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Abstract. The purpose of the present paper is to introduce a new subclass of analytic func-
tions denoted by G, defined in the open unitdisk D := {z € C : |z| < 1} subordinate to secant
hyperbolic function. The left hand side of the subclass G, is defined by taking into account
the linear combination of starlike function and convex function with respect to symmetric points.
We investigate upper bounds of some of the initial coefficients, Fekete-Szego functional, Han-
kel determinant of order two and three for the said class. Further, we determine the bounds of
logarithmic coefficient, inverse coefficient and logarithmic coefficients of inverse functions for
such family. Zalcman conjecture, Krushkal inequality and the bounds of modulo difference of
two consecutive logarithmic coefficients of inverse functions are obtained as a particular cases.

1 Introduction and Motivation

Let 2 denote the class of all analytic and normalized functions in the open unit disk D = {¢ €
C : |¢| < 1} and having the Taylor-Maclaurin’s series expansion of the form:

FO=¢+D an™ (¢eD). (L.1)
n=2

Let S be the subclass of 2 consisting of univalent functions in ID. Let P be the class of analytic
functions defined in the unit disk D of the form:

p(Q) =1+ pul", (C€D) (1.2)
n=1

and satisfy the condition of Re{p(¢)} > 0. So such function in P is called function with positive
real part in .

Suppose that f and g are two analytic functions in ID. The function f is said to be subordinated
to g, written symbolically as f(¢) < ¢(¢) if there exists a Schwarz function w({) with w(0) = 0
and |w(¢)| < 1 for all ¢ € D such that f({) = g(w(¢)) (¢ € D). Using the well-known
Schwarz lemma, we observe that f(¢) < g(¢) = f(0) = ¢(0) and f(D) C ¢g(D). If g is
univalent in D, then

F(€) =< 9(Q) = f(0) = g(0) and f(D) C g(D).

While proving the Bieberbach conjecture, many scholars have investigated and studied the prop-
erties of many interesting subclasses of the class S. Among such class, the class of starlike
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functions defined by

S* :—{fte:Re(Cﬁg)> >0 (CEID))}.

In 1992, Ma and Minda [15] extended various subclasses of starlike functions for which the
quantity 4}’: (,é? is subordinated to a more general function. They considered an analytic function
¢ with positive real part in the unit disk D, with ¢(0) = 1, ¢’(0) > 0 and ¢ maps D onto
a starlike domain with respect to 1 and symmetric with respect to the real axis. The class of
Ma-Minda starlike functions consists of functions f € 2 satisfying the subordination

¢f'(<)
f(©)

A function f is said to be convex in C if it maps the open disk D conformally onto a region that
is convex. We consider another class which is denoted by Cg i.e. a function f € 2l is said to be
convex with respect to symmetric points if and only if,

(Cf'(Q))
Re((f@)fKOV

In recent years, finding upper bounds for the modules of Hankel determinants for various sub-
classes of analytic functions has become a significant area of research in the geometric function
theory.

For a function f € 2A given by (1.1), Pommerenke [23, 24] introduced the k" Hankel determi-
nant as follows:

=< ¢(C). (1.3)

)>o (¢ eD). (1.4)

an An41 An+k—1
Apt+1 Gp42 - An+k
Hypn(f) = : : : : (a1 =1inkeN=1,2,3---). (1.5)
Antk—1 Antk  *° OQp42(k—1)

It is useful to know whether certain coefficient functionals related to the function f are bounded
in D or not. For fixed values of k£ and n, the growth rate of Hy, ,,(f) as n — oo was studied by
Noonan and Thomas [18] and Noor [19] for different subfamilies of the univalent functions for
the class S. Pommerenke (see [23]) discussed some of the applications of Hankel determinant
in the study of singularities.

For k=2, n=1and k = n = 2, we have

1 a
Hyy(f) = *| = a3 - d}, (1.6)
az aj
and
a a
Har(f) =17 7| = azay — . (1.7)
a3z aq

Note that, H, (f) and H,>(f) are popularly known as Fekete-Szego functional and second
Hankel determinant respectively. The generalization of Fekete-Szego functional is defined as
laz — pa3| for u € C.

For, ¢ = 3 and n = 1, we have Hj3(f) is known as Hankel determinant of third order,
defined as:

1 az aj
H371(f) =lay a3 a4|= ag(a2a4 — a%) — a4(a4 - a2a3) -+ as(a3 — a%) (1.8)
as a4 Qs
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Various researchers have considered the determinant for different subclasses of 2 in diverse di-
rection and their results are available in literature (see [1, 2, 5, 10, 17, 20, 21, 22]).

Recently, Hu and Deng (see [8]) introduced and studied the class H (), ) defined by,

, A
<1—mu«o%*+A(ﬂ5qgﬂo) < 6(C),

and investigate the upper bounds of the third and fourth Hankel determinant and also bound on
third Hankel determinant of its inverse function in the special case when ¢(¢) = H%
Further, Bano et al. [3] (also see [25]) introduced and studied the class Sy, defined by

¢f'(©)
f(©)

and investigated sharp bounds of initial coefficients results and Hankel determinants of order two
and three for the function f and its inverse function f~! for such family.
Motivated by aforementioned works, in this paper with the help of subordination we intro-

duce the class G2, as follows:

Sp={feA:

< sech(()},

Definition 1.1. A function f € 2l given by (1.1) is said to be in the class G, ; if the following
condition hold:

(1 (SFONT L 2) N N
Firl=a )<ﬂ0> * Qﬂo—ﬂ »J = sech(Q) (0= SLCE?Q

The justification for taking the above left-hand-side expression is based on fact that we could

. .. .. - Cf(Q) 2(¢£7(¢))
obtain subordination condition for the expression Iits and FO—F(=¢

of «, some of these functions vanishes or the formula become simple.

R For particular value

Remark 1.2. (i) Letting @ = 0 in Definition 1.1, we obtain the class G°_ , ~ Sj, introduced
and studied by Bano et al. [3] (also see [25]).i.e

¢f'(©)

Sp =€ 5s

=< sech(¢)}.
(ii) Taking o = 1 in the Definition 1.1, we get the class G!_, ~ G ,:

m < sech(¢), (CeD)}).

Remark 1.3. We would like to emphasize that the class G , defined as above is non-empty.

sech

Thus, if we consider the function f*(¢) = a¢*>+¢, (|a] < 1) then it is easy to check that f* € S.

:ech:{fegl:

For the particular case a = 0.20 and o = 0.50, using the 2D plot of the MAPLE™ computer
software, we obtain the image of the boundary I by the functions F [f*], shown in Figure 1.
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Figure 1. The image of F' [f*] (D).

