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Abstract. The present work deals on the existence of a solution for a nonlinear unilat-
eral problem of the form: —div(via(x,u, Vu)) + O(x, u, Vu)r, = f in the framework of the

weighted Sobolev space W, ”(Q, v, 1), where vy, v, are two A,-weights and f € L'(Q). Al-
though @(x, 7, ¢) is a nonlinear term having a growth condition with respect to ¢ and non-growth
concerning 7, but it fulfills a sign condition on 7.

1 Introduction

Let Q be a bounded smooth domain in RY (IV > 2) and v, v, two weight functions belonging
to the A,-weight class (see section 2). Let A(u) = —div(via(x,u, Vu)) be a Leray-Lions
operator acting from the weighted Sobolev space Wol P(Q,v1,1,) into its dual W17 (Q,vy,1,)
(p’:p%l,1<p<oo).

The purpose of this work is to show the existence of a solution for the nonlinear degenerate
elliptic unilateral problem :

—div(via(z,u, Vu)) + Oz, u, Vu)vy = fin D' (Q),

u e Wyt (Q,v1,12),0(z,u, Vu) € L'(Q, 1),

where O is a nonlinear degenerate lower-order term including some natural growth with respect
to | Vu | . Regarding u, we suppose that there are no growth restrictions, however it satisfies the
sign condition, and the data f is in L!(Q).

Our objective is to involve sufficient conditions on a, ® ensuring the existence of at least one
solution for the nonlinear degenerate elliptic problem with Dirichlet boundary condition:

u € Ky,0(z,u, Vu) € L'(Q,11),

(A(u), T (v —u)) + / 10O (2, u, Vu)Ti (v — u) dz > (f, Ti(v — u)) (1.1
Q

forall v € Ky and all k£ > 0,

where ¢ is a measurable function, K, = {v € Wol’p(Q, v1,1n),v > ¢ ae. in Q}.

When ¢ = —o0, the existence has been shown in [8, 9] for the equation case where f belongs
to W1 (Q,v1,1) and L'(Q) respectively.

In a recent work [5], Akdim et al. established an existence result by showing that the positive
and negative parts of the approximate solution converge strongly in WOl P(Q,v1,1,) whenever
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the second term f € W*LT’/ (Q, vy, 7). Azroul et al. studied in [6] the previous problem in the
weighted Sobolev space Wol’p (Q,v), where v is a weight function that satisfies some hypothesis
and f € L'(Q). In this direction, we can also refer to results obtained in [1, 2, 4] in both
weighted and unweighted Sobolev spaces.

Let us mention that the Muckenhoupt A, class of weights play a crucial role in various
applied mathematical fields. In fluid dynamics, particularly in the study of the Navier-stocks
equations, these weights are used to model fluid flow through irregular media, ensuring well-
posdness in complex geometries, as explored by Fabes et.al [11]. In image processing, weights
are applied in edge, accounting for non-uniform lighting and noise variations across an image,
as demonstrated by Mallat [16].

Our goal in this work is to discuss the existence for a weak solution to the unilateral el-
liptic problem (1.1) based on the strong convergence for the approximate problem in the new
intermediate space VVOI’I’(Q7 v, 1) with Wy P(Q, 1) C Wol’p(Q, vi,1a) C Wol’p(Q, ;) where
vi, vy € A, with v, < vy (seesection 3). For that, we assume that the term © satisfies in addition
some coercivity conditions.

Let us note that many ideas used here have been adapted from [5, 6] to our case and where
feLY(Q).

Finally, let us shortly state the contents of this paper. The next section is devoted to some
preliminary knowledges that will be used in the sequel. In section 3, we specify the assumptions
ensuring that the nonlinear degenerate elliptic problem (1.1) admits at least one solution, and
then we prove the main results. Our results are illustrated at the end by an example.

