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Abstract In this study, we investigate a nonlinear elliptic unilateral equation, described by
the following model:

−
N∑
i=1

∂iσi(z, ϑ,∇ϑ) +N(z, ϑ,∇ϑ) = µ− divϕ(ϑ) in Ω. (0.1)

We prove the existence of entropy solutions for (0.1) in the anisotropic Sobolev space, under
the hypotheses, µ = f − divF belongs to L1(Ω) +W−1,p′(Ω), The nonlinear term N(z, s,∇ϑ)
verifies only a growth condition. .

1 Introduction and Basic Assumptions

The study of anisotropic nonlinear elliptic problems is crucial for understanding nonlinear dy-
namics because these problems often model complex physical phenomena where properties vary
in different directions. For example, in modeling Complex Materials and Media, anisotropic
nonlinear elliptic problems arise in the study of materials and media with direction-dependent
properties, such as composite materials, crystals, and biological tissues. These materials ex-
hibit different behavior depending on the direction of the applied force or field, and nonlinear
elliptic equations help capture these variations. On the other hand, for nonlinear Phenomena,
there are many physical systems exhibit nonlinear behavior, where the response is not directly
proportional to the input. Nonlinear elliptic problems help model such systems accurately, ac-
counting for the complexities and interactions that linear models cannot capture. Finally we
can also remark that These problems are relevant in various applications, including fluid dy-
namics, elasticity [18],image restoration [16], electromagnetism, and thermal conduction. For
example, they can model heat flow in anisotropic materials or stress distribution in anisotropic
elastic bodies, both of which are important for engineering design and analysis. Overall, the
study of anisotropic nonlinear elliptic problems is essential for advancing our understanding of
complex systems in nonlinear dynamics and for developing accurate models in various scientific
and engineering disciplines.

On the other hand, anisotropic problems are a significant area of study in partial differential
equations. A wealth of research has been devoted to developing anisotropic Sobolev spaces,
which serve as the appropriate framework for analysing nonlinear problems that involve a growth
exponent p⃗, where p⃗-laplacian is the differential operator formulated by

∆p⃗(ϑ) =
i=N∑
i=1

∂zi

(
|∂ziϑ|

pi−2
∂ziϑ

)
.
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In the context of Lebesgue-Sobolev spaces, Benilan introduced an approach to entropy so-
lutions adapted to the Boltzmann equation in [5]. Additionally, the works cited in [2] and [6]
further investigate the existence of solutions for this class, specifically when B(t) = |t|p) .

In [15], L. Boccardo and his collaborators explored the problem (0.1) involving the differen-
tial operator

Aϑ = −
N∑
i=1

∂

∂zi

(∣∣∣∣ ∂ϑ∂zi
∣∣∣∣pi−2

∂ϑ

∂zi

)
.

In [14], Bendahmane et al. demonstrated the existence of solutions to the problem (0.1) for
the case where

Aϑ = −
N∑
i=1

∂

∂zi
σi

(
z,
∂ϑ

∂zi

)
,

and where the data f = (f1, . . . , fm)
⊤ is vector-valued Radon measure on Ω.

In [7], Benboubker et al. established existence results for certain anisotropic elliptic problems
of the form

− div a(z, ϑ,∇ϑ) +N(z, ϑ,∇ϑ) + |ϑ|p0(z)−2ϑ = f − divϕ(ϑ).

Recently, there has been an extensive body of mathematical research on the existence of solu-
tions to various parabolic and elliptic problems under diverse assumptions. For further reading,
we refer the reader to [4, 8, 3, 9, 10, 11, 12, 15, 13].

The primary challenge in this study arises from the absence of the classical coercivity condi-
tion on the operatorAϑ in the spaceW 1,p⃗(Ω). To resolve this problem, we will add a penalization
term, 1

n |ϑ|
p0−2ϑ in the approximates equation (4.2) to facilitate the proof of our desired theorem.

The overview of this article is as follows: The next section provides definitions and key prop-
erties related to anisotropic Sobolev spaces. Section 3 presents the assumptions on σi(z, s, ζ),
under which the problem (0.1) has a solution. The final section is dedicated to proving our main
results.

2 Preliminaries

Let Ω be a bounded open subset of IRN (N ≥ 2).
Let p1, . . . , pN be N real constants, with ∞ > pi > 1 for i = 1, . . . , N.
We set

p⃗ = (1, p1, . . . , pN ), D0ϑ = ϑ and Diϑ =
∂ϑ

∂zi
for i = 1, . . . , N,

and we set

p = min{p1, p2, . . . , pN} and p0 = max{p1, p2, . . . , pN}.

We introduce the anisotropic Sobolev space W 1,p⃗(Ω) as follows:

W 1,p⃗(Ω) =
{
ϑ ∈W 1,1(Ω) such that Diϑ ∈ Lpi(Ω) for i = 1, 2, . . . , N

}
,

endowed with the norm

∥ϑ∥1,p⃗ = ∥ϑ∥1,1 +
N∑
i=1

∥Diϑ∥Lpi (Ω). (2.1)

The space
(
W 1,p⃗(Ω), ∥ϑ∥1,p⃗

)
is a reflexive Banach (separable) space (cf [17]).

The closure of C∞
0 (Ω) in W 1,p⃗(Ω) is symbolized by W 1,p⃗

0 (Ω).

Definition 2.1. For any positive value of κ, we introduce the following truncation function Tκ(·) :
R → R, which will be relevant later on:

Tκ(s) =

{
s if |s| ≤ κ

κ s
|s| if |s| > κ
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We then define the space

T 1,p⃗
0 (Ω) :=

{
ϑ : Ω → R | ϑ is measurable and Tκ(ϑ) ∈W 1,p⃗

0 (Ω) for all κ > 0
}

3 Key assumptions

Let Ω be a bounded open subset of IRN N (N ≥ 2), and p⃗ = (p0, p1, . . . , pN ) such that (∞ >
pi > 1) for i = 0, 1, . . . , N. Choosing ψ as a measurable function on Ω with values in R, such
that

ψ+ ∈W 1,p⃗
0 (Ω) ∩ L∞(Ω).