Since sech( is univalent in ID, the previous explanation yields that the subordination F' [f*] () <
sech(¢) hold whenever F' [f*] (0) = sech(0) and F [f*] (D) C sech(D). In conclusion, f* €

G< .,.s hence, the class GS. , is non empty and contains other functions besides the identity.

In the present paper, authors investigate some of the initial coefficient bounds, Fekete-Szego

functional and Hankel determinant of second and third order the class G2, ,. Moreover, the

bound of logarithmic coefficients, inverse coefficients, logarithmic coefficients of inverse func-
tion, Zalcman conjecture, Krushkal inequality and modulo difference for logarithmic coefficients
of inverse functions are also obtained.

2 Preliminaries
Here we use the following lemmas for our further investigations.
Lemma 2.1. (see [13]) Let p € P and be of the form (1.2). Then,
2p> = pi +p(4 = p1),4p3 = i +2p1(4 = pi)p — 1 (4 = 1) +2(4 = p1)(1 = |pP)n, 2.1)
for some p and n such that |p| < 1 and |n| < 1.
Lemma 2.2. (see [7]) Let p € P and has the expansion of the form (1.2), then

lpn] <2 VYneN={1,2,3,---}. 2.2)
Lemma 2.3. (see [15]) If p € P then for any p € C, we have
p2 — upi| < 2maz{1, [2p — 1]} (2.3)
Lemma 2.4. (see [15]) Let p € P be given by (1.2). Then
Ip2 = ppi| <2 = plpi] 2.4)
forO< pu< %
Lemma 2.5. (see [1]) Let p € P and has the expansion of the form (1.2). Then
|Jpi — Kpip2 + Lps| < 2[|J| + |K —2J| +|J — K + L|], (2.5)

where J, K, L € C.
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Lemma 2.6. ([6]) Let D := {p € C : |p| < 1}, and for J, K, L € R, let

Y(J,K,L) :==max {|J+Kp+ Lp*| +1—|p|*: pe D}. (2.6)
If JL > 0, then
J|+|K|+|L], K| >2(1—|L)),
Y(J.K.L) = J|+ K| IKZ\ [K| >2(1—|L])
If JL <0, then
L=+ 5, —4JL(L2 1) < K2 A|K] < 2(1 - L)),
L ]+ 5, K2 <main{4(1 +|L|)2, —4JL(L72 = 1)},
R(J,K,L), otherwise,
where
[J1+ K] = L], [LI(IK] +4]J]) < |TK],
L+ giamye KL< ILI(K] - 41J]),

|L| + | J|\/1 — %, otherwise.

Lemma 2.7. ([26], Preposition 1) Let p € P be given by (1.2). Let By, B, and Bz be numbers
such that By > 0, B, € Cand B; € R. Define 11 (p1,p2) and vy (p1,p2) by

¥y (p1,p2) = |Bop + Bapo| — [Biau |,

and ¥_(p1,p2) = =+ (p1,p2). Then

- >
Yy (p1,p2) < [4B2 +2B5| = 281, when |25, +.B3| > |Bs| + B, 2.7
2|Bs|, otherwise,
and
2By — By, when By > By + 2|Bs|,
2|Bs| 2
V-(p1p2) < 251 @’ when By < 2|.5’3|(B4 +2|Bs]), (2.8)
2|Bs| + 55T otherwise,

where By = |48, + 2B3|. All the inequalities in (2.7) and (2.8) are sharp.

3 Main Results

In this section, we investigate first four initial coefficient bounds and the upper bounds of the
modules of second and third Hankel determinants for the class G¢. ;..
The following theorem gives the bounds of some of the initial coefficient for the class G2, .

Theorem 3.1. If f € G, has of the form (1.1) and 0 < o < 1, then

a =0, 3.1
1
< .
Ty oy (3-2)
2
laa| < , (3.3)

3v3(19a% — 6a + 3)
and

1

(602 —2a+1)
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Proof. Let the function f € 2A given by (1.1) be the member of the class G ;. Then by Defi-
nition 1.1, there exists an analytic function w(() satisfies the condition of Schwarz lemma such

that,
Ca ¢f'(€) e o % “:860 .
. )(f(C)) * ((() 7 ))> h(w(C))- 3.5)
Define a function
o= 1+w8 L+ piC+ 26 936 +pa¢t +p5C +p6C® oo (3.6)

Clearly, the function p(¢) is analytic in D with p(0) = 1 and Re(p(¢)) > 0 (¢ € D). Hence
p € P, the class of Carathéodory function.
From (3.6), we have

PO =1 pi¢+pC+p3¢ +pact + psC + pe¢® +
p(QO)+ 1 24 piC+p2¢? + p3¢® + paC* + ps¢ + psC® +

w(() =

P 1 1 3 P P
—21C+2<p—)<+ ( —pip2 + ><3 (p4—p1p3+4p1pz—'—2>C+-~--

)
(3.7)

Simple calculation follows from (1.1) that,

(gﬂg)) T (m)a

=14 (502 —2a + 1)ax¢ + {2 4a22a+1)a3+<125a38042—1—3041)51%} ¢

a)(—650% + 12202 + a + 6)
6

+ [4(60% — 2ar+ 1)as + 2(8a” — 170* 4+ a — 1)a3 + (490" — 1880’ + 1370 — 20 + 4)a3as
(1 — a)(255a* — 1294a° 4 150102 + 26 + 24 } G

1—
+ {(19@2 — 60+ 3)ay + ( a3 + (220° — 350% + 4a — 3)a2a3] ¢

+ (6107 — 620* + 50 — 4)azay —

24
3.8)
Using (3.7) in r.h.s. of relation (3.5) we get,
2
sech(w(©) =1~ ¢ = (P2 B o (2t - i+ B P ¢
3.9
Compairing the coefficients of ¢, (2, ¢ and ¢* on both sides of (3.8) and (3.9) we obtain,
ay =0, (3.10)
2
—p?
= 11
BT 1602 —2a+ 1) .10
p1 2
= -2 3.12
= (1907 —6a3) M1 22 (3.12)
and
1 3, P pips [496af —4720% + 3210 — 1210+ 28
a5 =—.°—|= — — )
> 4602 =20+ 1) g2 =g 4 384(4a2 —2a + 1)2 Di

(3.13)
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An application of (2.2) of Lemma 2.2 in (3.11) gives the require bounds for |a3|.
Taking modulus on both sides of equation (3.12) and using Lemma 2.4, we obtain

D1
4(19a2 —6a + 3)

< ! oy 3
= 4192 —6a +3) |1 2P

1
lag] = D2 — EP%

Since the class G, is rotationally invariant, so without loss of any generality we take p; :=
p € [0,2]. Hence

1
4(19a% — 6a + 3)

las| <

¥(p), (3.14)

where 1(p) :=2p — p°.
Taking ¢’ (p) = 0, we obtain

P=3

5

So for p = 233,we get

" (2\3@) =-2V3<0.

