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Abstract This study explores initial and terminal value problems for time-dependent dif-
ferential equations featuring non-autonomous variable-order fractional operators, integrating
both classical integer-order derivatives and fractional-order components. We establish rigorous
criteria for the existence and uniqueness of solutions using fixed-point theorem and Banach’s
contraction principle, focusing on the Riemann-Liouville fractional derivative of variable order
ranging between 1 and 2. The analysis extends to Ulam-Hyers-type stability, assessing the sys-
tem’s resilience to perturbations and providing a measure of solution robustness. Theoretical
results are validated through numerical examples, demonstrating practical applications under
diverse conditions. These examples involve computational simulations that confirm the stability
and uniqueness properties derived analytically. The findings contribute to advancing the un-
derstanding of variable-order fractional calculus, offering valuable insights for applications in
physics, engineering, and control systems where memory-dependent phenomena are prevalent.
This work bridges theoretical advancements with practical utility, enhancing methodologies for
solving complex differential systems.

1 Introduction

Variable-order fractional operators constitute a rapidly evolving class of mathematical tools
that offer enhanced modeling capabilities for complex systems. By allowing the order of dif-
ferentiation to vary with respect to variables such as time, space, or the state of the system,
these operators provide a flexible framework for capturing memory and hereditary effects. Their
applicability spans diverse fields including mathematics, physics, engineering, control systems,
and optimization. For example, variable-order fractional models have been effectively applied
in the analysis of viral infections [1], lymphatic filariasis dynamics [2], and Rift Valley fever [3].
Additional applications include dengue transmission modeling [4], and computational methods
for fractional-order systems [5], as well as solute transport in groundwater [6], hepatitis B virus
modeling [7], and financial systems [8].

The variable-order fractional calculus of variations provides a rich set of analytical and
numerical tools for addressing such applications. However, while constant-order systems have
been extensively studied (see [9], [10], [11]), nonlinear differential equations involving variable
fractional order remain comparatively underexplored. Some progress has been made through
approaches using the Kuratowski measure of non-compactness and related fixed point techniques
[12], [13], [14], [15], [16]. More recent developments have introduced generalized forms of
fractional derivatives, where the order function is extended from £(\) to £(\,v()\)), enhancing
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the modeling precision in various settings [17], [18].

A significant contribution in this area was made by Razminia et al., who studied the exis-
tence of solutions to a class of variable-order fractional differential equations involving Rie-
mann—Liouville derivatives [19].

DIy (3) = u(h (),
v(h) = w,
Here, Dfl(j\’”(’\)) denotes the Riemann-Liouville fractional derivative of variable order £(\, v())),
with p representing a predefined continuous function.
Motivated by this work, we investigate a more general non-autonomous variable-order initial
and terminal value problem (NAVOITVP) of the form:

{ DO 0) + " (3) = w0, vN), A€ ¥,

v(0) = 0, v(p) =0, (D

where - = [0,p] and 0 < p < +o00,t > 0and ¢ : ¥ x R = (1,2), u: xr Xx R = Roare

(+/\7V(/\))

a continuous functions, and Dg is the R-Liouville fractional derivative of variable-order

LA v(N)-

In this paper, we present a novel approach for analyzing NAVOITVP by establishing new
criteria for the existence, uniqueness, and stability of solutions. In contrast to methods that
require partitioning the domain or employing piecewise constant approximations, our technique
introduces a more streamlined operator-based framework. This allows for a more efficient and

theoretically robust analysis. To support the theoretical results, several illustrative examples are
included.

2 Preliminary

This section introduces key notations, preliminary definitions, and fundamental concepts em-
ployed throughout the analysis.

