k=1
’ " T—Pp
Ifk =o(k)fork=1,2,...,pand 1 <p <rthen M, = M, = 3 sgn(o) [] apomynr(q)?-
oES, k=1

Which shows that M; = M;/ to each r for 1 < r < n. Hence, the sum of the principal minors
of order r of the matrices Q,, and QX are equal. It shows that the matrices Q, and Q have the
same characteristic polynomials by Proposition 2.12. Thus the matrices Q. and Q¥ have the
same spectrum. O

Now Theorem 2.15, with the help of above theorem can be stated in the following way:

Proposition 3.2. Let G be a graph of order n and H; be an r;-regular graph of order n; for
i=1,2,...,n. IfU' = G[H,, Hy,..., H,), then

n

Spo(I) = (U (R + (SpalHi) \ {2n—}>)> U (sp(Qn)).

i=1
where R; is the i-th row sum excluding the diagonal entry of Q. fori=1,2,... n.

Proof. Proof follows by Theorem 3.1 and an observation that ¢7, = 2r; + R; fori =1,2,...,n.
O

4 Spectra and Energy of iterated line graphs with the property p

Theorem 4.1. Let G be a graph with order ny and size mg, where each edge e = uv in G satisfies
dy + d, > 6. Then, the graphs L¥(G) have the property p for k > 2. Moreover, all the iterated
line graphs L*(G) of such a graph G are mutually equienergetic, with energy 4(ny, — ny_1) for
k>2.

Proof. If G is a graph of order ng and size m with an edge e = uwv, then in the line graph £(G),
the degree of the vertex corresponding to the edge e is d,, + d, — 2. Given that d, + d, > 6
for every edge e = ww in G, it follows that d,, + d,, — 2 > 4. This implies that the minimum
degree of each vertex in £(G) is at least four. It is well known that the least eigenvalue of the
line graph £(G) is not smaller than —2. Therefore, by Proposition 2.7, the least eigenvalue
Amin, the smallest signless Laplacian eigenvalue gpin, and the minimum degree § of £(G) satisfy
Gmin > Amin + 0 > —2 + 4 = 2. Now, by relation (2.1), L(L(G)) = L£*(G) satisfies property p,
with the multiplicity of —2 being equal to m; — n;. It can be easily observed that the minimum
degree § in the line graphs £*(G) increases as k increases. This implies that gmi, of £F(G) also
increases with k and is at least 2. Hence, by relation (2.1), the iterated line graphs £*(G) satisfy
property p for each k& > 2, with their energy equal to 4(mg_1 — ng—1) = 4(ng — ng—1). ]

A tree graph is called a caterpillar if removing all its pendant vertices results in a path graph.
The spectra and the energy of the line graphs of caterpillars are studied in [32].

Example 4.2. The graph in Figure 1 is the caterpillar C'(4,3,4). This graph satisfies the condi-
tions of Theorem 4.1, so the graphs £*(C(4,3,4)) satisfy the property p for k > 2.

Corollary 4.3. Let G be a graph of order ng and size mo with a minimum degree § > 3. Then,
the graphs L*(G) satisfy property p for k > 2. Moreover; all the iterated line graphs L*(G) of
such a graph G are mutually equienergetic, with energy equal to 4(ny, — ny—1) for k > 2.
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Figure 1. Caterpillar C'(4,3,4)

Remark 4.4. In [31], Ramane et al. obtained the spectra and the energy of iterated line graphs
of regular graphs with degree r > 3, thereby characterizing a large class of pairs of non-trivial
equienergetic regular graphs. It is noted that all the results in their paper are special cases of
Corollary 4.3.

Now, Theorem 4.1 naturally leads us to consider when £(G) satisfies property p, given that
LF(@Q) satisfies property p for k > 2 in a graph G where d,, + d,, > 6 for each edge e = uv. In
this context, we have the following results.

