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Abstract In this work, we study the nonlinear Steklov boundary value for the p(x)-Laplacian
problem. In fact, we have given the existence of a nontrivial weak solution on variable exponent
Sobolev spaces. By introducing a preconditioner based on the norms of Luxembourg and a spe-
cial kind of Sobolev space with variable exponent, the performance of the uniqueness is shown
to be robust with respect to the new conditions of the p(x)-Laplacian problem with Steklov non-
linear subregion boundary condition. Our construction is mainly based on the epi-convergence
method, which is used successfully in this new context, in order to establish the limit behavior by
characterizing the weak limits of the energies for the solutions.

1 Introduction

In this work, we are concerned with a generalized Steklov problem with p(x)- Laplacian opera-
tor. Recently, researches from different fields of nonlinear analysis have taken more interest in the
asymptotic nonlinear analysis. In fact, the litterature contains a various and interesting studies
of the nonlinear eigenvalue problems for the p-Laplacian subject to different kinds of boundary
conditions on a bounded domain, we refer the reader to [20, 21, 22, 23]. Moreover, the study
of asymptotic theory of the elliptic equations with variable exponent has been received consid-
erable attention. Owing to their applications to a various range of phenomena including elas-
tic mechanics[12], electro-rheological and thermo-rheological viscous flows of non-Newtonian
fluids[26], image restoration[32] and mathematical biology[33]. Furthemore, many authors
studied the case where p(x)-Laplacian with varied boundary conditions on a bounded domain
(see for example, [39, 40, 25, 41, 42, 27, 28, 29, 17, 30, 31]. Accordingly, A. Zerouali et al [42]
studied the following elliptic problem with nonlinear boundary conditions and variable exponent

− div[a(x,∇u)] + |u|p(x)−2u = λf(x, u) in Ω,

a(x,∇u) · v = µg(x, u) on ∂Ω.

Indeed, the study of the p(x)-Laplace operator is also of interest both in nonlinear elasticity
theory, viscoplastic, and in rheological theory of fluids (see [2, 7, 8, 11, 12, 13, 14]). Besides,
many authors have studied the problem with Steklov eigenvalue problem see [15, 16, 18, 24, 19]
and references therein.
Here, we are going to deal with the following Steklov boundary value problem involving the
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p(x)-Laplacian (p(x) ̸= constant) on a nanostructure which is a new topic.

−∆p(x) u
ε + |uε|p(x)−2uε = f in Ω,

|∇uε|p(x)−2 ∂u
ε

∂v
= −λεg(x, u

ε) on Σε,(
|∇uε|p(x)−2

) ∂uε

∂v
= 0 on Γε.

(Pε)

where Ω be a bounded domain in R3 with smooth boundary ∂Ω, and p ∈ C(Ω̄), v is the
outward unit normal vector on ∂Ω. g : ∂Ω ×R 7→ R are a Caratheodory function.

The operator ∆p is p-Laplace operator with p(x) > 1: ∆pu =
3∑

i=1

∂

∂xi

(
|∇u|p−2 ∂u

∂xi

)
with

|∇u| =

√√√√ 3∑
i=1

| ∂u
∂xi

|2, is called the p(x)-laplacian which is a natural generalization of the p-

Laplacian (where p > 1 is a constant). When p(x) ̸= constant, the p(x)-Laplacian possesses
more complicated nonlinearity than the p-Laplacian. For this reason, some of the properties of
the p-Laplacian problems may not hold for a general p(x)-Laplacian case. Reference [9, 10]
represents one of the most important collections of results regarding the analysis of variable
exponent Lebesgue and Sobolev spaces.
This operator is defined on Sobolev space W 1,p(x)(Ω) and f ∈ L∞(Ω).

We denote
λε =

1
εα

, α ≥ 0

,

Σε =

{
x ∈ ∂Ω : |x3| ≤ ε2

}
, Γε = ∂Ω \ Σε,

and

h− = min
x∈Ω̄

h(x); h+ = max
x∈Ω̄

h(x); for all h ∈ C(Ω̄),

p∗(x) =

{
3p(x)

3−p(x) if p(x) < 3,
+∞ if p(x) ≥ 3,

p∂(x) =

{
2p(x)

3−p(x) if p(x) < 3,
+∞ if p(x) ≥ 3,

C+(Ω̄) =
{
h ∈ C(Ω̄) : 1 < h− < h+ < +∞

}
.

