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Abstract. In this paper, we considered a class of singularly perturbed parabolic reaction-diffusion
problems involving a small time lag at the reaction term, common in applications such as in bi-
ological and chemical reactions, population growth and epidemiology. The presence of a small
diffusion parameter ¢, (0 < ¢ < 1) give rise to sharp boundary layers near the end points of
the spatial domain, where the classical numerical methods fail to give accurate solutions. To ad-
dress these challenges, we formulated and analyzed an accelerated fourth-order fitted numerical
scheme integrating the Crank-Nicolson and non-standard finite differences on uniform meshes.
The various stability and convergence analysis demonstrated that the proposed scheme is uni-
formly convergent with respect to the perturbation parameter . Numerical experiments with
three standard test problems revealed that the proposed scheme performs better than some exist-
ing approaches in the literature and verify the theoretical findings.

1 Introduction

Delay differential equations (DDEs) arise in the modeling of a large variety of real life situations
in engineering and science, for instance, physiological processes [1], the population dynamics
[2], diseases spread [3], diffusion in polymers [4], epidemiology [5], and hydrodynamics of
liquid helium [6]. Singularly perturbed delay differential equations (SPDDEs) are differential
equations in which its highest order derivative term is multiplied by a small perturbation param-
eter ¢(0 < ¢ < 1) and has at least one delay term § > 0. These types of differential equations
mostly arise in various practical phenomena , such as biological and chemical reactions, popu-
lation growth [7], epidemiology [8]. Examples of delays include the time taken for a signal to
travel to the controlled object, driver reaction time, the time for the body to produce red blood
cells, and cell division time in the dynamics of viral exhaustion or persistence [9], In particular,
time delays are natural components of the dynamic processes of biology, ecology, physiology,
economics, epidemiology, and mechanics [10].

The most captivating aspect about SPDDE:s is that the solutions contain boundary and/or
interior layers (the regions in which there are steep gradients) when the perturbation parameter ¢
approaches zero. These features describe that the classical numerical approaches are not suitable
for accurately and successfully resolving these problems [11]. This emphasises the need for
parameter independent numerical techniques [12]. As a result, parameter-uniformly convergent
algorithms have been developed [13, 14, 15, 16, 17]. The fitted operator methods, fitted mesh
methods, domain decomposition methods, and grid equi-distribution methods are some examples
of parameter independent numerical methods.

According to Wang refereed in [18] a simplified mathematical model for the control system
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of a furnace used to process metal sheets is represented by

Ui = ePar = w(g(¥ (2t = 0)))a(2,t) + C[f((2,t = 0) = ¥(x,1)))] (1.1)

where the temperature distribution in a metal sheet ¢) is moving at an instantaneous material strip
velocity w and source specified by the function f. Moreover, both the velocity w and the source
function f are dynamically adapted by a controlling device monitoring the current temperature
distribution. The finite speed of the controller, however, introduces a fixed delay of length .
When § = 0, this problem becomes a thermal problem without time delay.

The establishment of the model equation in (1.1) has given the opportunity for various schol-
ars to establish parameter-uniformly convergent methods for the numerical treatment of singu-
larly perturbed time delay convection-diffusion-reaction problems (SPTDCDRPs). Woldaregay
et al [19] proposed a novel numerical scheme for solving SPTDCDRPs. The uniform conver-
gence analysis of of the scheme proved that the formulated scheme converges uniformly with a
linear order of convergence. Hassan et al [20] presented a parameter-uniform numerical method
to solve SPTDCDRPs. The proposed method is shown to be parameter uniform convergent, un-
conditionally stable, and linear in order of accuracy.

Another significant mathematical model presented in [21] for a class of deterministic partial
differential equations is the logistic equation of the form:

1/&(13775)—5%30(907?5) :¢($>t)(1 —w(%t—&) (12)

which arise in mathematical ecology for the evolution of a population with density function
¥ (z,t) which depends on the population at an earlier time, ¢ — § rather than ¢. The delay §
can arise from a great variety of causes, such as duration of gestation, hatching period, and
slow replacement of food supplies. Thus, the density function +(z, t) depends on average past
population 1 (x, ¢t — §). The initial and final spatial spread of the favoured population are given
by ¢(0,t) and (1, t), respectively.

Using the above logistic time delay model equation (1.2), various scholars have doing sig-
nificant research works. For example, Negero [22] designed a robust fitted numerical scheme
for singularly perturbed parabolic time delay reaction-diffusion problems (SPTDRDPs). Both
the time and spatial derivatives are discretised via implicit Euler and exponentially fitted cubic-B
spline method on a uniform meshes respectively. Furthermore, the author applied the Richardson
extrapolation technique to accelerate the order of convergence of the proposed method to second-
order accuracy. Singh et al [23] devised a domain decomposition method to solve SPTDRDPs
up on discretizing the proposed problem using backward Euler scheme in the time direction and
central difference scheme in the spatial direction. The proposed method is shown to be uni-
formly convergent, having almost second order in space and first order in time. Gelu et al [24]
investigated a uniformly convergent collocation method for resolving SPTDRDPs. The problem
is discretised by the implicit Euler method on a uniform mesh in time and the extended cubic
B-spline collocation method on a Shishkin mesh in space directions. The proposed method is
shown to be ¢ uniformly convergent of first order in time and almost second order in space with
the logarithmic factors. Ayele et al [25] constructed a numerical scheme to solve SPTDRDPs.
For the discretization of the time derivative, the authors used the Crank-Nicolson method and a
hybrid scheme, which is a combination of compact difference scheme and the central difference
scheme on a special type of Shishkin mesh in the spatial direction. Tiruneh et al [26] developed
and analyzed a nonstandard fitted operator method for large time delay SPTDRDPs. The prob-
lem domain is discretised using the Crank-Nicolson method in the time direction and a nonstan-
dard finite difference in the spatial directions on a uniform mesh. Govindarao [27] presented a
parameter uniformly convergent method for a SPTDRDPs initial-boundary-value problem. Fur-
thermore, using the Richardson extrapolation technique, the proposed method proved that it is
a fourth-order convergent in both time and spatial variables. Duressa et al [28] contributed a
higher-order parameter uniformly convergent method for a SPTDRDPs. The proposed problem
discretised the time derivative via the Crank-Nicolson method on uniform meshes and the space
derivative with central difference on Shishkin meshes.