Lemma 4.5. Let G be a connected graph of order n(> 2) and H; be r;-regular graph of order
n;, where r; > 1, fori = 1,2,... ,n. Then the least eigenvalue of the quotient matrix Q. of the
graph G[Hy, Hy, ..., H,) is at least 2.

Proof. The signless Laplacian matrix @) of a graph G is positive semidefinite, which possesses
real eigenvalues. Consequently, by Proposition 3.2, the eigenvalues of the quotient matrix @,
are also real. In the i-th row of @), the diagonal entry ¢; satisfies ¢, = 2r; + R;, where R;
represents the sum of the i-th row of @), excluding ¢J;. By applying GerSgorin’s Theorem 2.16,
all the eigenvalues of Q. are contained within the union of the closed intervals [2r;, 2(r; + R;)]
fori=1,2,...,n. Now, the result follows from the condition that r; > 1.

|

Theorem 4.6. Let G be a connected graph of order n(> 2) and H; be an r;-regular graph of
order p;, wherer; > 1, fori =1,2,... ,n. IfU = G[Hy, Ha, ..., Hy,| is a graph of order ny and
size mg then the graphs LF(T) satisfy the property p for k > 1. Furthermore, the line graphs
of graphs G' of order ny, and size m), for which L£*(T) is a spanning subgraph are mutually
equienergetic with energy 4(m). — ny,) for k > 0.

Proof. Since G is a connected graph of order n > 2, for every vertex v; in G, there exists at least
one adjacent vertex v;. This implies that each vertex of the graph H; is adjacent to every vertex
of H; for at least one j inI' = G[H;, H,, ..., H,]. Moreover, since H; are r;-regular graphs
of order p;, with r; > 1, it follows that p; > 2. Thus the quotient matrix ), corresponding to
the equitable partition 7 = (V(H;), V(Hy), ...,V (Hy,)) has a non-diagonal entry ¢f; > 2 in its
i-th row for at least one j. Since the signless Laplacian ) of any graph is positive semidefinite,
it has non-negative eigenvalues. By applying Proposition 3.2 and Lemma 4.5, we conclude that
every signless Laplacian eigenvalue of I' is at least 2. From the relation (2.1), it follows that the
line graph £(T) satisfies the property p. The minimum order graph I" with the smallest possible
degrees is I' = K;[K3, K;], which shows that the minimum degree J of T is at least 3. Thus,
by Corollary 4.3 all the iterated line graphs £*(T') for k > 1 satisfy the property p. Since I is a
spanning subgraph of G’, Proposition 2.8 implies that G’ also has ¢, > 2, which further implies
that the graph £(G’) satisfies the property p with its energy equal to 4(mj, — ny) for k£ > 0 by
relation (2.1). This completes the proof. O

Remark 4.7. Let G be a connected graph of order n > 2 and H; be an r;-regular graph of order
pi withr; > 1, fori = 1,2,....n. LetT' = G[Hy,...,H;,...,H,] for 1 < j < iand Hy,,
Hy, be two r-regular graphs of same order with » > 1. If I'y = G[H,,...,Hs,,...,H,] and
I, = G[Hy,...,H,,,...,H,], then the graphs £*(T"}) and £*(T;) are equienergetic for k > 1.
Further, if H,, and H,, are non co-spectral (co-spectral) graphs then we get non co-spectral (co-
spectral) graphs £¥(T"}) and £*(I",) respectively, for k > 0 as they have same quotient matrices.

Remark 4.8. In Theorem 2.5, Das et al. characterized a large class of equienergetic line graphs
of graphs of order n under the condition that the minimum degree § > 5 + 1. However, one
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can also construct equienergetic line graphs of graphs of order n with the condition § < 5 + 1
by using Theorem 4.6. For example, if ' = K,[K,, C,,] with n > 6, it is always possible to
construct non-isomorphic equienergetic line graphs of I' with energy equal to 4 times (size of
I'— order of T') for § = 4 by adding edges between non-adjacent vertices of I

Theorem 4.9. Let G be a connected graph of order n(> 2) and H; be an r;-regular graph of
order p;, wherer; > 2, fori =1,2,...,n. IfU = G[H,, Hy, ..., H,], then the graphs L*(T —v)
satisfy the property p for k > 1. Moreover, if n; > min{2r; : r; > s > 2} then the graphs
LF( — {v1, 02, ..., v35_1)}) satisfy the property p for k > 1.