This shows the function ¢(p) has its maxima at p = 23£ and maximum value is

max $(p) < (T) SV

p€[0,2]

Thus, From (3.14)

2

aq| < .
laa] < 3v3(19a2 — 6a + 3)

From the relation (3.13), we have

u 1 K 4960* — 4720° + 321a% — 121a + 28
5 _

= 4 2 2
 384(6a2 —2a + 1) 44 2+ 1) ) pi + 36pip2 — 24pips — 12p3] .

(3.15)

Applying Lemma 2.1 in (3.15) and after some computations we may write

_ 1 5 4960 — 47207 + 3210 — 121 + 28
- 384(6a2 —2a + 1) 4(4a? —2a + 1)2

= 3(4=p))?0" — 12p1(4 = p})(1 — |pI*)n] ,

 384(6a? —2a + 1)

) pi -+ 6pi(4 — p1)p*

as

vi(p1, p) + v2(p1, p)1) s (3.16)

where p,n e Dand0 < o < 1,

4960 — 47203 + 32102 — 121a + 28
vi(pr,p) = (9— T30 117 )pi‘+6p%(4—p?)p2—3(4—p%)2p27

va(p1,p) = —12p1(4 = p1)(1 = |p]*).
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Without loss of generality, we may assume that p; = p € [0, 2]. Applying triangle inequality on
both sides of (3.16) and letting ¢ := |p|, and u := ||, we get

1
<
|as| 3840607 20 1 1) (lv1 (p, p)| + [v2(p, p)[u) ,
S j(patau)7
where
1
= .1
J(p,t,u) 384607 —20 1 1) (T (p:t) + T (p, t)u), (3.17)
with
) 4960* — 47203 +321a% — 121a + 28 4 2 N2 272,02
Ji(p,t) == (9— Hd? 20 117 )p +6p~(4 —p)t" +3(4—p)t,

Jr(p,t) := 12p(4 — p*)(1 — 7).

Now, we have to find the maximum value in S : [0,2] x [0, 1] x [0, 1]. We determine the maxi-
mum value of the function J (p, ¢, u) in the interior of S on the edges and vertices of S.

Consider the interior points of S. Differentiating (3.17) with respect to « and after some
simplifications, we obtain

8J (p,t,u) _ p(4—p*)(1 - )
ou - 32(602 —2a+1)°

(3.18)

Since equation (3.18) is independent of u, we have no maximum value in (0,2) x (0,1) x (0, 1).
Next, we discuss the optimum value in the interior of six faces of S.
On the face p = 0, J(p, t, u) reduces to

t2

0,t,u)=L(tu) =c5———, t 0,1). 3.19
j(vau) l(vu) 8(6042—20¢+1)7 ,u€(7 ) ( )
The function /; has no maximum in (0, 1) x (0, 1) since
ol o t
9 d6r—2at1)” O 1EOD:
Assume that, k = 4960‘4*41(2455 2*_322;i21;2121a+28.
Onp =2, J(p,t,u) takes the form
T(2,t,u) = ok t,ue (0,1) (3.20)
DT 4602 —2a 1) DS ‘
Ont¢ =0, J(p,t,u) can be written as
9 — k)p* + 12p(4 — p?
T.0,u) = bpou) = O T RE =0 60y e 0,1). (B2

384(602 —2a+1)

The function I, has maximum (0,2) x (0, 1), since

b _ pd-p)
ou  32(6a% —2a +

1 #0, pe(0,2).

Ont =1, J(p,t,u) reduces to

(6 — k)p* + 48

Jp 1, u) =l(pu) = 384(60% —2a + 1)’

pe(0,2). (3.22)
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There is no critical point for the function /3 in (0,2) x (0, 1), since

A (6—k)p’
dp  96(6a% —2a +

) #0, pe(0,2).

Onwu =0, J(p,1,u) reduces to

J(p,t,0) = lu(p,t) = 384 (602 1_ 20t 1) [(9 — k)p* + 6p%(4 — P2 + 3(4 — p*)*?] .
Therefore,
oly 12p%(4 — p?)t + 6t(4 — p?)?
ot 384(602 —2a + 1) ’
and

Oy 49— k)p? — 128
dp  384(6a% —2a+1)"

By implementing numerical methods, we see that the system g—lz‘; = 0and % = 0 has no solution

in (0,2) x (0,1).
On u = 1, the function J (p, ¢, u) takes the form

(9 — k)p* 4+ 3(4 — p*)%t2 + (4 — p?) (6p*t> + 12p — 12pt?)

J(pt, 1) =Is(p,t) = 384(6a2 — 20+ 1)

als

= 0 and 25 = 0 has no solution in
Op ot

Similarly, on the face © = 0, the system of equations

(0,2) x (0,1).

Now, we investigate the maximum of J(p,¢,u) on the edges of S. From (3.21), we obtain
9—k)p*

J(p,0,0) = si(p) = W

Since, s|(p) = 384?6(2%% > 0 for [0,2] and 0 < « < 1. Therefore, sy is increasing in [0, 2]

and hence a maximum is achieved at p = 2. Therefore,

9—-k

J(p,0,0) < maz(2,0,0) = 4607 —2a 1)

Also, from (3.17) at u = 1, we write
(9 — k)p* 4+ 12p(4 — p?)
384(60% —2a+1) 7

since s, = 0 for p = 1.388684545 in [0,2] and o = 0; T (p, 0, 1) < 0.1092672897.
Putting, p = 0in (3.21), we have

j(pvov 1) = 82(]9) =

J(0,0,u) =0.

Since (3.22) is independent of ¢, we obtain 7 (p,1,1) = J(p, 1,0) = s3(p) := 3826(@#%'
Since s4(p) # 0 for for p € [0,2] and « € [0, 1].

Thus s3(p) has no maxima and minima, because it depends upon 6 — k. For « € [0, 1], 6 — k will
give positive as well as negative value.

Putting p = 0 in (3.22), we obtain

1

TO1 = g6 —2a+ 1)

Equation (3.20) is independent variables of u and ¢. Thus,

9—-k

tuelo1].
G2 —2a+1) bUElO]

J(2,1,0) = J(2,t,1) = J(2,0,u) = T (2, 1,u) = 55
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As equation (3.19) is independent of the variable u, we have 7(0,¢,0) = 7(0,t,1) = s4(t) =

tZ

8(6a?—2at1)"
Since s} (t) = m, which is increasing function for ¢ € [0, 1] and fix « as constant. Thus,
s4(t) is increasing in [0, 1] and hence a maximum is achieved at ¢ = 1.
Hence
1
< t =
‘a5|7\7(p7 ,U) 8(60{2—2a+1)
This completes the proof of Theorem 3.1. O

By setting @ = 0 in Theorem 3.1, we obtain the following results, due to Raza et al. [25].