2 Variational Framework

Throughout this paper, let v be a locally integrable function in R (0 < v(z) < c0).
Also, note that every weight v rises to a measure on the measurable subsets of RY, denoted by

w. Then, we have for a measurable sets F C RN, u(F) = / v(z)dz.
F

Next, we introduce some properties of .4,-weights which was initially presented in [17] by
Muckenhoupt, where the author showed these are the only class of weights such that the Hardy-
Littlewood maximal operator is bounded from the weighted Lebesgue space into itself and thus
plays a very important role in harmonic analysis (see [20]).

2.1 Muckenhoupt class A,

Definition 2.1. [17, 18] If there is a positive constant A; = A, (p,v) (known as the A, constant
of v) that satisfies for all ball B C RY and 1 < p < oo,

(|;/Bu(a:)dx> (UIB'/BV(Q;)I/“—%)I)_] < Ay,

then the weight v is said to belong to the Muchenhoupt class A, or to be an .A,-weight.

| B | means the Lebesgue measure in RV of B.

If1 < g <p< oo, then A; C A, and the A, constant of a weight v € A, is equal to the A,
constant of v (see [20]).

Example 2.2. [19, 20]

« For 1 < p < oo, assume that v(z1) = |2|7',2; € R, then v is an A, weight if —N <
o1 < N(p — 1)

« If v is a weight and there exist two positive constants C| and D, such that
C) <v(z) < Djforae € RN thenv e A, forl <p< oco.

Proposition 2.3. [13] Let F be a measurable subset of a ball B C RV .

Ifv e A, with1 < p < oo, then
F\? F
(1) =i @
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where A, is the constant of the weight v.
Remark 2.4.

« Let v € A,, recall that a measure p is doubling if there exists a positive constant D such
that pu(B(x1,2r1)) < D u(B(zy,71)) for every ball B = B(zy,7;) C RV,

Proposition 2.5. [13] Let I be a measurable subset of a ball B in RN . If v € A,, then there are
0<q<1andCnp > 0 such that
1O g, (21

u(B) |B|
As a direct consequence of Proposition 2.3 and Proposition 2.5, we get the following result

« | F |=0 if and only if p(F) = 0. Thus, if (u,), is a sequence of functions defined in B
and u,, — u p- a.e. thenu,, — u ae.

For more information on .4,,- weights, we refer to the works [12, 13, 14, 19, 20].

2.2 Weighted Sobolev spaces
To deal with the problem (1.1), basic results are required for both the weighted Lebesgue
space LP(Q,v) and the weighted Sobolev space Wy (Q, v, ).

Definition 2.6. Let v be an A,- weight . For 1 < p < oo, the weighted Lebesgue space L?(Q, v/)
is defined as the set of measurable functions « on Q such that

1
u||Lp(gy—</|u )P v dm) < .

Remark 2.7. [20] If v € A,, 1 < p < oo, then LP(Q,v) C L}, .(Q) for every open set Q. That
makes sense to talk about weak derlvatlves of functions in L?(Q, v).

Definition 2.8.Let 1 < p < oo, and vy,1, two A,-weights. The weighted Sobolev space
WP (Q, vy, 17) is defined as follows:

WP (Q, v, 1) = {u € LP(Q,1): gT“j € LP(Q,u) for 1<j< n},
with the norm

vidx

||U||W1=P(Q,V1Wz) = /Q | w | vada + Z/ ‘3%
J=

The space Wol’p(Q, v1,12) is defined as the closure of Cg°(Q) under the norm ||. [y 1.5(Q,u, 1)
WP(Q,v1,12) and W, P (Q, 1, ) are Banach spaces.

Remark 2.9.
Note that if v, < vy, then

Wy P (1) € Wy (Qun,2) € Wy P (R, 1),
For more details about the weighted Sobolev space WP (Q,v) with v € A,, we refer to

[13, 17, 20].

