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Abstract: This paper aims to introduce and investigate the properties of multiplication RΓ-
semimodules over Γ-semirings. This paper reviews the results related to multiplication modules,
multiplication semimodules, and multiplication Γ-modules over Γ-semirings. In this paper, we
study RΓ-semimodules over Γ-semirings and examine in particular, when such RΓ-semimodules
are cyclic, finitely generated, essential or finitely co-generated.

1 Introduction

N. Nobusawa [13] first proposed the concept of Γ-ring in 1964 as a generalization of the ring.
Berns [3] weakened slightly the conditions in the definition of Γ-ring in the sense of Nobusawa.
After the Γ-ring was defined by Barns and Nobusawa, many researchers studied the Γ-ring.
Berns [3], Kyuno [8], and Luh [9] studied the structure of Γ-ring and obtained various general-
izations analogous to corresponding parts in ring theory. In 1995, M.M.K. Rao [14] introduced
the concept of a Γ-semiring as a generalization of Γ-rings and semirings. Later on Jagatap and
Pawar[7], Rao and Venkateswarlu [15], studied various concepts of structure space of prime ide-
als and k- weakly primary ideals respectively and they enriched the theory of Γ-semirings.
The concept of multiplication module was studied by Mehdi[2], Barnard[4], El-Bast and Smith
[10] with the development of Γ-ring by Nobusawa [13] and Barnes [3]. The concept of multi-
plication Γ-modules was studied by Estaji et al. [5]. Further, Nazari and Ghalandarzadeh [11]
investigate some properties of multiplication semimodules and generalize some results on mul-
tiplication modules to semimodules. In 2024, Swomin [17] introduced and investigated several
properties of k-content semimodules as a generalization of content modules.

In this paper, we prove that the surjective Γ-homomorphic image of multiplication RΓ-
semimodule is multiplication RΓ-semimodule. Also, we define Tp(M), P -cyclic, and proved
some results on this property. Further, we define essential and finitely co-generated RΓ-semimodule
and prove that if R is a Γ-semiring and M is a faithful multiplication RΓ-semimodule, then an
RΓ-subsemimodule N of M is essential if and only if an essential ideal I of R exists such that
N = IΓM . Further, if R is a Γ-semiring and M a faithful multiplication RΓ-semimodule, then
M is finitely co-generated if and only if R is finitely co-generated.

2 Preliminaries

We recall from [6, 14, 16], some basic notations, definitions and examples of Γ-semirings and
RΓ-semimodules needed for this paper.

Let R and Γ be two additive commutative semigroups. Then R is called a Γ-semiring if there
exists a map R × Γ × R → R ( (x,α,y)→ xαy) such that for all x, y, z ∈ R and α, β ∈ Γ the
following conditions hold: (i) (x + y)αz = xαz + yαz, (ii) xα(y + z) = xαy + xαz, (iii)
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x(α+ β)z = xαz + xβz, (iv) (xαy)βz = xα(yβz).
Let A and B be semirings and let R = Hom(A,B) and Γ = Hom(B,A) denote the sets of

homomorphisms from A to B and B to A respectively, then R is a Γ− semiring with operations
of pointwise addition and composition of mappings.

Let M be a Γ− ring and let R be the set of ideals of M define addition in a natural way and
if A,B ∈ R, γ ∈ Γ, let AγB denote the ideal generated by {xγy | x, y ∈ M}, then R is a Γ−
semiring.