Corollary 3.2. (see[25]) Let f € S}, and be of the form (1.1). Then,
—0, |l <2, laal<=V3 and |as| < (3.23)
ay =V, asz| < 4, a4| < 27 an as| < 8. .
These bounds are sharp.

By setting & = 1 in Theorem 3.1 and proceeding in a similar manner, we obtain the following
results:

Corollary 3.3. Let f € G and be of the form (1.1). Then,

*
sech

1 1 1
= < — < < —. .
ay =0, a3z < 3 lag] < YWz and |as| < 0 (3.24)

Next, we determine the upper bounds of the modules for the Fekete-Szegd functional and second
and third order Hankel determinant for the functions that belong to the class G2 ;..

Theorem 3.4. If f € G, has of the form (1.1) and for 0 < a < 1,

sech
(i)
[Haa (f)] < R — (3.25)
2= 4402 =204+ 1) '
(ii)
1
< .
[Ha22(f)] < 16(40% —2a + 1)2’ (3.26)
(iii)
Hsa(f)] < (16b — 8v/4b% — ac)?
PN 24576031902 — 60 + 3)2(40? — 20 + 1)3(602 — 20 + 1)
(—31600a® + 1314407 + 8595a° — 21551a” + 17564a* — 8958a° + 3027a* — 651a + 78)
(160 — 8v40% — ac)? (92a* — 3680 + 29602 + 112 + 28)
512a%2(19a2 — 6 + 3)2(4a2 — 2a+ 1)(6a2 —2a + 1)
(16b — 8402 — ac)(407a* — 412a° + 2980 — 92a + 23) (327)
128a(19a% — 6c + 3)%(4a? — 2a + 1) (6% —2a+ 1)’ '
where

_ —31600a8 + 1314407 + 85950° — 21551a° + 17564a* — 8958a° + 3027a% — 651a + 78
“= (402 —2a 4 1)2 ’

b= 920" —368a° + 29602 + 1120 + 28,
and

c = 407a* — 41202 + 298a% — 92a + 23.
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Proof. (1) If f € G2, then from (3.10) and (3.11) we get

—p?
6(4a? —2a 1+ 1)

mi(f)=as—a}=a3 = . (3.28)

The inequality (3.25) follows by application of (2.2) of Lemma 2.2 in the relation (3.28).
(i1) From the relations (3.10)-(3.12), we have

4
_ 2 —P
H)»(f) = azas — a3 256(40% — 20 £ 17 (3.29)
The bounds of (3.26) follows from (3.29) by application of Lemma 2.2.
(iii) Using (3.10) in the expression (1.8) gives,
H3\(f) = —a3 — aj + azas. (3.30)

Substituting the values of (3.11)-(3.13) in the relation (3.30), we obtain
Hi(f) = :
P 056(402 — 20+ 1) (602 — 20+ 1)

3160008 — 13144a” — 8595a° + 21551a° — 17564a* + 8958a° — 3027202 + 651a — 78\ 4
96(4a2 — 2a + 1)2(192 — 6a + 3)2 b

(3150 —440® + 207 +20a =5 ,  (4070* — 41207 +2980% — 92a + 23
2(19a2 — 6a + 3)2 pip2 2(19a% — 6a + 3)2

p%mﬂ.

As we see that the functional H3 ;(f) and the class G2, are rotationally invariant, we may
take p; := p, such that p € [0, 2]. Then, by using Lemma 2.1 and after some computations
we may write

1

H = 31
1) 36864 (402 — 2a + 1)(602 — 20 + Y (3.31)
where
80a* — 1040’ 4+ 7502 — 1la +2\ 4 3 ) )

04— ) <(630a4 — 880a% + 402 + 40a — 10)p? + 8(407a* — 41203 + 29802 — 92 + 23))

(1962 — 60 + 3)2
(3.32)

where p and 7 satisfy the relation |p| < 1, |n| < 1.

First, we consider the case when p = 2. Then,

96(80a* — 104a° + 7502 — 11+ 2)
(402 —2a+1)2 ’

[y] <

therefore from (3.31), we obtain

< 96(80a* — 104a* + 7502 — 11a +2)
= 36864(402 — 200+ 1)3(60% — 20+ 1)

|H3,1(f)

Next, we assume that p = 0, then |¢)| = 0.
Now suppose that p € (0,2) and using the well-known triangle inequality in (3.32), we obtain

¥l < 720°(4 — p*)o(J, K, L),
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where
O(J, K, L) =|J+Kp++Lp* +1—|p]*, pecD,with
- ey R
and
I— (630a* — 88a? + 4a? + 40a — 10)p? + 8(407a* — 412a° + 2980 — 92a + 23) .

8p(19a? — 6c + 3)?
Then clearly, for p € (0,2) and « € (0, 1),

(800" — 1040 + 7507 — 110 + 2)
 384(4 — p?)(4a? — 2a + 1)2(19a2 — 6 + 3)2

[(630a* — 880’ + 4a” + 40a — 10)p? + 8(407a* — 412a° +298a* — 92a + 23)] p* > 0.
Also,

JL

K—2(1-|L]) =

(315a* — 440° + 202 + 200 — 5)p — 4(190% — 6a + 3)%p + 4(407a* — 4120° + 29802 — 92 + 23)
2(19a2 — 6 + 3)%p

>0, pe(0,2)and0<a<l,

so that K > 2(1 — |L|), and applying Lemma 2.6, we can have

] < 72p°(4 = p*)(|J] + | K|+ [L]) = g(p),

() = —3(3160008 — 1314407 — 859508 + 21551a° — 17564a* + 8958a° — 302702 + 651a — 78)
9= 2(40? — 2a + 1)2(1902 — 6a + 3)2 P

72(92a* — 368a° 4 29602 + 112 + 28) N 288(407a* — 41203 + 29802 — 92a +23) ,
(1902 — 6a + 3)2 P (1902 — 6a + 3)2 P

Clearly, ¢’(p) = 0 has roots at p; = 0 and p; = \/ w,

where

. _ —316000° + 131440 + 85950° — 21551’ + 175640’ — 8958’ + 3027 — 651a + 78
a (4a? — 20+ 1)2 :

b=92a* —368a° 4+ 29602 + 112a + 28,
and
¢ =407a* — 4120 + 298a% — 92« + 23.

