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Abstract A Hom-group is a nonassociative generalization of a group while a polygroup is a
generalization of a group, and, a special case of a hypergroup. In this paper, we introduce the
notion of a Hom-polygroup as a generalization of a polygroup. We present several foundational
properties of Hom-polygroups with examples. We study homomorphisms of Hom-polygroups,
and show that the kernel of a Hom-polygroup homomorphism is normal. We also study the quo-
tient structure of Hom-polygroups, and present the first, second and third isomorphism theorems
of Hom-polygroups.

1 Introduction

A Hom-group is a nonassociative generalization of a group introduced by Laurent-Gengouxa et
al. in [19] which was greatly expanded by Hassanzadeh in [16, 17] and Liang et al. in [20].
Agboola et al. introduced the concept of neutrosophic Hom-group in [1] and they provided
more properties of Hom-groups in [2]. The theory of hyperstructure was born by Marty in 1934

at the 8th Congress of Scandinavian Mathematicians. In [21], the concept of hypergroup was
first introduced as a generalization of the classical group. Since the introduction of hypergroups
by Marty in 1934, many researchers have expanded the concept and made several generaliza-
tions. Some of the researchers who have made significant contributions to the development of
hypergroups include Ameri and Zahedi [3], Corsini [7], Corsini and Leoreanu [8], Davvaz and
Leoreanu [13], Vougiokls [22, 23, 24] and a host of other researchers. A polygroup is a special
class of a hypergroup introduced by Comer [5, 6]. The concept was later developed by Davvaz
[9, 10, 11, 12, 14], Ghadiri and Waphare [15] and many more scholars. In the present paper,
we introduce the notion of a Hom-polygroup as a generalization of a Hom-group. We present
the foundational properties of Hom-polygroups. We study homomorphisms of Hom-polygroups,
and show that the kernel of a Hom-polygroup homomorphism is normal. We also study the quo-
tient structure of Hom-polygroups, and present the first, second and third isomorphism theorems
of Hom-polygroups.

2 Preliminaries

In this section, we will recall some basic definitions, notations, examples and results relating to
Hom-groups as presented by Adeleke et al. in [1], Agboola et al. in [2], Basdouri et al. in [4],
Hassanzadeh in [16] & [17], Jiang et al. in [18] and Liang et al. in [20]; and those concerning
hypergroups and polygroups as can be found respectively in Davvaz & Leoreanu-Fotea [13] and
Davvaz in [14] which we are going to use in the sequel.



INTRODUCTION TO HOM-POLYGROUPS 233

2.1 Hom-groups

Definition 2.1. Let G be a nonempty set, * : G x G — G a binary operationon G, « : G — G
a bijective set map and 1 € G a distinguished element. The quadruple (G, *,«, 1) is called a
Hom-group if the following conditions hold:

(i) The product map « satisfies the Hom-associativity property

a(g) * (hxk)= (g h)*a(k) Vg,h k€ G.

(i) The product map « is multiplicative that is

alg*h) =alg) xalh) Vg,heQq.

(iii) The element 1 € G called the unit element satisfies the Hom-unitary conditions

g*l:l*g:a(g) VQEG.

(iv) For every element g € G, there exits an element g~! € G such that
ry g 9

(v) For any g € G, there exists k£ € N satisfying the Hom-invertibility condition
a(gxg™) =al(g " xg) = 1.
The smallest such k is denoted as the invertibility index of g. If the invertibility index of

g € G is k, then the invertibility index of a(g) is k — 1.

If only conditions (i) and (ii) are satisfied, G is called a Hom-semigroup. A Hom-semigroup
with condition (iii) is called a Hom-monoid and a Hom-monoid with condition (iv) is called
a Hom-group.

For simplicity except otherwise, g * h will sometimes be written as gh.

Example 2.2. Let C be the set of complex numbers and let x : Cx C — C be the binary operation
on C defined by 21 x 22 = 21 + 22 V21,22 € C. Let a : C — C be a mapping defined by «(z) =z
vz € C. Then (C, , a, 0) is an abelian Hom-group.

Proposition 2.3. Let G be a Hom-group. The unit element of G is unique.

Proposition 2.4. Let G be a Hom-group. Then Vg, h € G:

(i) a(l) =1;
(ii) g~ is unique;
(iii) (97") ' =g;

(iv) (gh)~" = h~"g");
() (a(g))" =al(g™").

Proposition 2.5. If the elements g, h, k in a Hom-group G satisfy gh = gk or hg = kg, then
h=k.

Proposition 2.6. Let G be a Hom-group. Then Vg, h, k € G:
(i) a=(gh) = a~H(g)a™" (h);
(ii) (=" (g)h)k = g(ha~"(k)).

Proposition 2.7. Let (G, 1) be a group and let o © G — G be a group automorphism. Then
(G, o p,a) is a Hom-group.
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Definition 2.8. Let H be a nonempty subset of a Hom-group (G, «) that is closed under the
binary operation in G. H is said to be a Hom-subgroup of G if (H, «) is itself is a Hom-group
under the binary operation inherited from G and we write H < G.

Definition 2.9. Let H be a Hom-subgroup of a Hom-group G and let g € G. The sets gH an Hg
are defined respectively by {gh : h € H} and {hg : h € H}. gH is called a Hom-left coset of H
in G while Hyg is called a Hom-right coset of H in G. The set of all distinct Hom-left cosets of
H in G is denoted by G/H.

Generally, gH # Hg except if G is abelian. However, if gH = Hg Vg € G, then H is called
a Hom-normal subgroup of G and we write H < G.

Proposition 2.10. Let H be a Hom-subgroup of a finite Hom-group G. For all g,h € G, the
following statements are equivalent:

(i) gH = hH;
(i) gH N hH # 0;
(iii) ¢~'h € H;
(iv) a(h) € gH;

(v) a(g)H = a(h)H.

Proposition 2.11. Let H be a Hom-subgroup of a Hom-group G. For all g € G, the following
statements are equivalent:

(i) gH = Hy;

(ii) for h € H, (gh)a(g™") € H;
(iii) (9H)a(g™") C H;

(iv) (gH)a(g™') = H;
(v) a(9)H = Ha(g).