A Γ-semiring R is said to have a zero element if 0αx = 0 = xα0 and 0 + x = x = x+ 0 for
all x ∈ R and α ∈ Γ. R is said to have identity element 1 if for all x ∈ R there exist α ∈ Γ such
that 1αx = x = xα1. R is said to be commutative if xαy = yαx for all x, y ∈ R and α ∈ Γ.
An element x of R is said to be Γ-multiplicative Γ-idempotent if there exists α ∈ Γ such that
xαx = x. If every element of R is Γ-multiplicative Γ-idempotent, then R is called multiplicative
Γ-idempotent Γ-semiring. An element x of R is said to be strong Γ-multiplicative Γ-idempotent
if for all α ∈ Γ, xαx = x. If every element of R is strong Γ-multiplicative Γ-idempotent, then
R is called strong multiplicative Γ-idempotent Γ-semiring. A non-empty subset I of R is said
to be the left (right) ideal of R if I is a sub semigroup of (R,+) and xαy ∈ I (yαx ∈ I) for all
y ∈ I , x ∈ R and α ∈ Γ. If I is the left and right ideal of R, then I is known as an ideal of R.
Let R be a Γ-semiring and x1, x2, ..., xn ∈ R, then finitely generated ideal < x1, x2, ..., xn > of
R is the set of all linear combinations of the elements x1, x2, ..., xn. That is, < x1, x2, ..., xn > =
{
∑n

i=1 riαixi | ri ∈ R,αi ∈ Γ}. An ideal in R is finitely generated if a finite set of elements can
generate it. A proper ideal M of R is a maximal ideal if no other proper ideal of R containing
M properly exists.

Let R be a Γ-semiring. An additive commutative monoid M is said to be right RΓ-semimodule
if there exist a mapping M ×Γ×R → M (images to be denoted by mαr where m ∈ M , α ∈ Γ,
r ∈ R) satisfying the following conditions: (i) (m+n)αr = mαr+nαr, (ii) mα(r+s) = mαr+
mαs, (iii) m(α+ β)r = mαr +mβr, (iv) (mαr)βs = mα(rβs), (v) 0Mαr = 0M = mα0R for
all r, s ∈ R, α, β ∈ Γ and m,n ∈ M . Similarly, a left RΓ-semimodule is defined analogously.

Let M be an additive commutative monoid of all m×n matrices over the set of non-negative
rational numbers and R be an additive commutative semigroup of all m × n matrices over the
set of nonnegative integers and Γ be the additive commutative semigroup of all n ×m matrices
over the set of non-negative integers. Then with respect to usual matrix multiplication, R is a
Γ-semiring and M is an RΓ-semimodule.

An RΓ-semimodule M is with unity or unitary if there exists an element 1 ∈ R, α ∈ Γ satisfy-
ing mα1 = m = 1αm for all m ∈ M . A non empty subset N of M is a right RΓ-subsemimodule
of M if and only if (i) m + n ∈ N (ii) mαr ∈ N for all m,n ∈ N , r ∈ R and α ∈ Γ. It is ob-
vious that 0M ∈ N . The left RΓ-subsemimodule is defined analogously. Similar, to the module
theory over commutative semirings, it is easy to see that if m1,m2, ...,mn ∈ M , then the finitely
generated RΓ-subsemimodule < m1,m2, ...,mn > of M is the set of all linear combinations of
the elements m1,m2, ...,mn. That is, < m1,m2, ...,mn >= {

∑n
i=1 riαimi | ri ∈ R, αi ∈ Γ}.

Let M be a RΓ-semimodule and I be an ideal of R. Let X be a nonempty subset of M . Then
IΓX = {

∑n
i=1 aiαimi | ai ∈ I, αi ∈ Γ, mi ∈ X} is a RΓ-subsemimodule of M . If M , N are

RΓ-semimodules, then f : M → N is called a RΓ-homomorphism if f(m+ n) = f(m) + f(n)
and f(mαn) = f(m)αf(n) for all m,n ∈ M and α ∈ Γ.

Remark: Throughout this paper, R will be a Γ-semiring with zero elements ‘0’ and identity
element ‘1’, and all RΓ-semimodules are assumed to be unitary unless otherwise stated.