Further ¢”’ (p) < 0 at p = p,. so maximum value of the function +(p) occurs at p = p,. Hence
3(16b — 8vV/4b? — ac)?
maz (p) = Y(p2) = 3 2( 2042 ) 2
2a3(19a% — 6 + 3)% (402 —2a+ 1)
(=31600a® + 1314407 + 8595a° — 21551a” + 17564a* — 8958a° + 3027a* — 651ar + 78)

72(16b — 8v/4b? — ac)? (920 — 3680 + 29602 + 112cr + 28)
a?(19a2 — 6 + 3)?
n 288(16b — 8v/4b2 — ac)(407a* — 41203 + 29802 — 92a + 23)
a(19a? — 6 + 3)? '
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Therefore, from (3.31) the required result is

(16b — 8v/4b% — ac)?

H <
s (£)] = 2457603 (1902 — 6 + 3)2(4a2 — 20+ 1)3(6a2 — 20 + 1)
(=31600a® + 131440’ + 85950° — 21551a” + 17564a* — 8958a° + 3027a* — 651ar + 78)
(16b — 8v/4b? — ac)? (92a* — 368a° + 29602 + 112a + 28)
512a%(19a% — 6 + 3)2(4a2 — 2a+ 1) (602 — 2a.+ 1)
(16b — 8V/4b2 — ac)(407a* — 412a° + 29802 — 92a + 23)
128a(19a% — 6cx + 3)2(4a2 — 2a+ 1)(6a2 — 2a + 1)
Thus, the proof of Theorem 3.4 is completed. O

By setting @ = 0 in Theorem 3.4, we derive the following results, which coincide with
Theorem 2.5 and Theorem 2.6 in the work of M. Raza [25].

Corollary 3.5. (see[25]) Let f € S}, and be of the form (1.1). Then,
(i)

and

(ii)
3115 671
< .
13,151 < {65268 T 657,010V 242

This inequalities are sharp.
By setting o« = 1 in Theorem 3.4, we obtain the following results:

Corollary 3.6. Let f € G, and be of the form (1.1). Then,

*
Sec

< .
[H21 (NI < 13 (3.33)
1
< — .
[H22(f)] < a4’ (3.34)
421 223+/1338
H < - . .
s (D)1 = = 719164 + 5089920 (3:33)
These bounds are sharp.
4 Logarithmic coefficient bounds for the class G2,
For function f € 2, the logarithmic coefficients ?,, = 9,,(f)(n € N) are given by
F(Q) =10 =25 0,c (ceD) @

n=1

The logarithmic coefficients play a significant role in the problems of univalent functions coeffi-
cients. The importance of logarithmic coefficients is due to the fact that the bounds on logarith-
mic coefficients of f can be transfer to the Taylor-Maclaurin coefficients of univalent functions
themselves to their powers via the Lebedev-Milin inequalities.

In this section, we investigate the upper bounds estimates for the first four initial coefficients of
the functions belongs to the class G2, . Further, we investigate Hankel determinant of order two
and three for the same class.
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Theorem 4.1. Suppose that the function f € 2 given by (1.1) belongs to the class GZ. ;. Then
0, =0, 4.2)
2] € g 4.3)
=840 —2a+ 1) ‘
o5 < : 44)
= 303(19a2 — 60+ 3) '
and
64a* — 640’ + 540> — 18a + 5
04] < (4.5)

~ 64(4a? — 2a+ 1)%(60% —2a+ 1)

Proof. Let the function f € 2 be in the class G , . Then from (1.1), it follows that,

sech’

a3 o2
log& =ax( + <a3 — azz) + <a4 —axaz + > ¢+ <a5 — agay + a3az — ?3 — a2> ¢+

¢
4.6)
Equating the first four coefficients between the relation (4.1) and (4.6), we obtain
a
0 = ?2 (4.7)
1 2
02 1(2(13 — (12) (48)
1 3
03 = 6(0,2 —3aza3 + 3aa), 4.9)
and
1
= §(4a5 —dapay + 4a3az — 2d3 — a3). (4.10)
Using the value a; = 0 from (3.10) into (4.7)-(4.10), we observe that
0, =0, “4.11)
a
0= 53 (4.12)
a
0=, (4.13)
and
1 2
04 = Z(zas — a3). (4.14)

The estimate (4.3) and (4.4) of Theorem 4.1 follows from (3.2) and (3.3) of Theorem 3.1 respec-
tively.
An application of triangle inequality to the relation (4.14) and use of (3.2) and (3.4) give

A

1 1
[04] < §\a5| + Z|as|2
< 1 n 1
= 16(602 —2a+ 1) ' 64(4a® —2a + 1)
4(4a* —2a+1)* + (602 — 2a + 1)

T 64(60% — 20+ 1)(4a% —2a + 1)
_ 64a* — 640’ +540% — 18a + 5
T 64(60% — 20+ 1)(40? — 20+ 1)2

The proof of Theorem 4.1 is completed. O




CERTAIN FUNCTIONALS PROPERTIES 161

By setting v = 0 in Theorem 4.1, we obtain the following results:

Corollary 4.2. Let f € S}, and be of the form (1.1). Then,

0, =0, 97 < 1, [03] < 2—\/5 and |d4] < 654' (4.15)
When o = 1 is applied in Theorem 4.1, the following results is derived:
Corollary 4.3. Let f € G, and be of the form (1.1). Then,
0=0, ool €. ol € sox and s € po (@.16)
24 483 2880°
Theorem 4.4. Suppose that the function f € 2 given by (1.1) belongs to the class G _,. Then

for the function F} given by (4.1) the upper bounds of Fekete-Szegd functional and second order
Hankel determinants are

1024v/30* — 1024+/30° + (768V/3 4 171)a? — (256v/3 + 54)a + (64v/3 + 27)

"
[Ha1 ()] < 576(19a% — 6a + 3)(d4a? — 2a + 1)

4.17)

and

|Hao(f)
820416a — 137824007 + 160550600 — 11487660° + 636227a* — 24340003 + 723720% — 13330a + 1

- 13824(4a? — 2o + 1)3(1902 — 6ac + 3)%(6a? — 2a + 1)

(4.18)
Proof. 1f f € G2 ., then from equation (4.12) and (4.13), we have
H (f)—a-al—%—‘ﬁ (4.19)
21/) =0 -0 = = — 5 .

Taking modulus on both sides of (4.19) and then using the relation (3.2) and (3.3) in the resulting
relation, we have

1 1
_|_
3v3(19a% — 6a +3)  64(4a? — 2o+ 1)?