The literature underscores the significance of the proposed problem through demonstrating
that it is still in the earliest stages of investigation. Furthermore, the existing approaches typically
show lower convergence orders and less accuracy. This is essentially motivated us to formulate
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and analyze a higher-order fitted numerical scheme that is highly accurate, swift, and easy to
implement for solving singularly perturbed reaction-diffusion problems involving a small time
lag. We discretised problem using the Crank-Nicolson and nonstandard finite difference methods
on uniform meshes for the temporal and spatial directions, respectively. The proposed scheme
is verified to be fourth order accurate in both the temporal and spatial directions using various
types of convergence analyses.

Notations: Throughout this paper, C' and its subscripts denote generic positive constants
independent of the perturbation parameter € and mesh sizes h and At. Also, ||.|| denotes the
standard supremum norm, defined as ||f|| = sup, 5, |f (z,t)| for a function f defined on

some domain D,;.

2 Problem Description

In this paper, we consider a class of singularly perturbed parabolic reaction-diffusion problems
involving small time lag subject to the initial and interval boundary conditions of the form:

Lesp(z,t) = f(z,t), V(x,t) € Dy =Dy x Dy =(0,1) x (0,7],T7 > 0.,
w(xat) :VO(‘T7t) Ho = [07” X [_670]7

(0,t) =V(t)  w={0,t):0<t<T},

P(1,8) =V (1) p={(1,t):0<t<T}.

where L. s¢(x,t) = ¢Yi(x,t) — ethpe(z,t) + alx, t)p(z,t) + b(x, t)(z, t — ) is a differential

operator and ¢, (0 < ¢ < 1), is a singular perturbation parameter such that, § < ¢ is a small

delay parameter which satisfies the relation § = O(e). For the existence of a unique solution, the

functions a(z,t),b(z,t), f(x,t), Vo(z,t), Vi(t) and V,.(t) are assumed to be sufficiently smooth,
bounded, and independent of the perturbation parameter ¢ and satisfy

a(x,t) +b(x,t) > a > 0,b(z,t) <0, V(z,t) € Dy. (2.2)

When the parameter ¢ approaches zero, the solution of problem (2.1) exhibits twin boundary
layers near the end points of the spacial domain depending on the sign of the coefficient of the
reaction term a(x, t). For a(z,t) > 0 the twin boundary layers occur in the neighborhood of 1
and p, near z = 0 and z = 1 of width O(/2).

Following the approach in [19] and assuming § = O(e) in the sense that § < oe for some
constant o, typically with o < 1 ensuring the higher-order terms in the Taylor series expansion
remain negligible. Using this, we approximate the delay term about the point (z,t) as follows:

P(a,t —6) = (x,t) — Sihy(w, 1) + O(5%). (2.3)
Substituting Eq.(2.4) in to Eq.(2.1), we get a transformed equation of the form:
Lo = Pe(x,t) — Ce(@, ) ya(x, t) + Az, t)p(2,t) = F(,t),Y(x,t) € Dy,
¥(z,0) = So(z) Vo € py = {(2,0):z €D, },
¥(0,t) =8(0,t)  V(z,t) € ={(z,t):x2=0,t €D},
v(Lt) =8, (1,t) V(z,t) e ={(z,t):x=1,t €D;}.

where Lo ) = i(x,t) — Cetppa (z, 1) + Az, )1 (2, t) is the differential operator, C.(z,t), (0 <
C.(z,t) < 1) is the perturbation parameter to the transformed problem and the coefficients

2.1)

(2.4)

Q(z,t) = 1/(1 — 8b(=,t)) V(z,t) € Dy,

Ce(z,t) = eQ(z,t) V(z,t) € Dy, (2.5)
A(z,t) = (a(z,t) + b(z,1)Q(x,t) V(x,t) € Dy, ’
F(z,t) = Q(x,t) f(x,t) V(z,t) € Dy

For small value of the delay parameter §, problem (2.1) and (2.4) are asymptotically equivalent,
since the difference between the two equations is O(?). Furthermore, for the existence of a
unique solution, the functions A(x,t), F(xz,t),So(x),Si(t), S-(t) are assumed to be sufficiently
smooth, bounded, and independent of the perturbation parameter C. and satisfy

Az, t) > B >0 VY(z,t) € Dyy. (2.6)
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2.1 Bounds on the analytical Solution and Its Derivatives:

The existence and uniqueness of the solution of problem (2.4) can be established by assuming
the data is Holder continuous on the domain D, [23, 25]. The required compatibility condition
at the corner points (0,0) and (1, 0) are defined as Sy(0,0) = S§;(0), So(1,0) = S, (1) and satisfy

ox?

- o2
9810 _ ¢ 500 1 A(1,0)80(1,0) = F(1,0).

{ 25— 02500 1 A(0,0)50(0,0) = F(0,0), o

where Sy(z,t), Si(z,t) and S, (z,t) are supposed to be sufficiently smooth functions. Based on
the above suitable conditions on the initial data and the initial-boundary value problem (2.4)
has unique solution ¢(z,t) € C*? (D,,) which exhibits a twin boundary layers each of width
O(y/C:) atx =0and x = 1. These conditions guarantee the existence of a constant C' independent
of the perturbation parameter C such that

{ 1Y (z,t) — So(z)| < Ct, (z,t) € Dy,

[W(2,t)| < C, (x,t) € Day. (2.8)

Proof: Interested reader can refer the proof in [15].