3 Multiplication RΓ-Semimodules

In this section, we investigate some results of multiplication RΓ-semimodules which are general-
ization of the results in multiplication semimodules, modules and ideals [1, 11, 12, 18] and show
in particular that they share some of the properties like finitely generated RΓ-semimodule, cyclic
RΓ-semimodule, faithful RΓ-semimodule, essential RΓ-semimodule and finitely co-generated
RΓ-semimodule. Further, note that if M is a multiplication RΓ-semimodule, then clearly so is
every homomorphic image of M .

Let R be a commutative Γ-semiring and M be an RΓ-semimodule. Let N and L be RΓ-
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subsemimodules of M . We define (N : L) = {r ∈ R | rαL ⊆ N, for all α ∈ Γ}. Then (N : L)
is an ideal of R. (0 : N) is an ideal of R called the annihilating ideal of N . It is denoted by
ann(N). Furthermore, N is said to be faithful if and only if (0 : N) = 0.
Before starting the results, we first define multiplication RΓ-semimodule with an example.

Definition 3.1. Let R be a Γ-semiring. An RΓ-semimodule M is a multiplication RΓ-semimodule
if for each RΓ-subsemimodule N of M there exists an ideal I of R such that N = IΓM .

Example 3.2. Let R be a strong multiplicative Γ-idempotent Γ-semiring. Then every ideal of
R is a multiplication RΓ-semimodule. For, let J be an ideal of R such that I ⊆ J . If x ∈ I ,
then x = xαx ∈ IΓJ for all α ∈ Γ. Therefore, I = IΓJ and hence J is a multiplication
RΓ-semimodule.

Proposition 3.3. Let R be a Γ-semiring and {Iλ}λ∈Λ be a family of ideals of R. If M is an
RΓ-semimodule then (

∑
λ∈Λ

Iλ)ΓM =
∑

λ∈Λ
(IλΓM).

Proof. Let x ∈ (
∑

λ∈Λ
Iλ)ΓM . Then, there exist x1, x2, ..., xk ∈

∑
λ∈Λ

Iλ, α1, α2, ..., αk ∈ Γ

and m1,m2...,mk ∈ M such that x =
∑k

t=1 xtαtmt, it follows that for 1 ≤ t ≤ k, xt =∑kt

j=1 iλjt , with iλjt ∈ Iλjt . Hence, x =
∑k

t=1(
∑kt

j=1 iλjt)αtmt =
∑k

t=1
∑kt

j=1 iλjtαtmt ∈∑
λ∈Λ

(IλΓM). Therefore, (
∑

λ∈Λ
Iλ)ΓM ⊆

∑
λ∈Λ

(IλΓM). Also, since for every λ ∈ Λ,
IλΓM ⊆ (

∑
λ∈Λ

Iλ)ΓM , we conclude that
∑

λ∈Λ
(IλΓM) ⊆ (

∑
λ∈Λ

Iλ)ΓM . Hence, (
∑

λ∈Λ
Iλ)

ΓM =
∑

λ∈Λ
(IλΓM).

Theorem 3.4. Let R be a Γ-semiring and M an RΓ-semimodule, then M is a multiplication
RΓ-semimodule if and only if there exists an ideal I of R such that RΓm = IΓM for all m ∈ M .

Proof. Let M be a multiplication RΓ-semimodule and m ∈ M . Since RΓm is an RΓ-subsemimo-
dule of M and M is a multiplication RΓ-semimodule, so there exists an ideal I of R such that
RΓm = IΓM . Conversely, assume that an ideal I of R exists, such that RΓm = IΓM for all
m ∈ M . Let N be an RΓ-subsemimodule of M . Therefore, for every n ∈ N there exists an
ideal In of R such that RΓn = InΓM . This implies that N =

∑
n∈N RΓn =

∑
n∈N InΓM =

(
∑

n∈N In)ΓM . Let I =
∑

n∈N In. Then, N = IΓM Hence, M is a multiplication RΓ-
semimodule.

The following Theorem is a generalization of (cf. lemma 1.1, [18]).