Consider the convex set Kψ defined as follows:

Kψ =
{
v ∈W 1,p⃗

0 (Ω) | v ≥ ψ almost everywhere in Ω

}
We introduce a Leray-Lions operator A mapping W 1,p⃗

0 (Ω) to W−1,p⃗(Ω), which is given by

Aϑ = −
N∑
i=1

Diσi(z, ϑ,∇ϑ

where σi : Ω × R × RN 7→ R are caratheodory functions, for i = 1, . . . , N , which meet the
following conditions:

|σi(z, s, ζ)| ≤ β
(
γi(z) + |s|p−1 + |ζi|pi−1

)
for any i = 1, . . . , N, (3.1)

σi(z, s, ζ)ζi ≥ α |ζi|pi for any i = 1, . . . , N, (3.2)

for all ζ = (ζ1, . . . , ζN ) and ζ ′ = (ζ ′1, . . . , ζ
′
N ) , we have

[σi(z, s, ζ)− σi (z, s, ζ
′)] (ζi − ζ ′i) > 0 for ζi ̸= ζ ′i, (3.3)

for a.e. z ∈ Ω and all (s, ζ) ∈ IR × RN, where γi(z) ∈ Lp
′
i(Ω) and pi − 1 > qi > 0 for

i = 1, . . . , N , where γi(z), α, β > 0.
As a results of (3.2) and the continuity of σi(z, s, ·) with respect to ζ, we obtain

σi(z, s, 0) = 0.

The nonlinear term N(z, s, ζ) is a Caratheodory function satisfying

|N(z, s, ζ)| ≤ f0(z) + d(|s|)
N∑
i=1

|ζi|pi , (3.4)

with d(·) ∈ L1(RN) ∩ L∞(Ω), and f0(·) ∈ L1(Ω).
We investigate the quasilinear elliptic problem outlined below

Aϑ+N(z, ϑ,∇ϑ) = f − divF − divϕ(ϑ) in Ω

ϑ = 0 on ∂Ω,

ϑ ≥ ψ,

(3.5)

where

f ∈ L1(Ω), F ∈
N∏
i=1

Lp
′
i(Ω) and ϕ(·) ∈ C0 (RN ,RN) . (3.6)

Lemma 3.1. [7] Given that (3.1)-(3.3) are satisfied, let us consider (ϑn)n∈N ∈ W
1,p⃗(·)
0 (Ω) be a

sequence such that ϑn ⇀ ϑ ∈W 1,p⃗
0 (Ω) and∫

Ω

(
|ϑn|p−2

ϑn − |ϑ|p−2u
)
(ϑn − ϑ) dz

+
N∑
i=1

∫
Ω

(σi (z, ϑn,∇ϑn)− σi (z, ϑn,∇ϑ))
(
Diϑn −Diϑ

)
dz → 0,
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then ϑn → ϑ in W 1,p⃗
0 (Ω).

4 The Existence results

Before state our main result let us introduce the notion of entropy solutions for the problem (3.5).

Definition 4.1. A function ϑ( measurable ) is said entropy solution of the problem (3.5) with
obstacle if



Tκ(ϑ) ∈ Kψ,
N∑
i=1

∫
Ω

σi(z, ϑ,∇ϑ)DiTκ(ϑ− v)dz +

∫
Ω

N(z, ϑ,∇ϑ)Tκ(ϑ− v)dz

≤
∫

Ω

fTκ(ϑ− v)dz +
N∑
i=1

∫
Ω

FiD
iTκ(ϑ− v)dz +

N∑
i=1

∫
Ω

ϕi(ϑ)D
iTκ(ϑ− v)dz

(4.1)

for any v ∈ Kψ ∩ L∞(Ω).

The purpose of this investigation is to present the principal result outlined below

Theorem 4.2. Assuming that the conditions (3.1)-(3.4) and (3.6) are satisfied, the problem (3.5)
has at least one entropy solution.

4.1 Proof of Theorem 4.2

Step 1: Penalized approximate problem.

Consider a sequence (fn)n∈N in W−1,p′(Ω) ∩ L1(Ω) for which fn → f in L1(Ω) and |fn| ≤ |f |
holds (for instance, fn = Tn(f) ). We then consider the problem.

N∑
i=1

∫
Ω

σi (z, Tn (ϑn) ,∇ϑn)Di (ϑn − v) dz +
1
n

∫
Ω

|ϑn|p0−2
ϑn (ϑn − v) dz

+

∫
Ω

Nn (z, ϑn,∇ϑn) (ϑn − v) dz =

∫
Ω

fn (ϑn − v) dz

+
N∑
i=1

∫
Ω

FiD
i (ϑn − v) dz +

N∑
i=1

∫
Ω

ϕn,i (ϑn)D
i (ϑn − v) dz,

(4.2)

for any v ∈ Kψ, where

ϕn,i(s) = ϕi (Tn(s)) and Nn(z, s, ζ) = Tn(N(z, s, ζ)).

Following the approach in [1], It can be confirmed that the problem (4.2) has at least one weak
solution ϑn ∈W 1,p⃗

0 (Ω).

Step 2: A priori estimates

Assume κ ≥ max (1, ∥ψ+∥∞). Define v by

v = ϑn − ηTκ
(
ϑn − ψ+

)
where v ∈ W 1,p⃗

0 (Ω) ∩ L∞(Ω).For η sufficiently small, we have v ∈ Kψ. Using v as an
admissible test function in (4.2), we obtain
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N∑
i=1

∫
Ω

σi (z, Tn (ϑn) ,∇ϑn)DiTκ
(
ϑn − ψ+

)
dz +

1
n

∫
Ω

|ϑn|p0−2
ϑnTκ

(
ϑn − ψ+

)
dz

+

∫
Ω

Nn (z, ϑn,∇ϑn)Tκ
(
ϑn − ψ+

)
dz =

∫
Ω

fnTκ
(
ϑn − ψ+

)
dz

+
N∑
i=1

∫
Ω

FiD
iTκ

(
ϑn − ψ+

)
dz +

N∑
i=1

∫
Ω

ϕn,i (ϑn)D
iTκ

(
ϑn − ψ+

)
dz.