Lemma 2.1. (Continuous Maximum Principle). Assume that ¢(x,t) is any sufficiently smooth
function satisfying ¢(z,t) > 0,¥(x,t) € 0Dy = Dyt \ Duy and Lo, d(x,t) > 0,Y(z,t) € Dy
then, ¢(z,t) > 0,Y(x,t) € Dy, where the differential operator is defined by Lo ¢(x,t) =
Ot(x,t) — Cotyw + Az, t)P(2, 1)

Proof. Suppose that (z*,t*) € D, such that ¢(x*,t*) = min(wyweﬁmté(a:, t) <O0.
From this condition and elementary concepts of calculus we have ¢;(z*,t*) = 0,
¢ (z*, %) = 0 and ¢,y (x*, t*) > 0.
Using all the above conditions, we have defined the differential operator as follows
Lo p(@™t7) = ¢u(a™17) = Codya(2™, ") + A(@™, t7) (2", t7),
= - s(bxz(x*ut*) +A(.’E*,t*)¢($*,t*),
<0 , since, ppp(z*,1%) >0, ¢(z*,t*) <0 and A(z*,t*) > 0.

This implies that Lo_¢(z*, t*) < 0 which contradicts to our assumption L. ¢(z,t) > 0.
Consequently, we conclude that the minimum of ¢(z, t) is non negative. O

Lemma 2.2. (Uniform Stability Estimate). If 1)(x,t) € C*'(Dy) be the solution of the continu-
ous problem of equation (2.4) ,then it satisfies the bound

[W(z,t)] < B71|F|| + maz {|So()], 1Si(t)], [S-(t)]}
Proof. To prove this Lemma, we defined two barrier functions 7+ as follows
wt (2, t) = B7|F|| + maz {|So(2)], [Su(t)], 1S, (8) |} £ 9 (2. 8),
When ¢t = 0, we have
7Tj:(x’()) = ﬁ_llF” + max{\So(x)L ISl(O)|7 |8T(O)|} + w(.’L‘,O),

= B7F| +maz {|So()], [S1(0)], 1S, (0)} =+ So(x) = 0.

When z = 0, we have
72 (0,1) = BTUF| 4+ maz {|So(0)]; ISu(t)], 18- (1)[} + (0, 1),

= BUF| + maz {|So(0)1, S (1), [S,(t)[} £ Si(#) = 0.

When z = 1, we have

™ (1,t) = BYF| 4+ maz {|So(1)], |Si(t)],S- ()]} £ v(1,1),
= B7YF|| + maz {|So(0)|, 1S ()], |8, (£)} + Sr(t) > 0.
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Having all these on the domain D,;, we have

ot (a,t) O*rt ()
ot x?
= Ale, )87 YIF|| + Az, t) x maz {|So(2)], |S,(2)], |S- (£)]}
+ BUIFI £ Lew(x,t),
= Az, t) x maz {|So(2)[,|S(t)], S- (&)} 8| Fl| £ F(z,t) > 0.

ACCgﬂ—i(xat) +A($,t)’f(i(l‘,t),

—C.

From Lemma (2.1) it follows that 7% (x,¢) > 0, V(x,t) € Dyy. ]

Lemma 2.3. Let (z, t) be the solution of the problem (2.4) at the time level m. Then we have

14 C;i/Z (ezp(—\/ZCC + exp(— Cﬂe(l - x))>‘| . (2.9)

where 0 < i +2m < 4 and (3 is the lower bound of A(x,t) as shown in Eq.(2.6).

‘w(i’m)(:z:,t)‘ <C

Proof: Interested reader can refer the proof in [29] and [30].

3 Domain Discretization

The main concern of this section is to discretize the proposed problem using Crank-Nicolson and
NSFD methods in the temporal and spatial directions on uniform meshes respectively. Finally,
we integrate the two semi-discretized problems to get the full discrete problem of (2.4).

3.1 Temporal Semi-discretisation:

Divide the domain [0, 7] in to M equal number of mesh intervals with step length & gives

DY = {tm:tm:mAt,m:O,1,2,3,...MandAt: ]\Z} (3.1)

Using the Crank Nicolson approach in problem (2.4) and the steps in [26], we obtain the time
semi-discretized problem of the following form:

)

g LA (Ap)™ M (Ap)™) | Frtlppm
At - Ca( 2 ) - 2 + 2

¥(z,0) = So(z), Vo € Dy,

(3.2)
(0, tmir) =S (™), 0<m < M —1,
w(lthH*l) = Sr(lvtm+l))a0 S m S M -1
After some rearrangements, we get
_ 51122?1(33) + (2/At +Am+l),¢}m+l(m) — gm(x)7
= Dr7
¥(x,0) = So(z)Vx € D, (3.3)

P(0,tms1) =S (™), 0<m < M —1,
¢(1,tm+1) = Sr(Lthrl),O <m<M-—1.

where g™ (z) = Co™ (x) + (2/At — A™(2))y™(z) + F™H (z) + F™(x).

Using problem (3.3) at (m + 1) time level in-terms of spatial variables, we can check that the
maximum principle and stability estimate of the temporal semi-discretization of the proposed
scheme as follows

{ LY = -C.Y' (2)+ W)Y (2) = g™ (z), Vo € D,, 3.4)

)
Y(0) = Si(tms1), Y (1) = S(tmsr), VE™ €Dy

where L£* is a discrete operator , Y (z) = v™ " (z), W(x) = (2/At + A™H(z)).
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Lemma 3.1. (Semi-discrete Maximum Principle). If ¢! (z) € C*(D,) is the solution of the
semi-discrete problem (3.4) such that ¢™'(0) > 0,4™*'(1) > 0 on D, = D, \ D, and
L*¢™H(x) > 0, Vo € Dy, then ¢™ " (x) >0, Vz € D,.

Proof. Let z* € D, such that ™! (2*) = min
0, ¢™*1(1) > 0 then z* ¢ {0, 1} thatis z* € D,.
Moreover, since ¢! (2*) = 0 and ¢! (z*) > 0 we have that

21, @™ 1 (x) < 0 and since ¢"*1(0) >

Lo o™ 2) = —Cool () + W (a*)e™H (2%),
< 0.