Theorem 3.5. Let M be an RΓ-semimodule over a Γ-semiring R. Then M is a multiplication
RΓ-semimodule if and only if for every cyclic RΓ-subsemimodule N of the RΓ-semimodule M
there exists an ideal I of R, such that N = IΓM .

Proof. Let N be an RΓ-subsemimodule of an RΓ-semimodule M and {Ni}i∈Λ be the set of
all cyclic RΓ-subsemimodule of N . Let I=

∑
i∈Λ

(Ni : M). Then clearly, I is an ideal. So,
Ni = (Ni : M)ΓM for all i. Thus, N =

∑
i∈Λ

Ni =
∑

i∈Λ
(Ni : M)ΓM = IΓM . Converse is

obvious.

Theorem 3.6. Let M be a multiplication RΓ-semimodule over a Γ-semiring R. If N is a finitely
generated RΓ-subsemimodule of M , then there exists a finitely generated ideal I of R such that
N = IΓM .

Proof. Let N =< x1, x2, ..., xn >. By assumption, we have N = (N : M)ΓM . Therefore,
there exists aij ∈ (N : M), αij ∈ Γ and yij ∈ M . such that xi = ai1αi1yi1 + ai2αi2yi2 +
... + aimαimyim for all i = 1, 2, ..., n and j = 1, 2, ...,m. Let I be an ideal of R generated
by < a11, a12, ..., anm >. it is easy to see that I ⊆ (N : M) and IΓM ⊆ (N : M)ΓM .
On the other hand, since for each xi ∈ N , xi ∈ IΓM . We must have N ⊆ IΓM . Thus,
N ⊆ IΓM ⊆ (N : M)ΓM ⊆ N. Hence, N = IΓM and I is finitely generated.

Let M and N be RΓ-semimodules and f : M → N be an RΓ-homomorphism. If M ′ is an
RΓ-subsemimodule of M and I is an ideal of R then f(IΓM ′) = IΓf(M ′). Now suppose that
f is surjective and N ′ is an RΓ-subsemimodule of N . Put M ′ = {m ∈ M | f(m) ∈ N ′}. Then
f(M ′) = N ′.

It is well known that every homomorphic image of a multiplication semimodule is a mul-
tiplication semimodule [cf. [11], Theorem1]. A similar result holds for multiplication RΓ-
semimodules.
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Theorem 3.7. Let M , N be RΓ-semimodules of a Γ-semiring R and f : M → N be a surjective
RΓ-homomorphism. If M is a multiplication RΓ-semimodule, then N is a multiplication RΓ-
semimodule.

Proof. Let N ′ be an RΓ-subsemimodule of N , then there exists an RΓ-subsemimodule M ′ of M
such that f(M ′) = N ′. Since M is a multiplication RΓ-semimodule so there exists an ideal I of
R such that M ′ = IΓM . Now, N ′ = f(M ′) = f(IΓM) = IΓf(M) = IΓN . Hence, N is a
multiplication RΓ-semimodule.

Definition 3.8. Let M be an RΓ-semimodule and P a maximal ideal of a commutative Γ-semiring
R. Then following, [11] we define TP (M)={m ∈ M | there exist r ∈ R, α ∈ Γ and q ∈ P such
that r + q = 1 and rαm = 0}. If each elements of R and M commutes then clearly, TP (M)
is an RΓ-subsemimodule of M . Further, M is P -cyclic if there exist r ∈ R, q ∈ P , α ∈ Γ and
m ∈ M such that r + q = 1 and rαM ⊆ RΓm.

Theorem 3.9. Let R be a commutative Γ-semiring and M be an RΓ-semimodule then M is
multiplication RΓ-semimodule if either Tp(M) = M or M is P -cyclic for all maximal ideal P
of R.