Let E = C(¥,,R) denote the Banach space comprising continuous functions v from Y, into R,
equipped with the supremum norm

[l = sup{lv(A)I/A € X+ }-

Definition 2.1. [20] Consider a continuous mapping £ : X xR — (1,2) The left-sided Riemann-
Liouville fractional integral of variable order £(\, v()\)) for a function v(\) is formulated as

Ay e p(R)) -1
(M) [T
7 v(A) _/0 SUCRIEN v(R)dR, A > 0, 2.1

Definition 2.2. [21] Consider a continuous function ¢ : ¥, x R — (1,2) The left-sided Riemann-
Liouville fractional derivative of variable order £(\, v())), applied to a function v(\), is formu-
lated as

O (A d\2_2_00a0(n

dt
L rdN? N (A= R)HRe)
_(%) /0 (2 -6, v(R))) v(R)aR, A > 0. 2.2)

Remark 2.3. [22] For arbitrary functions £(\, v(\)) and v(A, (X)), it is observed that the semi-
group property does not apply. Specifically, the following inequality holds:
IZS,)HV(/\))I’Ui)\’V()\))I/()\) # Ilgr)\,u(/\))-&-v(/\,y(k))y()\).
Lemma 2.4. [23] Consider a continuous function { : x, — (1,2) For any function y belonging
to the space Cs(Xr,R) , which is defined as
Cs (iﬁ R) s
={y(A) € C(X+,R), Ay(A) € C(X+:R), (05 <1)}

, the variable-order fractional integral Igﬁ’\’”(k))y()\) exists for all \ € Y.
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Lemma 2.5. [23] Suppose we have a continuous function £ € C(X;, (1,2]) then for any function
y € C(Xr,R), it follows that the variable-order fractional integral Igi/\’”(my()\) belongs to the
space C(xr,R).

Theorem 2.6. ([24])(Ascoli Arzela) Let M be a subset of C (1/;7, R), M is relatively compact if

- M is uniformely bounded.
- M is equicontinuous.

Theorem 2.7. [25]
Let & be a Banach space, K C  be a non-empty, closed, convex, and bounded subset, and let
g : K — K be a completely continuous operator. Then g has at least one fixed point.

Theorem 2.8. [25] Let (3, d) a complet metric space. the application o : S — S is contraction
with Lipschitz constant k. so ¢ accept only one fixed point y € 3.

3 Existence results

We now present the following hypotheses:

(Assumption 1) There are constants 0 < n < 1 and p > 0, for which the expression \"p
maintains continuity across X X R nd for all v, y € R and X € -, the inequality holds:

AT (A v(N) = p\y(N) [€5 | v(A) —y(A) |-
(Assumption 2) The function ( : X» x R—(1, £*] is continuous, with 1 < {(A\,v(\)) < £* <2
forall \ € Y.
Remark 3.1. [26]

(i) The function I'(2-£(\, v()))) is continuous as it results from the composition of continuous

functions. Therefore, we can let M = max | m |

(ii) Given the continuity of £()\,v())), we observe that for 1 < p < oo,p' AN < |
and for 0 < p < 1,p' M) < p!=" Consequently, we deduce that p'—tA(V) <
max(1, p!' ") = p*.

Remark 3.2. [27] Let X and Y be two real numbers. Then, for any positive real numbers X and
3, the following inequality holds:

| RX — BY |[<2max(N,3) | X —Y |,

Lemma 3.3. [26] Suppose assumption (Assumption 2) holds. Let v,,,v € C[0, p|, and assume
that v, (\) = v(X), X € [0, p] as n — oo. Then, the following convergence property holds:

A (A = R)I R () A (A = R)I-ER )
| oty ® &= | e gy ™) Mre 0.0,

asn — oo.
To solve the (NAVOITVP) (1.1), we will utilize the following lemma:
Lemma 3.4. A function v € E is a solution to the NAVOITVP (1.1) if and only if it satisfies the

integral equation
1 A ()\ _ N)lff(N,u(N))
v =+ */0 rz o) BI®

A
+/0 (0 — R)u(R, w(R))dN

A [P (p _ N)I—Z(N,V(N))
5 | o O

= (0 =Nt v(0))a).
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Proof. We start by expressing the (NAVOITVP) (1.1) using the definition of the fractional
derivative of variable order given by (2.2). This yields:

BN (A= R)ER) )
W/o r oy ™) e ()

=u(X,v(A).