Proof. All the eigenvalues of Q. of I belong to the union of the closed intervals [2r;, 2(r; + R;)]
for: = 1,2,...,n by Lemma 4.5, which shows that each eigenvalue of () is at least 4 since
r; > 2. Each row of the matrix @), has at least one non-diagonal entry that is at least 3 as r; > 2
and G is connected with order n > 2. By Proposition 3.2, the gni, of I"is at least 3. By Theorem
2.9, the gmin of I' — v is at least 2. Hence £(I" — v) satisfies the property p by relation (2.1). If
n; > min{2r; : r; > s > 2}, then the ¢mip of Q is at least 2s, and each row of Q. has at least
one non-diagonal entry at least 2s with s > 2. By Proposition 3.2, the gni, of I is at least 2s.
It is easy to observe by Theorem 2.9 that ¢min () — 2(s — 1) < gmin (F —{vy, 02, ... ,Uz(s_l)}>.
Hence L‘(F —{v1,00, ... 702(5_1)}) satisfies the property p by relation (2.1). The graphs I" — v
forr; > 2 and I' — {v1,v2,...,vys_1)} for n; > min{2r; : r; > s > 2} both are graphs with
minimum degree § > 3. Thus by Corollary 4.3, all the iterated line graphs £*(I' — v) and
LFI = {v1,v2,...,v35_1)}) for k > 1 satisfy the property p.

O

The following is an interesting result due to the minimum number of edges in join of two con-
nected graphs.

Corollary 4.10. If m,n > 3 then the graphs L* (K> [P, P,,)) satisfy the property p for k > 1.

Proof. Let G = Ky, H = C,+1 and Hy = C,,,4+1 for m,n > 3 in Theorem 4.9. Let v; € H,
and v, € H,. By deleting the vertices v; and v, along with the edges incident to them in H; and
H, respectively, we obtain I — {v;,v,} = K;[P,, P,,]. Therefore, the graphs £F(K;[P,, P,,])
satisfy the property p for k > 1. O

Definition 4.11. [17] Let v be a vertex of the complete graph K,, where n > 3, and let e; for
i=1,...,p,1 <p<n-—1beits distinct edges all incident to v. The graph Ka, (p) is obtained
by deleting the edges ¢; fori = 1,...,p from K,,. Note that Ka,(0) = K,,.

With this notation we have the following result.

Theorem 4.12. If n > 6 then the graphs L*(Kay,(p)), 1 < p < n — 4 satisfy the property p for
k> 1.

Proof. All the graphs of order up to 5 whose line graphs satisfy the property p are Cy4, K4, K32
and K according to Theorem 6.2. It is noted that none of these graphs are of the type Ka,(p)
forp > 1. If n > 6, the graph Ka, (n — 4) can be expressed as P3[K, K3, K,,_4]. The quotient
matrix Q, of Ka,(n — 4) is given by

Q=11 n+1 n—4
0 3 2n —7

with its spectrum

$9(@e) = {n— 3 + 2yt =7 +73m 200 1~ LG 7) +73)

The signless Laplacian spectrum of Ka,,(n — 4) is

SpQ (Ka'n(n - 4)) = {(n - 2)27 (” - 3)n75} U Sp(QTr)'
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It is clear that all the signless Laplacian eigenvalues of Ka,(n — 4) are greater than or equal
to 2, except for the concern about the third eigenvalue of Sp(Q,) when n > 6. However, this
eigenvalue n — 1 — 1\ /4n(n —7)+73 > 2if n > 5. Thus, £L(Ka,(p)) for 1 <p < n—4
satisfies the property p by using Proposition 2.8 and the relation (2.1). It is also easy to observe
that the minimum degree of Ka,(p) for 1 < p <n — 4 is at least 3. Hence by Corollary 4.3, all
the iterated line graphs £*(Ka,(p)) for k > 1 and 1 < p < n — 4 satisfy the property p.

|

There are certain classes of graphs with a least eigenvalue of —2, such as exceptional graphs
and generalized line graphs [10]. If the minimum degree § > 4 in these classes of graphs, we
have the following simple result.