We assume that variable exponents p is in C+(Ω̄).
The energy functional corresponding to problem (Pε) is defined on W 1,p(x)(Ω) as

H(uε) = Φ(uε) + λεJ(u
ε), (1.1)

where

Φ(uε) =

∫
Ω

(
|∇uε|p(x)

p(x)

)
dx+

∫
Ω

(
|uε|p(x)

p(x)

)
dx−

∫
Ω

fuεdx, (1.2)

J(uε) =

∫
Σε

G(x, uε)dσ (1.3)

with dσ is the 2-dimensional Hausdorff measure. For any s ∈ R, we define

G(x, s) =

∫ s

0
g(x, t)dt.
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Let us recall that uε ∈ W 1,p(x)(Ω) is a weak solution of (Pε) if∫
Ω

(
|∇uε|p(x)−2

)
∇uε∇vdx+

∫
Ω

(
|uε|p(x)−2

)
uεvdx−

∫
Ω

fvdx

= −λε

∫
∂Σ

g(x, uε)vdσ, for all v ∈ W 1,p(x)(Ω).

Now, we assume that g satisfying to the following conditions

(H1) g(x,.) is a convex function for x ∈ Ω,

(H2) ∃γ > 0,∀t ∈ R|t|p−1 ≤ g(x, t) ≤ γ ·
(
1 + |t|p−1

)
, for x ∈ Ω,

(H3)


there exists a continuous ω : R+ → R+

which is increasing and vanishing at the origin, such that
∀t ∈ R,∀x, y ∈ Ω, |g(x, t)− g(y, t)| ≤ ω(|x− y|)

(
1 + |t|p−1

)
The paper is structured as follows: Section 2 and 3 addresses the preliminary elements neces-
sary to establish the context for the studied problem and to understand the rest of the article. In
section 4, we recall some basic and elementary proporties concerning the notion of epiconver-
gence. Section 5 will be devoted to demonstrate the existence results of the problem in this case
where the exponent is variable, and then we present the a priori estimates and the caracteriza-
tion of the obtained solutions in order to solve the limit problem with interface conditions and
consequently acquire a better understanding of the system’s behavior near the nano interface
boundary. Finally, Section 6 will mainly contains the main proof of the limit problem, the results
obtained enriches the understanding of the behavior of the nanolayer in the considered structure,
with potential practical applications, and provide an update on recent results on p(x)-Laplacian
problem for nonlinear Steklov boundary conditions.

2 Notations and assumptions

In this section we shall fix some notation that will be frequently used along this paper.
We first recall some background facts concerning the generalized Lebesgue-Sobolev spaces. For
p ∈ C+(Ω̄), we introduce the variable exponent Lebesgue space

Lp(x)(Ω) :=
{
u : Ω ⊂ RN → R is measurable and

∫
Ω

|u|p(x)dx < +∞
}
,

endowed with the Luxemburg norm

|u|Lp(x)(Ω) := inf

{
α > 0;

∫
Ω

∣∣∣∣u(x)α

∣∣∣∣p(x) dx ≤ 1

}
which is separable and reflexive Banach space (see, [37]). Let us define the space

W 1,p(x)(Ω) :=
{
u ∈ Lp(x)(Ω)/|∇u| ∈ Lp(x)(Ω)

}
,

equipped with the norm

∥u∥ := inf

{
µ > 0;

∫
Ω

∣∣∣∣u(x)µ

∣∣∣∣p(x) dx+

∫
Ω

∣∣∣∣∇u(x)

µ

∣∣∣∣p(x) dx ≤ 1

}
; ∀u ∈ W 1,p(x)(Ω).

Furthermore, let us define:
the operator mε which transforms functions defined u on Σε into functions defined on ∂Σ, by way
of example, we cite [1]

(mεu)(x′) =
1

2ε2

∫ ε2

−ε2
u(x′, x3)dx3

and
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• dσ: represents the surface measure on Σε

• (x′, x3) ∈ Σε.

• (x, t) = (x′, x3, t) where x′ = (x1, x2), ∇
′
= ( ∂

∂x1
, ∂
∂x2

), and η(α) = limε→0 ε
2−α with

α ≥ 0 ,

• C will denote any constant with respect to ε.

Proposition 2.1 (see [36, 38]).

(i) W 1,p(x)(Ω) is separable reflexive Banach space;

(ii) If h ∈ C+(Ω̄) and h(x) < p∗(x) for any x ∈ Ω̄, then the embedding from W 1,p(x)(Ω) to
Lh(x)(Ω) is compact and continuous.

(iii) If h ∈ C+(Ω̄) and h(x) < p∂(x) for any x ∈ Ω̄, then the embedding from W 1,p(x)(Ω) to
Lh(x)(∂Ω) is compact and continuous.

Note that the following mapping ρp plays a crucial role in using and manipulating the general-
ized Lebesgue-Sobolev spaces. It’s defined by

ρp(u) :=
∫

Ω

|∇u|p(x)dx+

∫
Ω

|u|p(x)dx, ∀u ∈ W 1,p(x)(Ω).