Proposition 2.12. Let H be a Hom-normal subgroup of a Hom-group (G, x, «). Then (G/H,®, B)
is a Hom-group where © is defined YaH,bH € G/H by aH ©® bH = a x bH and (3 is defined
VaH € G/H by 8(aH) = a(a)H.

Definition 2.13. Let (G, «) and (H, 8) be two Hom-groups. The map ¢ : G — H is called a
Hom-group homomorphism if ¢ satisfies the following two conditions:

() Vg.h € G, ¢(gh) = ¢(g)8(h);
(i) foreach g € G, B(¢(g)) = ¢(alg)).

In addition, if ¢ is a bijection, then we call ¢ an isomorphism and we write G = H.

Definition 2.14. The map ¢ : (G,«a) — (H, f) is called a weak Hom-group homomorphism if
¢(lg) = 1 and § o a(gk) = (¢ 0 a(g))(¢ o a(k)) Vg, k € G.

2.2 Hypergroups and Polygroups

Definition 2.15. Let H be a non-empty set and x : H x H — P*(H ) be a hyperoperation. The
couple (H,x) is called a hypergroupoid. For any two non-empty subsets A and B of H and
x € H, we define

A%xB= U axbAxx=Ax{z} and zx B = {z} « B.
acA,beB

Definition 2.16. A hypergroupoid (H,«) is called a semihypergroup if Va,b,c € H, we have
(a*b) xc = ax (b*c), which means that

U ure= | axw.
u€axb vEbxC

A hypergroupoid (H, x) is called a quasihypergroup if Va € H, we have ax H = H xa = H.
This condition is also called the reproduction axiom.
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Definition 2.17. A hypergroupoid (H, ) which is both a semihypergroup and a quasihypergroup
is called a hypergroup.

Example 2.18. Let H be a normal subgroup of a group (G, x). Define the set G/H = {zH : z €
G}. Then (G/H, ®) is a hypergroup where Vo H,yH € G/H,zH ® yH = {zH : z € x x y}.

Definition 2.19. A nonempty subset K of a hypergroup (H, *) is called a subhypergroup if it is
a hypergroup.
If K is a subhypergroup of a hypergroup (H,*),thenVr € K,z « K = K xz = K.

Definition 2.20. Let (H, %) and (K, o) be two hypergroups. A map ¢ : H — K, is called
(i) an inclusion homomorphism if Vz,y € H, we have ¢(z xy) C ¢(z) o ¢(y);

(ii) a good homomorphism if Vz,y € H, we have ¢(z xy) = ¢(z) o ¢p(y);

(iii) a good isomorphism if it is a bijective good homomorphism and we write H = K.

Definition 2.21. Let (H, ) be a hypergroup. H is called a canonical hypergroup if the following
conditions hold:

(i) it is commutative;
(i1) there existse € H suchthatz xe =exx =z, Va € H,
(iii) for all z € H, there exists a unique = € H such thate € (zx 2~ 1) N (27! x 2);

(iv) forall z,y,2 € H,ifx € y* z, theny € 2z ' and z € y~! x .

Example 2.22. Let C'(n) = {ep, e, , ex(n)}» Where

k(n) %, if n is an even natural number,
n) = e .
"T‘l, if n is an odd natural number.

For all e;,e; € C(n), define e; x e; = {ep, e, }, where p=min{s +¢t,n — (s +t)}, v =] s — t |.
Then (C(n), %) is a canonical hypergroup.

Definition 2.23. A polygroup is a system P = (P, x,e,”!) where e € P is a unit element,
—l': P — Pis a unitary operation, * : P x P — P(P) is a hyperoperation, and the following
axioms hold Vz, y, z € P:

1) zx(y*xz)=(z*xy)*z;

(i) rxe=exx =ux;

(iii) € y * z implies thaty € x x 2~ and z € y~!
Yy p Yy Yy

* X.

The following results are consequences of the axioms of a polygroup (P, x,e,”!).
() el =e¢;

() Ve e P,o ' =ux;

(ili) Vo,y € P, (x*xy) ' =y 'x2~!;and

(V) Ve € P,ec (zxx )N (z7 ' x2);
where A7! = {a!:a € A}.

Definition 2.24. A polygroup P in which every element has order 2 that is z=! = x Va €
P is called a symmetric polygroup. It can easily be shown that a symmetric polygroup P is

commutative.

Example 2.25. Let H be a subgroup of a group (G, x). Define a system G//H = ({HgH : g €
G}, ®,H,~!) where (HgH)~' = Hg~'H and

(HgH) ® (HgaH) = {Hgihg2 H = h € H}.
Then (G//H,®, H,~!) is a polygroup.
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Definition 2.26. Let P be a polygroup. A nonempty subset K of P is called a subpolygroup of
P written K < P if:

(i) z,y € K implies that zy € K, Vzx,y € K;

(i) = € K implies that ! € K,Vx € K.

Definition 2.27. Let N be a subpolygroup of a polygroup P. N is said to be normal in P written
N« PifzNz—' C N,Vz € N.

Definition 2.28. Let (P, *,ep,”!) and (Q, x,eq,” ") be polygroups. Let ¢ : P — Q be a map-
ping such that ¢(ep) = eq. Then, ¢ is called:

(i) an inclusion homomorphism if ¢(z * y) C ¢(z) * ¢(y), Vz,y € P;
(ii) a strong or good homomorphism if ¢(z * y) = ¢(z) * ¢(y), V,y € P;

(iii) a strong or good isomorphism if ¢ is a bijective strong or good homomorphism and we
write P = Q).

Definition 2.29. Let ¢ : P — @ be a strong polygroup homomorphism.
(i) The kernel of ¢ denoted by Ker¢ is defined by Ker¢ = {x € P : ¢(z) = eq}.
(ii) The image of ¢ denoted by Im¢ is defined by Im¢) = {y € Q : y = ¢(x), for some z € P}.

3 Hom-polygroups

In this section, we present the notion of a Hom-polygroup as a generalization of a Hom-group.
We present several foundational properties of Hom-polygroups with examples. We study homo-
morphisms of Hom-polygroups, and show that the kernel of a Hom-polygroup homomorphism
is normal. We also study the quotient structure of Hom-polygroups, and present the first, second
and third isomorphism theorems of Hom-polygroups.

