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Abstract: This paper aims to introduce and investigate the properties of multiplication Rr-
semimodules over I'-semirings. This paper reviews the results related to multiplication modules,
multiplication semimodules, and multiplication I'-modules over I'-semirings. In this paper, we
study Rr-semimodules over I'-semirings and examine in particular, when such Rr-semimodules
are cyclic, finitely generated, essential or finitely co-generated.

1 Introduction

N. Nobusawa [13] first proposed the concept of I'-ring in 1964 as a generalization of the ring.
Berns [3] weakened slightly the conditions in the definition of I'-ring in the sense of Nobusawa.
After the I'-ring was defined by Barns and Nobusawa, many researchers studied the I'-ring.
Berns [3], Kyuno [8], and Luh [9] studied the structure of I'-ring and obtained various general-
izations analogous to corresponding parts in ring theory. In 1995, M.M.K. Rao [14] introduced
the concept of a I'-semiring as a generalization of I'-rings and semirings. Later on Jagatap and
Pawar([7], Rao and Venkateswarlu [15], studied various concepts of structure space of prime ide-
als and k- weakly primary ideals respectively and they enriched the theory of I'-semirings.

The concept of multiplication module was studied by Mehdi[2], Barnard[4], El-Bast and Smith
[10] with the development of I'-ring by Nobusawa [13] and Barnes [3]. The concept of multi-
plication I'-modules was studied by Estaji et al. [5]. Further, Nazari and Ghalandarzadeh [11]
investigate some properties of multiplication semimodules and generalize some results on mul-
tiplication modules to semimodules. In 2024, Swomin [17] introduced and investigated several
properties of k-content semimodules as a generalization of content modules.

In this paper, we prove that the surjective I'-homomorphic image of multiplication Rr-
semimodule is multiplication Rr-semimodule. Also, we define T,,(M ), P-cyclic, and proved
some results on this property. Further, we define essential and finitely co-generated Rr-semimodule
and prove that if R is a I'-semiring and M is a faithful multiplication Rr-semimodule, then an
Rr-subsemimodule IV of M is essential if and only if an essential ideal I of R exists such that
N = IT'M. Further, if R is a ['-semiring and M a faithful multiplication Rp-semimodule, then
M is finitely co-generated if and only if R is finitely co-generated.

2 Preliminaries

We recall from [6, 14, 16], some basic notations, definitions and examples of I"-semirings and
Rr-semimodules needed for this paper.

Let R and I" be two additive commutative semigroups. Then R is called a I'-semiring if there
existsamap R x I' x R — R ( (X,a,y)— zay) such that for all z,y,z € R and «, 3 € T the
following conditions hold: (i) (z + y)az = zaz + yaz, (i) za(y + 2) = zay + zaz, (iii)
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z(a+ B)z = vaz + zfz, (iv) (zay)Bz = za(yBz).

Let A and B be semirings and let R = Hom(A, B) and I' = Hom(B, A) denote the sets of
homomorphisms from A to B and B to A respectively, then R is a I'— semiring with operations
of pointwise addition and composition of mappings.

Let M be a I'— ring and let R be the set of ideals of M define addition in a natural way and
if A,B € R, vy €T, let AyB denote the ideal generated by {z~vy | z,y € M}, then RisaI'—
semiring.