Theorem 2.10. [11]
Let v be an Ay-weight, 1 < p < oo. Then there exist 01,¢1 > 0 such that for all u €

Wol’p(va) and 1 <y < 25 + ¢1, we have

[ull Lom (@) < 01Vl e @)- (2.2)
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Using Theorem 2.2 in [10], we give the following theorem related to a compactness result

which we will be needed later.

Theorem 2.11. (Compact embedding for A,— weights)
Foranyv € A, and 1 < p < oo, the following injection is compact

WhP(Q,v) — LP(Q,v).

Definition 2.12. The dual space of Wol’p(Q, vy, 1) is the space {Wol’p(Q, v, 1/2)} — Wl (Q,v1,11),

defined by

Jo

%)

b
1%

1

Remark 2.13.If f € {Wol’p(Q, V],uz)} " and g e Wol’p(Q, v1, 1), we denote

N
_ 99
)= | oo+ 3 | 5iga,

fi

14

fo =
ho |
V211’ (@) Z Q

Jj=1

Ifll =

dx,
LP' (Q,u1)

[ RN

e L”(Qum), 2

e L (Qu),j= 1N}

Let us now recall some crucial results on the convergence in the spaces LP(Q, vy ) and Wol’p (Q,vy,17)

whenever v, 1, € A,.

Theorem 2.14. [15] Let Q be a bounded open set in RY and if u,, — u in LP(Q,v), then there

exist a subsequence (uy, ) and a function ® € LP(Q,v) (1 < p < oo ) such that

i) Up, (x) = u(x) as ng — oo p-a.e.on Q;

i) | un, (2) |< ®(x) p-a.e.on Q.

Definition 2.15. For k£ > 0, s € R, define the truncation function 7}, as follows

Tk (s) = max(—k, min(k, s)).

Lemma 2.16. [3] Let u,, € Wol’p(Q, v1, 1) be such that (uy,), converges weakly to u in Wol’p(Q, Vi, 12),

then Ty, (uy,) converges weakly to Ty, (u) in Wol’p(Q, v, 12).

Lemma 2.17. (2] Let g € L"(Q,v) and g, € L"(Q,v), where v is a weight function on Q and

(gn) satisfies ||gnllr, <c(0 <71 < 00).
If gn(x) = g(z) a.e. in Q,then g,(x) — g weakly in L™ (Q,v).

Lemma 2.18. [2] For every u € Wol’p(Q, vi,12), we have Ty(u) € Wol’p(Q, v1,v2) and Ty (u)

converges strongly to u in I/VOl P(Q,v1,17).

3 Main result

3.1 Basic Assumptions

Let Q be a bounded smooth domain in RY, 1 < p < oo and v, v two A,- weights. Let ¢ be

a measurable function with values on R such that

¢t € Wy (Q,v1,1m) N L=(Q),

3.1
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define the convex and non empty set:
Ky = {v € Wol’p(Q, vi,1n),v > ¢ae. in Q}.

Note that by (3.1), we have K4 # @.
To focus on the existence of a solution for the nonlinear degenerate elliptic unilateral problem
(1.1), we present our basic assumptions as follows

Assumptions (A1)
We assume that @ : Q x R x RN — R¥ is a Carathéodory-vector function satisfying for a.e.
x € Q, forall 7 € R and ¢,nin RY with ¢ # 7, the conditions:

[a(@,7,Q) 1< B (A(z)+ [ 7177+ [P, (3.2)
[a(z,7,¢) — a(x,7,n)](¢ —n) >0, ( Strict monoticity) (3.3)
a(z,7,¢).C > a| ¢ |P, (Coercivity) (3.4)

where h(z) > 0, h € LP (Q, ) and a > 0, 8 > 0 are constants.
Assumptions (A2)
O is a Carathéodory function satisfying :

O(z,7,()T >0, (3.5)
| Oz, 7, ¢) |< d(| 7 ) (hi(2)+ | ¢ 7), (3.6)
| Oz, 7,¢) |> Pz% ¢ P, for | T|> pr, 3.7)

where d : Rt — R is a continuous increasing function, by € L'(Q,15) (h; > 0), p1, p are
positive constants.
Finally, the data f is such that

feLl(Q). (3.8)

3.2 Existence result

Before giving our existence result, we purpose the following Lemma, whose proof is analo-
gous to Lemma 5 in [7].