Definition 3.1. A Hom-Polygroup is a quintuplet (P, e,*,~',a) consisting of a nonempty set
P together with a unit element e, a hyperoperation *, a unitary operation ~! : P — P, and a
bijective map « : P — P such that the following axioms are satisfied:

(i) forall z,y,z € P,
a(z) * (y*z) = (z+y) *alz),

(i1) the map « is multiplicative, i.e., for all x,y € P,
a(z xy) = a(z) * a(y),

(iii) forall x € P,
rxe=cxx={a(r)} :=a(z),ale) =a'(e) =e¢,

@iv) for all z,y,z € P,

1 1

rTEYxz =>y€xxz  and z €y *z,
(v) for any x € P there exists n € N satisfying the condition
eca(zxz ) =a"(z

The smallest such n is denoted as the invertibility index of z.

Lemma 3.2. Let (P, e, *,~! | a) be a Hom-polygroup. Then
(i) el =g,

(i) e € (a(z) x alz™h)) N (a(z™!) * a(z)) V2 € P.
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Proof. (i) By definition,

exe = afe)=ce
el = e
(i1) Consider
(a(2) *a(@) N (alz™) +a@) = a(es™) N (al"a)
{e} n{e}
= {e}
e € (a(@)xaz)) N (alz™h) xalz)).
]
Proposition 3.3. Let (P, e, *,~! , ) be a Hom-polygroup. Then
(i) (a(z))~' = a(z™") Vo € P;
(ii) a(zy) = a7 (zx)a" (y) Yo,y € P.
Proof. (i) By definition,
e € a(zxaz™h)
~ a@a(a)
(@)™ = a@™)
(i) Consider
vy = ala”!(zy))
a(a™! (aa™!(z)aa ()
= a(aa(a” (z)a" (y)
ala'(z)a"(y)) [since « is invertible, we have]
alzy) = al(x)a'(y).
]

Proposition 3.4. Let (P,e,*,~ ', a) be a Hom-polygroup. Then for each x € P, the inverse
element =" is unique.

Proof. Suppose that a and b are two left inverses of z. Then e € «a(azr) = a(a)a(z) and
e € a(bxr) = a(b)a(z) . Now,

e € afa)a(z)
=afla) € ela(z))™' =ea(z™") =a*(z™") [since  is invertible, we have]
a € afz™"). [Similarly we have]
b € az)
a = b
The same can be done for the right inverses of z. Hence the proof. O

Proposition 3.5. Let (P, e, *,”' ,a) be a Hom-polygroup. Then
(i) (e V() ' =a Yz~ ") V2 € P;
(ii) (o (2™ ")) ' =a ! (z) V2 € P;
(iii) (a(z)a " (z™h)) ' =a Y 2)a(z™!) =a(z)a?(z7") = za(z~!) Vz € P.
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Proof. (i) It is sufficient to show that the inverse of a~!(z) is a~!(x~!). To this end, consider

(@)a (=) =

a”!(z7)a" ()

a Yzz™") = {e} and also,
o

Y™ z) = {e}.

The required result follows from the uniqueness of the inverse element in P.

(ii) It suffices to show that the inverse of a~!(z~!) is a~!(x). To this end, consider

a lzHal(z) =
a Y z)a N (z™h)

a (z7'z) = {e} and also,
o

Hea") = {e}.

The required result follows from the uniqueness of the inverse element in P.

(iii)
(a(w)a (@) =

From (3.1), we have

The required results follow from (3.1), (3.2) and (3.3).

Proposition 3.6. Let (P, e, *,~! ,a) be a Hom-polygroup. Then

(i) (x*xy) =y sl Va,yeP;
(i) veyxz=a ' €zt xy 1 Va,y,2€P.

Proof. (i) Consider

(zy)y~ 'z = aa (zy)(y'27")
[ (zy)y~a(a™")
= [(a7'(@)a ' (y)aa  (y Halz"")
= [z (ya " (y™")alz™)
= [zl (yy ]az™)
C (ze)a(z™")

|
2
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Also consider

(y e Day) = (y'z7)aa  (zy)
oty Do (@)a" (y)]
= o 'y Daa (@) (a (@) (y))]
= a 'y e (@ Ha " (2))y]
= a '@y Da (@ 2)y]

C aly)(ey)
= a(y Ha(y)
= a(y'y)
= {e}
Accordingly, (z xy) "' =y T x 2™l
(i1) Follows directly from (i). O

Example 3.7. Let P = {e,a}, « : P — P be a mapping defined by a(z) = x Vo € P and let
—1: P — P. Let x be a hyperoperation defined in the Cayley table bellow.

x| e a b
e a b
ala a {e,a,b}
b|b|{eab} b
~1is defined by
“llela
e|lbla

It can easily be checked that (P, e, *,”!, a) is a Hom-polygroup.

Definition 3.8. Let (P, e, *,~!' , &) be a Hom-polygroup. P is called a Hom-symmetric polygroup
if every element of P has oder 2. Thatis x~! = x Vo € P.

Proposition 3.9. Ler (P, o) be a Hom-symmetric polygroup. Then P is commutative.

Proof. Suppose that P is a Hom-symmetric polygroup. Let 2,y € P be arbitrary. Then 2~ =

and y~!' = y. Now,
Ty = x71y71
= (yx)~' [from Proposition 3.6 (i)]
= yzx.
Hence, P is commutative. m|

Proposition 3.10. Let (P, o) be a Hom-polygroup and let x,y € P. P is commutative if and only
if (zy) =" =2yl
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1

Proof. Suppose that (xy)~! = x=1y~!. Then by Proposition 3.6 (i), we have

y T = Yy
:>a2(y lx—l aZ(x—ly—l)
= a*(y P (z7! ?(z7"a?(y~") [premultiply both sides by a?(y) to have]
3z 1 1

) [postmultiply both sides by a*(y) to have]

o
N
—~
8
~—
Q
N
—~~
<
o
Q
W
—~
8
—
=)
]
&
=)
o
—_
=
=)
—
<
o
Q
=
=
2z
o
(¢
2]
o
<
Q
—~
~
=
o
g
<
0,

and therefore P is commutative.
Conversely, suppose that P is commutative. Then

(zy)~' = (yz)~! [using Proposition 3.6 (i), we have]
—1, -1
Ty

The proof is complete. O

Proposition 3.11. Let (P, o) be a Hom-polygroup and let x,y € P. P is commutative if and only
if (wy)* = 2%y