(4.3)

Concerning
∑N
i=1

∫
Ω
ϕn,i (ϑn)DiTκ (ϑn − ψ+) dz we have

N∑
i=1

∫
Ω

ϕn,i (ϑn)D
iTκ

(
ϑn − ψ+

)
dz =

N∑
i=1

∫
{|ϑn−ψ+|≤κ}

ϕn,i (ϑn)D
iϑndz

−
N∑
i=1

∫
{|ϑn−ψ+|≤κ}

ϕn,i (ϑn)D
iψ+dz

(4.4)

Taking Φn,i(t) =
∫ t

0 ϕn,i(τ)dτ, then Φn,i(0) = 0 and Φn,i(·) ∈ C1R, applying the Green
formula, we get

N∑
i=1

∫
{|ϑn−ψ+|≤κ}

ϕn,i (ϑn)D
iϑndz =

N∑
i=1

∫
Ω

ϕn,i (ϑn)D
iϑn · χ{|ϑn−ψ+|≤κ}dz

=
N∑
i=1

∫
Ω

Di
Φn,i

(
ϑn · χ{|ϑn−ψ+|≤κ}

)
dz

=
N∑
i=1

∫
∂Ω

Φn,i

(
ϑn · χ{|ϑn−ψ+|≤κ}

)
· nidσi = 0,

(4.5)

Since ϑn = 0 on ∂Ω, where n = (n1, n2, . . . , nN ) represents the normal vector on ∂Ω, it
follows that

N∑
i=1

∣∣∣∣∣
∫
{|ϑn−ψ+|≤κ}

ϕn,i (ϑn)D
iψ+dz

∣∣∣∣∣ ≤
N∑
i=1

∫
{|ϑn|≤κ+∥ψ+∥∞}

|ϕn,i (ϑn)|
∣∣Diψ+

∣∣ dz
≤

N∑
i=1

sup
|s|≤κ+∥ψ+∥∞

|ϕi(s)|
∫

Ω

∣∣Diψ+
∣∣ dz ≤ C2.

(4.6)

Using (3.4)), we have∣∣∣∣∫
Ω

Nn (z, ϑn,∇ϑn)Tκ
(
ϑn − ψ+

)
dz

∣∣∣∣ ≤ κ

∫
Ω

|f0(z)| dz

+
N∑
i=1

∫
Ω

d (|ϑn|)
∣∣Diϑn

∣∣pi ∣∣Tκ (ϑn − ψ+
)∣∣ dz. (4.7)

According to (4.4) − (4.7), we have

N∑
i=1

∫
{|ϑn−ψ+|≤κ}

σi (z, Tn (ϑn) ,∇ϑn)Diϑndz +
1
n

∫
Ω

|ϑn|p0−2
ϑnTκ

(
ϑn − ψ+

)
dz

≤ κ

∫
Ω

(|f(z)|+ |f0(z)|) dz +
N∑
i=1

∫
Ω

d (|ϑn|)
∣∣Diϑn

∣∣pi ∣∣Tκ (ϑn − ψ+
)∣∣ dz

+
N∑
i=1

∫
{|ϑn−ψ+|≤κ}

FiD
i
(
ϑn − ψ+

)
dz +

N∑
i=1

∫
{|ϑn−ψ+|≤κ}

σi (z, Tn (ϑn) ,∇ϑn)Diψ+dz + C2.

(4.8)
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Since κ ≥ ∥ψ+∥∞ , then Tκ (ϑn − ψ+) and ϑn have the same sign on {|ϑn − ψ+| > κ},
therefore

1
n

∫
Ω

|ϑn|p0−2
ϑnTκ

(
ϑn − ψ+

)
dz =

1
n

∫
{|ϑn−ψ+|≤κ}

|ϑn|p0−2
ϑn
(
ϑn − ψ+

)
dz

+
1
n

∫
{|ϑn−ψ+|>κ}

|ϑn|p0−2
ϑnTκ

(
ϑn − ψ+

)
dz

≥ 1
n

∫
{|ϑn−ψ+|≤κ}

|ϑn|p0 dz − 1
n

∫
{|ϑn−ψ+|≤ κ}

|ϑn|p0−1 ∣∣ψ+
∣∣ dz,

taking into account (3.2), we get

α

N∑
i=1

∫
{|ϑn−ψ+|≤κ}

∣∣Diϑn
∣∣pi dz + 1

n

∫
{|ϑn−ψ+|≤κ}

|ϑn|p0 dz

≤
N∑
i=1

∫
{|ϑn−ψ+|≤κ}

σi (z, Tn (ϑn) ,∇ϑn)Diϑndz +
1
n

∫
Ω

|ϑn|p0−2
ϑnTκ

(
ϑn − ψ+

)
dz

+
1
n

∫
{|ϑn−ψ+|≤κ}

|ϑn|p0−1 ∣∣ψ+
∣∣ dz ≤ κ

∫
Ω

(|f(z)|+ |f0(z)|) dz

+
N∑
i=1

∫
{|ϑn−ψ+|≤κ}

|σi (z, Tn (ϑn) ,∇ϑn)|
∣∣Diψ+

∣∣ dz + 1
n

∫
{|ϑn−ψ+|≤κ}

|ϑn|p0−1 ∣∣ψ+
∣∣ dz

(4.9)
By employing Young’s inequality, we get∫

{|ϑn−ψ+|≤κ}
|ϑn|p0−1 ∣∣ψ+

∣∣ dz ≤ 1
2

∫
{|ϑn−ψ+|≤κ}

|ϑn|p0 dz + C1, (4.10)

and

N∑
i=1

∫
{|ϑn−ψ+|≤κ}

Fi
(
Diϑn −Diψ+

)
dz ≤ α

2

N∑
i=1

∫
{|ϑn−ψ+|≤κ}

∣∣Diϑn
∣∣pi dz + C4. (4.11)

Moreover, considering (3.1) and using Young’s inequality, we obtain

N∑
i=1

∫
{|ϑn−ψ+|≤κ}

|σi (z, Tn (ϑn) ,∇ϑn)|
∣∣Diψ+

∣∣ dz
≤ β

N∑
i=1

∫
{|ϑn−ψ+|≤κ}

γi(z)
∣∣Diψ+

∣∣ dz + β

N∑
i=1

∫
{|ϑn−ψ+|≤κ}

|ϑn|p−1 ∣∣Diψ+
∣∣ dz

+ β

N∑
i=1

∫
{|ϑn−ψ+|≤κ}

∣∣Diϑn
∣∣pi−1 ∣∣Diψ+

∣∣ dz
≤ C2 + ε

N∑
i=1

∫
{|ϑn−ψ+|≤κ}

|ϑn|p dz +
α

4

N∑
i=1

∫
{|ϑn−ψ+|≤κ}

∣∣Diϑn
∣∣pi dz

+
1

εp−1

N∑
i=1

∫
{|ϑn−ψ+|≤κ}

∣∣Diψ+
∣∣p dz + C3

N∑
i=1

∫
{|ϑn−ψ+|≤κ}

∣∣Diψ+
∣∣pi dz.

