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Abstract his study utilizes the Caputo derivative to investigate a nonlinear coupled system
related to beam deflection. The system includes new derivative parameters 0 < aj,an < 1,
2 < p1, 2 < 3 that are used for sequential derivatives. These parameters do not adhere to the
standard semi-group and commutativity rules. Additionally, the system features two generalized
nonlinearities on its right-hand sides. Our system can be simplified to a fourth-order ordinary
coupled system reminiscent of beam dynamics in certain cases. We employ the Banach con-
traction principle and the Schauder fixed point theorem to establish two primary results: the
uniqueness of solutions and the existence of at least one solution. Furthermore, stability in the
context of Ulam-Hyers stability is studied, and 2 examples are provided to support our results.

1 Introduction

Recently, there has been a lot of interest in the development of fractional calculus (FC) to ex-
plore integration and differentiation to non-integer order. This branch of FC has important uses
in many scientific and technological domains where mathematical equations can be used to de-
scribe real-world issues, see [1, 8, 32, 33, 34]. fractional differential equations have gained pop-
ularity due to their important applications in various fields of science and engineering, including
viscoelasticity, electrochemistry, control systems, biology, and aerodynamics. For further infor-
mation and detailed insights, we recommend referring the reader to [12, 15, 19, 20, 21, 22, 25].
the elastic beam, often referred to as the Euler-Bernoulli equation, is fundamental in material
science and engineering. It describes how a beam behaves under bending loads and can be used
to calculate the stress distribution, deflection, and strain in a beam made of elastic material. The
equation is given by :

d? d?

where u represents the deflection of the beam, £ denotes Young’s modulus of the material,
I symbolizes the moment of inertia of the beam’s cross-sectional area, and dl indicates the
distributed load on the beam.

Beam equations have extensive applications in engineering and applied sciences. In structural
engineering, they are used to study the bending, shear, and vibrational characteristics of beams
in buildings [11, 30], as well as the behavior of bridges under moving vehicles [35]. Beam
equations also find applications in biomechanics for modeling bone mechanics and prosthetics
[24, 36]. These examples highlight only a few of the applications of beam equations.

In pure mathematics, the elastic beam equations have inspired the study of the following
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family of differential equations, as referenced in [2, 3, 31]:

{u4(t) =g(t,u(t),u"(t), 0<t<l
uw(0) = u(1) =u"(0) =u"(1) =0.

Fractional beam-type differential equations have also been utilized to model the behavior of
beams. For instance, A. Almbaidin and I. Abu-Alshaikh, in [4], proposed an equation to study
vibrations in a graded simply supported beam that is subjected to a moving oscillator. Their
proposed equation is given by:

o* (@) O*u(x,t)
Cal g (D u(, 1)) + (BDeg g
Pulx,t d%q(t
+ peq% =-m <;t(2) +g) §(xz — vt),

where, u indicates the displacement of the beam, ¢ gives us the displacement of the oscillator, g
symbolizes for us the acceleration, and the expression D§* refers to the Caputo-Fabrizio deriva-
tive. In the work of J. Villa-Morales et al. [27], the authors proposed fractional differential
equations using the Caputo derivative to model the deflection of beams, for which they derived
a closed-form solution. Their problem is given by:

Ilfa

EIDg M u(z) = mM(:c).

In [5], R. AlSaleh et al. investigated the dynamics of a beam with fractional order damping.
They proposed a method to obtain a closed-form solution by integrating Green’s functions with
Laplace transforms and the composition method.

In addition to finding solutions, it is essential to study the existence and uniqueness of solutions to
nonlinear fractional differential equations. This exploration is critical for obtain a deeper under-
standing of complex nonlinear physical phenomena and their practical applications in fractional
order systems. For more details and various, we refer to [23, 26]. After exploring the results
related to the uniqueness and existence of solutions, many mathematicians became interested in
examining Ulam-Hyer stability within mathematical analysis. For further clarification on this
topic, see for instance [10, 13, 14, 16, 17, 28]. In this context, I. Bachar et al. [7] investigated
the existence and uniqueness of a solution for the following problem:

D« (Dﬁe) (¢) + Y(s,9(s)) =0, 0<g<1,

9(0) = DP9(0) = (D7) (0) = DPY(1) =0,
where2 <o <3,0< B <1andY € C ([0,1] x R?,R) satisfying some sufficient conditions.