1024v/30* — 1024v/303 + (7683 + 171)a? —(256f+54)a+(64f+27)
576(19a2 — 6a + 3)(4a? — 2 + 1)2

1
|Ha 1 (f)] < Slaal+ 7 \ 3)* =

Similarly from (4.12), (4.13) and (4.14), we can write

3
Hyo(f) =004 — 03 = -—= 7 (4.20)

Applying triangle inequality on both sides of (4.20) and using the relation from (3.2)-(3.4), we
obtain
[Ha(F)] < glasllas] + glasP + §laaP
2,2 < glasllas| + ¢las 4%

1 1 1
< .
=128 —2a+ 1)(60% —2a+ 1) | 512(da2 —2a+ 1) | 27(1907 — 6a 1 3)°

Simplifying the above expression we obtain the desire estimate as studied in (4.18).
This completes the proof of Theorem 4.4. O

By taking o = 0 in Theorem 4.4 yields the following results:
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Corollary 4.5. Let f € S}, and be of the form (1.1). Then,

1 V3
< — 4+ — .
(o (l < o5 + 57 4.21)
and
1727
< —. .
H22(0)] < oaai (4.22)
By setting & = 1 in Theorem 4.4, we derive the following result.
Corollary 4.6. Let f € G, ., and be of the form (1.1). Then,
1+4v3
< — .
and
[Hao(f)] < SR (4.24)
22V = 230407 '

5 Inverse coefficient bounds for the class G¢

sech

For every univalent functions f defined on the domain of open unit disk ID, the famous Koebe
one-quarter theorem asserts that its inverse f~! exists at least on a disk of radius 1/4 with the
Taylor-Maclaurin series expansion of the form:

e 1
-1 _ n _
f (w)—W—F;CnU} (Jw| < 4)7 CRY
where
0= —an, 5.2)
G = Za% — a3, (5.3)
¢4 = —(as — Sazas + 503)7 (5.4
and
¢s = —(as — 6agay + 21aza? — 3a} — 14a3). (5.5

Researchers have shown their interest for finding inverse function where the function f belongs
to some specific subfamilies of univalent functions. For instance, Krzyz et al. [12] investigated
the upper bound of the some of initial coefficients of inverse function for certain families of
analytic functions and later these bounds were improved by Kapoor and Mishra [9].

Theorem 5.1. Suppose that the function f € 2 given by (1.1) belongs to the class G. ;. Then

=0, (5.6)
| |<—1 (5.7)

SIS 4@da2 20+ 1) '

2
ol < , 5.8
leal < 3v/3(19a2 — 6a + 3) ©5)
and
4 3 2

3204 — 3203 + 4202 — 14a + 5 59

< .
les] < 16(40? — 2a + 1)2(6a2 — 20 + 1)
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Proof. Let the function f € 2 be in the class G2 ;. Then using the relation from (3.10)-(3.13)
in (5.2)-(5.5) we get,

¢ = 07
3 = —as,
C4 = —a4,
and
¢s = —as + 3a3. (5.10)

The bounds of |cz], |c3] and |c4| follows from the bounds of |as|, |az| and |a4|.
Taking modulus on both sides of (5.10) and then applying the triangle inequality, we obtain

1 3
860 —2a+1) | 16(da2 —2a+ 1)
 320* 3203 +420% — 140 + 5
~16(4a2 —2a+ 1)2(602 —2a+ 1)’

les| < |as| + 3|as]* =

This completes the proof of the Theorem 5.1.
By setting o« = 0 in Theorem 5.1, we obtain the following result.

Corollary 5.2. Let f € S}, and be of the form (1.1). Then,

1 2V/3 5
= < = < < —. 11
C 07 |C3‘ < 4, ‘C4| = 57 and ‘C5| =16 (5 )

By setting v = 1 in Theorem 5.1, the following result is derived:

Corollary 5.3. Let f € G*__, and be of the form (1.1). Then,
1 V3 11
= < — < — < —. .
=0, |C3‘ =17 |C4| ) and ‘C5| = %40 (5.12)

O

Theorem 5.4. If the function f € G2, given by (1.1) and f~'(w) = w + Y07, c,w™ is the
analytic continuation to D of the inverse function of [ with |w| < ro, where ro > }—1 is the radius
of the Koebe domain, then

1 (57 € g

(Ga2 —2a 41y’ (5-13)

1
<
< 16(402 = 2a + 1)%’

|Hon(f7) (5.14)

and

|Hs, (f71)

< 10255208 — 17228007 + 22261900 — 164757a° + 96913a* — 379587 + 11841a? — 2213a + 307
- 432(60% — 2a + 1)(4a? — 2a + 1)3(1902 — 6a + 3)? '

(5.15)

Proof. Let the function f € 2l be in the class G2 _,,. The inequalities (5.13) and (5.14) follows
from (5.7).
Now the third order Hankel determinant of inverse function is written as,

H371(f_1) = c3(cacq — c%) —ca(cq — cpc3) + cs(cz — c%)
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Since ¢, = 0 we have,

Hy (f7') = - — & + 3. (5.16)
Applying the relation (5.3) to (5.5) in (5.16), we have

H31(f7") = azas — a3 — 243, (5.17)

Taking the modulus on both sides of (5.17), applying the triangle inequality and using the values
from (3.2) to (3.4), we obtain

|H31 (1) < 2las]® + |aa|* + |as]|as]
1 4 1

= 30@a —2a+ 1) T 27(19a2 —6a + 37 | 32(6a% —2a + 1){da? —2a £ 1)’

Simplifying the above expression gives the required estimate. This completes the proof of the
Theorem 5.4. O

By setting v = 0 in Theorem 5.4, we derive the following result.

Corollary 5.5. Let f € S}, and be of the form (1.1). Then,

1
[ (f)] < 5 (5.18)
1
Hyp(f7h < 1
[H22(f 7] < 1 (5.19)
307
1 < 220 ‘
13,1 (/)] < 3ggg (5.20)
By setting & = 1 in Theorem 5.4 yields the following result.
Corollary 5.6. Let f € G, and be of the form (1.1). Then,
1
(21 (F7)] < 35 (5.21)
1
1 < - ‘
[H22(f ) < 10 (5.22)
11
—1 < el )
13,1 (/)] < 3225 (5.23)

In 2023 Mandal et al.[16] obtained the sharp bounds of second order Hankel and Toeplitz de-
terminants of logarithmic coefficient of inverse functions lying in starlike functions and convex
functions with respect to symmetric point. However, no work has been carried out for bounds
of third order Hankel determinant, Zalcman conjecture and Krushkal inequality and coefficient
modulo difference of logarithmic coefficients of inverse functions for the class G, ;.

Now we determine the bounds of Hankel determinants of order two and three for logarithmic
coefficient of inverse functions for the class G, _,. Further the bounds for Zalcman conjecture,
Krushkal inequality and the coefficient modulo difference for logarithmic coefficient inverse
functions for such family are determined.