Proof. Let N be an RΓ-subsemimodule of M and I = (N : M) then IΓM ⊆ N . Let x ∈ N
and J = {r ∈ R | rαx ∈ IΓM for all α ∈ Γ}. J is an ideal of R. If J ̸= R, then there
exists a maximal ideal P of R such that J ⊆ P . If M = TP (M) then there exists r ∈ R,
α ∈ Γ and q ∈ P such that r + q = 1 and 0 = rαx ∈ IΓM . But if r ∈ R and rαx ∈ IΓM
then r ∈ J so J = R, a contradiction as P being a maximal ideal. Thus, M is P -cyclic.
This implies that there exist r ∈ R, q ∈ P , α ∈ Γ and m ∈ M and such that r + q = 1
and rαM ⊆ RΓm. Thus, rαN is an RΓ-subsemimodule of RΓm and rαN = KΓm where
K = {r ∈ R | rαm ∈ rαN}. Moreover, (rΓK)ΓM ⊆ KΓM ⊆ N . Therefore, rΓK ⊆ I . Thus,
rαrαx ∈ rαrαN = rα(rαN) ⊆ rαKΓm ⊆ IΓM . Hence, rαrαx ∈ IΓM . So, rαr ∈ J . Since
J ⊆ P so, P is a maximal ideal, which is a contradiction. Thus, J = R and x ∈ IΓM . This
implies that N ⊆ IΓM . Also, IΓM ⊆ N . Hence, N = IΓM .

Theorem 3.10. Let R be a commutative Γ-srmiring. If M is a multiplication RΓ-semimodule,
then for every maximal ideal P of R either M = {m ∈ M | m = qαm for some q ∈ P, α ∈ Γ}
or M is P -cyclic.

Proof. Let M be a multiplication RΓ-semimodule and P be a maximal ideal of R.
Case-I

When M = PΓM . If m ∈ M , then there exists an ideal I of R such that RΓm = IΓM .
Hence, RΓm = IΓPΓM = PΓIΓM = PΓm. Therefore m = qαm for some q ∈ P and α ∈ Γ.
Case-II

Let M ̸= PΓM . Then there exists x ∈ M such that x /∈ PΓM . So, for any ideal I of R,
RΓx = IΓM . If I ⊆ P , then x ∈ IΓM ⊆ PΓM , which is a contradiction. Thus I ⊈ P . Since
P is a maximal ideal of R, so P + I = R. Thus, there exists r ∈ I , α ∈ Γ and q ∈ P such that
r + q = 1. Moreover, rαM ⊆ IΓM = RΓx. Hence, M is P -cyclic.

Theorem 3.11. Let R be a Γ-semiring and M a faithful RΓ-semimodule. Then M is a multipli-
cation RΓ-semimodule if and only if

(i) For any non-empty collection {Iλ : λ ∈ Λ} of ideals in R, (
⋂

λ∈Λ
Iλ)ΓM =

⋂
λ∈Λ

(IλΓM).

(ii) For any RΓ-subsemimodule N of M and any ideal I in R with N ⊆ IΓM , there exists an
ideal J in R such that J ⊆ I and N ⊆ JΓM .

Proof. Suppose conditions (i) and (ii) hold. Let N be an RΓ-subsemimodule of M and S =
{I : I is an ideal of R and N ⊆ IΓM}. Clearly R ∈ S. Let Iλ be any non-empty collection of
ideals in S. By (i)

⋂
λ∈Λ

Iλ ∈ S. So, by Zorn’s lemma, S has a minimal element, say I . Then
N ⊆ IΓM . Suppose that N ̸= IΓM . By (ii), there exists an ideal J with J ⊆ I and N ⊆ JΓM .
In this case, J ∈ S, contradicting the choice of I . Thus, N = IΓM . It follows that M is a
multiplication RΓ-semimodule.
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Conversely, Suppose M is a multiplication RΓ-semimodule.
(i) Let N =

⋂
λ∈Λ

(IλΓM).
Since each IλΓM is an RΓ-subsemimodule of M , so N =

⋂
λ∈Λ

(IλΓM) is an RΓ-subsemimodule
of M . But M is a multiplication RΓ-semimodule so there exists an ideal J of R such that N =
JΓM . Thus, J ⊆ Iλ for all λ ∈ Λ. Hence, J ⊆

⋂
λ∈Λ

Iλ implies that JΓM ⊆ (
⋂

λ∈Λ
Iλ)ΓM .