(4.12)

By integrating the results from (4.8) through (4.12), we can deduce that

α

4

N∑
i=1

∫
{|ϑn−ψ+|≤κ}

∣∣Diϑn
∣∣pi dz + 1

2n

∫
{|ϑn−ψ+|≤κ}

|ϑn|p0 dz

≤ κC +Nε

∫
{|ϑn−ψ+|≤κ}

|ϑn|p dz + C4(ε)

(4.13)
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Consequently, a constant C5(κ, ε) exists such that

α

4

N∑
i=1

∫
{|ϑn−ψ+|≤κ}

∣∣Diϑn
∣∣pi dz ≤ C5(κ, ε). (4.14)

And since
{z ∈ Ω, |ϑn| ≤ κ} ⊂

{
z ∈ Ω,

∣∣ϑn − ψ+
∣∣ ≤ κ+

∥∥ψ+
∥∥
∞

}
Thus

N∑
i=0

∫
Ω

∣∣DiTκ (ϑn)
∣∣pi dz = N∑

i=1

∫
{|ϑn|≤κ}

∣∣Diϑn
∣∣pi dz + ∫

Ω

|Tκ (ϑn)|p0 dz

≤
N∑
i=1

∫
{|ϑn−ψ+|≤κ+∥ψ+∥∞}

∣∣Diϑn
∣∣pi dz + κp0 |Ω|

≤ C6
(
κ,
∥∥ψ+

∥∥
∞ , ε

)
and we have

∥Tκ (ϑn)∥1,p ≤ C7
(
κ,
∥∥ψ+

∥∥
∞ , ε

)
,

where C7 > 0 does not depend on n. Thus, the sequence (Tκ (ϑn))n is bounded in W 1,p⃗
0 (Ω)

uniformly in n, then there exists a subsequence still denoted (Tκ (wn))n∈N and a function vκ ∈
W 1,p⃗

0 (Ω) such that {
Tκ (ϑn)⇀ vκ weakly in W 1,p⃗

0 (Ω)

Tκ (ϑn) → vκ strongly in Lp(Ω) and a.e in Ω.
(4.15)

Now, applying (4.13) along with the Poincaré inequality, we have

∥∇Tκ (ϑn)∥p =
N∑
i=1

∫
Ω

∣∣DiTκ (ϑn)
∣∣p dz

≤
N∑
i=1

∫
Ω

∣∣DiTκ (ϑn)
∣∣pi dz +N |Ω|

≤ 4κ
α
C +

4Nε
α

∥Tκ (ϑn)∥p + C8(ε)

≤ 4κ
α
C + C

′ 4Nε
α

∥∇Tκ (ϑn)∥p + C8(ε).

Now, we choose ε small enough
(
C

′ 4Nε
α ≤ 1

2

)
, there exists a constant C9 that does not

depend on κ and n, such that

∥∇Tκ (ϑn)∥p ≤ C9κ
1
p for κ ≥ 1,

and we reach

κmeas {|ϑn| > κ} =

∫
{|ϑn|>κ}

|Tκ (ϑn)| dz ≤
∫

Ω

|Tκ (ϑn)| dz

≤ ∥1∥p′ ∥Tκ (ϑn)∥p

≤ C ∥∇Tκ (ϑn)∥p

≤ C10κ
1
p ,

(4.16)

which yields.

meas {|ϑn| > κ} ≤ C13
1

κ
1− 1

p

−→ 0 as κ→ ∞. (4.17)
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Finally, we show that (ϑn)n is a Cauchy sequence in measure. Specifically, for every δ > 0 ,
we have

meas {|ϑn − υm| > δ} ≤ meas {|ϑn| > κ}+ meas {|υm| > κ}
+meas {|Tκ (ϑn)− Tκ (υm)| > δ}

suppose that ε > 0, in view of (4.17) we can take κ = κ(ε) large enough such that

meas {|ϑn| > κ} ≤ ε

3
and meas {|υm| > κ} ≤ ε

3
. (4.18)

Now, thanks to (4.15) we obtain

Tκ (ϑn) −→ ηκ in Lp(Ω) and a.e.in Ω.

Thus (Tκ (ϑn))n∈N is a Cauchy sequence in measure, and for any κ > 0 and δ, ε > 0, there
exists n0 = n0(κ, δ, ε) such that

meas {|Tκ (ϑn)− Tκ (υm)| > δ} ≤ ε

3
for all m,n ≥ n0(κ, δ, ε). (4.19)

By combining (4.18) and (4.19), we can get : for all δ, ε > 0, there exists n0 = n0(δ, ε)

meas {|ϑn − υm| > δ} ≤ ε for any n,m ≥ n0.

Then, the sequence (ϑn)n is a Cauchy sequence in measure and therefore converges almost
everywhere, along a subsequence, to some measurable functionw. By applying (4.15), we obtain{

Tκ (ϑn)⇀ Tκ(ϑ) in W 1,p⃗
0 (Ω)

Tκ (ϑn) → Tκ(ϑ) in Lp(Ω) and a.e. in Ω.
(4.20)

Step 3: Convergence of the gradient

In the rest of this note, we denote by εi(n), i = 1, 2, . . . various real-valued functions of real
variables that converge to 0 as n tends to infinity. For h > κ > 0, we define

θ := 4κ+ h and ωn := T2κ (ϑn − Th (ϑn) + Tκ (ϑn)− Tκ(ϑ)) .

choosing v = ϑn − ηωn, we have v ≥ ψ for η small enough, thus by taking v as an admissible
test in (4.2), we get

N∑
i=1

∫
Ω

σi (z, Tn (ϑn) ,∇ϑn)Diωndz +
1
n

∫
Ω

|ϑn|p0−2
ϑnωndz

+

∫
Ω

Nn (z, ϑn,∇ϑn)ωndz ≤
∫

Ω

fnωndz +
N∑
i=1

∫
Ω

ϕn,i (ϑn)D
iωndz

+
N∑
i=1

∫
Ω

FiD
iωndz.