In [6], the authors focused on the existence of solutions and their Ulam-stability for a non-
sequential problem:
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fi (@, u(z),v(x)) + arg1(z, u(z)) + bihi (z,u" (z)),
fa (z,u(z),v(x)) + azga(z, u(z)) + baha(z, u” (x)),
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with the conditions:
w(0) = u(1) =u"(0) =u"(1) =0,
v(0) =v(1) =2"(0) =2"(1) =0,
where x € [0,1], 3 < a, 8 < 4, D®, D” denote the fractional derivatives in the sense of Caputo,
fori=1,2 f; € C([0,1] x R x R, R), g;, h; € C([0,1] x R,R) and a;, b; € R.
In [9], K. Bensassa et al. examined the existence and uniqueness of solutions as well as
stability in the context of Ulam-Hyers for the system:
{DO“DO‘ZU(:E) = fi (z,u(z),v(z)) + argi(z, u(z)) + bihi (z, D’u(x)),

D5 Dﬁ%}(x) = fo (z,u(z),v(x)) + azg2(z, u(x)) + boha(z, D‘;u(x)),
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under the following conditions of type flexible and / or fixed end:

u(0) = u(l) = a,
' (0) =u/(1) =0,
v(0) =v(1) = b,
v'(0) =2/(1) =0,

where, fori = 1,2, a;,b; € R, D% DPi D? are Caputo fractional derivatives, 0 < § < 1 f; €
C([0,1] x R x R,R), g;, h; € C([0, 1] x R,R). The absence of semi group and commutativity
properties are guaranteed by the conditions 0 < o, 8; < 1 and 2 < ap, B> < 3.

Inspired by the research paper conducted by K. Bensassa et al. [9], we aim to study a gen-
eralized problem related to the elastic beam system. In this context, we introduce an additional
fractional derivative in the sense of Caputo, of order § — 1, where 1 < § < 2, along with two
general nonlinearities, F} and F5.

D DPyy(z) = Fy (x,ul(x),uz(x),D‘S*lul(x),D‘sul(x)) ,

D*DPruy(x) = Fy (z,u1(x),uz(x), D°'up(2), DOus(2)) (1.1)
under the conditions

(1.2)

where, for i = 1,2, 6; € R*, F; € C([0,1] x R* R) and D, D% D’ are Caputo fractional
derivatives, with 0 < aj,ap < 1,2 < f1,082 < 3. We analyze this system using the Banach
contraction principle and the Schauder fixed point theorem to establish two key results: the
uniqueness of solutions and the existence of at least one solution. Additionally, we provide
examples to illustrate the uniqueness of solutions. Furthermore, we discuss Ulam-Hyers stability.

2 Preliminaries

In this section, we review some essential notions from fractional calculus, along with the Lem-
mas and theorems used in our proofs, see [21, 25].

Definition 2.1. The Riemann-Liouville fractional integral of order a > 0 for a function f €
C([0,1]) is defined as

t(p_ el
i) = [ “F@f)f(:c)dx, @1

and for o« = 0, as
If(x) = f(x).
Definition 2.2. The Caputo derivative of positive order o of f € C™([0, 1] is defined as

D" (@) = s | (6= @) 22)

where, n = [a] + 1 denotes the integer part of c.
The following lemmas in [21, 25] will be used later in this paper.
Lemma 2.3. Let o > 0. The the differential equation
Df(z) =0, (2.3)
has a general solution on [0, 1] given by
fx)=co+ez+ea®+ ... +cpz" !,

where, c; e R; 1=0,1,2,...,n— L.
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Lemma 2.4. Let o > 0. then we have
I°Df(z) = f(z) +co+ 1z + ez’ + ...+ cp1z™ !, (2.4)
wherec; € R, i=0,1,2,...,n— 1.
Lemma 2.5. For any x € [0, 1] the following properties are true:
« [9IP f(z) = 1B f(x), foralla > 0 and 3 > 0.
o DYI*f(z) = f(x), forall « > 0.
« DIPf(x) = 1P~ f(x), forall B > a > 0.

Lemma 2.6 (Schauder fixed-point Theorem). Let E be a Banach space, Br = {z € E, ||z|| <
R}. If f is a compact map from By, to Bg, then f admits a fixed point.

Lemma 2.7. Let K, ,K; € C([0,1],R). The linear problem

Do Db =K
o u (z) = Ki(2), 2.5)
D> DPryy (z) = Ky (z),
with the conditions
’LL](O) == ul(l) == 91,
’LLz(O) == UZ(I) = 92,
u3(0) = uj(1) = 0,
admits a unique solution given by
270t K (1) — T tB -1 (1
ul(x) _ Ia1+ﬁlKl(x)+ 1( ) 1( )xﬁl +0,
B —2
a+58 _ JoatBi—1
n 611 Kl(l) Tk Kl(l)l.z’
2-05
2IFP G (1) — T2t 1 G, (1
up(z) = I K (x) + 2(1) 2 )xﬂz + 6,
B2 —2
62]042+52K2(1) _ Iaz+ﬁz*1K2(1) )
+ x.
25
Proof. We have
up(z) = [P K (2) + TPrag + ay + axr + azz?,
up(z) = 12 Ky (1) + I eg + e) + exx + ez’
Also we know that
() = A1 (o) — =P 01 4 0y 1 2as,
Uy (Jf) 1(37) r (/BIB'F 1) z az azxr
/ = Joth-1[K _ €02 Ba—1 2 .
u () 2 () F(ﬁz-i-l)x + ey + 2e3x
The solution of (2.5)-(2.6) is given by
24P — 2 2 _ B
Uy (1;) = Ioz1+ﬁ1K1 (l‘) + xﬂiﬂzlx]al+51[(l(l) +0, + ﬂ];i;IaHrﬁ]flKl (1)’
1— — b1