Proposition 2.2 ([35]). For u, uk ∈ W 1,p(x)(Ω); k = 1, 2, . . ., we have

(i) ∥u∥ ≥ 1 implies ∥u∥p− ≤ ρp(u) ≤ ∥u∥p+;

(ii) ∥u∥ ≤ 1 implies ∥u∥p+ ≤ ρp(u) ≤ ∥u∥p−
;

(iii) ∥uk∥ → 0 as k → +∞ if and only if ρp (uk) → 0 as k → +∞;

(iv) ∥uk∥ → +∞ as k → +∞ if and only if ρp (uk) → +∞ as k → +∞.

3 Functionnal Setting

We introduce some notations used throughout this paper.
Let us consider the following functional spaces depending on the values of α:

W
1,p(x)
∂ (Ω) =

{
u ∈ W 1,p(x)(Ω) : u ∈ ∂Ω/∂Σ

}
For α = 2

Gα =

{
u ∈ W 1,p(x)(Ω) : u|∂Σ

∈ W 1,p(x)(∂Σ)

}
and Dα = D(Ω)

⋂
W

1,p(x)
∂ (Ω)

and for α < 2
Gα = W

1,p(x)
∂ (Ω) and Dα = D(Ω)

⋂
W

1,p(x)
∂ (Ω)

and for α > 2
Gα = W

1,p(x)
0 (Ω) and Dα = D(Ω)

In addition, the demonstration concerns the convergence of Σε to ∂Σ in the Hausdorff sense. To
do this, we define a family of subvarieties

Sε = {x ∈ ∂Ω||x3| ≤ ε2}

and we evaluate the Hausdorff distance between Σε and ∂Σ. We find that for all x ∈ Σε , the
distance to ∂Σ is at most ε2, and for all t in ∂Σ, the distance to Σε is 0. Thus, the Hausdorff
distance is equal to ε2. Finally, we show that when ε tends to 0, the Hausdorff distance also
tends to 0 and thus demonstrating the convergence of Σε to ∂Σ in the Hausdorff sense.
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4 Epiconvergence notion

We will give an efficient notion of operator’s sequence convergence, named epiconvergence, who
is a special case of the Γ−convergence introduced by De Giorgi (1979) [6]. It is well suited to
the asymptotic analysis of sequences of minimization problems.

Definition 4.1. [3, Definition 1.9] Let (X, τ) be a metric space and (F ε)ε and F be functionals
defined on X and with value in R ∪ {+∞}. F ε epi-converges to F in (X, τ), noted

τ − epilimε→0F
ε = F ,

if the following assertions are satisfied

• For all x ∈ X, there exists x0
ε, x0

ε
τ→ x such that lim sup

ε→0
F ε(x0

ε) ≤ F (x).

• For all x ∈ X and all xε with xε
τ→ x, lim inf

ε→0
F ε(xε) ≥ F (x).

Note the following stability result of the epi-convergence.

Proposition 4.2. [3, p. 40] Suppose that F ε epi-converges to F in (X, τ) and that Φ : X →
R ∪ {+∞}, is τ -continuous. Then F ε + Φ epi-converges to F + Φ in (X, τ).

Theorem 4.3. [3, theorem 1.10] Suppose that

(i) F ε admits a minimizer on X,

(ii) The sequence (uε) is τ -relatively compact,

(iii) The sequence F ε epi-converges to F in this topology τ .

Then every cluster point u of the sequence (uε) minimizes F on X and

lim
ε′→0

F ε′(uε′) = F (u),

if (uε′)ε′ denotes the subsequence of (uε)ε which converges to u.

5 Existence results

The operator Φ is well defined and of class C1 (see [5]). The Fréchet derivative of Φ is the
operator Φ′ : W 1,p(x)(Ω) 7→ W 1,p(x)(Ω)′ defined as

⟨Φ′(uε), v⟩ =
∫

Ω

(
|∇uε|p(x)−2

)
∇uε∇vdx+

∫
Ω

(
|uε|p(x)−2

)
uεvdx−

∫
Ω

fvdx,

for any uε, v ∈ W 1,p(x)(Ω).
Firstly, we need to prove some properties of the operator Φ′.

Lemma 5.1. The following statements holds.
(1) Φ′ is continuous and strictly monotone;
(2) Φ′ is an homeomorphism.