Theorem 4.13. Let G be a graph with least eigenvalue —2 and the minimum degree § > 4. Then
the iterated line graphs L*(G) satisfy the property p for k > 1.

Proof. The least eigenvalues A,,in, Gmin and the minimum degree § of G by Proposition 2.7
satisfy gmin > Amin + 0 > —2 + 4 = 2. Therefore, by using the relation (2.1) £(G) satisfies the
property p. Now, by using Corollary 4.3 all the iterated line graphs £*(G) satisfy the property p
fork > 1. O

Theorem 2.5 of Das et al. can be extended to the iterated line graphs.

Theorem 4.14. Let G be a graph of order no(> 2) and size mq with the minimum degree 6 >
% + 1. Then the graphs L*(G) satisfy the property p for k > 1.

Proof. If G is a graph of order ng > 2 and size mg with the minimum degree § > = + 1, then
by Theorem 2.5, £(G) satisfies the property p. The existence of a graph G with the minimum
degree § > % + 1 implies ny > 4, that is, the minimum degree of G is at least 3. Therefore, by
applying Corollary 4.3, all the iterated line graphs £*(G) satisfy the property p for k > 1. O

The following inequality was given by Leonardo de Lima et al. in [12] for Turdn graph.

n 1
(r—2) L;J < Gmin (Tr(n)) < (1 - ;)n
The above inequality is not valid when r = 3, n = 6,7,8 and r = 4, n = 5 as seen from the
following spectral values: Spq (T3(6)) = {8,4%,2%}, Spq (T5(7)) = {9.2745,5%,4%,3,
1.7251}, Spo (T3(8)) = {10.6056,6,5% 3.3944,2} and Spo (T4(5)) = {7.3723,3%,1.6277}.
These values demonstrate that g, (75(6)) = 2, gmin (13(7)) = 1.7251, gumin (T3(8)) = 2 and
Gmin (T4(5)) = 1.6277, but the inequality gives strict lower bound 2 for g, (17(n)). However,
with the help of this inequality we have the following result.

Proposition 4.15. I[f r =3 andn > 6; n # Torr =4 and n # 5 orr > 5, then the graphs
L*(T,(n)) satisfy the property p for k > 1.

Proof. The condition on 7 and n in the hypothesis together with the above inequality guarantees
that gmin(7-(n)) is at least 2. As a result, £(7-(n)) satisfies the property p by applying the rela-
tion (2.1). Moreover, it is evident that the minimum degree of T).(n) is at least 3. Consequently,
by Corollary 4.3 all iterated line graphs £*(G) satisfy the property p for k > 1.

O

4.1 Iterated regular line graphs with property p

Most of the results discussed so far involve non-regular iterated line graphs that satisfy the prop-
erty p. We obtain iterated regular line graphs £*(G) that satisfy the property p from Theorem
4.1 for k£ > 2 and from Theorem 4.6, Theorem 4.13 and Theorem 4.14 for £ > 1. In Proposition,
4.15 if r divides n, we also get iterated regular line graphs £¥(G) that satisfy the property p for
k > 1. Here, we present additional iterated regular line graphs £*(G) for k > 1 by taking regular
graphs G.
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Theorem 4.16. If G is an r-regular graph of order n with 3 < r < ”Tfl then the graphs LF(G)
satisfy the property p for k > 1.