Lemma 3.1. Assume that (3.2)-(3.4) are satisfied. Let vy, vy be two A,- weights (1 < p < ),
and let (uy,) be a sequence of Wol’p(Q, v1,v) such that

i) up = uin Wol’p(Q, vi,vs) and py -a.e. in Q,

ii) / (1/1 (a(z, un, Vuy) — a(z, up, Vu)))V(un —u)dr — Qwithn — oo.
Q

Then,
U, — ustrongly in I/Vol’p(Q7 Vi, 12).

‘We are now in position to give our main results.

Theorem 3.2. In addition to (A;) — (Az), suppose that (3.1) is verified. If f € L'(Q) and
v1,vs € Ay, are such that v, < vy, then the problem (1.1) admits at least one solution.
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3.3 Proof of Theorem 3.2
The proof of our principal result will be given in several steps.
Step 1: An Approximate problem.

Let us consider the sequence of the approximation problem
Uy, € Ky, 0(x,upn, Vu,) € L'(Q, 1),
(A(up), Tk (v —up)) + / 120(x, U, Vg ) Tk (v — up) dz > (fr, T (v — uy)) (3.9)
forallv € Ky N L>(Q) gnd allk > 0,

where (f,,) is a sequence of C5° () which converges strongly to f € L'(Q) such that

[ full i) < 1 fllze)-
Thanks to Theorem 3.1 in [3], we can deduce that the previous problem (3.9) has at least one

solution u,, € I/VOI’p(Q7 v, 12).
Step 2: A priori estimates
Let v = ¢T be the test function in (3.9), then we get

(A(un), Te(6" — ) + /

1202, Up, V)T (¢ — uy )dz > / fnTe(o" — uy)dz. (3.10)
o Q

Since u,, — ¢ and u,, have the same sign, by the sign condition (3.5) and since
| fallLi@) < c1, we have

/ v1a(x, U, Vun )V (u, — ¢ )dr < / FoTw(un — ¢T)dz < key, 3.11)
{lun—¢7|<k} Q
thus,
/ via(z, Uy, Vu,)Vugde < ke —|—/ vi|a(x, un, Vu,)||[VoT|dx.
{\u”,¢+|gk} {lun7¢+‘gk}

Using Young’s inequality, we get

via(x, Uy, Vg, ) Vg dz

{lun—oT|<k}
AP : 11 n
<kc+— v | a(x, up, Vuy,) P de+ —- | Vo© P vidz,
D J{jun—g*|<k} VEP J{un—o+|<k}
where ~y is a positive constant.
From (3.2), we have
/ via(x, tp, Vg, ) Vu,de
{lun—0*|<k}
AP BP / 11 4
< ke + — (h? ()4 | un [P + | Vuy, P)ride + =— | Vo© P vidx
P Jun—gti<k) o PP J{un—ot 1<k}
P 3P P 3P
§02+Py . / \un\pyld:c—i—v /B / | Vuy, [P vide
P , {lun—o*|<k} , ]? {lun—o*|<k}
P 3P p 3P
L N O | Vun | vide
P ) Q p {lun—¢*|<k}
P BP

<ec+ - / | Vg, |P vide.
p {Jun—¢*|<k}

By (3.4), we have

’ ’
P 3P

a/ | Vuy, [P vide < ez + 7 /B / | Vuy, |P vide.
{lun—¢+|<k} p {Jun—¢*|<k}
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SLZ
(ap ; " this implies that