Proof. (1) We have Φ′ is the Fréchet derivative of Φ, one can show that Φ′ is continuous.
Basing on those elementary inequalities [34]

|x− y|γ ≤ 2γ
(
|x|γ−2x− |y|γ−2y

)
(x− y) ,if γ ≥ 2,

|x− y|2 ≤ 1
(γ−1)(|x|+ |y|)2−γ

(
|x|γ−2x− |y|γ−2y

)
(x− y) ,if 1 < γ < 2

for all (x, y) ∈ R3 ×R3.
Hence, we have for all uε, v ∈ W 1,p(x)(Ω) such that uε ̸= v,

⟨Φ′(uε)− Φ
′(v), uε − v⟩ =

∫
Ω

(
|∇uε|p(x)−2∇uε − |∇v|p(x)−2∇v

)
(∇uε −∇v)dx

+

∫
Ω

(
|uε|p(x)−2uε − |v|p(x)−2v

)
(uε − v)dx > 0.
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which implies that Φ′ is strictly monotone and consequently its injectivity.
(2) To prove that Φ′ is a surjection, it suffices to verify that it is coercive. As a matter of fact,
thanks to Proposition 2.2 and basing on p− − 1 > 0. Thus, we deduce that for each uε ∈
W 1,p(x)(Ω) such that ∥uε∥ ≥ 1

⟨Φ′(uε), uε⟩
∥uε∥

=

∫
Ω

[
|∇uε|p(x) + |uε|p(x)

]
dx−

∫
Ω

fuεdx

∥uε∥

≥ ρp(uε)

∥uε∥
− C

≥ ∥uε∥p
−−1 − C → ∞ as ∥uε∥ → ∞,

where C is a real constant.

As a result, this concludes the surjectivity of the operator Φ′, then Φ′ admits an inverse
mapping.
Now we are in position to state that Φ′−1 is continuous. To do so, let (φn)n be a sequence of
W 1,p(x)(Ω)′ such that φn → φ in W 1,p(x)(Ω)′ as n → +∞. Also, let uε

n and uε in W 1,p(x)(Ω)
such that Φ′−1 (φn) = uε

n and Φ′−1(φ) = uε. Using the coercivity of Φ′, one conclude that the
sequence (uε

n) is bounded in W 1,p(x)(Ω). Nevertheless W 1,p(x)(Ω) is reflexive (Proposition 2.1),
for a subsequence still denoted (uε

n), we get uε
n ⇀ ûε weakly in W 1,p(x)(Ω) as n → +∞, which

leads to

lim
n→+∞

〈
Φ

′ (uε
n)− Φ

′(u), uε
n − ûε

〉
= lim

n→+∞

〈
φn − φ, uε

n − ûε
〉
= 0

In addition, one can show easily that Φ′ has the property (S+) (see for example [42]) and by
the continuity of Φ′ that uε

n 7→ ûε strongly in W 1,p(x)(Ω) and Φ′ (uε
n) 7→ Φ′(ûε) = Φ′(uε) in

W 1,p(x)(Ω)′ as n 7→ +∞. What’s more, since Φ′ is an injection, so we obtain that ûε = uε. This
completes the proof.

Next, we will give the proof of the following lemma.

Lemma 5.2. For the operator J : W 1,p(x)(Ω) −→ R is sequentially weakly lower semi continu-
ous, namely, un −→ u0 in W 1,p(x)(Ω) implies J(un) −→ J(u0).

Proof. Let’s consider Φ(uε) and J(uε) as in (1.2) and (1.3) For each uε, v ∈ W 1,p(x)(Ω), it
follows that

⟨Φ′(uε), v⟩ =
∫

Ω

(
|∇uε|p(x)−2

)
∇uε∇vdx+

∫
Ω

(
|uε|p(x)−2

)
uεvdx−

∫
Ω

fvdx

⟨J ′(uε), v⟩ = −
∫
∂Σ

g(x, uε)vdx.

According to [31][Proposition 4.], the functional Φ is a continuous Gâteaux differentiable and
sequentially weakly lower semicontinuous functional whose Gâteaux derivative admits a contin-
uous inverse on W 1,p(x)(Ω)′.
On the other hand, from (H1), we can claim that J is continuously Gâteaux differentiable func-
tionals. Then, using the compacity of the embedding W 1,p(x)(Ω) ↪→ Lp(x)(Ω) and the trace
embedding W 1,p(x)(Ω) ↪→ Lp(x)(∂Ω) (Proposition 2.1). Therefore, those facts help us to show
that J ′ is compact. Besides, Φ is bounded on each bounded subset of W 1,p(x)(Ω) under our
assumptions. Hence, if ∥uε∥ ≥ 1, we have

Φ(uε) =

∫
Ω

(
|∇uε|p(x)

p(x)

)
dx+

∫
Ω

(
|uε|p(x)

p(x)

)
dx

≥ 1
p+

ρp(u
ε)

≥ 1
p+

∥uε∥p
−
.

This concludes the proof of the desired result. As a by-product we obtain the following result of
existence and uniqueness
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Proposition 5.3. Under the hypothesis H1−H3 and f ∈ L∞(Ω), the problem (Pε) have a unique
solution uε in W 1,p(.)(Ω).

Lemma 5.4 (A priori estimate). Under the hypothesis H1-H3 and assume that there exists a
constant C ≥ 0 such that

H(v) ≤ C,∀v ∈ V.