The remaining results of the paper are developed for only fixing the bounds for the class G
with o = 1. Putting & = 1 in the relations (3.10)—(3.13), we get

*
sech

a; =0, (5.24)

2
I
az = 48 (5.25)
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s = _pl _1 2
4 64 b2 2p1 )

28 , 3 1 1

2_7
as = 7680p1+160p1pz Te0P2 ~ goliP3
and

—L 25_23 +§2 +§ 2 _ _
a6 = T4z |ogP1 ~ zgP1P2 T 5PIP3 T P12 — P1P4 — Paps | -

6 Logarithmic Coefficients of Inverse Functions for the Class G*

sech

(5.26)

(5.27)

(5.28)

Theorem 6.1. If the function f € G, given by (1.1) and log ( ) =230 yaw" is the

analytic continuation to D of the inverse function of f with |w| < ro, where ro > 1 1 1s the radius

of the Koebe domain, then

’71:()’
Il < =
2= o

<77
|'73|—48\/§
il < 61
BT

and

sl < =

=17

Proof. Let the function f € 2 be in the class G*

Sec

o0 (10) 25 (i< 2.

5, and

6.1)

6.2)

(6.3)

(6.4)

(6.5)

(6.6)

Substituting the value of (5.1) in (6.6), then differentiating and using inverse coefficient (5.2)-

(5.5), we obtain

1 10
v = _E <a4 —4aras + 3613) R

1 35,

5
V4 = —5 <a5 — Saqay + 15a3a% — Ea% 4a2) ,

o —% <a6 — 6azas — 6azas + 21a4a2 + 21a2a3 56a2a3 + 1§6 5> .

6.7)

(6.8)

(6.9)

(6.10)

6.11)
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Applying the value of a, = 0 from (5.24) in the relation from (6.7) to (6.11), we obtain

7 =0,
a
n=-%, (6.12)
_ 4
V3= 5 (6.13)
1 5
=5 (as - 2a§> ) (6.14)
1
Y5 = 75(0,6 — 6a3a4). (615)

Taking modulus on both sides of (6.12) and (6.13) and using the bounds of |a3| and |a4| from
Corollary 3.3 we obtain the estimates for |y,| and |y3| as stated in the theorem.

By taking the modulus of both sides in (6.14) and applying the triangle inequality and the results
of Corollary 3.3 give

vl < 2 flas| 4+ 2 JasP?
74_2 as 2@3

_Ifr s
T 2(40 "2 144

6l
~2880°
Similarly using the value of (5.25), (5.26) and (5.28) in (6.15), we get
49 5. 145 3 3 2+L +L
5= 5520671+ 276487112~ 5767170~ 57gP IR T aggPis + pggpaps

_n (9 s 3N, L
~ 192 288p' 1441911?2 b3 288 b3 2P1P2 288P1P4~

Taking modulus on both sides of the above equation and applying Lemma 2.2, Lemma 2.3 and
Lemma 2.5, we obtain

lys| < |p1|2 49 3,% 4 ps| 4 P21 23 +L| |
V5= 192 288p 144]91]92 p3 288 p3 2]?1]92 288 P1p4
SR U VU U S S VU O I
T 24 (288 144 " 288 T 72" 36 12
This completes the proof of Theorem 6.1. O

7 Upper bounds of Hankel determinants for logarithmic inverse functions
for the class G*

sech

Mandal et al. [16] introduce the investigation of the Hankel determinant H ;m(Ff_l /2), where

the elements of logarithmic coefficients of inverse function of f~! € S. the determinant Hy, ,, (Fp-1/2)
is expressed as follows:

Tn Yn41 to TYntk—1

Yn41 Yn+42 Yn+k
Hin(Fpoa/2)=| - " (nkeN=1,23.). (7.1)

Tn+k—1  Tn+k 0 Vnd2(k—1)
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Theorem 7.1. If the function f € G, given by (1.1) and log ( I w) ) =23 yaw" is the

analytic continuation to I of the inverse function of f with |w| < ro, where ro > 3 is the radius
of the Koebe domain, then

1

_ < )
|Ho 1 (Fp1/2)| < 576 (7.2)
23
1 < — .
|Hyp(Fy-1/2)] < 15360° (7.3)
3946291541
H;((Fp-1/2 7.4
31 (Fy= /21 = 3310112500080 (74)
Proof. If f € G, then from (7.1), we estimates
Hy 1 (Fp-1/2) = v — 73, (7.5)
Hyo(Fp-1/2) = i — 7, (7.6)
Hy 1(Fp-1/2) = v17375 — 1172 — Y5 + 272737 — 9. (1.7)
Since ~y; = 0, using the value of (6.12)-(6.15) in (7.5)-(7.7), we obtain
2 a3
Hy 1 (Fp-1/2) = =73 = *f, (7.8)
, 1 55 5
HZ,Z(F}"*I/Z) =M274 — V3 = 4 azas — 5613 — a4, (7.9)

1
H31(Fp-1/2) = mvsys — % — 1375 + 207130 — 73 = 3 [a3a6 — a3as — 2azasas + a3 .

(7.10)
Using the value of (5.25) in (7.8), we have
4
__ h
Hz’l(Ff—l/z)— 9216
Applying Lemma 2.2 in the above, we have
1
Hy ((Fr-1/2)] < —.
12,1 (Fy-1/2)] < =

Using the relation from (5.25) to (5.27) in (7.9), we get

Hyp(Fy-1/2) = g [2211840371 614407172~ G1aaoP P2 T 3g4pP1Ps

_.n (85 9 I D -
15360 \ 57671 ~ 167172 T P3 | T H45760 102

By taking the modulus of both sides in (7.9) and applying the triangle inequality along with
the relation in (3.24), it follows that

[Haa(Fy1/2)] < i[|a3|a5|+ af + o]
1 1 1
[z *** msﬂm}
1
3~ 17280
71
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Thus,

71
1 < —.
Similarly substitute the value of (5.25), (5.26) and (5.28) in (7.10), we have

2 3 3
a3a6__ azaq azaqas Gy

s (Fy=1/2) = = s 4 8
749 , 451 1 1
= T20384317440"" T 2038431744712 T 17694720773 265420817
3.3 17 4 28 5.2
* 31457280772 T 2654208071273 T 5662310407112
451p] 749 , » 3 pip3 14 , 17 4
= 2038431744 [pz - 45107"} 2654208 [p“ N 2op‘p3] * 31457280 [pz - 94 + 265420807172

Now taking modulus on both sides of the above equation and applying Lemma 2.2 and Lemma
2.3, we get

451|pi|’ 749 , 1 p1 P [p2|? 14 ,
Hs (Fpi/2)| < - - . bl ), T
a1 (Fy=/2)| < 5538231723 P~ 351071 | ~ 2654208 |* ~ 207'P| T 31257280 [~ 9 M1
oo el sl
26542080 P1! 12113
451 1506 1 7
= 2038431744 18 {2”"” {1’ 2255 H 3654208 > [zm‘““ {1’ 10”
1 19 17
T 31457080 2 [zm‘“ {1’ 9}] T 36542080 0
41, 121
T 7962624 41472 " 35389215 | 414720
3946291541
= 31310112522240°
Hence this completes the proof of Theorem 7.1. O

8 Krushkal Inequality and Zalcman conjecture of logarithmic coefficients of
inverse functions for the class G*

sech

In this section, we will give a direct proof of the inequality
7E — | < gplnmD-nt, (8.1)

over the class G, for the choice of n = 4, 5 and p = 1. Kruskal introduced and proved this
inequality for the whole class of univalent functions in [11].