Choosing 0 < v <

/ | Vuy, |P vidz < ca. (3.12)
{lun—¢*I<k}
Moreover, by (3.9) and since a(x, 7, ()¢ > 0, we obtain

/ 1202, Up, V) Ti(un — ¢ )dz < k:/ | fr | dz —/ via(x, Up, Vu, )V (u, — ¢ )da
Q Q {lun—o¢*|<k}

< key + via(x, un, Vuy,) | Voo | de.
{|tn—¢*|<k}

Some reasoning as in the proof of (3.12) can be applied to get that

’

1 (3P
/ 1202, Up, Vuy )Tk (uy — ¢ )dz < 3 + 4P B, / | Vug, |P vide.
Q P J{lun—¢t|<k}

When | u,, — ¢ |> k, due to the fact that Ty (u,, — ¢"), up, — ¢", u, and O(x, uy,, Vu,,) have the
same sign, we obtain

/ 1,0(x, Uy, Vun)Tk(un—qb*)dx—l—/ 10O, Uy, V) Ti(up—¢ " )dr < c3,
{lun—¢*|<k} {lun—o¢*|>k}
thus,
k/ vy | O(z, up, Vuy,) | de < cs.
{lun—o*|>k}

Using (3.7), we get
| O(z, up, Vuy,) |> ng | Vuy, [P for | u, |> p1.
2

Taking k& > p; + [|¢" ||oc, then | u,, — ¢ |> k implies | u,, |> p1,
which gives that

/{ | }I/] | Vuy, [P dx < c. (3.13)
Un—ot|>k

By applying Theorem 2.10 (; = 1) with v, < v, we have

P — p P
ol g = 1  vatet [V P nd

< (01 + 1)/ | Vg, [P vidz.
Q

Finally, using (3.12) and (3.13), we conclude that w,, is bounded in I/VOl P(Q,v1,11n),1.e

[wnll, v @) < €75 (3.14)

here ¢;, 1 < i <7 are various positive constants independents of n.

Consequently, there exist a subsequence (still denoted by ( w,,)) and u € WO1 P(Q,vy,17) such
that

u, — uweakly in Wy (Q, vy, 1), (3.15)
Uy — UMy — G.€. (3.16)

Moreover, by Proposition 2.3 and Proposition 2.5 we deduce that v,, — v pi-a.e. and a.e.
Step 3: We will show that VT (u,) — VT (u) strongly in (LP(Q,r1))™ which implies that

Vu, — Vu a.e. in Q.
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Letk > [|¢*]|oo and € = (42)2 Let p(r) = 7657, 0, = Ti(un) — Th(u), A = e *F.
By the choice of k, the function v, = wu, — Ap(6,,) is admissible for (3.9) and we obtain for
h >0,

(A(n), Ta(Ap(62))) + / 1202, tn, Vi) Ty (Mp(0,)) dr < / FThOp(0,)) do. (3.17)
Q Q
Taking h > 2k, we get

| Ap(0n)) |<] 0 [< 2K < h,

and

(A(un), p(0n) + /

12 0O(x, Uy, Vg ) p(0,,)dx g/fn,o(ﬂn) dx.
Q Q

As n — oo, we have f, — f strongly in L!(Q) and p(6,,) — 0 weakly in L>°(Q).
Then, we get

/ Jap(6,) dz — 0.
Q

As O(z, up, Vuy,)p(6,) > 0 on the subset {| u,(z) |> k}, we deduce that
(Alun), p(0n))) + / 120(z, tn, Vun)p(0,) dz < (), (3.18)
{lun|<k}

here £(n) is a real number that converges to 0 as n tends to +oc.
Furthermore,

’

(A(un), p(6,)) = /{ g i, V) (VT ()~ VT )y (@)

+ - na(z, un, Vg ) (VT (un) — VT (w)p (6,)da
- /Q (@, 1, VT (1)) (VT (1) — VT (w))p (60)da
—/ na(z, un, Vi) VT (w)p (6,)da
{lun|>k}
= /Qul(a(x,un,VTk(un)) —a(z, un, VI (uw) (VT (uy) —VTk(u))pl(ﬁn)dx
n / (@, i, VT () (VT () — VT3 (w))p (6)d

—f vz, tn, Vi ) VT (w)p (6, )da.
{\u"\>k}}

7 ’ N
From (3.2) and (3.14,) we deduce that (a(z, un, Vin)p' (6n))y is bounded in (Lp (@, ul)) .