Then we have the following assertions:∫
Ω

1
p(x)

|∇uε|p(x) +
∫

Ω

1
p(x)

|uε|p(x) ≤ C (5.1)∫
Σε

G(x, uε) ≤ Cεα (5.2)

Indeed we do have uε is bounded in W
1,p(.)
∂ (Ω).

Proof. Since uε satisfies to∫
Ω

1
p(x)

|∇uε|p(x)dx+

∫
Ω

1
p(x)

|uε|p(x)dx+
1
εα

∫
Σε

G(x, uε)dx−
∫

Ω

fuεdx ≤ C.

So, we have∫
Ω

1
p(x)

|∇uε|p(x)dx+

∫
Ω

1
p(x)

|uε|p(x)dx+
1
εα

∫
Σε

G(x, uε)dx ≤ C +

∫
Ω

fuεdx

≤ C + C.∥uε∥W 1,p(x)(Ω)

≤ C +
1
p−

∥uε∥p
−

W 1,p(x)(Ω)

If ∥uε∥W 1,p(x)(Ω) ≤ 1 then we have our results. Otherwise ∥uε∥W 1,p(x)(Ω) ≥ 1, then from proposi-
tion 2.2 we have∫

Ω

1
p(x)

|∇uε|p(x)dx+

∫
Ω

1
p(x)

|uε|p(x)dx+
1
εα

∫
Σε

G(x, uε)dx ≤ C +
1
p−

∥uε∥p
−

W 1,p(x)(Ω)

≤ C +
1
p−

ρp(u
ε)

so, we obtain

1
(p−)′

ρp(u
ε) +

1
εα

∫
Σε

G(x, uε)dx ≤ C

Hence the assertions (5.1) and (5.2) is holds and from (5.1) the (uε) is bounded in W
1,p(x)
∂ (Ω).

Proposition 5.5. The solution of our problem (uε)ε, possess a subsequence that converges
weakly to an element u∗ in W

1,p(x)
∂ (Ω) satisfy

(i) If α = 2
u∗

|∂Σ
∈ W

1,p(x)
∂ (∂Σ).

(ii) If α > 2
u∗

|∂Σ
= 0.

Proof. From the lemma 5.4, the solution of our problem uε is borned in W 1,p
∂ (Ω), therefore,

for any subsequence (uε)ε, noted again uε, there exist u∗ ∈ W
1,p(x)
∂ (Ω) such that uε ⇀ u∗ in

W
1,p(x)
∂ (Ω).
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(i) α = 2
We have {

∥mεuε − uε
|∂Σ

∥
Lp(∂Σ)

≤ Cε
2(α+p−−1)

p− .

uε
|∂Σ

⇀ u∗
|∂Σ

in Lp(∂Σ)

We establish with the same way like in [1, Lemma 4 p.4] that∫
∂Σ

|∇mεuε|p(x) ≤ εα−2

so, we deduce that the sequence ∇′mεuε possess a subsequence noted again ∇′mεuε that
converge weakly to an element u2 in Lp(Σ)2. So, mεuε is borned in W 1,p(x)(Σ), and since
mεuε ⇀ u∗

|Σ in Lp(Σ), one get, mεuε ⇀ u∗
|Σ in W 1,p(x)(Σ);

Consequently ∇′u∗
|Σ = u2, we find ∇′u∗

|Σ ∈ Lp(Σ).
therefore we get, u∗

|Σ ∈ W 1,p(Σ).

(ii) α > 2
According to the following estimate∫

∂Σ

|mεuε|p
−
≤ εα−2

then the sequence mεuε admits a subsequence noted mεuε converges to 0 in Lp(∂Σ)2 and
mεuε ⇀ u∗

|∂Σ
in W 1,p(x)(∂Σ), consequently we get u∗

|∂Σ
= 0.

This completes the proof of the proposition 5.5.

6 Limit behavior of the problem

In this section we shall study the asymptotic behavior of the solution of the problem (Πε), when
ε tend to 0, for that, we use the epiconvergence method. By the way, we have to determine the
energy functionnal derivated from the minimisation problem (Πε), moreover, we determine its
epilimit 1.
we set

Hε(v) =


1
εα

∫
Σε

G(x, v) if v ∈ W
1,p(x)
∂ (Ω),

+∞ if v ∈ W 1,p(x)(Ω) \W 1,p(x)
∂ (Ω).

(6.1)

S(v) =


∫

Ω

1
p
|∇v|p +

∫
Ω

1
p
|v|p −

∫
∂Σ

f v if v ∈ W
1,p(x)
∂ (Ω),

+∞ if v ∈ W 1,p(x)(Ω) \W 1,p(x)
∂ (Ω).

(6.2)

We denote with τf the weak topology in W 1,p(x)(Ω). Our goal now in the following theorem is
to determine the epilimit of the fonctionnal Hε, when ε tend to 0.