In the 1960’s, Lawrence Zalcman conjectured that the coefficients of univalent functions
having the form (1.1) satisfy the inequality

lap, —azn1| < (n—1)% n>2, (8.2)

and the equality holds only for the Koebe function x(¢) = ﬁ and its rotations. In the

literature the Zalcman functional has been studied by many researchers (see, for example, [4],

[10], [14], [17D).
Theorem 8.1. If the function f € G given by (1.1), then

e =31 < o
69120

*
sech

(8.3)
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and
s — 8] < 27649
21> 331776

Proof. Let the function f € 2 be in the class f € G}, ;. Then for the choice of n =4, p =1
and n =5, p =1, equation (8.1) reduces to

(8.4)

1
|74—72| <3

[\.)

and

[

Ivs —

A
N

From (6.12) and (6.14), we can write
1 5 1
Y- = gag + Zag 505
From (5.25) and (5.27), we have

o 109 s 3 e L e
T2 T 460 | 28871 T PP TP T 350 2 T a7zl

Taking modulus on both sides of the above equation and applying Lemma 2.2 and Lemma 2.5,
we have

109 3 109 109 3 4 64
hs =231 < 765 160 sts ’2_m4 + 288_2+1H *320 " 884736
_9 11 3017
5760 80 13824 69120
Thus
3017
s =221 < Goiag
Similarly from (6.12) and (6.15), we can write
Vs — s = 2 ® + 3aza4 — 116
using (5.25), (5.26) and (5.28) in the above equation, we get
49 145 1 1 1 1 1

A4 - _ 3 22 - - 2 - I -
VT = T55006P1 T 276ag P12 T TopP1P3 T 5ggPbs T g PP T ogg PP T gagagsel
B[4 5 145 (3 pips P

T192 (288 T qagPP2 TP )t ogg (P3P [ ge T 84934656
Taking modulus on both sides of the above equation and applying Lemma 2.2, Lemma 2.3 and

Lemma 2.5, we have

I [pif? | 49 . 14s
BTRE= gy | 288 T a2 TP

|p1p4] Ip1|®

|p2| 3
P3 = 5P| See” T 21934656

+ 283

H 145—49+49—M5+1H lmax{IZ}—l— i
192 288 144 144 288 144 72 288 84934656
27649
331776
Hence
27649
s =221 < 337776

This completes the proof of Theorem 8.1. O



170 S. Jena and T. Panigrahi

Theorem 8.2. If the function f € G, , given by (1.1), then

19
2 _ < == 8.5
|73 — 13l < 576 (8.5)

and

265

73 —s| < 073 (8.6)

Proof. Let the function f € 2 be in the class f € G}, ;. Then from (6.12) and (6.13), we have

4
by 4! 1 2
~ 9216 T 128 < 2p1) '
Taking modulus on both sides of the above equation and applying Lemma 2.2 and Lemma 2.3,
we obtain

2 [ * \pll 2 6 2 19
2=l = 9316 T 128 P2~ 37| = o316 128 2mer {0 = 56
Similarly from (6.13) and (6.15), we have
2 azzt ae
3= Z*3a3a4+5
_ P pi; 4%  WUSpim  pips  pips pops  pips o pip)
65536 16384 = 55296 27648 192 192 288 288 16384
P49 5 145 o 1,] p [ 3 Pivs  Pips
~ 192 [288 T 1agP P2 P3| T 1gagq P27 3P| T gy |2 2P F 16334 288
Now
) Ipil* | 49 145 pil* | 1a ] 3 pip3l | Ipipal
75 =751 < Tog 28871 ~ Taa 1P T P3| ¥ i63ga [P T 3P1| T ogs [P T 2P| T 16384 T 2sg
Applying Lemma 2.2, Lemma 2.3 and Lemma 2.4 in the above equation, we estimate
1 [49 96 47 16 2 16 4
i =l < 5 [288 Tt 288] To3sa - 2maxdl, *} +5gg - 2marll. 2+ e+ ogs
B S N S B
24 512 36 1024 72 3072°
Thus
| < 265
’Y3 Y51 = 3072
Hence this completes the proof of the Theorem 8.2. O
9 Coefficient modulo difference of logarithmic coefficients of inverse
functions for the class G .
Theorem 9.1. If f € G, has of the form (1.1), then
1 1
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Proof. It f €G from (6.8) and (6.9) we have

*
sech?

—ay

I3l = |72l = N

)

2

’—as

using the value of a3 and a4 from (5.25) and (5.26), we have

3 2
pip2 Pi D1
— == == —|=| = 2
|'73| ‘72| 128 256 96 |p1|w+(plap2)7 (9 )
where
2
_|\Pr P2 | |P1
Ueprp2) = 1956 ~ 128 ‘96 '
Applying Lemma 2.2 in (9.2), we obtain
Il = 12l <294 (p1,p2). 9.3)

Here, By = g, B> = 5 and B3 = .
Since |28, + Bs| # |Bs| + By, then from Lemma 2.5, we have

1
< —.
Yy (p1,p2) < i
Thus from (9.3), we get
_ < .
al = 1l < 35 9:4)
From (9.2) we have
72| = vl = =Ip1|Ys (1, p2) = Ip1|v—(p1,p2)- 9.5)

Here, B; = %, B, = ﬁ and Bz = %, then B4 = |48, 4+ 2B;3| = 0, and Bf < 2|B3(Bs+2|Bs)).
Hence, from Lemma 2.5 we have

[ 2By 1
< _— = —,
Y_(p1,p2) < 2By Bi+2iBy 48

Applying lemma 2.2 in (9.5), we have

1 1
— || = <2 — = )
72l = 13l = Ipi|—(p1,p2) <2 TR 9.6)
Therefore from (9.4) and (9.6), we get
—— < |yl = |l < =.
% = Il = el < 32
This completes the proof of Theorem 9.1. O
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