Proof. Suppose that (vy)? = 2?y>. Then

(zy)(zy) = (2z)(yy)
= (zy)aa!(zy) = (zz)aa(yy)
= a(z)[ya" (zy)] a(z)[za~"(yy)] [premultiply both sides by a?(2~') to have]
ea(ya™' (zy) ca(za™ (yy))
o (ya™ (zy) a?(za” (yy))
= (yalry) = oP(z)alyy))
= o (y)[a(z)a(y)] a?(z)]a(y)a(y)]
= [a(y)a(z)]e®(y) = |a(z)a(y)]a?(y) [postmultiply both sides by o’ (y~!) to have]
o?(yx)e o?(gh)e
= o’ (yz) o’(zy)) [since « is invertible, we should have]
yr = xy

and therefore P is commutative.
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Conversely, suppose that P is commutative. Then

(zy)* = (zy)(zy)

(zy)aa™ (zy)
a(z)[ya” (zy)]

= a(@)lea”(y) (a7 (2)a" ()]
a(z)[(a” (y) (o (2))y]
a(z)[(a™ (y2)y]
a(z)[(a” (zy)aa™ (y)]
a(z)[z(a” (y)a (y))]

= afz)lza” ()]

= 2%/’

The proof is complete. O

Corollary 3.12. Let (P, o) be a Hom-polygroup such that 2> = e Yz € G. Then P is a Hom-
symmetric polygroup. More generally, if P is a Boolean Hom-polygroup, then P is a commuta-
tive Hom-polygroup.

Definition 3.13. Let H be a nonempty subset of a Hom-polygroup (P, e, *,~ !, a). H is said to
be a Hom-subpolygroup of P if H is also is a Hom-polygroup with the same operations and unit
element.

We write H < P if H is a Hom-subpolygroup of a Hom-polygroup P.

Proposition 3.14. A nonempty subset H of a Hom-polygroup P is a Hom-subpolygroup if and
only if the following conditions hold:

(i) x,y € H implies that vy C HVz,y € H;
(ii) x € H implies that v="' € H VY € H.

Proposition 3.15. A nonempty subset H of a Hom-polygroup P is a Hom-subpolygroup if and

only if
x,y € H implies that xy~' C H Yz,y € H.

Definition 3.16. Let H and K be Hom-subpolygroups of a Hom-polygroup (P, ). The product
HK is defined by
HK ={hk:h € H and k € K}.

Definition 3.17. Let H be a Hom-subpolygroup of a Hom-polygroup (P, «) and let z € P. H
(resp. Hx) the Hom-left coset of H in P (resp. the Hom-right coset of H in P) are defined by
xH = {zh : h € H} (rtesp. Hx = {hx : h € H}). The set of all Hom-left cosets of H in P is
denoted by P/H.

Definition 3.18. Let N be a Hom-subpolygroup of a Hom-polygroup (P, «). N is called a Hom-
normal subpolygroup of P if kN = Nz Vx € P. We write N < P if N is Hom-normal in
P.

Proposition 3.19. Let H and K be Hom-subpolygroups of a Hom-polygroup P. Then H N K <
P.

Proof. Suppose that H, K < P. Then H # ), K # 0and -. HN K # (. Letz,y € HN K
be arbitrary. Then z,y € H and z,y € K. Since H < P and K < P, we should then have
xy~' € H and 2y~' C K from which we have zy~' C H N K. Accordingly, HNK < P. O

Proposition 3.20. Let H be a Hom-subpolygroup of a Hom-polygroup (P, ). For all z,y € P,
the following statements are equivalent:



242 E.O. Adeleke', A.A.A. Agboola®, B. Davvaz® and M.A. Ibrahim*

(i) xH = yH;

(i) «H N yH # 0;

(iii) x~ 'y C H;

(iv) a(y) C zH;

(v) a(z)H = a(y)H.
Proof. See [20]. O

Proposition 3.21. Let H be a Hom-subpolygroup of a Hom-polygroup (P, o). For all x € P, the
following statements are equivalent:

(i) oH = Ha;
(i) fory € H, (zy)a(z~') C H;
(iii) (zH)a(z™!) C
(iv) (zH)a(z™!) =
(v) a(z)H = Ha(x).

Proof. See [20]. O

Proposition 3.22. Let H and N be Hom-subpolygroups of a Hom-polygroup (P, «) such that
N < P. Then

(i) xtN = Nz, Vx € P;

(ii) (xN)(yN) = (zy)N, Va,y € P;
(iii) xN = yN, Vy € xN;

(iv) HNN < H.

(v) HN = NH is a Hom-subpolygroup of P.
(vi) N < NH.

Proof. (i) Suppose that N <1 P. Then by Proposition 3.21 (ii), we have (zm)a(z~') € N
Vm € N. This means that 3n € N such that (xm)a(z~"') = n. Postmultiply both sides by
a?(x), we have

nat(z) = [(@m)a(z™")]e?(z)
alzm)e
= o?(zm)

= o?(z)a’(m)

Since we can find y € P such that y = o?(z) and find t € N such that t = a?(m), it then follows
that yt = ny that is y N = Ny and we are done.

(ii) By (i), (xN)(yN) = (Nz)(yN). Then there exit m,n € N such that (zn)(ym) = (nz)(ym).
Now,

(zn)(ym) = (nz)(ym) = aa” (nz)aa”" (ym)

= a(n)[za”(ym)]

= a(n)[z(a” (y)a™ (m))]
a(n)laa(z)(a” (y)a™" (m))]

= a(n)[(a” (@)a" (y))m]
a(n)[(a™! (zy)m]

= [na Y (zy)]a(m) [by (), we have]
[~ (zy)n]a(m)
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Since nm € N, the required result follows.
(iii) Suppose that y € zN. Then dm € N such that y = xm. Now, let z € yN. Then I3n € N
such that z = yn = (zm)n. Consider the following:

z = (zm)n

= aa” (zm)(ne)

Since a~!(mn) € N it follows that z € N and therefore, zN C yN.