Theorem 6.1. Depending to the values of α, there exist an energy functional Hα : W 1,p(x)(Ω) −→
R ∪ {+∞} such that

τ
f
− limeHε=Hα in W 1,p(x)(Ω), (6.3)

where Hα is expressed by

(i) If α ̸= 2.

Hα(v) = 0.
1voir par exemple [3].
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(ii) If α = 2.

Hα(v) =

 2
∫
∂Σ

G(x, u|∂Σ
) if v ∈ W

1,p(x)
∂ (Ω),

+∞ if v ∈ W 1,p(x)(Ω) \W 1,p(x)
∂ (Ω).

Proof. First, it remains to check the epilimit superior of Hε; then we deduce the epilimit inferior.

a) The upper epilimit.
Let u ∈ Gα ⊂ W 1,p(x)(Ω), since Dα is dense in Gα, hence there exist a sequence (un) in
Dα such that un → u in Gα quand n → +∞, therefore un → u in W 1,p(x)(Ω).
Now, Let θ be a regularised function satisfy

θ(x3) = 1 si |x3| ≤ 1, θ(x3) = 0 if |x3| ≥ 2 et |θ′(x3)| ≤ 2 ∀x ∈ R,

and we put

θε(x) = θ(
x3

ε
);

One can defines

uε,n = θε(x)u
n
|∂Σ

+ (1 − θε(x))u
n,

It follows that uε,n ∈ W
1,p(x)
0 (Ω) so, it remains to show that clearly we have uε,n → un in

Gα when ε −→ 0. Moreover, in view of the formula

Hε(uε,n) =
1
εα

∫
Σε

G(x, uε,n)dx,

we readily obtain

Hε(uε,n) =
1
εα

∫
Σε

G(x, (un)|∂Σ
)dx (6.4)

= ε2−α

∫
∂Σ

∫ 1

−1
G((x′, tε2), (un)|∂Σ

)dtdx. (6.5)

By passing to limit, we have

(i) If α = 2.

lim
ε→0

ε2−α

∫
∂Σ

∫ 1

−1
G((x′, tε2), (un)|∂Σ

)dtdx = 2
∫
∂Σ

G((x′, 0), (un)|∂Σ
)dx′.

if u ∈ W 1,p(x)(Ω) \W 1,p(x)
∂ (Ω) then, one can conclude that

lim sup
ε→0

Hα(uε,n) ≤ +∞

(ii) If α > 2.
we have (un)|∂Σ

= 0 and G(., 0) = 0, consequently we obtain

ε2−α

∫
∂Σ

∫ 1

−1
G((x′, tε2), (un)|∂Σ

)dtdx = 0

then
lim sup

ε→0
Hε(uε,n) = 0

if u ∈ W 1,p(x)(Ω) \W 1,p(x)
∂ (Ω) then, one can conclude that

lim sup
ε→0

Hα(uε,n) ≤ +∞
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(iii) If α < 2.
By Passing to upper limit, we get

lim sup
ε→0

ε2−α

∫
∂Σ

∫ 1

−1
G((x′, tε2), (un)|∂Σ

)dtdx = 0

then
lim sup

ε→0
Hε(uε,n) = 0

if u ∈ W 1,p(x)(Ω) \W 1,p(x)
∂ (Ω) then, one can conclude that

lim sup
ε→0

Hα(uε,n) ≤ +∞

Since un → u in Gα, when n → +∞. Then according to the diagonalization lemma (see
[3]), thus there exist a function n(ε) : R+ → N increasing to +∞ when ε → 0, such that
uε,n(ε) → u in Gα when ε → 0. Using straightforward computations yield for any n that
approaches to +∞, one may write,

(i) If α ̸= 2.

lim sup
ε→0

Hε(uε,n(ε)) ≤ lim sup
n→+∞

lim sup
ε→0

Hε(uε,n)

≤ 0.

(ii) If α = 2.

lim sup
ε→0

Hε(uε,n(ε)) ≤ lim sup
n→+∞

lim sup
ε→0

Hε(uε,n)

≤ 2
∫
∂Σ

G((x′, 0), u|∂Σ
).

b) The lower epilimit.
We are going to determine the lower epi-limit. Let u ∈ Gα and (uε) be a sequence in
W 1,p(x)(Ω) such that uε ⇀ u in W 1,p(x)(Ω), so that

∇uε ⇀ ∇u in Lp−(Ω)3 (3.11)

(i) If α ̸= 2 : Since

Hε (uε) ≥ 0

According to (H2) and by passage to the lower limit, we obtain

lim inf
ε→0

Hε (uε) ≥ 0

(ii) If α = 2 : If lim infε→0 Hε (uε) = +∞, there is nothing to prove, because

∫
∂Σ

G
(
x′, u |∂Σ

)
dx′ ≤ +∞

Otherwise, lim infε→0 Hε (uε) < +∞, there exists a subsequence of Hε (uε) still denoted
by Hε (uε) and a constant C > 0, such that Hε (uε) ≤ C, which implies that

