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Abstract Using some properties of the Grunsky coefficients we improve earlier results for
upper bounds of the Hankel determinants of the second and third order for the class S of univalent
functions.

1 Introduction and preliminaries

Let A be the class of functions f analytic in the open unit disc D = {z : |z| < 1} and normalized
such that £(0) = f/(0) — 1 = 0, i.e., of the form f(z) = 2 + az2? + a32> + ---, and let its
subclass S consist of univalent functions in the unit disc ID. Further, let S* and K denote the
subclasses of A which are starlike and convex in D, respectively, and let I/ denote the set of all

f € Asatisfying
2
‘ (763) 701

In the study of the class of univalent functions and its subclasses, a significant topic is finding
upper estimates (preferably sharp) of the Hankel determinant, especially of the second and third
order, for a function f from A is defined by

<1 (z e D).

(see [6, 7]).

B2)=| " ® | =aaw-—d (1.1)
a3z a4
and
1 a ajs
Hy(1)=| ay a3 a4 | =as3(agas — a3) — as(ay — azaz) + as(az — a3), (1.2)
a3z Qa4 as
respectively.

Hankel determinants are used for studies in the theory of singularities (see [2]), as well as
in the study of power series with integral coefficients. The upper bound of their modulus is of
special interest in the theory of univalent functions and for some subclasses of the class S the
sharp estimation of |H,(2)| are known. For example, for the classes S* and U we have that
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|H2(2)| < 1 (see [3], [8]), while |H2(2)| < % for the class K ([3]). The sharp estimate of H3(1)
seems to be more challenging problem and quite few are known. A review on this can be found
in [12], while new non-sharp upper bounds for different classes and conjectures about the sharp
ones are given in [10]. Other related results are given in [4, 11].

In their paper [9] the authors gave the next upper bound of |H,(2)| and |H3(1)| for the class
S:

Theorem 1.1. For the class S we have

—

1

|H2(2)| < A, where 1< A< 5= 3,666. ..
and
4 2442
|H3(1)] < B, where 5 <B< % = 3.258796 - - -

In this paper we improve these results by proving:

Theorem 1.2. For the class S we have the next estimations:
(i) |H2(2)] <1.3614...;

(i3) |H3(1)] < 1.6787....

The proof of this theorem will make use mainly the notations and results given in the book
of N.A. Lebedev ([5]).

For an univalent function f from S we have

f
log ———— ®) P Z wp,qtf 24,
p,q=0

where w,, , are the so-called Grunsky’s coefficients such that w, , = w, . This coefficients
satisfy the Grunsky’s inequality ([1, 5]):

2

iq iwp,qx,, < i |xp|2 (1.3)
g=1 p=1

where z,, are arbitrary complex numbers such that last series converges.

Next, it is well-known that if
f(2) =24+ a2 +a32’ +... (1.4)

belongs to S, then also does
() =1/f(D) =z2+c3+cs2° 4 ... (1.5)

Then, for the function f, the appropriate Grunsky’s coefficients are of the form Wg))_l,z 41 and
the inequality (1.3) appears to be

|2p1|?
;2‘1_1 Z%p 1,2¢q—102p—1 <Z pr—l . (1.6)
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Finally, from [5, p.57] we have that the coefficients a,, a3, as of f can be expressed by Grunsky’s
. @) . .
coefficients Wap—12g—1 of f, given by (1.5) as:

a = 2w,

az = 2wz + 3w%l,

10
as = 2w3z + 8wiwiz + ?wfl

(1.7)

7
as = 2w3s + 8wijwsz + 5w]23 + 18w121w13 + gwf'l

0 =3wis — 3wiwiz + wfl — 3ws3
1
0=wi7 — w35 — w1 w33z — w123 + 5(&1?1.
Here and in the rest of the paper, for simplicity of the expressions, we omit upper index "(2)" in
2)
Wop—1,2g—1*
We note that in the book [5] there exists a typing mistake for the coefficient as. Namely,
instead of the therm 5w?,, there is 5w?s.

Also, from (1.6) for z5,_1 =0, p = 3,4, ... we have

lwiizy + wizs|? + 3lwiszy + wzes)?

5 5 5 |m|z (1.8)
+5|wisxr + wiszs|” + Twizz + warzs|” < |zi|” + T
From (1.8), for 1 = 1 and 23 = 0, since w3; = w3, we have the next inequalities
jwit|* 4 3lwial? + Slwis|” + Tjwis* < 1,
and further
lwip > < 1,
lwi|* + 3|wis)* < 1,
2 2 2
lwi1 | 4 3Jwiz|” + S|wis]” < 1.
This leads to:
lwn| < 1,
fors] < <=/t~ o
w e — |w ,
13| < 7 11
(1.9

1
frsl < 2\/1 = lon? = 3fousP,

1
|w]7\ < ﬁ\/l — |w”|2 _ 3|w]3|2 — 5|w15‘2.