A T-semiring R is said to have a zero element if O)ax =0 =2xa0and 0+ 2z =z = = + 0 for
allz € Rand o € I'. R is said to have identity element 1 if for all x € R there exist « € I" such
that lax = x = zal. R is said to be commutative if xay = yax for all x,y € Rand o € T
An element = of R is said to be I'-multiplicative I'-idempotent if there exists o € I' such that
rax = x. If every element of R is I'-multiplicative I'-idempotent, then R is called multiplicative
I'-idempotent I'-semiring. An element x of R is said to be strong I'-multiplicative I'-idempotent
if for all & € I', zax = z. If every element of R is strong I'-multiplicative I"-idempotent, then
R is called strong multiplicative I'-idempotent I'-semiring. A non-empty subset I of R is said
to be the left (right) ideal of R if I is a sub semigroup of (R, +) and zay € I (yax € I) for all
y €I,z € Rand o € I'. If I is the left and right ideal of R, then I is known as an ideal of R.
Let R be a I'-semiring and z, 23, ..., x,, € R, then finitely generated ideal < xi, x3, ..., x,, > of
R is the set of all linear combinations of the elements x, s, ..., z,,. Thatis, < x1, 2, ...,z, > =
{3 riauxi | ri € R,a; € T'}. Anideal in R is finitely generated if a finite set of elements can
generate it. A proper ideal M of R is a maximal ideal if no other proper ideal of R containing
M properly exists.

Let Rbe al-semiring. An additive commutative monoid M is said to be right Rr-semimodule
if there exist a mapping M x I' x R — M (images to be denoted by mar where m € M, a € T,
r € R) satisfying the following conditions: (i) (m-+n)ar = mar+nar, (i) ma(r+s) = mar+
mas, (iii) m(a + 8)r = mar + mpBr, (iv) (mar)Bs = ma(rBs), (v) Oprar = 03y = maOg for
allr,s € R, a, 8 € I'and m,n € M. Similarly, a left Rp-semimodule is defined analogously.

Let M be an additive commutative monoid of all m x n matrices over the set of non-negative
rational numbers and R be an additive commutative semigroup of all m x n matrices over the
set of nonnegative integers and I" be the additive commutative semigroup of all n x m matrices
over the set of non-negative integers. Then with respect to usual matrix multiplication, R is a
I'-semiring and M is an Rr-semimodule.

An Rr-semimodule M is with unity or unitary if there exists an element 1 € R, «a € I' satisfy-
ing mal = m = lam for allm € M. A non empty subset N of M is aright Rr-subsemimodule
of M if and only if (i) m +n € N (ii)) mar € N forallm,n € N,r € Rand a € T'. It is ob-
vious that 0p; € N. The left Rr-subsemimodule is defined analogously. Similar, to the module
theory over commutative semirings, it is easy to see that if mj, my, ..., m,, € M, then the finitely
generated Rr-subsemimodule < my, my,...,m, > of M is the set of all linear combinations of
the elements m;, ma, ..., my,. Thatis, < mi,ma,...,m, >= {>1"  ra;m; | r; € R, o € T'}.
Let M be a Rr-semimodule and I be an ideal of R. Let X be a nonempty subset of M. Then
ITX = {30 aicm; | a; €I, a; €T, m; € X} is a Rp-subsemimodule of M. If M, N are
Rr-semimodules, then f : M — N is called a Rp-homomorphism if f(m +n) = f(m) + f(n)
and f(man) = f(m)af(n) forall m,n € M and « € T

Remark: Throughout this paper, R will be a I'-semiring with zero elements ‘0’ and identity
element ‘1°, and all Rr-semimodules are assumed to be unitary unless otherwise stated.

3 Multiplication Rr--Semimodules

In this section, we investigate some results of multiplication Rr-semimodules which are general-
ization of the results in multiplication semimodules, modules and ideals [1, 11, 12, 18] and show
in particular that they share some of the properties like finitely generated Rr-semimodule, cyclic
Rr-semimodule, faithful Rr-semimodule, essential Rr-semimodule and finitely co-generated
Rr-semimodule. Further, note that if M is a multiplication Rr-semimodule, then clearly so is
every homomorphic image of M.

Let R be a commutative I'-semiring and M be an Rr-semimodule. Let N and L be Rr-
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subsemimodules of M. We define (N : L) = {r € R | raL C N, forall « € I'}. Then (N : L)
is an ideal of R. (0 : N) is an ideal of R called the annihilating ideal of N. It is denoted by
ann(N). Furthermore, N is said to be faithful if and only if (0 : N) = 0.