We have VT},(u) X {|u, >k} — O strongly in (LP(Q, ).
Consequently,

7/ (2, Uy, Vi ) VT (u)p (0,)dz = e(n) — 0 as n — oo.
{lun|>k}

By Lemma 2.16 and since u,, — u weakly in Wol’p(Q7 v1,1,), we have
Tr(tn) — Tk (u) in Wol’p(Q, Vi, 12).
Then

VTk(up) = VTi(u) weaklyin (LP(Q,11))" .

Since the sequence (a(z, u,, VT (1))p (6,)), converges strongly in (Lp/ (Q,v1))Y, we obtain

/Qma(x,un, VT (w)) (VT (un) — VTi(w))p (0,)dz = e(n) — 0 as n — oo,
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and it follows that

(A(un), p(6n)) = / ” (a(:r,un,VTk(un))—a(x,un,VTk(u))) ((VTk(un)fVTk(u))p,(Hn)) dz+e(n).

Q
3.19)
On the other hand,
/ 10O(x, U, Vuy)p(0y)dx
{lun|<k}
< - }Vzd(k) (h(@)+ | Vug [P) | p(0n) | dz
un | <k
< / K ) | p(0n) [+ [ |V 1 d(8) (62 | de
{lun|<k} {lun|<k} ( v )
a(z, Un, Vu,
< / vahi ()d(k) | p(6n) | dz + ULt VUn) G 1) | p(6) | dr
un |<k} {lun|<k} «
< vahi(2)d(k) | p(6n) | dx
{lun|<k} d(k)
+/ va(a(x, tn, VT(un)) — alz, tn, VI (W) (VT (uy) — VTi(w)) | p(6,) | wa
{lun|<k}
d(k
4 / v, i, VT) (VT (1) — VT () | p(0) | 2
{lun|<k} @
d(k)
+ vaa(x, Uy, VT (un)) VT (w) | p(0,) | wa.

{lun|<k}
Since VT (uy,) — VT (u) in (LP(,v1))" and
a(x, un, VI (u)) | p(05) |— 0 strongly in (L”/ (Q, )V,

we have

/{I - v2a(z, U, VT (0)) (VT (un) — VIi(w)) | p(6r) | Tdm =e(n).

We conclude from (3.2) and (3.14) that(a(z, u,, VT (uy,)), converges weakly in (Lp/ (Q,v))V.
Using the fact that VT, (u) | p(6,) | dk) _, 0 strongly in (LP(Q,11))N, we obtain

«

d(k
/ via(z, upn, VT (un) VT (u) | p(05) | % =e(n).
Q
Furthermore,
[ ) | p(6.) | do = <o),
{lun|<k}
then

/ 10Oz, U, Vuy,)p(0y)dx
{lun|<k}

< J (e VT(wn) — afe i, VI(W)) (VTi(n) = 9T(0) | o(62)] Wi
+e(n). -

Using (3.18) and (3.19), we have
/Qm (0, un, VT()) = (e, wn, VT(w) ) (Vi) = VTi(w)) (p’@n) ~ @ p(62) |> .