t —
Proof. Let Spa(G) = {r,A\}", ..., A"} such that 1 + >~ m; = n. Then, by Theorem 2.3, G is
i=2
also a regular graph with Spa(G) = {n—r—1,(=1=X))™,...,(=1—=X)"™} and by Theorem
2.4, Spa(L(G)) = {2(n—1)=2r =2, (n—r—=X\;—4)™ ..., (n—1 =y —4)m2, —2n(n=r=3)/2},

We shall prove that all eigenvalues of £(G), except —2 are non negative. Since G is regular,
L(G) is also regular with degree 2(n — 1) — 2r — 2, which implies 2(n — 1) — 2r —2 > 0. The
condition r < "T_l gives n > 3r + 1 which impliesn —r —\; —4>2r —X\; =3 >0asr >3
to each i = 2,...,t. Hence £(G) satisfies the property p. Additionally, n > 3r + 1 implies
n—r— 1> 2r > 6 which shows that G is a regular graph with a minimum degree > 6. This

implies that the graphs £*(G) satisfy the property p to each k > 1 by Corollary 4.3. O

Theorem 4.17. If G is an r-regular graph of order n. > 8 and r > 1, then the graphs L* (ﬁ( )),
k > 1 satisfy the property p.

t
Proof. Let Spa(G) = {r,A\J",...,A\{"*} such that 1 + > m; = n. Then, by Theorem 2.4,
=2

Spa(L(G)) ={2r =2, (M +7—2)", ..., (N + 7 —2)™, —27=2/2} Since £L(G) is regular
by Theorem 2.3, £(G) also a regular graph with Sp4 (£(G)) = {nr/2 — 2r +1,17=2/2 (1 —
r—A)™, ..., (1 =7 = X)™}. Again, by Theorem 2.4, Spa(L(L(G))) = {r(n—4),((n —
A)r/2)M =22 (n—6)r/2 — X)™, ..., ((n — 6)r/2 — Ay)™, —2nr(nr=4r=2)/8% Tt is easy to

see that all the eigenvalues of £(L£(G)) are non-negative except —2 for n > 8. Hence, £(L(G))

satisfies the property p. It is noted that the degree of £L(G) is nr/2 — 2r + 1, which is at least

3 forn > 8 and r > 1. This implies the graphs £*(L(G)) satisfy the property p for k > 1 by
Corollary 4.3. O

Remark 4.18. One can easily construct equienergetic graphs, similar to those in Theorem 4.6
for the results in Theorems 4.9 to 4.17.

Theorem 4.19. Let G be a graph with d,, + d,, > 6 to each edge e = uv in G. Then the graphs

L¥(G) are hyperenergetic for k > 2.

Proof. Since G is a graph where d,, + d,, > 6 for each edge e = uv, £(G) is a graph with min-

imum degree § > 4. The number of edges in £(G) is m; = 1 i d; > 3(4mg) = 2my = 2ny,
i=1

which implies that the graph £2(G) is hyperenergetic by Theorem 2.6. Note that the minimum

degree increases in the line graphs £¥(G) as k increases for k > 2 and it is at least 4. Therefore,

my, > 2ny, and by Theorem 2.6, all iterated line graphs £¥(G) are hyperenergetic for k > 2.
|

5 Spectra and Energy of complement of iterated line graphs with the
property p

Lemma 5.1. Let L(G) be the line graph of a graph G with order ng and size my. If L(G) has a

non-negative eigenvalue \,;, then its complement L(G) has a negative eigenvalue \y(,,_ ;2

forj € {2,3,...,mo}. In a particular, if L(G) has eigenvalue —2, then its complement L(Q)
has eigenvalue 1.