This implies that £, ¢™*!(2) < 0, which contradicts to our assumption £, ¢™"! () > 0.
Consequently, it is proved that the minimum of ¢™"! () is non-negative. O

Lemma 3.2. (Semi-discrete Stability Estimate). Let Y (x) be the solution of the semi-discrete
problem (3.4).Then we have
1
1Y (@)l < ~(LY (@)l + Y (2)]lp,, W (z) 2 a>0. (3.5)

Proof: For the proof of this lemma, the reader can refer Lemma (2.2) of section 2.

The local truncation error of the semi-discrete problem (3.3) is given by e™*! = 1)(x, t,,,) —1/){”“
, where w;”“ is the computed solution of the proposed boundary value problem. Moreover,
this error measures the contribution of each time step to the global error of the temporal semi-
discretization.

Lemma 3.3. (Local Error Estimate). Suppose that

‘a%(;”t)’ < O\V(x,t) € Dy and 0 < i <2

then the local error estimate in the temporal direction is given by
€™ |0 < C1AL. (3.6)

Proof. Using the Taylor series expansion about (z, ™+!/?), we have

2
Pl = ¢(m7tm+1/2) + %%(w,tmﬂ/z) + %U&t(ﬂf,tmﬂ/z) +O(At3), 3.7
2
wm _ w($7tm+l/2) _ %th(%tmﬂ/z) + %wtt(‘r?tm-ﬁ-]/Z) + O(At3)7 (3.8)

Now on subtracting Eq.(3.7) from Eq.(3.8) we get
merl _ wm

m =y (z, TV + O(AR?). (3.9)
Substituting Eq.(3.9) in Eq.(2.1) we get
m+1 _ ym At AL
¢T¢ = eua (2,817 ) — (AY) (2, t™T) (3.10)

+F(z,t" %) + OA2,

where
b, (/2 = Bl vt (3.11)
A((ﬂ tm+l/2) = A(wvth)JrA(x,t"”).

[
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The solution to the local error is

Lremt! = O(At?
" ( )’] (3.12)
emt1(0) =0, emt(1) =0.
Thus, using the maximum principle, the required result is satisfied.
Hence, |[e™T!||o < C1At? as required. O

To illustrate the temporal direction’s global error estimate, we represent E™*! as the accumula-
tion of the scheme’s local errors at the (m + 1)* time level.

Lemma 3.4. (Global Error Estimate): based on the assumption of Lemma (3.3) the global error
estimate of the semi-discretization at (m + 1)*" time level is given by

[E™ | < CrAAE. (3.13)

Proof. Since the global error estimate of the (m + 1)* time level be given by

m+1
IE™ Moo = 11 €’lloc, since, (m+ 1) < T/At,
s=1
< le'loo F 11 lloe + - 4 Hle™ oo, (3.14)
< C)(m+ 1)At*, using Lemma (3.3),
< C(T)At*, since (m+ 1)At < T,
< OA?, G =0T, (3.15)
where () is a positive real constant independent of the perturbation parameter C.. O

From the proof it is seen that the Crank Nicolson method is a second order parameter uniform
convergent method.

3.2 Spatial semi-discretization:

Divide the domain [0, 1] in to IV equal number of mesh intervals of step length h gives

ﬁN

x

1
= {xo—O,mi—xil—i—h,xN— 1,i=1,23,...N—land h = N}' (3.16)

Non-Standard Finite Difference Method (NSFDM): The fundamental idea of the NSFDM
is to use complicated positive functions instead of the denominator of the finite difference ap-
proximation of the derivatives. To design an exact finite difference scheme, we considered the
homogeneous differential equations with constant coefficients, which correspond to problem
(3.3) as mentioned by Mickens in [31]. Furthermore, the theory of difference equations gives us

=20
0 m

— W+ EML L Em L (3U17)

11 11 +1
VI =290+

2
i m+1

~C. + Wyt = CL

with the discrete initial and boundary conditions

{ W =0,i=0,1,2,...,N,

3.18
ol =yl =0, m=0,1,2,...,M — 1. (3.18)

where the denominator function 7, | to be determined from the next procedures. Furthermore,
we consider the homogeneous part of Eq.(3.17) with constant coefficients, where the constant
coefficients are the lower bounds of the coefficients W™+ (z;) > w* > 0, we get

_CE%wWLJrl + w*,(/)m+l =0. (319)
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Then the two linearly independent solutions of Eq.(3.19) are given by

exp(Mz) and exp(\z), Aj, \a = £ % (3.20)

Since a linear combination of two linearly independent solutions is also the solution of the same
problem, then w?“ = crexp(A\z;) + cpexp(Xax;) is the solution of Eq.(3.19).Now using the
theory of difference equations in [31], the following set of equations can be obtained by taking
the consecutive points,

mexp (Mizio1)  exp (Aozis)
et exp (M) exp(hazy) | =0. (3.21)

%Tfll exp (Miziv1)  exp (Aoxity)

Rearranging Eq.(3.21) we get

M exp (M —h))  exp (Aa(zi — h))
et exp (M) exp (hoz;) | =0. (3.22)
vt exp (Mi(@i+ b)) exp (Aol + h))

Factorizing the above equation results

f_ﬂl exp (Ai(z; — h))  exp (A(z; — h))
(exp(Miz;) + exp(Ma;)) | T 1 1 =0. (3.23)
wgfll exp (A\i(z; + h)) exp(Ma(z; + h))

On substituting the values of A\; and )\, from the determinant of Eq.(3.23) and simplifying the
terms by using the double angle formula for hyperbolic functions ,we obtain the exact difference

scheme as follows:
Y — 2cosh (, /‘5) Yt U =0,

Also after some rearrangement fori = 1,2,..., N — 1, we get

B PP =297 i
S a(S)sin® (4n,/e)

As aresult, the denominator function for the second order derivative approximation can be found
as