Before starting the results, we first define multiplication Rr-semimodule with an example.

Definition 3.1. Let R be aI'-semiring. An Rr-semimodule M is a multiplication Rr-semimodule
if for each Rr-subsemimodule N of M there exists an ideal I of R such that N = IT'M.

Example 3.2. Let R be a strong multiplicative I'-idempotent I'-semiring. Then every ideal of
R is a multiplication Rp-semimodule. For, let J be an ideal of R such that I C J. If x € I,
then © = zax € ITJ for all « € T. Therefore, I = IT'J and hence J is a multiplication
Rr-semimodule.

Proposition 3.3. Let R be a I'-semiring and {I)}xeca be a family of ideals of R. If M is an
Rr-semimodule then (3, oo IN)TM = 37 A(INI'M).

Proof. Let z € (3_ycp I\)TM. Then, there exist x1,22,...,2x € Y ycp Do, 1,2, .,00 € T
and my, my...,myp € M such that x = Zlextatmt, it follows that for 1 < ¢t < k, 2 =
Z?t:ﬂkjw with iy,, € I,,,. Hence, z = Zf;l(Z;?t:li,\jt)atmt = Zf;l Ef;l ix;, My €
Y oaea(INI'M). Therefore, (3,0 IN)TM C 37\ A(INI'M).  Also, since for every A € A,
INI'M C (3", e In)T'M, we conclude that 3, . (INI'M) € (3°, 0 In)TM. Hence, (3,4 In)
TM =Y, A (ILTM). O

Theorem 3.4. Let R be a I'-semiring and M an Rr-semimodule, then M is a multiplication
Rr-semimodule if and only if there exists an ideal I of R such that RI'm = ITM for allm € M.

Proof. Let M be a multiplication Rr-semimodule and m € M. Since RI'm is an Rr-subsemimo-
dule of M and M is a multiplication Rr-semimodule, so there exists an ideal I of R such that
RI'm = IT'M. Conversely, assume that an ideal I of R exists, such that RI'm = IT'M for all
m € M. Let N be an Rr-subsemimodule of M. Therefore, for every n € N there exists an
ideal I,, of R such that RI'n = I,,[’'M. This implies that N = > _ RI'n =3 _\ I,['M =
O penIn)TM. Let I = > _\I,. Then, N = IT'M Hence, M is a multiplication Rr-
semimodule. O

The following Theorem is a generalization of (cf. lemma 1.1, [18]).

Theorem 3.5. Let M be an Rr-semimodule over a I'-semiring R. Then M is a multiplication
Rr-semimodule if and only if for every cyclic Rr-subsemimodule N of the Rr-semimodule M
there exists an ideal I of R, such that N = IT"M.

Proof. Let N be an Rr-subsemimodule of an Rr-semimodule M and {N;};ca be the set of
all cyclic Rr-subsemimodule of N. Let I=),_,(N; : M). Then clearly, I is an ideal. So,
N; = (N; : M)I'M for all 3. Thus, N = 3", A Ny = >, cA(N; : M)I'M = IT'M. Converse is
obvious. O

Theorem 3.6. Let M be a multiplication Rr-semimodule over a I'-semiring R. If N is a finitely
generated Rr-subsemimodule of M, then there exists a finitely generated ideal I of R such that
N =1ITM.

Proof. Let N =< z1,23,...,x, >. By assumption, we have N = (N : M) M. Therefore,
there exists a;; € (N : M), o;; € T'and y;; € M. such that z; = a;101Yi1 + Gy +
o F Qi mYim forall i = 1,2, ... nand j = 1,2,...,m. Let I be an ideal of R generated
by < ai1,a12, ..., Apm >. itis easy to see that I C (N : M) and ITM C (N : M)T'M.
On the other hand, since for each z; € N, x; € IT'M. We must have N C IT'M. Thus,
N CITM C (N :M)I'M C N.Hence, N = IT'M and I is finitely generated. O