Proof. If G is a graph of order ng and size my, then its line graph £(G) has order my. If L(G)
has a non-negative eigenvalue \;(;), then its complement £(G) has eigenvalue an Xl(mo— j+2) <
—1 — Ay by inequality 2.2, which is negative for j € {2,3,...,mg}. If =2 is the eigenvalue of
L(G), then by Proposition 2.11, its eigenspace is orthogonal to all one’s vector j. Now by using
Theorem 2.10, the eigenvalue —1 — (—2) = 1 is the eigenvalue of £(G). This completes the

proof. O
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The papers [26, 27, 29, 30] explore exact relations between a regular graph G and its comple-
ment. In the following, we extend these results to non-regular iterated line graphs with property

p.

Theorem 5.2. Let G be a graph of order ng and size my. If the graphs L*(G) satisfy the property
p with —2 multiplicity my,_y — ny_y for k > 1, then the graphs LF(G) for k > 1 have exactly
two positive eigenvalues: the spectral radius and 1 with multiplicity my_| — ny_1. Furthermore

£(LMG))

E(LMG)) = 2Ny + 3

5.1)
Proof. Itis given that the iterated line graphs £*(G) of G for k > 1 have all negative eigenvalues
equal to —2 with multiplicity my_; — ng_1 = ng — ng_1. This implies that the remaining
ny_1 eigenvalues of £¥(G) are non-negative. By Lemma 5.1, the complement of the iterated
line graphs £*(G) has negative eigenvalues Ay, _;j1+2) for j € {2,3,...,np_1} and positive

eigenvalues Ay, —j+2) = 1forj € {n_1+1,...,n;}. The only remaining eigenvalue of £*(G)

is the spectral radius Ay (j), which must be greater than or equal to 1. If £¥(G) is connected,

then A(y) > 1. Thus, £*(G) has exactly two positive eigenvalues: Xy (;) and 1, with the latter

having multiplicity nj — ng_ for & > 1. Therefore, the energy of LF(G) is £(LF(G)) =
2(Ak(1) + 1k —ne—1). Since E(L¥(G)) = 4(nk —nr—1) as —2 is the only negative eigenvalue of

L£¥(G) with multiplicity nj, — nj,_1, we obtain the required energy relation between £(L*(G))
and £(LF(@)) for k > 1. O

Corollary 5.3. Let G be a graph of order ng and size mq. If the graphs L*(G) satisfy the property
p with —2 multiplicity my_ — nx_1 for k > 1, then the graphs L*(G) and L*(G) for k > 1 are
equienergetic if and only if n~ (L¥(G)) = A1)

Proof. The energy relation (5.1) between £(L£¥(G)) and £(L*(G)) by Theorem 5.2 can be
expressed as 2£(LF(G)) — E(L¥(G)) = 4Xgq), or equivalently, £(LF(G)) — E(LM(G)) =

4Xp(1y — E(LF(G)). Now, the graphs £%(G) and L#(G) for k > 1 are equienergetic if and
only if 4X;, 1) — E(L*(G)) = 0 or 4Ay, 1) = E(LF(G)). Since E(LF(G)) = 2(A(1) + 1k — np—1),
we obtain Ak(1) = ny — ns_1. But, it is given that n~ (L*(G)) = ny, — ng_1, which completes
the proof. O

Corollary 5.4. Let G be a graph of order ng and size mo. If the graphs L*(G) satisfy the property
p with —2 having multiplicity my_, — ng_1 for k > 1, then the complements of the iterated line
graphs LF(G) are mutually equienergetic for k > 1 if and only if they have the same spectral
radius.

Proof. 1If G is a graph of order ng and size my, then the graphs £*(G) have order n;, and size
my,. If the graphs £¥(G) satisfy the property p with —2 having multiplicity m_; — ng_; for
k > 1, then all the iterated line graphs £*(G) of such graphs G with the same order ng and the
same size my are mutually equienergetic with energy 4(my_; — ng—1). Using this fact in the
energy relation (5.1) between £(L*(G)) and £(L*(G)) by Theorem 5.2 completes the proof. O

Example 5.5. The graphs £%(I'1) and £*(T";) in Remark 4.7 are equienergetic for k > 1 as they
have the same quotient matrices and because the spectral radius of a quotient matrix coincides
with the spectral radius of the corresponding graph. Moreover, in Remark 4.7 if H;, and H;, are

non co-spectral (co-spectral) graphs, then we obtain non co-spectral (co-spectral) graphs £%(I';)
and £*(T%,) respectively for & > 0 by using Proposition 2.14.