We can easily remark that ωn have the same sign as ϑn on the set {|ϑn| > κ} and ωn = Tκ (ϑn)−
Tκ(ϑ) on the set {|ϑn| ≤ κ} , also we have Diωn = 0 on {|ϑn| > θ} then,

N∑
i=1

∫
{|ϑn|≤N}

σi (z, Tθ (ϑn) ,∇Tθ (ϑn))Diωndz

+
1
n

∫
{|ϑn|≤κ}

|ϑn|p0−2
ϑn (Tκ (ϑn)− Tκ(ϑ)) dz

≤
∫

Ω

(|fn(z)|+ |f0(z)|) |ωn| dz +
N∑
i=1

∫
Ω

d (|ϑn|)
∣∣Diϑn

∣∣pi |ωn| dz
+

∫
{|ϑn|≤θ}

ϕn,i (Tθ (ϑn))D
iωndz +

N∑
i=1

∫
{|ϑn|≤θ}

FiD
iωndz.

(4.21)
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On the one hand, we have

N∑
i=1

∫
{|ϑn|≤θ}

σi (z, Tθ (ϑn) ,∇Tθ (ϑn))Diωndz

=
N∑
i=1

∫
{|ϑn|≤κ}

σi (z, Tκ (ϑn) ,∇Tκ (ϑn))
(
DiTκ (ϑn)−DiTκ(ϑ)

)
dz

+
N∑
i=1

∫
{κ<|ϑn|≤θ}

σi (z, Tθ (ϑn) ,∇Tθ (ϑn))Diωndz

=
N∑
i=1

∫
Ω

(σi (z, Tκ (ϑn) ,∇Tκ (ϑn))− σi (z, Tκ (ϑn) ,∇Tκ(ϑ)))

×
(
DiTκ (ϑn)−DiTκ(ϑ)

)
dz

+
N∑
i=1

∫
Ω

σi (z, Tκ (ϑn) ,∇Tκ(ϑ))
(
DiTκ (ϑn)−DiTκ(ϑ)

)
dz

+
N∑
i=1

∫
{|ϑn|>κ}

σi (z, Tκ (ϑn) ,∇Tκ (ϑn))DiTκ(ϑ)dz

+
N∑
i=1

∫
{κ<|ϑn|≤θ}

σi (z, Tθ (ϑn) ,∇Tθ (ϑn))Diωndz.

(4.22)
For the second term on the right-hand side of (4.22), Lebesgue’s dominated convergence theo-
rem, implies taht Tκ (ϑn) → Tκ(ϑ) in Lpi(Ω), then

σi (z, Tκ (ϑn) ,∇Tκ(ϑ)) → σi (z, Tκ(ϑ),∇Tκ(ϑ)) in Lp
′
i(Ω),

since DiTκ (ϑn) converges to DiTκ(ϑ) weakly in Lpi(Ω), we obtain

ε1(n) =
N∑
i=1

∫
Ω

σi (z, Tκ (ϑn) ,∇Tκ(ϑ))
(
DiTκ (ϑn)−DiTκ(ϑ)

)
dz −→ 0 as n→ ∞. (4.23)

Considering the third term on the right-hand side of (4.22), and using (3.2) along with the conti-
nuity of a(z, s, ζ) in ζ, we obtain a(z, s, 0) = 0. Thus,∫

{|ϑn|>κ}
σi (z, Tκ (ϑn) ,∇Tκ (ϑn))DiTκ(ϑ)dz =

∫
{|ϑn|>κ}

σi (z, Tκ (ϑn) , 0)DiTκ(ϑ)dz = 0.

(4.24)
For the final term on the right-hand side of (4.22), consider zn = ϑn−Th (ϑn)+ Tκ (ϑn)−Tκ(ϑ).
Then,
N∑
i=1

∫
{|ϑn|>κ}

σi (z, Tθ (ϑn) ,∇Tθ (ϑn))Diωndz

=
N∑
i=1

∫
{|ϑn|>κ}∩{|zn|≤2κ}

σi (z, Tθ (ϑn) ,∇Tθ (ϑn))Di (ϑn − Th (ϑn) + Tκ (ϑn)− Tκ(ϑ)) dz

≥ −
N∑
i=1

∫
{|ϑn|>κ}

|σi (z, Tθ (ϑn) ,∇Tθ (ϑn))|
∣∣DiTκ(ϑ)

∣∣ dz.
We have (σi (z, Tθ (ϑn) ,∇Tθ (ϑn)))n∈N is bounded in Lp

′
i(Ω), then there exists ϑ ∈ Lp

′
i(Ω)

such that σi (z, Tθ (ϑn) ,∇Tθ (ϑn))⇀ ϑi in Lp
′
i(Ω). Therefore,

ε2(n) =
N∑
i=1

∫
{|ϑn|>κ}

σi (z, Tθ (ϑn) ,∇Tθ (ϑn))DiTκ(ϑ)dz

−→
N∑
i=1

∫
{|ϑ|>κ}

ϑiD
iTκ(ϑ)dz = 0,
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it follows that

N∑
i=1

∫
{|ϑn|>κ}

σi (z, Tθ (ϑn) ,∇Tθ (ϑn))Diωndz ≥ ε2(n). (4.25)

According to (4.22)-(4.25), we conclude that

N∑
i=1

∫
Ω

(σi (z, Tκ (ϑn) ,∇Tκ (ϑn))− σi (z, Tκ (ϑn) ,∇Tκ(ϑ)))
(
DiTκ (ϑn)−DiTκ(ϑ)

)
dz

≤
N∑
i=1

∫
Ω

σi (z, Tθ (ϑn) ,∇Tθ (ϑn))Diωndz + ε3(n).