This implies that
⋂

λ∈Λ
(IλΓM) ⊆ (

⋂
λ∈Λ

Iλ)ΓM . Again, let m ∈ (
⋂

λ∈Λ
Iλ)ΓM . Then for

every λ ∈ Λ, there exists aλ ∈ Iλ, α ∈ Γ such that m = aλαm. Hence, m ∈ IλΓM for all λ.
Thus, m ∈

⋂
λ∈Λ

(IλΓM). This implies that (
⋂

λ∈Λ
Iλ)ΓM ⊆

⋂
λ∈Λ

(IλΓM).
(ii) Let N be an RΓ-subsemimodule of M and I an ideal of R such that N ⊆ IΓM . Since, M
is a multiplication RΓ-semimodule then there exists an ideal K of R such that N = KΓM . Let
J = I ∩K. Clearly, J ⊆ I and N ⊆ IΓM ∩KΓM = (I ∩K)ΓM = JΓM .

Now, we have an immediate result of Theorem 3.11.

Corollary 3.12. Let R be a Γ-semiring and M a faithful RΓ-semimodule. Then M is a multipli-
cation RΓ-semimodule if and only if

(i) For any non-empty collection {Iλ : λ ∈ Λ} of ideals in R, (
⋂

λ∈Λ
Iλ)ΓM =

⋂
λ∈Λ

((Iλ +
ann(M))ΓM).

(ii) For any RΓ-subsemimodule N of M and any ideal I in R with N ⊆ IΓM , there exists an
ideal J in R such that J ⊆ I and N ⊆ JΓM .

The following definition is analogous to the definition in [12].

Definition 3.13. An RΓ-subsemimodule E of an RΓ-semimodule M is called an essential RΓ-
subsemimodule provided E ∩ N ̸= 0 for every non-zero RΓ-subsemimodule N ⊆ M . If E
is essential in M , then we denote it by E ⊆e M . An essential ideal of R is an essential RΓ-
subsemimodule of the RΓ-semimodule R.

We generalize the following results from [4, 12] to RΓ-semimodules.

Theorem 3.14. Let R be a Γ-semiring and M a faithful multiplication RΓ-semimodule. Then an
RΓ-subsemimodule N of M is essential if and only if an essential ideal I of R exists such that
N = IΓM .

Proof. Suppose that N is an essential RΓ-subsemimodule of M . Since M is a multiplication RΓ-
semimodule so for RΓ-subsemimodule N of M there exists an ideal I of R such that N = IΓM .
Suppose that I ∩ J = 0 for some ideal J of R. By Theorem 3.11, we have JΓM = 0. But M is
faithful. This implies that J = 0. Hence, I is an essential ideal of R. Conversely, suppose that
I is an essential ideal of R. Let K be an RΓ-subsemimodule of M such that (IΓM) ∩ K = 0.
Since, M is a multiplication RΓ-semimodule, so there exists an ideal J of R with K = JΓM
Thus, (I ∩ J)ΓM ⊆ IΓM ∩ JΓM ⊆ IΓM ∩ K = 0. Also, M is faithful, therefore it follows
that I ∩ J = 0 this implies J = 0. Hence, IΓM is an essential RΓ-subsemimodule of M .

Let R be a Γ-semiring and M an RΓ-semimodule. Then, we define,

(i) Z(R) = {r ∈ R | rαs = 0 for some 0 ̸= s ∈ R and for all 0 ̸= α ∈ Γ} . That is the set of
all zero divisors of R.

(ii) Z(M) = {r ∈ R | rαm = 0 for some 0 ̸= m ∈ M and for all 0 ̸= α ∈ Γ}. That is the set
of all zero divisors of M .