Integrating both sides with respect to time gives us:

d A ()\ _ N)lfl(N,u(N)) ,
a/o F(Z—E(N,V(N)))V(N) dR 4w ()

= [ nw9) e
0

Further integration leads to:

A (A = R)I-ERw )
/0 (2 — (R, v(R))) v(R) dX+w(X)

A
:/ (A= N)u(R, v(R)) dR + e\ + o, 3.1)
0

Evaluating the equation 3.1 at A = 0 and A\ = p allows us to determine that ¢, = 0 and

B 1 P (p _ N)]—Z(N,V(N))
a= [/0 Tz o) IR

~ [ o=t o).
0

Substituting these values back into the equation yields:

A (A= R) IO
|, Tt vy 0o

() = A (0 — )X, w(R))dN

A [P (p _ N)I—Z(N,V(N))
YN R TG

A P
- / (0 — N)u(R, w(R) )X,

Rearranging terms gives us the integral equation:

B A () = )R )
v =7 _/0 T =i, o)) R

+/O (A = R) (R, v(R))dN

A [P (p _ N)lfé(N,u(N))
2 | om0

=2 [ - ute v,
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Conversely, differentiating both sides of the integral equation (3.4) with respect to time yields:

d A (= R)I-Ee) /
dX (/0 T2 — (R, v(R))) V(N)dN) +w (N)

= [ )y
0

1 P (,0 _ N)l—é(N,u(N))
() T ray o

- /Op(p —R)u(R v(R))d)).

Differentiating again results in:

di( /0 PRy y(R)aN) + 1 ()

a2 2 —¢R,v(R)))
::u()" V(/\))v
which corresponds to the original NAVOITVP (1.1). O

Theorem 2.7 serves as the foundation for our initial result. We present the following theorem:

Theorem 3.5. Suppose conditions (Assumption 1) and (Assumption 2) are satisfied. If the in-
equality
2 Mro* —n+2
rpp 125 P

2 — 0* (—n+ 1)(— n+2)

holds, then (NAVOITVP) (1.1) admits at least one solution in the space E.

Proof. We define an operator

C:E—E,
as follows:
1 A ()\ _ N)lfé(N,V(N))
A =~—|— N)dN
cv(d) L[ /0 r(z_z(N,y(N)))”( )
A
+/ (0= R)p(R, p(R))aR
0
A — R) IR p()
P Jo r( —iRr)”
£\ [P
=3 (p—mu(wm))d&}.
P Jo
Let R be such that
s
R > .y ‘ )
1 * - —n+2
I b 4 2 |
where

p* = sup | p(A,0)].
AEX
Consider the set
Br={v ek, | v|<R}.

Clearly, B is non-empty, bounded, convex, and closed.
We now demonstrate that C satisfies the conditions outlined in Theorem 2.7. The argument will
be presented in several stages.
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Step 1: C(Bg) C Bg. For v € Bp, we have

Ay oy l—e(Re()
R IR e e AN

A
+A(A—MIM&medN

A [P (p _ N)I—Z(N,U(N))
2 |t ey YO
)\ 14
2 [T Lt 0) | ]
1 by (A — W)€V )
<7 {/0 re—wom) Y

A
+/<A—M|mmum»—ﬂmmndw
0

| N

| dX

+A(A—MIMM®IW

N [P (p— R)I—ER00)
+—/ (p—X) | v(R) | X
0

pJo T2 - (R, v(N))
2 [ o= Lulr09) = n(2,0)

+2AQp—M|mmondﬂ

Ll ey /A A — Ny 1)
<_ ) P
,L{Mrp i ( ; ) | v(R) | dR

+/0 (A= R)RTINT | (R, v(R)) — p(R,0) | dX
A
+ [ O 00

P — R I—ERu(R)
+Mrp1_é(N’”(N))/ (p—) | v(X) | a
0 p

+Aﬂrwwp—M|mmum»—mxm|w
+Aﬂp—M|mmondﬂ

S L A Gy I POIE

A
+A<A—mwwwwmwum»—umﬁndx
+A(A—MIM&®IM

p 1—-£*
+Mrp / —_— v(N) | dN
(=5 )

+ [TRG =2  l,() — (,0) |
0

+ [ 0-%) ux.0) | an]

0
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1 MFP* p27f*
<
ey 171
A A
+/ (A—N)N‘"ﬁ|u(N)\dN+/ (0 — R)p*dn
0 0

Mrp* p
oy 1Vl

[ v s [ wa]

1 [2Mrp*p _ /A _
<- A — N)RT7gN
<SS llvll [ o=

)\2 N P p2
e A R e
0

1 72Mrp*p A2
S ol (R F e ey
. . p—n+2

+ut ot + || v

AR (—77+1)(—n+2)]

1 12Mrp*p
< —
Sl v

L

p—77+2 * 2
_l’_
i+ D(n+2) 4

1r2Mrp*p . p T2
<] Jiivl

+215||V||(

+2
2—¢ TP SN0+
2

1r2Mrp*p p 2 1p*.
<- 2 R
_L{ 2 p(—n+1)(—n+2)} e

<R.