(4.26)
Regarding the second term on the left-hand side of (4.21), taking into account (4.42), we

obtain

ε4(n) =
1
n

∣∣∣∣∣
∫
{|ϑn|≤κ}

∣∣∣∣∣ϑn
∣∣∣∣∣
p0−2

ϑn (Tκ (ϑn)− Tκ(ϑ)) dz

≤ 2κ
n

∫
{|ϑn|≤κ}

|ϑn|p0−1
dz −→ 0 as n→ ∞.

(4.27)

Thanking to (4.21) and (4.26)-(4.27), we get

N∑
i=1

∫
Ω

(σi (z, Tκ (ϑn) ,∇Tκ (ϑn))− σi (z, Tκ (ϑn) ,∇Tκ(ϑ)))
(
DiTκ (ϑn)−DiTκ(ϑ)

)
dz

≤
∫

Ω

(|fn(z)|+ |f0(z)|) |ωn| dz +
N∑
i=1

∫
{|ϑn|≤θ}

ϕn,i (Tθ (ϑn))D
iωndz

+
N∑
i=1

∫
Ω

FiD
iωndz + ε5(n).

(4.28)
We have fn → f in L1(Ω) and ωn → T2κ (ϑ− Th(ϑ)) weak-* in L∞(Ω), then

∫
Ω

(fn + f0)ωndz =

∫
Ω

(f + f0)T2κ (ϑ− Th(ϑ)) dz + ε6(n). (4.29)

Now, by choosing n large enough (for example n ≥M ), we have∫
Ω

ϕn,i (Tθ (ϑn))D
iωndz =

∫
Ω

ϕi (Tθ (ϑn))D
iωndz, (4.30)

since Diωn → DiT2κ (ϑ− Th(ϑ)) in Lpi(Ω), then∫
Ω

ϕn,i (Tθ (ϑn))D
iωndz =

∫
Ω

ϕi (Tθ(ϑ))D
iT2κ (ϑ− Th(ϑ)) dz + ε7(n), (4.31)

and
N∑
i=1

∫
Ω

FiD
iωndz =

N∑
i=1

∫
{h<|ϑ|≤h+2κ}

FiD
iϑdz + ε8(n). (4.32)

Now thanks to (4.28)-(4.32), one has
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bκ
α

N∑
i=1

∫
Ω

(σi (z, Tκ (ϑn) ,∇Tκ (ϑn))− σi (z, Tκ (ϑn) ,∇Tκ(ϑ)))

×
(
DiTκ (ϑn)−DiTκ(ϑ)

)
|ωn| dz

≥ ε8(n) +

∫
Ω

(fn + f0)T2κ (ϑ− Th(ϑ)) dz

+
N∑
i=1

∫
Ω

ϕi (Tθ(ϑ))D
iT2κ (ϑ− Th(ϑ)) dz +

N∑
i=1

∫
{h<|ϑ|≤h+2κ}

FiD
iϑdz + ε9(n).

(4.33)

On the other hand, we can write∫
Ω

(fn + f0)T2κ (ϑ− Th(ϑ)) dz −→ 0 as h→ ∞. (4.34)

For the term
N∑
i=1

∫
Ω

ϕi (Tθ(ϑ))D
iT2κ (ϑ− Th(ϑ)) dz

We choose Ψi(t) =
∫ t

0 ϕi(τ)dτ then Ψi(0) = 0 and Ψi ∈ C1(R). similarly as in (4.5), we
show that

∫
Ω

ϕi (Tθ(ϑ))D
iT2κ (ϑ− Th(ϑ)) dz

=

∫
Ω

ϕi (Th+2κ(ϑ))D
iTh+2κ(ϑ)dz −

∫
Ω

ϕi (Th(ϑ))D
iTh(ϑ)dz = 0.

(4.35)

For the convergence of the third term on the right-hand side of (4.33). Put v = ϑn −
ηT2κ (ϑn − Th (ϑn)) for η small enough, therefore we take v as an admissible test in (3.5), we
can write

N∑
i=1

∫
Ω

σi (z, Tn (ϑn) ,∇ϑn)DiT2κ (ϑn − Th (ϑn)) dz +
1
n

∫
Ω

|ϑn|p0−2
ϑnT2κ (ϑn − Th (ϑn)) dz

+

∫
Ω

N(z, ϑ,∇ϑ)T2κ (ϑn − Th (ϑn)) dz

=

∫
Ω

fnT2κ (ϑn − Th (ϑn)) dz +
N∑
i=1

∫
Ω

FiD
iT2κ (ϑn − Th (ϑn)) dz

+
N∑
i=1

∫
Ω

ϕn,i (ϑn)D
iT2κ (ϑn − Th (ϑn)) dz.

(4.36)
We have ∫

Ω

ϕn,i (ϑn)D
iT2κ (ϑn − Th (ϑn)) dz = 0 for i = 1, . . . , N.

According to (3.2),(3.4) and Young’s inequality, we get

α

2

N∑
i=1

∫
{h<|ϑn|≤h+2κ}

∣∣Diϑn
∣∣pi dz ≤ ∫

Ω

(fn + f0)T2κ (ϑn − Th (ϑn)) dz

+ C15

N∑
i=1

∫
{h<|ϑn|≤h+2κ}

|Fi|p
′
i dz.

(4.37)

then
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α

2

N∑
i=1

∫
{h<|ϑ|≤h+2κ]

∣∣Diϑ
∣∣pi dz ≤ α

2
lim inf
n→∞

N∑
i=1

∫
[h<|ϑn|≤h+2κ|

∣∣Diϑn
∣∣pi dz

≤ lim
n→∞

∫
Ω

(fn + f0)T2κ (ϑn − Th (ϑn)) dz + lim
n→∞

C15

N∑
i=1

∫
⟨h<|ϑn|≤h+2κ}

|Fi|p
′
i dz

=

∫
Ω

(fn + f0)T2κ (ϑ− Th(ϑ)) dz + C15

N∑
i=1

∫
[h<|ϑ|≤h+2κ]

|Fi|p
′
i dz.

(4.38)

Now, let h −→ ∞ in (4.38), we can have

lim sup
h→∞

∫
{h<|ϑ|≤h+2κ}

∣∣Diϑ
∣∣pi dz = 0.