Let M and N be Rr-semimodules and f : M — N be an Rp-homomorphism. If M’ is an
Rr-subsemimodule of M and I is an ideal of R then f(IT'M') = IT f(M’). Now suppose that
f is surjective and N’ is an Rr-subsemimodule of N. Put M’ = {m € M | f(m) € N’}. Then
FM') = N,

It is well known that every homomorphic image of a multiplication semimodule is a mul-
tiplication semimodule [cf. [11], Theoreml]. A similar result holds for multiplication Rp-
semimodules.
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Theorem 3.7. Let M, N be Rr-semimodules of a I'-semiring R and f : M — N be a surjective
Rr-homomorphism. If M is a multiplication Rr-semimodule, then N is a multiplication Rr-
semimodule.

Proof. Let N’ be an Rr-subsemimodule of N, then there exists an Rpr-subsemimodule M’ of M
such that f(M') = N’. Since M is a multiplication Rr-semimodule so there exists an ideal I of
R such that M’ = ITM. Now, N’ = f(M’') = f(ITM) = IUf(M) = ITN. Hence, N is a
multiplication Rr-semimodule.

]

Definition 3.8. Let M be an Rr-semimodule and P a maximal ideal of a commutative I'-semiring
R. Then following, [11] we define Tp(M)={m € M | there existr € R, « € I"and ¢ € P such
that » + ¢ = 1 and ram = 0}. If each elements of R and M commutes then clearly, T (M)
is an Rpr-subsemimodule of M. Further, M is P-cyclic if there exist r € R, ¢ € P, a« € I and
m € M such thatr + ¢ =1 and raM C RI'm.

Theorem 3.9. Let R be a commutative I'-semiring and M be an Rr-semimodule then M is
multiplication Rr-semimodule if either T,(M) = M or M is P-cyclic for all maximal ideal P
of R.

Proof. Let N be an Rr-subsemimodule of M and I = (N : M) then ITM C N. Letxz € N
and J = {r € R|rax € ITM for all « € T'}. Jis an ideal of R. If J # R, then there
exists a maximal ideal P of R such that J C P. If M = Tp(M) then there exists r € R,
a€landg € Psuchthatr +¢g = 1and 0 = rax € ITM. Butifr € R and rax € ITM
then r € J so J = R, a contradiction as P being a maximal ideal. Thus, M is P-cyclic.
This implies that there exist r € R, ¢ € P, « € I'and m € M and such that r + ¢ = 1
and raM C RI'm. Thus, ralN is an Rr-subsemimodule of RI'm and raN = KI'm where
K ={r € R|ram € raN}. Moreover, (rI' K)TM C KI'M C N. Therefore, r['K C I. Thus,
rarax € raraN = ra(raN) C raKI'm C ITM. Hence, rarax € ITM. So, rar € J. Since
J C P so, P is a maximal ideal, which is a contradiction. Thus, J = R and x € IT'M. This
implies that N C IT'M. Also, ITM C N. Hence, N = IT' M. O

Theorem 3.10. Let R be a commutative U-srmiring. If M is a multiplication Rr-semimodule,
then for every maximal ideal P of R either M = {m € M | m = qam for some q € P, « € T’}
or M is P-cyclic.

Proof. Let M be a multiplication Rr-semimodule and P be a maximal ideal of R.
Case-1

When M = PI'M. If m € M, then there exists an ideal I of R such that RI'm = IT'M.
Hence, RI'm = ITPT'M = PT'IT'M = PI'm. Therefore m = gam for some ¢ € P and o € T.
Case-II

Let M # PT'M. Then there exists z € M such that x ¢ PT'M. So, for any ideal I of R,
RI'zx = ITM. If I C P, then z € IT'M C PI'M, which is a contradiction. Thus I SZ P. Since
P is a maximal ideal of R, so P 4+ I = R. Thus, there exists » € I, a € I" and ¢ € P such that
r 4+ g = 1. Moreover, raM C IT'M = RI'z. Hence, M is P-cyclic. O

Theorem 3.11. Let R be a I'-semiring and M a faithful Rr-semimodule. Then M is a multipli-
cation Rr-semimodule if and only if

(i) For any non-empty collection {I) : X\ € A} of ideals in R, ((ycp IN)TM = (NycpA(INI'M).