+ Wyl = 0, (3.24)

C 1 w*
2(0.,h) =4 == ) sinh? [ =hy/— ) . 2
n7(Ce, h) o+ ) sinlh” { 5 o (3.25)

Fori=1,2,3,..., N—1, m=0,1,2,...,M — 1, we defined the general variable coefficient
form of the denominator function as follows:

. . 1 m+1
M =4 (W(fnﬂ) sinh’ | Zh ch . (3.26)

7

Using a similar approach as in the (m + 1)** time level, we determined that the m!" time level
denominator function for variable coefficient as follows:

Wy =4 (Vg) sinh? (;h Vg ) . (3.27)
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3.3 The Fully Discrete Problem:

In this section, we combined the temporal and spatial semi-discretized results by substituting
Eq.(3.26) and Eq.(3.27) in to Eq.(3.17) as follows

m+1 m+1 m+1
Cg [wiﬂ 22} + w ] + Wim+l¢zm+l — Oa [ i+1 zw + ¢ ]
ni,m+1 ni,m
— WM+ H™ (3.28)

Simplifying these equations, we get the tri-diagonal system of equations subject to the initial and
boundary conditions of the following form:

LM = Ryyt! + Rey™t 4+ Ryt = G,

w?:SO(xl)v 2‘20,1,2,...,]\[71,

3.29
ot =8mH(0), m=0,1,2,...,M — 1, (3:29)
mrl = Smtl(1), m=0,1,2,...,M — 1.
where the coefficients of the tri-diagonal system are to be determined for i = 1,2,3,..., N —
1, and m =0,1,2,..., M — 1 using the subsequent equations
- _CE
Ri o 7]% m+l’
Rf = ( et 2 +Am+1>
e (3.30)
R = =Ce
i n%,m,Jr] ’
Gy = I gy gy B,

i,m

Since the boundary values of 1" "' and ¢! are given from Eq.(2.4), we found the remaining
values of w;”“ ,fori =1,2,3,..., N — 1 from the tri-diagonal system in Eq. (3.29) by means
of the matrix inverse method with the help of Mat-Lab 2023.

Lemma 3.5. (Discrete Maximum Principle). If ¢;"“ be any mesh function defined on 5;1’Msuch
that 7't > 0, ¢ > 0 and LYMM T > 0Vi = 1,2,3,...,N — 1, then ¢! >0, Vi =
0,1,2,...,N.

Proof. Suppose that there exists a mesh point (:*,m + 1) for ¢* € {1,2,3,..., N — 1} such that

¢ = ming<;i<n¢!""" and assume that g2 < 0, ¢TI — Yt >0, ¢t — 97t >0

and LgEquﬁ”“ > 0. Since ¢* ¢ {0, N},then for i* € {1,2,3,..., N — 1} we have that

[:N M¢m+] + Wm+1¢’m+1

m+1 m—+1 m+1

-C l¢i*+l B 2¢z* + d)i*fl
€ 2
U

(o7t — oty + (o1t — o™

772 + Wim+l¢?:+l S 0.
i

This implies that Egs’M gi)?”l < 0, which contradicts our assumption ,Cg;M (b;”“ > 0.
Hence, ¢""!' > 0,Vi = 1,2,3, ..., N as required. ]

Lemma 3.6. (Discrete Stability Estimate). If $"*" is any mesh function such that "' = 0 =
¢t then it satisfies the bound

|| < B 11<rria]§ I‘L:NMWH’,forl <i<N-1.

Proof. Let Q = B~ max;<i<n-_1 ’ﬁgf%;”“‘ and (7£)""*" be the barrier functions defined by

(Wi)szrl =Q+ ¢!,
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It is clear that (7£)]""' = (7%)0* = Q > 0. Also, for 1 < i < N — 1, we have

[’g;M (Tri)zn+l = 705

Qiﬁw—z@i@”W+QiﬁT]
n?

+

<A1t +Am+l) (Qi¢r+l)7

— (Alt _|_Am+l) Q:l:ﬁN M¢rn+l

1
— 571 (At Am+l> max ’Eg;M¢:n+l’ + Eg;MQb;nJrl
Since, (& + A7) > B, we have Ly (7)) ! > 0. Thus by Discrete Maximum Principle

in Lemma (3.5) we obtain (7 +)7""' >0, 0<i < N.
Hence, we proved the uniform stability estimate of the discrete scheme at (m + 1) time level
as required. O

Lemma 3.7. For a fixed mesh and for all integers j we have that

lim  max L (=Cni/VC) —0and lim max -2 (e —2)/VC)

. — = 0.
C.—01<i<N—1 Cg/ C.—01<i<N—1 Cg/

Proof: Interested reader can refer the proof in [32] of Lemma 5.3.

4 Convergence Analysis

Omitting the time level index for the sake of simplicity and supposing ™ and ¢™(x;) are
the computed and analytical solutions of the considered problem respectively, then the local
truncation error of the proposed nonstandard finite difference method from Eq.(3.29) is defined
by

LE (W7 =™ (@) = (Lajc. — LY c) 0™ () 4.1
Using the nonstandard finite difference method

(i1 — 290 + i )

i,m

LEM (=™ (x)) = —Cett; + Ce

4.2)

By using the Taylor series expansions of u;_; and ;| from Eq.(4.2) we get

NM (m _ m C' 2 4
Lo (W —y™(@i) = — Cetr; + —— (1% (¢) +

zm

(Cz)) G € (Ti1,Tip1). (43)

Furthermore, the truncated Taylor series expansion of 1/7? is given by

1 _(1 WMo Wmh?