< e(n).
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By choosing £ > ((;(olf)l’ we can deduce that for all 7 € R,
, d(k) 1
S S >
(F - o) 2 5
hence,
1
5 / ” (a(m,un,VTk(un)) - a(x,un,v:rk(u))) (VTk(un) - VTk(u)) < e(n).
Q
Therefore,
/ 2 (a(x,un, VT (upn) — a(x, up, VTk(u)> (VTk(un) - VTk(u)>dx =0
Q
as n — 0.
Moreover,

Th(un) — Ty(u) weakly in W, 7 (Q,v1,15).
By applying Lemma 3.1, we have T} (u,) — Tk (u) as n — oo strongly in WO1 P(Q,v1,17), hence
VT (un) — VT (u) strongly in (LP(Q,v))". (3.20)

Therefore, there exists a subsequence still denoted by (u,,),, such that
Vu, — Vu a.e.in Q. 3.21)

Step 4: O(z, u,, Vu,) — O(x,u, Vu) stronglyin L' (Q, ).
In fact, by (3.21), we get

O(z, up, Vuy,) = O(z,u, Vu) a.e.in Q. (3.22)

Let F' C Q and for any m > 0, we have

/ vy | O(z, up, Vuy,) | dx
F

</ 02 | O, Vun) | di+ [ vy | O(z,un, Vi) | da.
Frf|un|<m} Foflun|>m}

(3.23)

Combining (3.6), (3.22) and using Vitali’s theorem, we get that for ¢ > 0 there exists p(e,m)
such that p(e,m) >| F' | and then

/ vy | O(z, up, Vuy,) | de < ° v (3.24)
Fn{|un|<m} 2
Let v, = up, — Wy, (u,) where for m > 1, W, is given by :
0, |7]|<m—1
Wi(r) = W,,,H(T) =1, m—-1<|7[<m.
| 7 |> m.

Il

If u, <m — 1, then W,,(u,) < 0and v,, > u, > ¢.
If u, > m — 1, we have 0 < W, (u,,) < 1 and

Up, — Wi (un) > up —1>m—=22>¢ for m>2+ ||¢] -

Then, v,, is admissible for (3.9) and we obtain

(Atn), T (Win () + /

I/Q@(LE, Un, vun)Tk(Wm(un)) dx < / f?LTk(Wm(un))dx-
Q Q
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By choosing k& > 1, we have

/ula(x,un,Vun)VunW;l(un)dx +/
Q

V2®(x,un,Vun)Wm(un)d$§/fnTk(Wm(“n))dxv
Q o

/ via(z, up, Vg, ) Vu,de +/ 120(x, U, Vg )W (up)dr < / | fr | d,
{m—=1<]uy, [<m} {lun|>m~—1}

{|wn|>m—1}

Since a(x, uy,, Vun,)Vu, > 0, we get

/ 120O(x, U, Vg )W (up)dr < / | fr | da.
{lun|>m—1} {lun|>m—1}
As Wy, (un,) and u,, have the same sign, we obtain
/ 2 O, Vi) | W) | di < [ [ fu | da,
{lun|>m—1} {lun|>m—1}
and then
/ vy | O(z, Uy, Vuy,) | doe < / | fn | dz.
{|un|>m} {|un|>m—1}

Since f,, — f strongly in L'(Q) and | {| u,, |> m — 1} |— 0 uniformly in n when m — oo,
there exists m(e) > 1 such that

/ | fn | dx < C va
{lun|>m—1} 2

/ v | Oz, un, Vi) | dz < = V. (3.25)
{lun|>m} 2

Then,

As a consequence of (3.23), (3.24) and (3.25), we obtain
/ vy | O(z, up, Vuy,) |de <e  Vn. (3.26)
F

Then,
O(z, u,, Vuy,) is equi-integrable.
By (3.22), (3.26) and Vitali’s theorem, we deduce that
O(x, ty, Vuy,) — O(x,u, Vu) strongly in L' (Q, ).
Step 5: Passing to the limit
In the following, we pass to the limit in the approximate problem (3.9).
Forall v € Ky N L>(Q) and k > 0, we obtain