1
εα

∫
Σε

G (x, uε) dx ≤ C (3.12)

and according to (H2), we have
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1
εα

∫
Σε

|uε|p dx ≤ C (3.13)

Recall that

Hε (uε) =
1
εα

∫
Σε

G (x, uε)

From the assumption (H1), G(x,.) is a convex function for any x ∈ Ω, so using the sub-
differential inequality of

v 7−→
∫

Σε

G(x, v)dx

we have ∫
Σε

G (x, uε) dx ≥
∫

Σε

G (x, uε|∂Σ
) dx+

∫
Σε

g (x, uε|∂Σ
) (uε − uε|∂Σ

) dx

thus

Hε (uε) ≥ 1
εα

∫
Σε

G (x, uε|∂Σ
) dx + 1

εα

∫
Σε

g (x, uε|∂Σ
) (uε − uε|∂Σ

) dx like in [4, Lemma
3.2] and α = 2, we show that

lim
ε→0

1
εα

∫
Σε

g (x, uε|∂Σ
) (uε − uε|∂Σ

) dx = 0 (3.14)

So ∫
Σε

G (x, uε|∂Σ
) dx ≤

∫
Σε

G (x, uε) dx−
∫

Σε

g (x, uε|∂Σ
) (uε − uε|∂Σ

) dx

≤ ϱε +

∫
Σε

G (x, uε) dx

where ϱε = −
∫

Σε
g (x, uε|∂Σ

) (uε − uε|∂Σ
) dx, according to (3.12), we obtain∫

Σε

G (x, uε|∂Σ
) dx ≤ ϱε + Cεα

From (3.12), let us define the following sequence

vε = mε (G (x, uε|∂Σ
))

we can show easily that ∫
∂Σ

vεdx
′ ≤ C

ε2

∫
Σε

G (x, uε|∂Σ
) dx

so we have ∫
∂Σ

|vε| dx′ ≤ C
(ρε
ε2 + εα−2

)
Let us show that ∫

∂Σ

|vε −G ((x′, 0) , uε|∂Σ
)| dx′ = 0

To simplify the writing, we put G (x′, uε|∂Σ
) = G ((x′, 0) , uε|∂Σ

). We have
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∫
∂Σ

|vε −G (x′, uε|∂Σ
)| dx′ =

∫
∂Σ

|vε −G (x′, uε|∂Σ
)| dx′

=

∫
∂Σ

∣∣∣∣∣ 1
2ε2

∫ ε2

−ε2
(G (x, uε|∂Σ

)−G (x′, uε|∂Σ
))

∣∣∣∣∣ dx′

≤ C

ε2

∫
∂Σ

∫ ε2

−ε2

∣∣G (x, uε|∂Σ
)−G

(
x′, uε

|∂Σ

)∣∣ dx′

according to (H3), we obtain

∫
∂Σ

|vε −G (x′, uε|∂Σ
)| dx′ ≤ C

ε2

∫
∂Σ

∫ ε2

−ε2
w
(
ε2) (1 + |uε|∂Σ

|p
−)

dx′

≤ Cw
(
ε2) ∫

∂Σ

(
1 +

∣∣uε
|∂Σ

∣∣p−)
dx′

≤ Cw
(
ε2)

from (H3) and by passing to limit when ε close to 0 , hence

lim
ε→0

∫
∂Σ

|vε −G (x′, uε|∂Σ
)| dx′ = 0

let us x′ 7→ δε (x′) close to 0 in L1(∂Σ) such that

vε = G (x′, uε|∂Σ
) + δε

we have

Hε (uε) ≥
1
εα

∫
Σε

G (x, uε|∂Σ
) dx+

1
εα

∫
Σε

g (x, uε|∂Σ
) (uε − uε|∂Σ

) dx

≥ 2ε2−α

∫
Σ

vεdx
′ +

1
εα

∫
Σε

g (x, uε|∂Σ
) (uε − uε|∂Σ

) dx

≥ 2ε2−α

∫
∂Σ

G (x′, uε|∂Σ
) dx′ +

∫
∂Σ

δεdx
′

+
1
εα

∫
Σε

g (x, uε|∂Σ
) (uε − uε|∂Σ

) dx.