M, \h?  12C. ' 240C2

) . where, (W™ = A" —2/k). 4.4)

Substituting Eq.(4.4) in to Eq.(4.3) and simplifying it using Lemma (2.3) and (3.7) we get
LM (W — ™ (@) < O,

Hence, the absolute error is defined by

[ — ™ (2;)| < Ch2. (4.5)

7

where C is independent of the perturbation parameter ¢ and the step size h. Based on the above
results we stated the following theorems.
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Theorem 4.1. Let 1) be the numerical solution of Eq.(3.29) and ¢ (x;, t™) be the solution of the
problem in Eq.(2.4) both at time level m,then

" —1p(x, t™)| < Ch2. .
ocicmax Ol = (e 7)) < Ch (4.6)

Hence, Theorem 4.1 shows that the NSFDM is a second order uniformly convergent scheme in
space variable. The subsequent theorem is the combined results of Lemma (3.2) and Theorem
4.1).

Theorem 4.2. Let 1! be the m*" time level approximate solution of Eq.(3.29) and ¢(x;,t™) be
the solution of Eq.(2.4). Then

m m)| < 2 )
0<z<1\rfng-§m<1\4|1/) — (@, ")) < C(h” + A). 4.7

From this we concluded that the proposed NSFD and Crank Nicolson methods are second order
accurate uniformly convergent methods before extrapolation.
5 Richardson Extrapolation Technique

The Richardson extrapolation technique is used to accelerate the order of the method. Using
theorem (4.2) at the m*”" time level, we have

U (h? + A?). 5.1

where /™ and ¢, are approximate solutions on the mesh intervals DN-™ and D*N2M respec-
tively so that that C' is a parameter independent constant [32].

Moreover, since ¢, is obtained by doubling the mesh DN-M then, the mesh sizes h # 0 and
At # 01in Eq.(5.1) becomes

O (Tiytm) — O (2, t™) < CO(K? + A2) + RVM | (2;,¢™) € DV, (5.2)
Again using the mesh sizes h/2, At/2 # 0 Eq.(5.2) becomes

il h2 At2 2N, 2M 2N,2M

where the remainders R™-Y and R?V-2M are O(h* + At*). Taking the difference of Eq.(5.3) and
Eq.(5.2) we get the subsequent general extrapolation formula.

4 — g — "

emt

5.4)

where (¢") "t is the approximate solution obtained from the Richardson extrapolation technique
with truncated error of the form

‘w ¢m ext| < C h4+At4) (55)

From these discussions, we generalized the following Theorem for the general purpose of the
Richardson extrapolation technique.

Theorem 5.1. Let ()[")** be the approximate solution of Eq(3.29) obtained after the Richard-
son extrapolation technique applied and " be the approximate solution of the proposed model
equation (2.4).Then,the maximum absolute error encountered is defined by

[ — (Yim)=t] < O(h* + At). (5.6)

From the overall constructions and discussions, we concluded that using Richardson extrapola-
tion technique accelerates the proposed method to fourth order uniformly convergent scheme in
both spacial and temporal directions.
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6 Numerical Examples and Illustrations

One of the major challenge in modeling problems is to obtain their analytical solutions due
to a variety of factors including higher in dimension, non-linearity, and other model problem
parameters. This troubles the analysis of the error estimation. The maximum absolute error of
the approximate solutions is computed via doubling mesh principle to overcome around these
challenges.

Example 6.1. Consider the singularly perturbed parabolic reaction diffusion problem as in [33]
and [34].

Y1 — ey + Y 4w, t = 6) = 3, (2,1) € (0,1) x (0,2],
W(z,t) =0, (z,t) € 0,1] x [5,0],
¥(0,t) =0,¢(1,t) = 0. t € (0.2].

Example 6.2. Consider the unsteady 1D singularly perturbed parabolic reaction-diffusion prob-
lem of the form in [22].

U — e + (L1 + 22 +(z,t —6) =13, (x,t) € (0,1) x (0,2],
¥(z,t) =0, (z,t) € [0,1] x [5,0],
¥(0,¢) =0,9(1,t) =0. t € (0.2].

Example 6.3. Consider the singularly perturbed parabolic reaction diffusion problem as in [33].
Yy — Vg +22h =3 —Y(z,t —6), (z,t) € (0,1) x (0,2],

W(a,t) =0, (z,1) € [0,1] x [-6,0],
$(0,8) = 0,9(1,1) =0, te(0.2].

Solution: Since the analytical solutions are unknown, we apply the doubling mesh technique to
find the maximum absolute errors and the order of convergences.

Before Extrapolation:

Let VM (z;,t™) and 1?N-*M (;, ™) be the approximate solutions with mesh lengths (h, At #
0) and (h/2,At/2 # 0) respectively, then

» The maximum absolute error is given by

NM _ N,M(.. 4my _ 2N2M(.  2m
Ee _ogi,??zgv,MW (3, t™) =4 (z2:,t )| (6.1)

 The ¢e— uniform maximum absolute error is given by

ENM — max EéV’M. (6.2)

. . . N,M
+ Corresponding e-uniform order of convergence is RN'"M = log, (EEmiM)

After Extrapolation: Similarly, letting /*V-? (z;,¢™) and (1)!")** be the approximate solu-
tions with mesh lengths (h/2, At/2 # 0) and (h/4, At/4 # 0) respectively, then

» The maximum absolute error is given by

NM _ IN2M 2 o
By’ =, max | (220, t7) — (W) (24, 8™)| . 6.3)

» The e— uniform maximum absolute error is given by

N,M __ N,M
Eert - méix Es,ezt : (64)

. . - N,M EN-M
+ Corresponding ¢, ext-uniform order of convergence is R,,;," = log, (W’ZM) :
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Table 1: Example 6.1, maximum absolute error

EN’M

,corresponding rates of convergence

RN:M and comparisons of the methods in [33] and [34] for the relation § = 0.5 * ¢.

el NM — 64,20 128,40 256,80

2-22 1.3350e — 03 3.3370e — 04  8.3423e¢ — 05
2.0032 2.0004

2-24 1.3350e — 03 3.3370e — 04  8.3423e¢ — 05
2.0032 2.0004

272 1.3350e — 03  3.3370e — 04  8.3423e¢ — 05
2.0032 2.0004

228 1.3350e — 03 3.3370e — 04  8.3423e¢ — 05
2.0032 2.0004

230 1.3350¢ — 03  3.3370e — 04  8.3423e¢ — 05
2.0032 2.0004

23 1.3350¢ — 03  3.3370e — 04  8.3423e¢ — 05
2.0032 2.0004

ENM 1.3350¢ — 03 3.3370e — 04  8.3423e¢ — 05

RN:M 2.0032 2.0004

The method in [33]

ENM 8.9288e — 02  2.4218¢—02  4.9511e — 03

RN:M 1.8824 2.2903

The method in [34]

ENM 1.7554e — 001 2.6693¢ — 001 3.1039e¢ — 001

RN:M -0.6047 -0.2176

(@)e =107° (b)e=10"7

Figure 1: 2D solution graph for Example 6.1 with values N = 256, M = 32.