Conversely, suppose that y € xN. Then Im € N such that y = xm and this implies that
x = ym~'. Now, let z € N. Then In € N such that z = 2n = (ym~')n. Consider the
following:

Since o~ (m~!n) € N it follows that z € yN and therefore, yN C xN. Hence, zN = yN.
(iv) That H N N < H is clear. For Hom-normality, let z € H N N and h € H. Now consider

(hz)a(h™') = a(h)(zh™")
C H
SHNN <« H.
(v) See [20].
(vi) Letn € N and z € NH. Since N < P, it follows that
(zn)a(z™') € NCNH
(xn)oz(:cil) C NH
N < NH.

O

Definition 3.23. Let (P, «) be a Hom-polygroup and let N < P. The relation z = y(modN) is
defined if and only if (zy~!) N N # () Vz,y € P. This relation is defined by x Npy.

Proposition 3.24. The relation Np is an equivalence relation.
Proof. For reflexive and symmetric properties of Np, see [13] Lemma 3.3.6 page 90. For tran-

sitive property, suppose that Npy and yNpz. Then (zy~ ') NN # () and (yz—') NN # (). Now
letpe (zy )N Nandg € (yz~!)NN. Thenp € zy~ ' andp € N, g € yz~! and ¢ € N from
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we obtain 2 € py and z~! € y~'¢. Now consider the following:

2z

(ry)(y'a)
(py)oa™ 1(y 1q)
p

p

(p)]
(p)]
a(p)
(p)[a™
(»)]

Q
SD
/:
<
~—
—
Q
/—:
<
—
|
—~
=
=

«

aip
p

= pa(q) S N.

We have just shown that (zz~!) NN # ) and therefore x Npz. Since the relation Np is reflexive,
symmetric and transitive, it follows that it is an equivalence relation. The proof is complete. O

Definition 3.25. The equivalence class of any element z € P is denoted by [z]Np and we let
[P: N]={[z]Np : z € P}. We define a hyperoperation ® on [P : N| by

[z]Np ® [y]Np = {[z]Np : 2 € [z]Np * [y|Np}.
Lemma 3.26. Let (P, o) be a Hom-polygroup and let N <1 P. Then [x]Np = xN Vz € P.

Proof. Suppose that y € [z]Np. Then 2 Npy meaning that (x~'y) N N # () which implies that
27y C N sothaty € N. Thus, [x]Np C xN. Similarly, it can be shown that N C [z]Np
and therefore [z]Np = xN.

We therefore conclude that [P : N] = P/N. o

Lemma 3.27. Let (P, ) be a Hom-polygroup and let N < P. Then Vx,y € P, (zy)N = zN
Vz € xy.

Proof. Suppose that z € zy. Then «(z) € a(xy) and zN C (2y)N. On the other hand, suppose
that p € (zy)N. Then 3n € N such that p € (xy)n. Now, consider the following:

p € (zy)n
= (zy)aa'(n)
= a(z)lya'(n)]
a(z) € plya ! (n)]™!
= pla(n Ny~"] [postmultiply both sides by a(y), we have]
a(z)aly) < pla(n )y aly)
= pla*(n™")e]
= pa’(n")
C pN [from which we obtain]
p € alz)a(y)N = a(zy)N = a(z)N =2zN
(zy)N C zN
“(zy)N = zN Vze€uxy.

Lemma 3.28. Let (P, o) be a Hom-polygroup and let N <t P. ThenVz,y € P,

[([z]NP)([yINP)INP = ([z]Np)(ly]Np)-
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Proof. By Lemma 3.26, we have that

[(zN)(yN)INp = ((zN)(yN))N = ((zy) N)N.

([zINP)([y]Np)INP

zN from which we have that ((zy)N)N =

zN. For the proof of the claim, 3n € NV such that

By Lemma 3.27, we have that Vz € zy, (zy)N

(zN)N. Now, we claim that (: N)N

=3
T

= 8§ £=
i Ul

= (zy)N

~((xy)N)N

(zN)(yN)

z]Np)([y]Np) thatis

The proof is complete.

Proposition 3.29. The system ([P : N],[e]Np,®,” !, a) is a Hom-polygroup.

[a(p)]Np ¥p € P. Then

Proof. For Hom-associativity, let [p]Np, [¢]Np, [r]Np € [P : N] be arbitrary where p,q,r € P

and let ([p]Np)

qINp ® [r]|Np)

[a(p)|Np @ (
[a(p)|Np @ {

a([pINp) ® ([g]Np ® [r|Np)

z|Np : x € ([q]Np)  ([r]Np)}

~—

~—

p)INp) = (([gJNp) * ([r]Np))Np}[by Lemma 3.28,]
p)INp) = (([dJNp) * ([r]Np))} [by Lemma 3.26,]

p)N) = ((gN) = (rN))}

~—

(07

Npiye

~— —

(&%
(0%
(0%

Np:y€

~—

—~

~—

—~

i}

~—

—~ — — ~—
T~ N N N~ ' ~— —

~—
~—

~

{
{
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For multiplicativity of «, let [z|Np, [y]Np € [P : N| where z,y € P. Then

a(fz]Np ® [y]Np) = {a([z]Np): z € [¢]Np * [y|Np}

= {la(2)INp : z € [2]Np * [y|Np}
{[a(2)INp : 2 € (xN) * (yN)}

= {la(2)]Np: z € (zxy)N}
a(zxy)N)

= (afz) xa(y))N
(a(z)N) * (a(y)N)

= ([e(2)]Np) @ ([a(y)]Np)

= a([z]Np) ® a([y|Np)

Next, it is clear that [e] Np is a unit element in [P : N] and V[z|Np € [N : P], ([z]Np)~! =
[z~!]Np is the inverse of [x] Np. Now,

(le]Np) ® ([z]Np) = {[ylNp :y € ([]Np) = ([2]Np)}
{lylNp (eN) * (zN)}
= {[y/Np:ye(exz)N}
{yINp 1y € a(z)N}
= {[yINp :y € [a(2)]Np}
[

= {[a(2)]Np} = o([z]Np) = ([z]Np) ® ([e]Np).

Also, a([e]Np) = [¢]Np and o~ ([e] Np) = [e] Np.