/Vla(x,un,Vun)VTk(v—un)dx+/
Q

10O(x, U, Vg ) Tk (v — uy )dz > / FoTi(v —uy)dx.
Q o

Using (3.2) and (3.14), we get a(z, u,, Vu,) is bounded in (L?' (Q,1))V.
Moreover, by (3.21) and by using Lemma 2.17, we obtain

a(z, U, Vi) — a(x,u, Vu) weakly in (L” (Q,11))N. (3.27)
Letv € L>°(Q) and set h = k + ||v]| 0o

0Ty (v —un)| 1/ el ) 1y
‘8@ vt = (X\v—unlé’“ ‘% )Vl ’
a(’l} _un) 1/
< Xun | <k+]lo %)‘Vl '
v 1 8Th(un) 1 )
S'@xi V1/p+‘3xi 'l =1
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Combing the Vitali’s theorem with (3.20) and (3.21), we get
VTi(v —u,) = V(v —u) strongly in (LP(Q, 1))V, (3.28)

for any v € WyP(Q,v1,12) N L=(Q).

By (3.27) and (3.28), we can pass to the limit in the first term of (3.9).

Since O(z, un, Vu,) — O(z,u, Vu) strongly in L'(Q,1,) and f,, — f strongly in L!(Q), then
we can pass to the limit in

(Aun), Te(w — un)) + /

120, U, Vg ) Tk (v — up)dr > / JaTr(v — uy)dz,
Q Q

and we consider the problem

(A(u), Tp (v —u)) + /Q 1@z, u, Vu)Ti(v — u)dx > (f, Te(v — u))

forallv € Ky N L>(Q) and allk >0
u e WP (Q,v1,1m), u> pae.inQ
O(z,u, Vu) € L'(Q,1,).

Choose ¢ = T, (v) as a test function, when v > ||¢ || and v € Ky, then ¢p € K4 N L>(Q) and
we have

(A, Ty ()~ ) + [

10Oz, u, Vu) Ty (T (v) — u)dx > / [Ti(Ty(v) — u)dz. (3.29)
Q Q

By Lemma 2.18 and Vitali’s theorem, we obtain
VT (T, (v) — u) — VTi(v — u) strongly in (LP(Q,v))".
Finally, passing to the limit in (3.29) as ~y tends to infty, we obtain

(Au, T (v — u)) + /

120(x,u, Vu) Tk (v — u)dr > / fTi(v — u)dz,
Q Q

for any v € W(}’p(Q,vl,yg), v > gae.in Q.
Example 3.3.

Let Q = {v; = (a1,b1) € R?/a} + b] < 1} and we consider the weight functions
vi = (a3 +0})712, 1, = (a} + b?)'/? belonging to A,-weights ( in this case p = N = 2).
Furthermore, we define the following Carathéodory functions a : Q x R x R*? — R? and © :
QxR xR> =R by

a((ay, by),t,€) = elittile,

O((ar,bi), ,€) = ———arctan(t) (cos*(arbr) + 1) | ¢ [

a? + b?
Note that it is easy to prove that a((aq, b;),t, () verifies the growth condition (3.2) (8 = e ), the

monotonicity condition (3.3) and the coercivity condition (3.4) (a = 1).

Clearly, ©((a1,b1), ¢, ¢) satisfies conditions (3.5) and (3.6) (d(t) = 34 | arctan(t) |) and (3.7)
1 1

with p; = 7 and p, = 1.
On the other hand, we choose
flar,br) = (a% + b%)71/3cos(a1b1) c LI(Q).

Indeed, using Theorem 3.2, we can conclude for ¢ = 1 and A(u) = —div(via(x,u, Vu)) that
the unilateral problem

u € Ky, 0(z,u, Vu) € L' (Q,11),

<A(u)7Tk(v - u)> + / V2®(xa u, vu)Tk(v - ’LL) dz 2 <f7 Tk(v - ’LL))
Q

for allv € Ky and allk > 0,

admits at least one solution in the space WOl P(Q, vy, ).
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