This implies that C(Bg) C Bg.
Step 02: C is continuous.
Consider a sequence v, that converges to v in E. For any A\ € X, we proceed to estimate

)\ N 1—£(R,v, (R))
| Gald) =€ ‘/ re— )™

A (A — R)I—EV)
_A T2 — e(n,y(u)))”m)cm‘

A
/ (A= RIRINT | (R, v (%)) — (R, v(R)) | R

(p — R)I-E0m ()
+’/ 2 myn( DR
)

B (p — R)I-£O8V(N)
/0 £ e oouy VY
[ o= R0 () — 0,14 00) | ]

Y18 wa (X))
‘/ A2 Ne RO

(/\ o N)l*f(N,V( )
*/0 NEE WS
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A
+ﬁ|lun7u|\/ (A — R)N—7aR
(p— R)1—E0wn ()
+’/ AR

)
(p— N)pe(mu(x))
*/o o EO

P
45l v = [ (p= Ny

1 A (A = )R ()
SZ{ /O T2 - E(N,un(N)))V"(N)

X () = )R N)
*/0 r(z_z(n,y(a)))”(md“‘

A2
(=n+1)(=n+2)

(p— R)1— €0 ()
+’/ Tz =)y

L
A (—n +p1)2+—2n + 2)}
==
JRaE

pfn+2
(=n+1)(-=n+2)

R) 1=t (V)
| [ - a ()

P |l vn = v ||

Un

+2p || vn = v ||

TE= i m)
[P (p— W)

| vt aay ]

1 . pfn+2
§2(2p<—n+1><—n+z>) P =]

+

()\ N)l L(N, v, (R))
/o @ rm) ™

A (A = )1
- oty

=0t ()
‘/ pz Ng Ry

(p — R)1-EO0)
- / r@ - (e o)y ®

By applying Lemma 3.3, we find that
[| Cvn(N) — Cr(N) ||— 0,as n — .

L

)

This relationship demonstrates that the operator C' is continuous on E.
Step 3: C is compact.
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In this section, our goal is to demonstrate that C(Bp) is relatively compact, thereby confirming
the compactness of C. It is evident that C'( Bg) maintains uniform boundedness, as established
earlier in Step 1:

C(Br) ={C(v) : v € BR} C Bg.

Consequently, for any v € Bpg, we have || C(v) ||< R indicating the uniform boundedness of
C(Bg).

Firstly, consider the function w(A\) = a* — b*, where A € (—1,0) and 0 < a < b < 1. This
function is decreasing because Ina < Inb < 0 and a* > b* > 0, leading to

w'(\) =a*lna—bInb < b lna — b nb

=b*(Ina — Inb) < 0,

1—£(R,v(R)) 1—L(R,v(R))
This implies that w(\) is decreasing Similarly, for p(R) = (—A‘;N> - (Lgx)

(where 0 < % < AZ < 1), we can view ¢(X) as analogous to w(X), indicating that ¢(X)

decreases with respect to its exponent 1 — £(R, v(N)). Therefore, for A\j, Ay € X with \j < A
and v € Bp, we have

| () — Co(n) |< %[

o TR v) "

Al ()\1 _ N)le(N,u(N))
_/0 T2 — (R, v(N))) ”(N)‘m’

s Al
" /0 (2 — R)u(R, p(R))a — /0 (A1 — R)(R, p(R))aR

(p N)l £(R,v(R))
@ — i) N
p— R) -0 )
r e ooy VY

—£(R,v(N))

v(R)

[t

9y

+‘&/p(p (
‘/OAI f( V(X))

()\1 _ )I—Z(N,V(N))
T2 — (R, v(N)) " ’

A2 ()\2 _ N)lfé(N,u(N))
* / r e rouyy VY

Al
+ / (o = R, #(R)) = (1 — R, ()|
0

— )R, (X)) ;1 / (0 — W)l v()an]]
2 N

o " (2 = 0t v (0)aN

1

()
+ % /0 (rlzz Nz(n,y(m))”(md“ o= A

i % /Op(p =N, 0)aR [ = A ]
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1r [N 1
gﬂﬂ TE i)
<[] (A — W)W (3 )N () | an