For Hom-reversibility, suppose that [z]Np C ([y]|Np) ® ([z]Np). Then Ju € [z]Np,v €
[y|Np,w € [2]Np with u,v,w € P such that u € v x w which implies that v € u * w~' and
w € v~' % u. Therefore, [v)]Np C ([u]Np) * ([w™'|Np) and [w]Np C ([v='|Np) * ([u]Np).
Hence, ([y]Np) C ([z]Np) ® ([z~'|Np) and [z]Np C ([y'|Np) ® ([z]Np).

Lastly, consider

[2]Np @ [ 'INp = {[y]Np [2]Np * [z~ 'INp}
{[VINp :y € («N) * (' N)}
{[yINp :y € (x 2" )N}
{lyINp : y € eN}
{[yINp 1y € [e]Np}
= {leJNp}.

It follows that [e]Np C [2]Np ® [z |Np = [z~ |Np ® [2] Np
According to Definition 3.1, ([P : NJ],[e]Np,®,”!,a) is a Hom-polygroup and the proof is
complete. O

Corollary 3.30. Let (P,«) be a Hom-polygroup and let N <1 P. Then (P/N,eN,®,” ! «a) is
a Hom-polygroup called Hom-quotient polygroup where tN ® yN = {zN : z € zy} and
(xN)~' =z~ IN.

Definition 3.31. Let (P,ep,*,~ ', ) and (Q,eq,*, !, 3) be two Hom-polygroups. The map-
ping ¢ : P — ( is called a strong Hom-polygroup homomorphism or a good Hom-polygroup
homomorphism if the following conditions hold:

(i) ¢lep) = eq;
(i) d(z*y) = () x ¢(y) Va,y € P;
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(i) B(6(2)) = ¢(a(x)) Vo € P.
If in addition ¢ is a bijection, then ¢ is called a Hom-polygroup isomorphism and we write
P=qQ.

Definition 3.32. Let (P, «) and (Q, 3) be two Hom-polygroups. The mapping ¢ : P — Q is
called a weak Hom-good polygroup homomorphism if

¢(ep) =eq and Bod(z+y) = (poa(z))*(poaly)) Va,y € P.

Definition 3.33. Let ¢ : (P, a) — (Q, 8) be a good Hom-polygroup homomorphism.

(i) The image of ¢ denoted by Im¢ is defined by

Im¢ ={y € Q:y=¢(x) forsome x € P}.
(i) The kernel of ¢ denoted by Ker¢ is defined by
Kerp = {x € P: ¢(z) =eq}.

Proposition 3.34. Let ¢ : (P, o) — (Q,3) be a good Hom-polygroup homomorphism. Then
p(z7") = (¢(x))~" Vo € P.

Proof. Since P is a Hom-polygroup, we have ep € a(xz~') and since ¢ is a strong Hom-
polygroup homomorphism, we have

$lep) € olafza!

= Bé(az™"))

= Ble(@)¢(=71)

= B(é(z)B(¢(x~")) [by Hom-reversibility, we have]
Blo(x7h) € (B(o(2)) ' plep)

B0 eler)

= B((6(2)eq

= B((¢(x))~") [since § is invertible, we have]

ola”) = (¢(x)".

Proposition 3.35. Let ¢ : (P, ) — (Q, B) be a strong Hom-polygroup homomorphism. Then
(i) Imgp < Q;
(ii) Ker¢p < P

Proof. (i) Since ¢(ep) = egq, it follows that Im¢ # (0. Let u,v € Im¢ be arbitrary. Then
Jdx,y € P such that u = ¢(z) and v = ¢(y). Now,

w' S () ((y)) !
¢(z)(p(y™")
= ¢(zy™') € Img
SImg < Q.

(ii) Since ¢p(ep) = eq, it follows that Ker¢ # (. Let u,v € Ker¢ be arbitrary. Then ¢(u) =
#(v) = eq. Now,

p(wv™") = o(u)(p(v™")
$(u)(d(v)) ™!

eqeq = Bleq) = eq
CLuv Ker¢p

. Kerg < P

[
IN
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For Hom-normality, let p € P and consider the following:

¢((pu)a(p™)) = opu)s(alp™))
d(pu)B(o(p™"))
[6(p)o(w)]B(o(p™"))
= [¢(p)eqlB(a(p™))
B(o(p))B(e(p™"))
= B(¢()B((¢(p)~")
B(e(p)((p))~") [since eq € B(¢(p)(¢(p))~"), we have]
¢((pu)a(p™)) = eq
‘. (pu)oz(pil) Kerg
. Kerg < P.

N

O

Remark 3.36. The result of Proposition 3.35 (ii) is different from what is obtainable in the
classical polygroup. In the classical polygroup, Ker¢ is generally not normal in P.

Proposition 3.37. Let ¢ : (P,a) — (Q, 8) be a strong Hom-polygroup homomorphism. Then ¢
is injective if and only if Ker¢ = {ep}.
Proof. Suppose that ¢ is injective. Let 2z € Ker¢ be arbitrary. Then ¢(z) = eg = ¢(ep) so that
2 = ep. Consequently, Ker¢ = {ep}.

Conversely, suppose that Ker¢) = {ep} and suppose that ¢(z) = ¢(y) Vz,y € P. Since 3
is invertible, we have 3(¢(z)) = B(4(y)) and by the definition of Hom-polygroup homomor-
phism, we have ¢(a(x)) = ¢(a(y)). By postmultiplying both sides by ¢((a(y))~!)), we have

¢(a(@))o((aly)) 1) = ¢(a(y))é((a(y))~")) which implies that ¢(a(zy~")) = d(alyy™")).
Since ep € a(yy~!), we have that ¢(a(zy~')) = ¢(e,) = eg. Now, let z € zy~!. Then
we have ¢(a(z)) = eg and so, a(z) € Ker¢p = {ep}. This means that ep € zy~! and by
Hom-reversibility, we have © = y. Hence, ¢ is injective. The proof is complete. O

Example 3.38. Let (P,*,a) be a Hom-polygroup and let N <« P. Then the mapping ¢ :
(P, *,a) = (P/N,®, 3) defined by 1)(x) = N is a strong Hom-polygroup epimorphism called
strong Hom-canonical homomorphism with Ker¢) = N.