(iii) We define the socle of M by Soc(M), to be Soc(M) = ∩{N | N ⊆e M}. (cf. [12])

Theorem 3.15. Let M be a commutative and faithful multiplication RΓ-semimodule, then

(i) Soc(M) = Soc(R)ΓM

(ii) Z(M) = Z(R).

Proof. (i) Let E(M) denotes the collection of all essential RΓ-subsemimodule of the RΓ-
semimodule M and E(R) denotes the set of all essential ideal of R.
Now, Sco(M) = ∩N∈E(M)N = ∩E∈E(R)(EΓM) = (∩E∈E(R)E)ΓM = Soc(R)ΓM .
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(ii) Let r ∈ Z(M). Then for some 0 ̸= m ∈ M and for all 0 ̸= α ∈ Γ, rαm = 0. Since RΓm
is a RΓ-subsemimodule of M and M being a multiplication RΓ-semimodule so there exists
an ideal I of R such that RΓm = IΓM . Now, rΓIΓM = rΓRΓm = RΓrΓm = 0 and
hence rΓI = 0, since M is faithful. Clearly, I ̸= 0 and r ∈ Z(R). Thus, Z(M) ⊆ Z(R).
Conversely, Let a ∈ Z(R). Then for some 0 ̸= s ∈ R and for all 0 ̸= α ∈ Γ, rαs = 0.
Since M is faithful so sΓM ̸= 0 and rα(sΓM) = 0. This implies that r ∈ Z(M). Hence,
Z(R) ⊆ Z(M).

Definition 3.16. An RΓ-semimodule M is finitely co-generated if for every set A of an RΓ-
subsemimodule of M ∩A = 0 if and only if ∩F = 0 for some finite set F ⊆ A. The Γ-semiring
R is called finitely co-generated if it is finitely co-generated as an RΓ-semimodule.

Theorem 3.17. Let R be a Γ-semiring and M a faithful multiplication RΓ-semimodule. Then M
is finitely co-generated if and only if R is finitely co-generated.

Proof. Let M be finitely co-generated. Let Iλ(λ ∈ Λ) be a non empty collection of ideals
of R such that ∩λ∈ΛIλ = 0. So by Theorem 3.11, ∩λ∈Λ(IλΓM) = 0. Since M is finitely
co-generated, so there exists a finite subset Λ′ of Λ such that ∩λ∈Λ′(IλΓM) = 0. Thus,
(∩λ∈Λ′Iλ)ΓM = 0. But M is faithful so ∩λ∈Λ′Iλ = 0. It follows that R is finitely co-generated.
Conversely, suppose R is finitely co-generated. Let Nλ(λ ∈ Λ) be a non-empty collection of
RΓ-subsemimodule of M such that ∩λ∈ΛNλ = 0. Further, λ ∈ Λ there exists an ideal Aλ

of R such that Nλ = AλΓM . Clearly, (∩λ∈ΛAλ)ΓM ⊆ ∩λ∈ΛNλ. Thus, ∩λ∈ΛAλ = 0 and
by hypothesis there exists a finite subset Λ′ of Λ such that ∩λ∈Λ′Aλ = 0. By Theorem 3.11,
∩λ∈Λ′Nλ = ∩λ∈Λ′(AλΓM) = (∩λ∈Λ′Aλ)ΓM = 0. Hence, M is finitely co-generated.

4 Conclusion

This study is centered on the development of the theory of multiplication RΓ-semimodule as a
generalization of the concept of multiplication semimodules. Further, we defined the concept
of cyclic, finitely generated, essential, and finitely co-generated RΓ-semimodules. So the con-
cept of the multiplication RΓ-semimodule is helpful in the field of multiplicatively cancellative
multiplication RΓ-semimodule, additively cancellative multiplication RΓ-semimodule, content
RΓ-semimodules and content RΓ-semialgebras by different researchers to explore more in the
field of RΓ-semimodules.
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