Remark 5.6. If & > 1, then the results in Theorem 5.2, Corollary 5.3 and Corollary 5.4 hold true
for the iterated line graphs £*(G) in Theorems 4.6 to 4.17. Similarly, if £ > 2 these results hold
true for the iterated line graphs £¥(G) in Theorem 4.1 and Corollary 4.3.

Remark 5.7. In [28], Ramane et al. obtained equienergetic regular graphs using the comple-
ment of iterated regular line graphs £*¥(G) for k > 2 by taking regular graphs G with the same
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order and the same degree » > 3. This approach characterizes a large class of pairs of non-
trivial equienergetic regular graphs. Furthermore, it is noted that all the results in this paper are
particular cases of Corollary 5.4 and Corollary 5.3.

Theorem 5.8. Let G be a graph with d,, + d,, > 6 to each edge e = wv in G, then the graphs
Lk(G) are hyperenergetic for k > 2 if A ;) < "’{1.

Proof. 1If G is a graph with d,, +d,, > 6 to each edge e = uv, then the iterated line graphs £*(G)
for k > 2 are hyperenergetic by Theorem 4.19, that is £(£*(G)) > 2(ni — 1). The energy
relation 5.1 between £(L*(G)) and £(L*(G)) by Theorem 5.2 is

ng—1 _

Itis well known that Ak(1>+Xk(1) > ni—1, which implies Xk(l) > ng—1=Agy 2 np—1-245— =
=L if Ayry < 2571, By using this we get £(LF(G)) > 2251 + (ny — 1) = 2(ny, — 1) which
completes the proof. O

6 Other results

Proposition 6.1. Let G be a graph of order ng and size my. If the graphs L*(G) satisfy the
property p with —2 multiplicity my,_ —ny_1 for k > 1, then o(L*(G)) < ny—y and o(L*(G)) <
n~ (LF(G)) + L.

Proof. If G is a graph of order ny, it is well known that n~ (G) < ng — a(G). Using this fact
for the graphs £*(G), we get that my,_y — ng—1 = ny — ni—y < g — a(L%(G)) which implies
a(L*(@)) < nyp—y for k > 1. Again using the same fact for the graphs £¥(G), we get that
np—1 — 1 < ny — a(LF(G)) or —(ng — np—1 + 1) < —a(LF(G)) which gives a(LF(G)) <
n~(L*(G)) + 1 fork > 1. O

The following result is interesting regarding the minimum order of a graph where both the graph
G and its complement are connected and the line graph £(G) satisfies property p.

Theorem 6.2. The smallest possible order of a connected graph G, where its line graph satisfies
the property p and the complement graph G is also connected, is 7.

Proof. There are exactly 13 non-isomorphic connected graphs of order up to 6 whose line graphs

satisfy the property p. These graphs include Cy, K4, K32, K5, K4, K33, K6 and the graphs
shown in Figure 2.

Figure 2.
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Figure 3.

None of the graphs mentioned above have a connected complement. The only connected
graph of order 7 whose line graph satisfies the property p and whose complement is also con-
nected is shown in Figure 3, which completes the proof.

O

7 Conclusion remarks

In this paper, we have described several iterated line graphs £*(G) with all negative eigenvalues
equal to —2 and discussed their energy. We also explored the spectra and the energy of their
complements. Additionally, we presented a large class of equienergetic graphs, extending some
of the previous results. Although we have identified many classes of iterated line graphs with
all negative eigenvalues equal to —2, one important question remains: to characterize all graphs
with all negative eigenvalues equal to —2 which are not necessarily limited to line graphs.
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