Numerical-Solution

(bye =10"2

Figure 2: 3D solution graph for Example 6.1 with values N = 256, M = 32.
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Table 2: Example 6.1, maximum absolute error

EN.M

RNM for § = 0.5 ¢ before and after Extrapolation technique.

and corresponding rates of convergent

e LNM— 32,4 64,8 128,16 256,32

Before Extrapolation

10-° 3.3615¢ — 02 8.3573¢ — 03  2.0864c — 03 5.2144¢ — 04
2.0080 2.0020 2.0004

10-7 3.3615¢ — 02 8.3573¢ —03 2.0864e — 03 5.2144e — 04
2.0080 2.0020 2.0004

10-8 3.3615¢ — 02 8.3573¢ —03 2.0864e — 03 5.2144¢ — 04
2.0080 2.0020 2.0004

10-° 3.3615¢ — 02 8.3573¢ —03 2.0864e — 03 5.2144¢ — 04
2.0080 2.0020 2.0004

10-10 3.3615¢ — 02 8.3573¢ —03 2.0864e — 03 5.2144e — 04
2.0080 2.0020 2.0004

10-1 3.3615¢ — 02 8.3573¢ —03 2.0864¢ — 03 5.2144¢ — 04
2.0080 2.0020 2.0004

10-12 3.3615¢ — 02 8.3573¢ —03 2.0865¢ — 03 5.2145¢ — 04
2.0080 2.0020 2.0005

EN.M 3.3615¢ — 02 8.3573¢ — 03 4.7296¢ — 03  5.2145¢ — 04

RN-M 2.0080 2.0020 2.0004

The method in [22]

EN.M 9.9391e — 02  5.9082¢ —02 3.2060c — 02  1.6730e — 02

RN:M 0.7504 0.8820 0.9425

After Extrapolation

10-° 6.8250¢ — 06  4.0466¢ — 07 2.4961e — 08 1.8745¢ — 09
4.0760 4.0190 3.751

10-7 6.8250¢ — 06  4.0466¢ — 07 2.4961e¢ — 08 1.8745¢ — 09
4.0760 4.0190 3.751

10-8 6.8250¢ — 06  4.0466¢ — 07 2.4961e¢ — 08 1.8745¢ — 09
4.0760 4.0190 3.751

10-° 6.8250¢ — 06  4.0466¢ — 07 2.4961e¢ — 08 1.8745¢ — 09
4.0760 4.0190 3.751

10-10 6.8250c — 06  4.0466¢ — 07 2.4961¢ — 08 1.8745¢ — 09
4.0760 4.0190 3.751

101 6.8250c — 06  4.0466¢ — 07 2.4961¢ — 08 1.8745¢ — 09
4.0760 4.0190 3.751

10-° 6.8250e — 06  4.0466¢ — 07 2.4961e — 08  1.8745¢ — 09
4.0760 4.0190 3.751

ENM 1079 6.8250c — 06  4.0466¢ — 07 2.4961e — 08  1.8745¢ — 09

RY:M 4.0760 4.0190 3.751

The method in [22]

ENM 4.5049¢ — 03 1.1675¢ —03 3.0348¢ — 04  7.5922¢ — 05

RN:M 1.9481 1.9437 1.9990

ext
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Table 3: Example 6.2, maximum absolute error

RNM for § = 0.5 x €.

EN,]M

and corresponding rates of convergence

eIN,M — 32,4 64,8 128,16 256,32

Before Extrapolation

10-° 5.0134¢ —02  1.2510e — 02 3.1257¢ —03 7.8137¢ — 04
2.0027 2.0008 2.0001

1077 5.0134e — 02 1.2510e —02 3.1260e — 03  7.8140¢ — 04
2.0027 2.0007 2.0002

10-8 5.0134e — 02 1.2510e —02 3.1260e — 03  7.8140¢ — 04
2.0027 2.0007 2.0002

10-° 5.0134¢ — 02  1.2510e — 02 3.1260e — 03  7.8140e — 04
2.0027 2.0007 2.0002

10710 5.0134¢ — 02 1.2510e — 02  3.1260e — 03  7.8140¢ — 04
2.0027 2.0007 2.0002

10~ 5.0134¢ — 02 1.2510e — 02 3.1260e — 03  7.8140¢ — 04
2.0027 2.0007 2.0002

10712 5.0134¢ — 02  1.2510e — 02 3.1260e — 03  7.8140¢ — 04
2.0027 2.0007 2.0002

EN-M 5.0134¢ —02  1.2510e — 02 3.1260e —03  7.8140e — 04

RN-M 2.0027 2.0007 2.0002

The method in [22]