Therefore

lim
h→∞

∫
[h<|ϑ|≤h+2κ}

|Fi|
∣∣Diϑ

∣∣ dz = 0. (4.39)

According (4.34)-(4.34) and (4.39), by letting h −→ ∞ in (4.33), we get

N∑
i=1

∫
Ω

(σi (z, Tκ (ϑn) ,∇Tκ (ϑn))− σi (z, Tκ (ϑn) ,∇Tκ(ϑ)))
(
DiTκ (ϑn)−DiTκ(ϑ)

)
dz → 0,

and since Tκ (ϑn) → Tκ(ϑ) in Lp0(Ω), then

N∑
i=1

∫
Ω

(σi (z, Tκ (ϑn) ,∇Tκ (ϑn))− σi (z, Tκ (ϑn) ,∇Tκ(ϑ)))
(
DiTκ (ϑn)−DiTκ(ϑ)

)
dz

+

∫
Ω

(
|Tκ (ϑn)|p0−2

Tκ (ϑn)− |Tκ(ϑ)|p0−2
Tκ(ϑ)

)
(Tκ (ϑn)− Tκ(ϑ)) dz −→ 0 as n→ ∞.

(4.40)
In view of Lemma 3.1 and (4.10), we conclude that{

Tκ (ϑn) → Tκ(ϑ) strongly in W 1,p⃗
0 (Ω),

Diϑn → Diϑ a.e. in Ω for i = 1, . . . , N.
(4.41)

Step 4: The equi-integrability

i) The equi-integrability of
(

1
n |ϑn|p0−2

ϑn

)
n
.

We demonstrate that

1
n
|ϑn|p0−2

ϑn −→ 0 strongly in L1(Ω). (4.42)

By applying Vitali’s Theorem, we demonstrate that the sequence
(

1
n |ϑn|p0−2

ϑn

)
n

is uni-

formly equiintegrable. Specifically, for η sufficiently small , we consider v = ϑn−ηT1 (ϑn − Th (ϑn))
as a test function in (4.2). Taking into account to (3.2)and applying Young’s inequality, we can
write

α

N∑
i=1

∫
{h<|ϑn|≤h+1}

∣∣Diϑn
∣∣pi dz + 1

n

∫
{h<|ϑn|}

|ϑn|p0−2
ϑnT1 (ϑn − Th (ϑn)) dz

≤
∫
{h<|ϑn|}

|fn| dz +
∫
{h<|ϑn|}

|f0(z)| dz,
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Therefore

1
n

∫
{h+1≤|ϑn|}

|ϑn|p0−1
dz ≤ 1

n

∫
{h<|ϑn|}

|ϑn|p0−2
ϑnT1 (ϑn − Th (ϑn)) dz

≤
∫
{h<|ϑn|}

|fn| dz +
∫
{h<|ϑn|}

|f0(z)| dz,

Let η > 0 be fixed, then there exists h(η) ≥ 1 such that

1
n

∫
{h(η)<|ϑn|}

|ϑn|p0−1
dz ≤ η

2
, (4.43)

For any measurable subset E ⊂ Ω, we obtain

1
n

∫
E

|ϑn|p0−1
dz ≤ 1

n

∫
E

∣∣Th(η) (ϑn)∣∣p0−1
dz +

1
n

∫
{h(η)<|ϑn|}

|ϑn|p0−1
dz, (4.44)

So, there exists β(η) > 0 such that, for all E ⊆ Ω with meas (E) ≤ β(η), we have

1
n

∫
E

∣∣Th(η) (ϑn)∣∣p0−1
dz ≤ η

2
. (4.45)

Finally, by tanking to (4.43),(4.44) and (4.45), we have

1
n

∫
E

|ϑn|p0−1
dz ≤ η for all E such that meas(E) ≤ β(η). (4.46)

which implies that
(

1
n |ϑn|p0−2

ϑn

)
n

is uniformly equi-integrable, then since

1
n
|ϑn|p0−2

ϑn −→ 0 a.e in Ω.

By applying Vitali’s Theorem, the convergence (4.42) is concluded.
ii) The equi-integrability of (Nn (z, ϑn,∇ϑn))n

To transition to the limit in the approximate problem, we need to prove that

Nn (z, ϑn,∇ϑn) → N(z, ϑ,∇ϑ) in L1(Ω). (4.47)

By applying Vitali’s theorem, it is enough to show that (Nn (z, ϑn,∇ϑn))n is uniformly equi-
integrable. We define

D̄(s) =
2
α

∫ s

0
d(|τ |)dτ.

By taking T1 (ϑn − Th (ϑn)) eD̄(|ϑn|) as a test function in (4.2), we have

N∑
i=1

∫
Ω

σi (z, ϑn,∇ϑn)DiT1 (ϑn − Th (ϑn)) e
D̄(|ϑn|)dz

+
2
α

N∑
i=1

∫
Ω

σi (z, ϑn,∇ϑn)Diϑnd (|ϑn|) |T1 (ϑn − Th (ϑn))| eD̄(|ϑn|)dz

+

∫
Ω

Nn (z, ϑn,∇ϑn)T1 (ϑn − Th (ϑn)) e
D̄(|ϑn|)dz

=

∫
Ω

fnT1 (ϑn − Th (ϑn)) e
D̄(|ϑn|)dz.
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According to (3.2) and (3.4), we obtain

α

N∑
i=1

∫
{h<|ϑn|≤h+1}

σi (z, ϑn,∇ϑn)Diϑne
D̄(|ϑn|)dz

+ 2
N∑
i=1

∫
{h<|ϑn|}

∣∣Diϑn
∣∣pi d (|ϑn|) |T1 (ϑn − Th (ϑn))| eD̄(|ϑn|)dz

≤
∫
{h<|ϑn|}

(|fn|+ |f0|) eD̄(|ϑn|)dz

+
N∑
i=1

∫
{h<|ϑn|}

∣∣Diϑn
∣∣pi(z) |T1 (ϑn − Th (ϑn))| d (|ϑn|) eD̄(|ϑn|)dz.