X2y — R)I )
+/A1 L2 — (R, v(R))) | v(R) | dR

Al
[ [0 ®) = =) [ (%) | an
A2

+ [ Q2 =R) [ u®v(R)) | X

S— >

Al

M= A1 [P (p— R
| r@ i) |V TR

2 [ —W\MNV(DMM]

P
Al 1 —E(R,w(R))
AkHVH/ [(x -
1—€(R,v(R))
(Az— ) }dN

A2 M — Ny 127
vl [ (PF) T an
Al P

+

+/0/\] [()\2 —R) = (A — N)] | 1R, v(R))

_M(N7O) + /J,(N,O) | dN

A2
-5/<M—Nnummm»—mmm
Al

+u(R,0) | dX
+MﬂhAnnwug/(pprzﬁN
+&;All<p7mwmwum»7umm>

Fu(R,0) | dx}

>\1 R 1—0(R,(R))
p&HVH/ )

P
X N)l LR, p(R ))}dN

Mo —R) — (A — N)]N"’N”
— pu(R,0) | aX
N)

>\1
+ ; [(
| 1%, (X))
Al
[ 00 == =] 10 | oy
—ﬁA%M—Nm”WWMWWWN—M&WIM
+ [ 0a =11 u0)

— P
+M/ (p— N)N_"N"
P 0

(A2 = A1)

2 8
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x | U(va(N» - ,LL(N,O) | dn

A — A P
+T/ (0= ) | 1(%,0) | ]

e [T
_(/\2/)— N)l_e*}dl\l

#1100 =) - O =]

A2
0t [ = 8]+ 1w 1[0 = e
1

o [%ﬁ +%%_A1A2} + B\{Fpg w11 (A2 =)
+>\2A1ﬁ|y||AP(pN)NndN‘f‘M*)\zp)\lp;}
< [ [ - o

200 — AI)H*}

11w | [ —Al)_A;TI] J””(_TA% + %%)
+5l v | [(Mszi:ll)

)\777+2 /\;n+2
+((—n+ 12)(—77+2) (-t 1)(—n+2)>}

222wl (2 - n)]

Ay — A p 2 « P
A —Al)z
+ 2 S oy e e M)
Lrr Mr || v p* 20" 20" 20
AL 1 30

2 =42
‘HL*()\%_)\%)‘F};HVH( AT )
2 (=n+1D(-n+2)

pllvl p 2 WP
_|_
(—n+)(n+2) " ]

Consequently, as A, — Aj, we have
| Cv(X\2) — Cv(A1) |— O indicating that C(Bg) is equicontinuous.
Combining the results from the previous steps and applying the Arzela-Ascoli theorem, we con-
clude that C' is a completely continuous operator. Therefore, based on Theorem 2.7, we deduce
that C' possesses a fixed point v within By, which serves as a solution to the (NAVOITVP)
(1.1). |
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4 Uniqueness results

The following result relies on the Banach contraction theorem.

Theorem 4.1. Suppose conditions (Assumption 1) and (Assumption 2) hold. If the inequality

1 (8Mrp*p +25 P ) <1, @.1)
L (=n+1)(-n+2)

is satisfied, then (NAVOITVP) (1.1) has a unique solution in the space E.

Proof. For any functions v and v* € [E, we can express

| Cv(\) — Cv*(N) |

1 A (A = )R )
< /0 re— o) ™

X (= Ry
- /0 T2 — (R, v())"

v (R)aR

A
+/O (A — R)R-INY
xmidp(R, v(R)) — p(R, v*(N)) | dX

P NIENU())
+‘/ re =) ™
(p W)=
‘Aru oy

+ /Op(p — N)RTIRT | (R, v*(R))

(X, v(N)) | d]
1 A A 1—6(R,u(R))
SLPA<Ef&2%mu<m

()\ N)lff(N v*(R))
+ 3 T o)) |

— v | dR

+p ||l v—v*| / (A = R)R77aR
0
P

w5 llv = | [ (o= na

p— )1
‘”/)Swrz a®, (W)
(p N)l L(R,v™(R))
TSP EG R, (N)))) |

1 A
<[zl =v Il [ g+ by
0

V—U*ldN:|

\—12
(=n+1)(-=n+2)