We note that we can get the first inequality from (1.9) using the fact
laz| = 2w [ €2 = |wn[ <1

(see (1.7)).

2 Proof of Theorem 2
Proof of part (7). Using the definition of H,(2) given by (1.1) and relations (1.7), we have

7
H2(2) = 4w11w33 — gwfl — 4w123 + 4w%lw13.
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Next, from the fifth relation in (1.7) we obtain

1

W33 = Wis — wiwi3 + gwi%n 2.1

and after combining the two previous relations we have
Hy(2) = 4wiiwis — wiy — 4w,

i.e.,
|H2(2)] < 4wt l|wis| + lwi]* + 4wz |*.

Applying (1.9) gives

|Ha(2)] < |w11|\/1 jwit? = 3lwis? + lwnl* + 4w == Fi(lwnl, lwisl),  (22)

\[

where

Fi(z,y) —x\/l—xz 3y2 + 2t + 442 (2.3)

Now, we will find the maximum of the function Fj on its domain

1
D i=30<2<1,0<y< —v1—-223.
: { ==Y }

Numerically we can verify that the system of equations OF} /0z(x,y) = 0and OF, /0y (z,y) =

0 has only one real solution (x1,y1) = <\/;(1),3101/2§1> =

(0.60553...,0.395109...) in the interior of D; such that then
Fl(l'l,y]) =1.19889....

Further, let see that maximum values of F} on the boundary of the domain D;.

1) For y = 0, from (2.3) we have
4
0) = \ﬁx\/l—ﬂﬁz-f—f‘, 0<z<l1.

Using the first derivative test we can conclude that the function F}(x,0) has its maximum
at the point 2o = 0.9181 ... which satisfies the equation 528 — 526 + 42* — 422 +1 =0
and

Fi(z9,0) = 1.3614....

2) Forz =0, since 0 <y < we have

fv

=1333....

OSTRE

F1(07y) = 4y2 S
3) Finally, for0 <z < 1:

Fy (m\%M) =-—(32* — 422 +4) <

3

UJ\-P

From all the previous facts and (2.2) we conclude that |H,(2)| < 1.3614....

Proof of part (i¢) From the six relation in (1.7) and the relation (2.1), after simple calculations,
we get
Wis = W17 — Wiwis + whwiz — wis. (2.4)
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Now, using the relations (1.7), (2.1) and (2.4), we obtain

as = 2(wis + 3wiiwiz + 2w})) 2.5)
as = 2w7 + 6wiiwis + IZW%IUJB + 3w%3 + 5&)‘1‘1. ‘

Further, from the definition of H3(1) given by (1.2), the relation (1.7) for a; and a3, and (2.5) for
a4 and as, after some calculations we have

H3(1) = 2w17(2wis — wiy) + dwiwiswis + 2w wis — 3whwly — 2wiy — dwls.
So,

|H3(1)| < 2|wi7|[2wi3 — why| + 4w |wis||wis] + 2|wr | |wis]

2 2 3 2 (2.6)
+ 3w [*|wis|” 4 2|wis]’ + 4wis|”
We start analysing the above inequality.
Since for the functions from the class S, |az — a§| < 1 (see [1]), and since from (1.7),
2wi3 — wiy| = [az — a3,
we receive
|2w13 — w%l| S 1
Using this and the estimate
|lwi7] < 1 1 —Jwii]? = 3|wiz|?> = S|wis|* < 1 1 — Jwn|? = 3wz
V7 V7
given in (1.9), for the first term in (2.6), we have
2|w17||2w13 — w%l\ S i\/1 — |w11|2 — 3|w13|2. (27)
V7

Using the estimate for |w;s| given in (1.9) and the estimate in (2.7), inequality (2.6) reduces to

2
H(0] = (2 ollors] + 2o ) 1 = o = foraP

V7

4 4 , 12 2 2 2 3

A T 2

+3 5\w11| 5 |wi3|* + 3Jwit]|wi3|” + 2|wis]
=P (lwi], Jwizl),
where
2 4 4 12
Fy(z,y) = (\ﬁ + 4xy + 23;3) V1—a22—3y2+ 5 §x2 - ?yz + 322 + 24 (2.8)

and (z,y) € Dy :{0§x§ Lo<y< %\/l—xz}.