(ii) For any Rr-subsemimodule N of M and any ideal I in R with N C IT'M, there exists an
ideal J in R such that J C I and N C JI'M.

Proof. Suppose conditions () and (i7) hold. Let N be an Rr-subsemimodule of M and S =
{I : I'isanideal of Rand N C IT'M}. Clearly R € S. Let I, be any non-empty collection of
ideals in S. By (i) (N ca Ix € S. So, by Zorn’s lemma, S has a minimal element, say I. Then
N C IT'M. Suppose that N # IT'M. By (i1), there exists an ideal J with J C I and N C JT'M.
In this case, J € S, contradicting the choice of /. Thus, N = IT'M. It follows that M is a
multiplication Rr-semimodule.
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Conversely, Suppose M is a multiplication Rr-semimodule.

(i) Let N = N ea(INI'M).

Since each I,I'M is an Rp-subsemimodule of M, so N = (), (IxI'M) is an Rr-subsemimodule
of M. But M is a multiplication Rr-semimodule so there exists an ideal J of R such that N =
JU'M. Thus, J C I, forall A € A. Hence, J C [, I implies that JTM C (N, I\)TM.
This implies that [, ., (I\NI'M) € (Nyca IN)TM. Again, let m € (o Ix)TM. Then for
every A € A, there exists ay € I, o € I such that m = ayam. Hence, m € I, I'M for all A.
Thus, m € (,ca(INI'M). This implies that (Vo5 I3)TM C (N, ca(INTM).

(#4) Let N be an Rr-subsemimodule of M and I an ideal of R such that N C IT'M. Since, M
is a multiplication Rr-semimodule then there exists an ideal K of R such that N = KI'M. Let
J=INK.Clearly, JCTand N CITMNKI'M =(INK)I'M = JI'M. O

Now, we have an immediate result of Theorem 3.11.

Corollary 3.12. Let R be a I'-semiring and M a faithful Rr-semimodule. Then M is a multipli-
cation Rr-semimodule if and only if

(i) For any non-empty collection {I : A € A} of ideals in R, ((ycp IN)TM = yca((Ix +
ann(M))T'M).

(ii) For any Rr-subsemimodule N of M and any ideal I in R with N C IT'M, there exists an
ideal J in R such that J C I and N C JI'M.

The following definition is analogous to the definition in [12].

Definition 3.13. An Rr-subsemimodule E of an Rr-semimodule M is called an essential Rr-
subsemimodule provided £ N N # 0 for every non-zero Rr-subsemimodule N C M. If £
is essential in M, then we denote it by £ C. M. An essential ideal of R is an essential Rp-
subsemimodule of the Rp-semimodule R.

We generalize the following results from [4, 12] to Rr-semimodules.

Theorem 3.14. Let R be a I'-semiring and M a faithful multiplication Rr-semimodule. Then an
Rr-subsemimodule N of M is essential if and only if an essential ideal I of R exists such that
N =1IT'M.

Proof. Suppose that N is an essential Rp--subsemimodule of M. Since M is a multiplication Rr-
semimodule so for Rr-subsemimodule N of M there exists an ideal I of R such that N = IT'M.
Suppose that I N J = 0 for some ideal J of R. By Theorem 3.11, we have JI'M = 0. But M is
faithful. This implies that J = 0. Hence, I is an essential ideal of R. Conversely, suppose that
I is an essential ideal of R. Let K be an Rr-subsemimodule of M such that (IT'M) N K = 0.
Since, M is a multiplication Rr-semimodule, so there exists an ideal J of R with K = JI'M
Thus, (I NJ)ITM C ITMNJI'M C ITM N K = 0. Also, M is faithful, therefore it follows
that 7 N J = 0 this implies J = 0. Hence, IT"'M is an essential Rpr-subsemimodule of M. O

Let R be a I'-semiring and M an Rr-semimodule. Then, we define,

(i) Z(R) ={r € R|ras=0forsome 0 # s € R and for all 0 # « € I'} . That is the set of
all zero divisors of R.