P
+2HV,,,*||/ (Mrp* 4+ Mrp*)dR
0

+p|lv—v"|

p777+2
“I ]

= e )
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1 A
§7[4Mrp* v —v* || / R
2 0
—n+2
+25 || v — v || —2

(=n+1)(=n+2)

p
FAMrp* || v — v || / dN]
0

p—

< [4Mrp A v v |
p—n+2
(=n+1(-n+2)

+25 || v =" | +4Mrpp || v =" |||

I
<24 % ok 25 ok
S R B A EE (—n+1)(=n+2)

+4Mep*p || v —v* |||

pfn+2 }

1
<=8 * % _%2~ %
<c[8Mreollv = v 4281w = | o o

<L (8Mrp"p+ 25 e ) llv—v" ]
AN TR [ETE ) VA

As a result of Equation (4.1), the operator C' becomes a contraction mapping. In accordance

with the Banach contraction theorem, C' possesses a unique fixed point, which corresponds to
the unique solution of the (NAVOITVP) (1.1). O

5 Ulam-Hyers stability
Definition 5.1. [28] In the context of the (NAVOITVP) (1.1), consider the inequality
1D "9 4807 (M) = (W IV < €, A€ X 5.1)

We say that the NAVOITVP (1.1) is Ulam-Hyers stable if there exists a constant ¢, > 0 such
that for any e > 0 and for any solution ¢ € C(x,R) of (5.1), there is a solution v € C(x;,R)
of the NAVOITVP (1.1) satisfying

[9(N) — v(N)| < cue, X € X7

Theorem 5.2. Assume that conditions (Assumption 1), (Assumption 2), and the inequality refer-
enced as (4.1) are satisfied. In this case, the NAVOITVP (see Equation 1.1) exhibits Ulam-Hyers
stability.

Proof. . Take an arbitrary positive value € > 0 and let () be a function in C(x,, R) that fulfills
the subsequent inequality:

1D 9() 4807 () — (A IN)| < €, A€ X (5.2)

By performing a double integration on each side of this inequality (5.2), we derive the following
result.

1 by (A — R)I=ERI()
‘0“) ty [/0 (2 —4(R, ﬂ(N)))ﬁ(N) dn

-/ "= N, 9

A [P (p— R)IEI0)
| o r ey oo

2

2 [ o=t 0000 < %
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Let A € X, then

- 1 A (0= R)I—0)
=[o) + [/O Tz =i oy W

- [ 0=t

A [P (p— )LL)
|ty @

= (o Nt v(v) a]

- Ir [ ()= R)1- R )
=[o0) + [/0 Tz =i oy W

_/ (0= X)X, v(R))dR

0

A (p N)l £(N,v(R))
S NEEOWS

2 [ o= wutr9) o
(

1 ()\ N)l £(R,9(R))
+Z[/0 (2 — (R, ﬂ(N)))ﬂ(N)

A (A _ N)I—Z(N,ﬁ(}())
- to= oy
A
+1[/0 (A — R)u(R, O(R)) d&

L

A
- / (= W) ]
0

T{A [7 (p— R)!—HO00)
S0 e ORI R

A [P (p— R)IEIN)
= | T ™ @
w3 / (0= Ru(R,9(R)) R

L

2 =00 ]|

P Jo

I [ (h = R)I—H00)
<[+ Z{/O re— o) ) N

- "= W90

A [P (p— R)I-ERIN)
| T ey A

2 [ o= 009) @]

)\ NIZNV(N
‘/ rz o) IR

(/\ N)l L(R,0(R))
_/0 rz - omy ||
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- UA(/\ N | (R, 9(R)) — u(R, v(R)) | dN}

(p— R)I—LRI)
‘/ r@— o)) IR

()
7/0 p(z NZ(N,V( DR ax|
1A

- {/OP(P— N) | p(R,v(R)) — u(R,9(R)) | dN}

Lp

21 A ) IR p(R)
§1+72/ (sup UV
2 T Ve T2 - R p(R)))

(A — R)I-ERI0)
+ su
P T2 = (R, 0(N))