Numerical calculation give that the system of equations 0F> /0x(z,y) = 0 and 0F> /0y (z,y) =
0 has only two real solutions in the interior of D, that are (x2,y,) = (0.583...,0.206...) and
(z3,93) = (0.0131...,0.00748 ....) such that

FQ(Iz, Z—,/Z) =1.6787... and FQ(ZE3,y3) = 1.5559....

Now, we consider the maximum values of the function F(x,y) on the boundary of D;.
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1) The relation (2.8) for y = 0 gives

2 4 4
Fy(z,0) = (\ﬁ+2x3> \/1—x2+§—§x2, 0<z<l

Since F5(0,0) = = + £ = 1.5559. .., F5(1,0) = 0 and OF,/dz(x,0) < 0 when 0 < z <

1, we conclude tha

S

7

—

FZ(J:70) SFZ(OaO) = 7"'_

=+ =1555928..., 0<w<l

2 4
5

2) From (2.8) for x = 0 we receive

2 4 12 1
B0,y) = —=V1-32+ - — =y +2y°, 0<y<—.

v 5 5 NG
Since F3(0,0) = 2 + § = 1.555928...., F3(0, 75) = ; and
OB Joy(0,y) = - — L ey <o
whenOgyS%,weget
(0 )<F(00)—i—|—i—15559 0<y<
2V, Yy) = 12(Y, _\/,7 5_ . ey SYS 3

3) Attheend, for0 <z <1,

1 2
N AN
1

The last function has its maximum 17—6 forz = 5. So

P <1 ng) <

Bz, (1—2%)3 4+ 22(1 — 22).

7
— = 0.4375.
16

Finally, using all the previous facts we conclude that

|H3(1)| < 1.6787....

References

[1]

[2] P. Dienes, The Taylor Series: An Introduction to the Theory of Functions of a Complex Variable,
New York-Dover: Mineola, NY, USA, (1957).
P.L. Duren, Univalent function, Springer-Verlag, New York, (1983).

[3] A.Janteng, S.A. Halim and M. Darus, Hankel determinant for starlike and convex functions, Int. J. Math.
Analysis, 1(13), 619-225, (2007).

[4] G. Kaur, S.S. Billing and S. Singh, Sufficient Conditions for Univalence, Palestine Journal of Mathe-
matics, 12(1), 778-783, (2023).

[5S] N.A. Lebedev, Area principle in the theory of univalent functions, Published by"Nauka", Moscow, (1975)
(in Russian).

[6] M. Obradovi¢ and S. Ponnusamy, New criteria and distortion theorems for univalent functions, Complex
Variables Theory Appl., 44, 173—-191, (2001) (Also Reports of the Department of Mathematics, Preprint
190, June 1998, University of Helsinki, Finland).



IMPROVEMENT OF ESTIMATES OF HANKEL DETERMINANTS 231

(7]

(8]

(9]

[10]

[11]

[12]

M. Obradovi¢ and S. Ponnusamy, On the class U, Proc. 21st Annual Conference of the Jammu Math. Soc.
and a National Seminar on Analysis and its Application, 11-26, (2011).

M. Obradovié¢ and N. Tuneski, Some properties of the class U, Ann. Univ. Mariae Curie-Sktodowska,
73(1), 49-56, (2019).

M. Obradovi¢ and N. Tuneski, Hankel determinants of second and third order for the class S of univalent
functions, Math. Slovaca, 71(3), 649-654, (2021).

M. Obradovi¢ and N. Tuneski, New upper bounds of the third Hankel determinant for some classes
of univalent functions, submitted. (https://arxiv.org/abs/1911.10770)

E. A. Oyekan and T.O. Opoola, Hankel determinant for a subclass of analytic functions associated
with generalized struve function of order p bounded by conical regions, Palestine Journal of Mathe-
matics, 11(2), 395-405, (2022).

Shi L., Srivastava H.M., Arif M., Hussain S., Khan H., An Investigation of the Third Hankel Determi-
nant Problem for Certain Subfamilies of Univalent Functions Involving the Exponential Function,
Symmetry 11, 598, (2019).

Author information

M. Obradovi¢, Department of Mathematics, Faculty of Civil Engineering, University of Belgrade, Bulevar
Kralja Aleksandra 73, 11000, Belgrade, Serbia, Serbia.
E-mail: obrad@grf.bg.ac.rs

N. Tuneski, Department of Mathematics and Informatics, Faculty of Mechanical Engineering, Ss. Cyril and
Methodius University in Skopje, Karpos II b.b., 1000 Skopje, Republic of North Macedonia, Republic of North
Macedonia.

E-mail: nikola.tuneski@mf . edu.mk

Received: 2024-11-28
Accepted: 2025-03-02



	1 Introduction and preliminaries
	2 Proof of Theorem 2