Proof. Suppose that z,y € P are arbitrary. Then

Ylexy) = v({z:z€xxy})
{v(2) 1z €wxy}
= {zN:zeuay}
N ® yN
= Y(x) ®P(y).
Also, Vx € P,
B((x)) = B(xN) = a(x)N = ¢(a(z)).
Thus, v is a strong Hom-polygroup homomorphism. Since 1 is clearly surjective, it follows that

1 is a strong Hom-polygroup epimorphism.
Finally,

Ker¢ {reP:yY(x)=epn}
{r € P:y¢(z) =eN}
{reP:zN =N}

= N.

The proof is complete. O
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Theorem 3.39. [First Isomorphism Theorem] Let ¢ : (P,*,a) — (Q,0,3) be a strong Hom-
polygroup homomorphism with K = Ker¢. Then P/ K = Img.

Proof. By Proposition 3.35 (i), Im¢ < @ which is a Hom-polygroup, by Proposition 3.35 (ii),
K <P and by Corollary 3.30, P/K is a Hom-polygroup. Now, let ¢ : (P/K,®, 1) — (Im¢, o, §)
be a mapping defined by ¢(zK) = ¢(x) Vo € P. We first show that ¢ is well-defined. Suppose
that t K = yK. Then 3k € K such that vk = yk. Now consider
P(xxk) = ¢yxk)
= o(x)op(k) = o(y)oo(k)
= ¢(x)oeq = oy)oeq
= B(¢(x)) = PB(¢(y)) [since f is invertible, we have]
¢(x) = o
Hence, 1 is well-defined. Next, we show that ¢ is a strong Hom-polygroup homomorphism. To
this end, let K, yK € P/K be arbitrary where x,y € P. Then
YK ®yK) = ¢({z:z€xxy})
= {¢(2):zexxy}
{zK : z € zy}
= zK®yK

= P(@) @ P(y).

-

Y)-

Also, VaK € P/K, we have

B (xK)) = B(d(z)) = ¢(a(x)) = ¥(a(@)K) = d(u(zK)).

Hence, ¥ is a strong Hom-polygroup homomorphism. Lastly, we show that 1) is a bijection. By
the definition of ¢, it is clear that ¢ is surjective. For injective, consider the following:

Kery = {2K € P/K :¢(zK) = epp,}

= {2K € P/K:¢(x) = ¢(ep/k)}
{tK € P/K :x € K}

= {K}
Accordingly, v is an injection and therefore a bijection. Since v is a bijective strong Hom-
polygroup homomorphism, it follows that P/ K =2 Im¢. The proof is complete. O

Corollary 3.40.If ¢ : (P,x,a) — (Q,0, ) is a strong Hom-polygroup epimomorphism with
K = Ker¢, then P/K = Q.

Theorem 3.41. [Second Isomorphism Theorem] Let H and N be Hom-subpolygroups of a Hom-
polygroup (P, *,a) with N < P. Then H/(HNN) = (HN)/N.

Proof. By Proposition 3.22 (iv), H N N <1 H, by Proposition 3.22 (v), HN = NH < P and by
Proposition 3.22 (vi), N < HN. Let ¢ : (H,a) — ((HN)/N,®, 3) be a mapping defined by
¢(x) = zN Vx € H. We then show that ¢ is a strong Hom-polygroup epimorphism. To this end,
let x,y € H be arbitrary. Then by Proposition 3.22 (ii), we have

plxxy) =

(xxy)N
(zN) ® (yN)
= 9(x) ®0(y).

Also,
B(¢(x)) = B(aN) = a(2)N = ¢(a(2)).
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Accordingly, ¢ is a strong Hom-polygroup homomorphism. We claim that ¢ is surjective. For
the proof of the claim, let zN € (HN)/N be arbitrary with x € HN. Then 3h € H and 3n € N
such that € hn and by Proposition 3.22, we have

aN = hnN = (hN)(nN) = hN = ¢(h).

This shows that every element of (HN)/N has a preimage in H. Hence, ¢ is surjective and thus,
¢ is a strong Hom-polygroup epimorphism. Lastly, consider the following:

Kerp = {xecH:d(x)=emnnyn}
{reH:¢(x)=N}
{reH:zN =N}
{re H:ze N}
{reH:xe HNN}
= HNN.
By invoking Corollary 3.40, we conclude that H/(H N N) = (HN)/N. This completes the

proof. O

Theorem 3.42. [Third Isomorphism Theorem] Let H and N be Hom-normal subpolygroups of
a Hom-polygroup (P, *,«) with N < H. Then

(i) H/N < P/N;
(ii) (P/N)/(H/N) = P/H.

Proof. (i) Obviously, N <1 H. It is clear that H/N and P/N are Hom-polygroups and H/N C
P/N. For Hom-normality, VAN € H/N,pN € P/N, with h € H p € P, we have

(pN)(RN)B((pN)™") = ((ph)N)B(p~'N)
= ((ph)N)(a(p~")N)
= [(ph)a(p~ "IN
C H/N

-~ H/N < PJ/N.

(ii) Since by (i) H/N <1 P/N, it follows that (P/N)/(H/N) is a Hom-polygroup. Now, let ¢ :
(P/N,®,8) — (P/H,®, 1) be a mapping defined by ¢(zN) = xH VN € P/N,yN € P/H.
We first show that ¢ is well-defined. To do this, we note that since N < H, then NH = H.
Suppose that N = yN. Then (zN)H = (yN)H and 3h € H,n € N such that

(zn)h = (yn)h
= (zn)aa”'(h) (yn)aa~'(h)
= a(z)(na~'(h)) a(y)(na~'(h)) [since na—'(h) € NH = H, we have]
o()(NH) = aly)(NH)
= a(z)H aly)H
= u(zH) wu(yH) [since y is invertible, we have]
xH yH

S.o(xN) = ¢(yN) [and ¢ is well-defined].

Next, we show that ¢ is a strong Hom-polygroup epimorphism. By the definition of ¢, it is clear
that ¢ is surjective. Let pN,qN € P/N be arbitrary with p,q € P. Then by Proposition 3.22
(ii), we have

o((pN) ® (¢N)) ¢((pg)N)
(pa)H
(pH)(qH)

o(pN)d(gN).
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Also,
w(o(pN)) = p(pH) = a(p)H = ¢(a(p)N) = ¢(B(pN)).

Accordingly, ¢ is a strong Hom-polygroup epimorphism. Lastly, consider the following:

Kerp = {pN € P/N:¢(pN)=ep/u}
{pN € P/N :pH = H}
{pN € P/N:pec H}
= H/N.