) lv—o]ax

1 A
i /0 (A = RIRTIRT | u(R, I(R)) — p(R,p(R)) | dR

[ (p — R)I—EOIN)
+22/ <Supr(2 (R, 9(N)))

(= RO
TSP R )

% /Op(P — NIRRT [ (R, v(R)) — (R, 9(R)) | dR

)|19*1/|dN

&

<
-2

1 A
ARl [ iy
0
A2
(—n+1)(-n+2)

P
w20 -v | [ e+ bty
0

+p |9 —v]|

p*n+2 }

=yl (—n+1)(-n+2)

21
<L+ [anrp 19— v |

’ p
x [ dN+2p
/o (=n+1)(=n+2)

—n+2

9 —v|

P
+4Mrp™ || 9 — v || / dN}
0

p—n+2 }

2
Ep 1 * ~
< 4 -
=2 [SMFP Ay § )

x| =v]l.

Consequently, we have

[ 9 —v] (1 — %[8MFP*P

—n+2 ep?
(=n +p1)(—n+2)D <%

25
+2p <%
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For each \ € Y., it follows that

[ 9 —v(N) ]9 —v ]

2
< ) 2 - € = CpeE.
= L [8Mrp o+ 2t e
Thus, the (NAVOITVP) (1.1) is Ulam-Hyers stable. O
6 Numerical examples
Example 6.1. Consider the following (NAVOITVP):
N2e— At v
D%-H ( ) ( ) W—i_mv)‘e [07%]7 (61)
v(0) =0, W):O
We consider the case where [ ,p] = [0,1] and £(X\,v()\)) = 3 + 1 a continuous function with
1 <t(\v(N) <i+41=3=¢ <2, Additionally, we have ¢ = 3 and 0 < 5 < 1, which leads
ton=20
0 B _ exp(—-A+4), .,
AL (A v) = (A y) [=AT | = (W)
1 exp(—A+4), .,
— A
TR T ars MY
1
BEEDY
1 1
=\" I
RS L Y
A\ _
Ny lv—vl
1
Sg lv—y].

Conditions (Assumption 1) and (Assumption 2) are satisfied with § = % Furthermore, we eval-
uate the expression

p—77+2 )

1
—( 8Mpp* 25
(82000 + 2

Ay AR )
2% =0.67 < 1.

In light of Theorem (4.1), we conclude that the (NAVOITVP) (6.1) has a unique solution. Addi-
tionally, by Theorem (5.2), the NAVOITVP (6.1) is Ulam-Hyers stable.

Example 6.2. Consider the following (NAVOITVP):

(6.2)

DIy +40" () = ) + e+ 3v, 2 € 0,4),
v(0) = 0, y(> 0,

Here, [0,p] = [0, 1] and £(\,v()\)) = 2 + 1 is a continuous function with 1 < £(\,v(})) <
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L+1=2%=¢"<2,1=4and0 < n < 1, which implies n = 0

W 1) = i) (=230 1 D (exp(/a ) +

8+
327

Thus, conditions (Assumption 1) and (Assumption 2) are satisfied with p = 7. Furthermore, we
calculate

—n+2
1(8MFP*P+2]3(—77 +p1)7;—77+2))
Z[g +2 2)}:%{2+237r312}
1t 271 128421

=z 2+ } 236

=0.52 < 1.

In light of Theorem (4.1), we conclude that the NAVOITVP (6.2) has a unique solution. Addi-
tionally, by Theorem (5.2), the NAVOITVP (6.2) is Ulam-Hyers stable.

7 Conclusion

In this research, we aim to derive findings concerning the existence and distinctiveness of solu-
tions to non-autonomous differential equations of variable order, which incorporate both stan-
dard and fractional mixed derivatives. This is explored within the framework of the initial
and terminal value problem, referred to as NAVOITVP (see Equation 1.1), where the condi-
tion 1 < L(\,v(N)) < 2 holds for £(\,v(N)). Our approach relies on the Ulam-Hyers stability
principle (as outlined in Theorem 5.2) alongside a pair of fixed-point results (presented in The-
orems 4.1 and 3.5). Furthermore, we include a variety of numerical illustrations to demonstrate
the practical implications of these theoretical outcomes. These efforts contribute to deepening
the comprehension of this developing area of study.
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