From the sub-gradient inequality of G (x′, .), we obtain

Hε (uε) ≥2ε2−α

∫
∂Σ

G
(
x′, u |∂Σ

)
dx′ + ε2−α

∫
∂Σ

δεdx
′

+ ε2−α

∫
∂Σ

g
(
x′, u |∂Σ

) (
uε|∂Σ

− u |∂Σ

)
dx

+
1
εα

∫
Σε

g
(
x, uε

|∂Σ

)
(uε − uε|∂Σ

) dx

Thanks to (3.14), δε ⇀ 0 in L1(∂Σ) and by passing to lower limit we obtain

lim inf
ε→0

Hε (uε) ≥2ε2−α

∫
∂Σ

G
(
x′, u |∂Σ

)
dx′

(i) If α > 2 :
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let u ∈ W 1,p(x)(Ω)\Gα and uε ∈ W
1,p(x)
∂ (Ω) such that uε ⇀ u in W 1,p(x)(Ω) Assume that

lim inf
ε→0

Hε(uε) < +∞.

So there exists a constant C > 0 and a subsequence of Hε(uε), still denoted by Hε(uε),
such that

Hε(uε) < C

According to (H2), so uε verify the assertions of lemma 4.3 and we can apply the proposi-
tion 4.4, thus u|∂Σ

, so that u ∈ Gα which contradicts the fact that u ̸∈ Gα, as consequence

lim inf
ε→0

Hε(uε) = +∞.

and this completes the proof of the theorem 6.1.

In this subsection we shall discuss the determination of the limit problem related to the prob-
lem (5.1), when ε is considered to be converge to (approaches) zero. Basing on the results of the
epiconvergence method ( [3] theorem(thm1.10) and [3] proposition (prop: p.40). On other hand,
in view of the τf -continuity of G in W 1,p

∂ (Ω), Hε + G τf -epiconverge to Hα + G in W 1,p
∂ (Ω).

Proposition 6.2. For any f ∈ Lp′
(Ω) and depending to the values of the parameter α, there exist

u∗ ∈ W
1,p(x)
∂ (Ω) satisfying

uε ⇀ u∗ in W
1,p(x)
∂ (Ω),

Hα(u∗) + G(u∗) = inf
v∈Gα

{
Hα(v) + G(v)

}
.

Proof. According to the lemma 5.4, the family uε is bounded in W
1,p(x)
∂ (Ω), and therefore it

posseses a τf− cluster value u∗ in W
1,p(x)
∂ (Ω). At this stage we can use a classical result of

epilimit (by applying theorem [3] theorem (thm1.10), one has u∗ is a solution of the following
limit problem

(Πα) inf
v∈W 1,p(x)(Ω)

{
Hα(v) + G(v)

}
.

Since Hα equal +∞ on W 1,p(Ω) \Gα, hence it follows that

(Πα) inf
v∈Gα

{Hα(v) + G(v)} .

Now using the fact that the solution of the problem (Πα) is unique, then uε admits a unique τf -
adhesion value u∗, and consequently uε ⇀ u∗ in W

1,p(x)
∂ (Ω). This proves the second part and

therefore the proof of the point is now achieved.

7 Conclusion

In this paper, we have established the existence of solutions and asymptotic behavior for Steklov
problem with p(x)-Laplacian operator via theorem of epiconvergence. Also, some new technics
of variational calculus have been discussed in this spacial and complex case. Therefore, our
contribution is not only new in the given setting, but also generalizes special cases of previous
works involving p and p(x)-Laplacian operators with Steklov conditions. The results of this work
are variant, significant and so it is interesting and capable to develop its study in the future.



138 H. Maadan and J. Messaho

References
[1] A. Ait Moussa and J. Messaho, Limit Behavior of an Oscillating Thin Layer, Electron. J. Differential

Equations. 21-33, (2006).

[2] H. Maadan, N. Askour, J. Messaho, On Weak Solvability of Boundary Value Problem with Vari-
able Exponent Arising in Nanostructure, Journal of Function Spaces,7047113, 9 pages, (2021).
https://doi.org/10.1155/2021/7047113

[3] H. Attouch, Variational Convergence for Functions and Operators , Pitman ( London ) (1984) .

[4] J. Messaho, K. Hilal, Limit behavior of a heat loss problem on oscillating thin layer, Boletim da Sociedade
Paranaense de Matematica. 35, no. 1, 147-163, (2017).

[5] M. M. Boureanu, D. N. Udrea, Existence and multiplicity results for elliptic problems with p(.)-Growth
conditions. Nonlinear Anal. Real World Appl. 14, 1829-1844, (2013).

[6] E. De Giorgi, Convergence problems for functions and operators. Proceedings of the International
Congress on "Recent Methods in Nonlinear analysis", Rome 1978, 131-188, Pitagora Bologna (1979).

[7] L. Diening, Theorical and numerical results for electrorheological fluids, PhD thesis, University of
Freiburg, Germany, (2002).

[8] L. Diening, P. Hästö, A. Nekvinda, Open problems in variable exponent Lebesgue and Sobolev spaces, in:
P. Drábek, J. Rákosník (Eds.), FSDONA ’ 04 Proceedings, Milovy, Czech Republic, pp. 38-58, (2004).
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