EN-M 6.7384e — 02 3.9822¢ —02 2.1533e — 03 1.1184e — 03

RN-M 0.7588 0.8870 0.9452

After Extrapolation

10-° 6.8718¢ — 06 4.0581e — 07 2.4998¢ — 08 1.5567¢ — 09
4.0818 4.0209 4.0052

1077 6.8718¢ — 06 4.0581e — 07 2.4998¢ — 08 1.5567¢ — 09
4.0818 4.0209 4.0052

10-8 6.8718¢ — 06 4.0581e — 07 2.4998¢ — 08 1.5567¢ — 09
4.0818 4.0209 4.0052

1079 6.8718¢ — 06 4.0581e — 07 2.4998¢ — 08 1.5567¢ — 09
4.0818 4.0209 4.0052

10-10 6.8718¢ — 06 4.0581e — 07 2.4998¢ — 08 1.5567¢ — 09
4.0818 4.0209 4.0052

10~ 6.8718¢ — 06 4.0581e — 07 2.4998¢ — 08 1.5567¢ — 09
4.0818 4.0209 4.0052

10-12 6.8718¢ — 06 4.0581e — 07 2.4998¢ —08 1.5567¢ — 09
4.0818 4.0209 4.0052

ENM 6.8718¢ —06 4.0581c —07 2.4998¢ — 08 1.5567¢ — 09

RN-M 4.0818 4.0209 4.0052

The method in [22]

ENM 3.5282¢ — 03 9.196le — 04 3.3499¢ — 04 5.9612e — 05

RM 1.9398 1.9684 1.9789

ext
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Numerical solution

Numerical solution

xxxxxxxxxx

(a)e =107"° (bye=10"1

Figure 3: 2D solution graph for Example 6.2 with values N = 64, M = 8.

Numerical-Solution

8
taxis 2 —

(@) e = 107°

Figure 4: 3D solution graph for Example 6.2 with values N = 64, M = 8.

7 Discussions

To assess the effectiveness and applicability of the proposed scheme, we provide three model
examples. Based on the Examples in 6.1, 6.2 and 6.3 the maximum absolute errors and corre-
sponding order of convergences are presented in Tables 1, 2 and 3 respectively. For a fixed value
of the perturbation parameter ¢ and a decrease in the values of the step sizes h and At across a
row, it is seen that the maximum absolute errors decrease. This is to mean that the accuracy of
the method increases. On the other hand, for fixed values of step sizes h, At and a decrease in
the values of the perturbation parameter ¢ down a column, we observed that the values of the
maximum absolute errors are in a uniform pattern in each column and the order of convergence
approaches to two before and four after Richardson extrapolation is used as seen in the Tables 2
and 3. These results confirmed that the proposed scheme is a higher-order parameter-uniformly
convergent method. In addition to this, the 2D and 3D plots depicted in Example 6.1, Figures
1 and 2 and Example 6.2, Figures 4 and 3 elucidated that a decrease in the values of the per-
turbation parameter ¢ leads the problem to attain twin boundary layers near z = 0 and =z = 1
as discoursed in the analytical aspects of the proposed problem. As shown in Table 4, for fixed
value of the step sizes h and At, the perturbation parameter ¢ = 0.1, ¢ = 0.01 and a decrease in
the values of the delay parameter J, it is seen that the increase in the maximum absolute error
down a column. On the other hand, for fixed value of the delay parameter and a decrease in the
step sizes across a row it is observed that the maximum absolute error decreases. From these
situations it is understood that the decrease the values of the delay parameter § increases the
maximum absolute error. To handle such problems it is better to chose the value of the delay
term near the perturbation parameter ¢ but exclusively ¢ it self. From the analysis and discus-
sions presented in this work, it follows that the theoretical analysis are in agreement with the
results of the model examples. Overall, from the comparisons Tables 1, 2 and 3, we see that the
present scheme outperforms the existing approaches in [22], [33] and [34], particularly in terms
of accuracy and order of convergences.
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Table 4: Example 6.3, EV'M and RN-M with fixed value of the perturbation parameter ¢ and
vary the retarded term ¢ such that 6 = 8 xe. Where, 3 = 1/2,1/4,1/8 and 1/10.

e=0.1

SINM— 324 64,8 128,16 256,32

0.0500 2.0604¢ — 02 5.1506e —03 1.3074¢ — 03  3.3796¢ — 04
2.0001 1.9781 1.9517

0.0250 2.1044¢ — 02 5.2591e —03 1.3342¢ — 03  3.4461¢ — 04
2.0005 1.9788 1.9530

0.0125 2.1259% — 02 5.3122¢ —03 1.3474¢ — 03  3.4786¢ — 04
2.0007 1.9791 1.9536

0.0100 2.1454¢ — 02 5.3605¢ —03 1.3594¢ — 03  3.5082¢ — 04
2.0008 1.9794 1.9542

EN.M 2.1454¢ — 02 5.3605¢ —03 1.3594¢ — 03  3.5082¢ — 04

RN-M 2.0008 1.9794 1.9542

e =0.01

SINM— 324 64,8 128,16 256,32

0.00500 47190 — 02 1.1776e — 02 2.9553¢ — 03  7.4724e — 04
2.0026 1.9945 1.9837

0.00250 47221e — 02 1.1784e —02 2.9573¢ — 03 7.477le — 04
2.0026 1.9945 1.9837

0.00125 47236e — 02 1.1788¢ —02 2.9582¢ — 03  7.4794e — 04
2.0025 1.9945 1.9837

0.00100 47239¢ — 02 1.1789¢ — 02 2.9584¢ — 03  7.4798¢ — 04
2.0025 1.9945 1.9838

ENM 4.7239¢ — 02 1.1789¢ — 02  2.9584¢ — 03  7.4798¢ — 04

RN-M 1.9945 2.0025 1.9838

ext

8 Conclusion

In this paper, we proposed an accelerated fourth-order fitted numerical scheme for singularly
perturbed parabolic reaction-diffusion problem of small time lag. The problem under consider-
ation is discretised by means of Crank-Nicolson and NSFD methods in the temporal and spatial
directions on uniform meshes, respectively. The numerous stability and convergence analyses
confirmed that the proposed scheme is fourth-order accurate in both the spatial and temporal
directions. Further, the numerical illustrations and discussions demonstrated that the theoretical
findings and the results of the practical model examples are in agreement, and the formulated
scheme outperforms some existing approaches in the literature. As further work of the research,
we recommend the proposed scheme to higher-dimensional singularly perturbed problems.
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