(ii)) Z(M) = {r € R| ram = 0 for some 0 # m € M and for all 0 # « € I'}. That is the set
of all zero divisors of M.

(iii) We define the socle of M by Soc(M), to be Soc(M) =N{N | N C. M}. (cf. [12])
Theorem 3.15. Let M be a commutative and faithful multiplication Ry-semimodule, then

(i) Soc(M) = Soc(R)T'M

(ii) Z(M) = Z(R).
Proof. (i) Let E(M) denotes the collection of all essential Rr-subsemimodule of the Rr-

semimodule M and E(R) denotes the set of all essential ideal of R.
NOW, SCO(M) = ﬁNEE(M)N = ﬂEeE(R) (EFM) = (ﬂEeE<R)E)FM = SOC(R)FM
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(ii) Letr € Z(M). Then for some 0 # m € M and for all 0 # « € ', ram = 0. Since RI'm
is a Rr-subsemimodule of M and M being a multiplication Rr-semimodule so there exists
an ideal I of R such that RI'm = IT'M. Now, rI'ITM = rI'RI'm = RI'rT'm = 0 and
hence rI'I = 0, since M is faithful. Clearly, I # 0 and r € Z(R). Thus, Z(M) C Z(R).
Conversely, Let a € Z(R). Then for some 0 # s € Rand forall 0 # o € T, ras = 0.
Since M is faithful so sSI'M # 0 and ra(sI'M) = 0. This implies that » € Z (). Hence,
Z(R) C Z(M).

]

Definition 3.16. An Rr-semimodule M is finitely co-generated if for every set A of an Rr-
subsemimodule of M NA = 0 if and only if NF" = O for some finite set F* C A. The I'"-semiring
R is called finitely co-generated if it is finitely co-generated as an Rr-semimodule.

Theorem 3.17. Let R be a I'-semiring and M a faithful multiplication Rr-semimodule. Then M
is finitely co-generated if and only if R is finitely co-generated.

Proof. Let M be finitely co-generated. Let I,(A € A) be a non empty collection of ideals
of R such that Nyealx = 0. So by Theorem 3.11, Nyca(I,I'M) = 0. Since M is finitely
co-generated, so there exists a finite subset A’ of A such that Nyea (INI'M) = 0. Thus,
(Naea Ix)T'M = 0. But M is faithful so Nyea Iy = 0. It follows that R is finitely co-generated.
Conversely, suppose R is finitely co-generated. Let Ny(A € A) be a non-empty collection of
Rr-subsemimodule of M such that Nyca Ny = 0. Further, A € A there exists an ideal Ay
of R such that Ny = A,'M. Clearly, (NxcaAx)TM C NxeaNx. Thus, NyepaAdx = 0 and
by hypothesis there exists a finite subset A’ of A such that Nycar Ay = 0. By Theorem 3.11,
Mxea’Nx = Maear (ATM) = (Naear Ax)I'M = 0. Hence, M is finitely co-generated. O

4 Conclusion

This study is centered on the development of the theory of multiplication Rr-semimodule as a
generalization of the concept of multiplication semimodules. Further, we defined the concept
of cyclic, finitely generated, essential, and finitely co-generated Rr-semimodules. So the con-
cept of the multiplication Rr-semimodule is helpful in the field of multiplicatively cancellative
multiplication Rr-semimodule, additively cancellative multiplication Rr--semimodule, content
Rr-semimodules and content Rr-semialgebras by different researchers to explore more in the
field of Rr-semimodules.
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