Hence by Corollary 3.40, we have that (P/N)/(H/N) = P/H. The proof is complete. i

4 Conclusion, Possible areas of Application and Future Research

In this paper, we have introduced the concept of a Hom-polygroup as a generalization of a Hom-
group. We presented several foundational properties of Hom-polygroups with examples. We
studied homomorphisms of Hom-polygroups, and showed that the kernel of a Hom-polygroup
homomorphism is normal. We also studied the quotient structure of Hom-polygroups, and pre-
sented the first, second and third isomorphism theorems of Hom-polygroups. Hom-polygroups
provide a framework for studying generalizations of group theory, which can be useful in ex-
ploring new algebraic structures and relationships. They serve as a bridge between classical
group theory and broader algebraic systems like hypergroups and quasigroups. We hope in fu-
ture works the non-commutative and generalized operations in Hom-polygroups can be utilized
to design cryptographic systems that are resistant to traditional cryptanalysis technique. Also,
Hom-polygroups can model symmetry and connectivity in graphs and hypergraphs, particulary
in cases involving multi-valued relationship.

References
[1] E.O. Adeleke, A.A.A. Agboola, A.O. Adeniji, M.A. Ibrahim and S.A. Adebisi, Introduction to Neutro-
sophic Hom-group, to appear in Neutrosophic Sets and Systems (NSS).

[2] A.A.A. Agboola, M.A. Ibrahim, A.O. Adeniji and S.A. Adebisi, On fundamental properties of Hom-
groups, J. Mahani Math. Res., 14 (2), 81-97, (2025).

[3] R. Ameri and M.M. Zahedi, Hyperalgebraic system, Italian J. Pure Appl. Math., 6, 21-32, (1999).

[4] I. Basdouri, S. Chouaibi and A. Makhlouf and E. Peyghan, Free Hom-groups, Hom-rings and Semisimple
modules, https://arxiv.org/pdf/2101.03333.pdf.

[5] S.D. Come, Extension of polygroups and their representations using colour schemes, in: Universal Alge-
bra and Lattice Theory, in: Lecture Notes in Meth., 1004, 91-103, (1982).

[6] S.D. Comer, Polygroups derived from cogroups, J. Algebra, 89, 397-405, (1984).
[7] P. Corsini, Prolegomena of Hypergroup Theory, Aviani Editore, (1993).
[8] P. Corsini and V. Leoreanu, Applications of Hyperstructure Theory, Kluwer Academic Publisher, (2003).

[9] B. Davvaz, Polygroups and their properties, in: Advances in Algebraic Structures: Proceedings of the
International Conference on Algebra, Gadjah Mada University, Indonesia, 7-10 October, 2010, World
Scientific, (2010).

[10] B.Davvaz, Isomorphism theorems of polygroups, Bull. Malays. Maths. Sci. Soc. (2), 33, 385-392, (2010).

[11] B. Davvaz, Groups in polygroups, Iranian Journal of Mathematical Sciences and Informatics, 25-31,
(2006).

[12] B. Davvaz, On polygroups and permutation polygroups, Math. Balkanica (NS), 14, 41-58, (2000).

[13] B. Davvaz and V. Leoreanu-Fotea, Hyperring Theory and Applications, International Academic Press,
115, Palm Harber, USA, (2007).

[14] B. Davvaz, Polygroup Theory and Related Systems, World Scientific Singapore (ISBN: 978-981-4425-
30-8), (2023).

[15] B.N. Ghadiri and B.N. Waphare, n-ary polygroups, Iran J. Sci. Technol. Trans. A 30 (A2), (2010).
[16] M. Hassanzadeh, Lagrange’s theorem for Hom-groups, Rocky J.Math., 49, 773-787, (2019).



252 E.O. Adeleke', A.A.A. Agboola®, B. Davvaz® and M.A. Ibrahim*

[17] M. Hassanzadeh, Hom-groups, representations and homological algebra, Colloq. Math., 158, 21-38,
(2019).

[18] J. Jiang, S.K. Mishra and Y. Sheng, Hom-Lie algebras and Hom-Lie groups, integration and differentia-
tion. SIGMA Symmetry Integrability Geom. methods Appl., 16 (137), 22, (2020).

[19] C. Laurent-Gengouxa, A. Makhlouf and J. Teles, Universal algebra of a Hom-Lie algebra and group-like
elements, Journal of Pure and Applied Algebra, 222 (5), 1139-1163, (2018).

[20] U.C. Liang, Q.F. Tian, M. Yao, S. Ripan and Y.Z. H(2023), On Hom-groups and Hom-group Actions,
Acta Mathematica, English Series, 39, 1887-1906. https://doi.org/10.1007/s10114-023-2133-7.

[21] F. Marty(1934), Sur une generalization de la notion de groupe, 8th congress Math. Scandenaves, Stock-
holm, 45-49 .

[22] T. Vougiokls, Hypergroups, hyperrings. Fundamental relations and representations, Quaderni del Semi-
nario di Geometria Combinatoria, 1-20, (1989).

[23] T. Vougiokls, Hyperstructures and their representations, Hadronic Press, Inc. Palm Harbor, USA, (1994).
[24] T. Vougiokls, A new class of hyperstructures, J. Combin. Inform. System Sci., 20(1-4), 229-235, (1995).

Author information

E.O. Adeleke', Department of Mathematics, Federal University of Agriculture, Abeokuta, Nigeria.
E-mail: yemi376@yahoo.com

A.A.A. Agboola®*, Department of Mathematics, Federal University of Agriculture, Abeokuta, Nigeria.
E-mail: agboolaaaa@funaab.edu.ng

B. Davvaz’, Department of Mathematical Sciences, Yazd University, Yazd, Iran.
E-mail: davvaz@yazd.ac.ir

M.A. Ibrahim*, Department of Mathematics, Auburn University, Auburn, AL 36849, USA.
E-mail: mai0015Q@auburn.edu

Received: 2024-11-28
Accepted: 2025-01-13



	1 Introduction
	2 Preliminaries
	2.1 Hom-groups
	2.2 Hypergroups and Polygroups

	3 Hom-polygroups
	4 Conclusion, Possible areas of Application and Future Research