(4.48)

it follows that
N∑
i=1

∫
{h+1<|ϑn|}

d (|ϑn|)
∣∣Diϑn

∣∣pi dz ≤ eD̄(∞)

∫
{h<|ϑn|}

(|f |+ |f0|) dz.

Thus, for all η > 0, there exists h(η) ≥ 1 such that
N∑
i=1

∫
{h(η)<|ϑn|}

d (|ϑn|)
∣∣Diϑn

∣∣pi dz ≤ η

2
. (4.49)

On the other hand, we set
dh(η) := max{d(s) : |s| ≤ h(η)},

for any measurable subset E ⊆ Ω, we have

N∑
i=1

∫
E

d (|ϑn|)
∣∣Diϑn

∣∣pi dz ≤ dh(η)

N∑
i=1

∫
E

∣∣DiTh(η) (ϑn)
∣∣pi dz

+
N∑
i=1

∫
{h(η)<|ϑn|}

d (|ϑn|)
∣∣Diϑn

∣∣pi dz. (4.50)

From (4.41), there exists τ(η) > 0 such that, for any meas (E) ≤ τ(η) we have

dh(η)

N∑
i=1

∫
E

∣∣DiTh(η) (ϑn)
∣∣pi dz ≤ η

2
. (4.51)

Based on (4.49), (4.50), and (4.51), we obtain

N∑
i=1

∫
E

d (|ϑn|)
∣∣Diϑn

∣∣pi dz ≤ η for all meas(E) ≤ τ(η). (4.52)

Thanks to (3.4), we deduce that (Nn (z, ϑn,∇ϑn))n is uniformly equi-integrable, and since

Nn (z, ϑn,∇ϑn) → N(z, ϑ,∇ϑ) a.e. in Ω.

By applying Vitali’s theorem, we obtain the convergence result stated in (4.47).

Step 5: Passing to the limit

Let v ∈ Kψ ∩L∞(Ω), by choosing ϑn − ηTκ (ϑn − v) as a test in (4.2), with η smal enough, we
obtain

N∑
i=1

∫
Ω

σi (z, Tn (ϑn) ,∇ϑn)DiTκ (ϑn − v) dz +
1
n

∫
Ω

|ϑn|p0−2
ϑnTκ (ϑn − v) dz

≤
∫

Ω

fnTκ (ϑn − v) dz +

∫
Ω

Nn (z, ϑn,∇ϑn)Tκ (ϑn − v) dz

+
N∑
i=1

∫
Ω

FiD
iTκ (ϑn − v) dz +

N∑
i=1

∫
Ω

ϕn,i (ϑn)D
iTκ (ϑn − v) dz.

(4.53)
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Let θ = κ+ ∥v∥∞ then {|ϑn − v| ≤ κ} ⊆ {|ϑn| ≤ θ} , and we obtain∫
Ω

σi (z, Tn (ϑn) ,∇ϑn)DiTκ (ϑn − v) dz

=

∫
Ω

σi (z, Tθ (ϑn) ,∇Tθ (ϑn))
(
DiTθ (ϑn)−Div

)
χ{|ϑn−v|≤κ}dz

=

∫
Ω

(σi (z, Tθ (ϑn) ,∇Tθ (ϑn))− σi (z, Tθ (ϑn) ,∇v))
(
DiTθ (ϑn)−Div

)
χ{|ϑn−v|≤κ}dz

+

∫
Ω

σi (z, Tθ (ϑn) ,∇v)
(
DiTθ (ϑn)−Div

)
χ{|ϑn−v|≤κ}dz.

It’s clear that

lim
n→∞

∫
Ω

σi (z, Tθ (ϑn) ,∇v)
(
DiTθ (ϑn)−Div

)
χ{|ϑn−v|≤κ}dz

=

∫
Ω

σi (z, Tθ(ϑ),∇v)
(
DiTθ(ϑ)−Div

)
χ{|ϑ− v| ≤ κ}dz.

By applying the Fatou’s Lemma, we get

lim inf
n→∞

N∑
i=1

∫
Ω

σi (z, Tn (ϑn) ,∇ϑn)DiTκ (ϑn − v) dz

≥
N∑
i=1

∫
Ω

(σi (z, Tθ(ϑ),∇Tθ(ϑ))− σi (z, Tθ(ϑ),∇v))
(
DiTθ(ϑ)−Div

)
χ{|ϑ−v|≤κ}dz

+ lim
n→∞

N∑
i=1

∫
Ω

σi (z, Tθ (ϑn) ,∇v)
(
DiTθ (ϑn)−Div

)
χ{|ϑn−v|≤κ}dz

=
N∑
i=1

∫
Ω

σi (z, Tθ(ϑ),∇Tθ(ϑ))
(
DiTθ(ϑ)−Div

)
χ{|ϑ−v|≤κ}dz

=
N∑
i=1

∫
Ω

σi(z, ϑϑ,∇ϑ)DiTκ(ϑ− v)dz.

(4.54)
Now, since Tκ (ϑn − v) → Tκ(ϑ− v) weak−⋆ in L∞(Ω) and in view of (4.42) we conclude

that

1
n

∫
Ω

|ϑn|p0−2
ϑnTκ (ϑn − v) dz −→ 0, (4.55)

and ∫
Ω

Nn (z, ϑn,∇ϑn)Tκ (ϑn − v) dz −→
∫

Ω

N(z, ϑ,∇ϑ)Tκ (ϑn − v) dz, (4.56)

also, since fn tends to f in L1(Ω) then∫
Ω

fnTκ (ϑn − v) dz −→
∫

Ω

fTκ(ϑ− v)dz. (4.57)

Also, we have ϕn,i (ϑn) = ϕi (Tθ (ϑn)) in {|ϑn − v| ≤ κ} for n ≥M, and since Tκ (ϑn − v)⇀

Tκ(ϑ− v) in W 1,p⃗
0 (Ω), then∫

Ω

ϕn,i (ϑn)D
iTκ (ϑn − v) dz −→

∫
Ω

ϕi(ϑ)D
iTκ(ϑ− v)dz, (4.58)

and ∫
Ω

FiD
iTκ (ϑn − v) dz −→

∫
Ω

FiD
iTκ(ϑ− v)dz. (4.59)

In view of (4.53)-(4.59), the proof of Theorem 4.2 is achieved.
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