2P 2 2
() = I Ry(o) + 2 =2

Joth K (1) + 6, + Lxﬁz]az+ﬁz—1[( (])
62 2 2 2*62 2 )
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and we have

(209 TPER (1) — TR (1)
o 25

) xIT'(B1+1),a1 =62,a, =0,

_ BIME (1) — TG (1)
2-p ’

> XF(62+])>€1 :92762207

as

(2B G (1) I (1)
°- ( 2—5
. ﬁ21a2+52K2(1) — -]az+52_1K2(1)
B 2-p5 '

€3

3 Analysis of the system outlined in equations (1.1) and (1.2)
Consider the Banach space given by
E=(z:2€C(0,1]),D° 'z € C([0,1]), D°u € C([0,1])),

and the norm
Izlle = [lzlloo + [|°D°x|  +||*D* ]| ,
such that

)

T = max |z(¢ cp°® = max |D’ cpo-l = max |D°!
ol = max [#(2)],  [DPrle = max [Dsl, D x| = max [P

In addition, we introduce the product space E x FE, such that its norm is given by:
Iz, 9)llexe = llzlle + [lylle-
Let us consider the sufficient conditions.
(G1) The functions Fy, F5 : [0, 1] x R* — R are continuous.

(G2) There exist positive constants h,;, ¢ = 1,2, j = 1,2,3,4, such that, for all € [0, 1] and
(y, 2z, t,w), (¢, 2, t',w') € R* we have

|F; (z,y, 2, t,w) — F; (2, ¢, 2/, ¢, 0") ] < haly—y'|+ halz — 2|+ hislt — 1]

+ hi4|w7w/|7

where
Hi = max (hilahi27 h’i37 h74) 7i = 172

(G3) There exist positive constants z1, z;:

|F) (z,y, 2, t,w) | < 21,
|Fy (z,y, 2, t,w) | < 2.

For i = 1,2, we shall take:

A= (1+5i—2) I + 6+ 1) +(5i—2> [(a; + i)’

, 20(B; + 1) 28 H;
A= (1 - (Bi =2)L(Bi —6+1) * (/Bi_z)(r(3_5)> [(a; + B +1-19)
20(5; + 1) 26, Ho
*(@mm&+1<»+wizweﬁ>n%+@®
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A= (1 - (Bi =2)T(Bi =6 +2) " (Bi —2)(T(4 — 5)) (a; + B +2—0)
20(B; + 1) 38 H; ’
- ((ﬁi —2)I(B; +2—9) * (Bi —2)I(4 — 5)) INa; + 68 —6+1)

A= (A + A+ A+ A+ A+ AY),

A-—< Z; i 25 n Zi )

C:<”r<32—5>+<436>>’

_ L(Bi+1) LB +1)
b= <1+F(ﬂi+15) +F(5i+25))'

3.1 Uniqueness of solution to system (1)-(2)

We begin this section by defining the operator Y : £ x E — E x E as follows

Y(ui(z),uz(z)) = (Yi(u1(2), uz(2)), Y2(u(2), v(2))) ,
where for i = 1,2, we have:

Y;(uy (), ua () =T Fy (2, uy (), ua (), DO~ 'us (2), Douy(z))
2 Iai+3iF¢(1,U1(1),’(1,2(1),D571U1(1)7D5U1(1))
+
Bi —2
Iai+5i71Fl(1,ul(l),UZ(l),Déilui(l),Déui(l)) 8;
_ 2B
B; —2 (3.1
ﬁifai+ﬁiFi(1,U1(1),Uz(l),D571Ui<1),D5’UJ7‘,(1))$2
2-6;
ToFB = E (1, ug (1), up(1), D2~y (1), DOuy(1))
x.
2-5
Theorem 3.1. Assume that (G1) , (G») are satisfied and A = A; + A} + A + A, + AL+ A) < 1.
Then (1.1)-(1.2) admits a unique solution (uy, uy) over [0, 1].

2B

+ 6, +

Proof. As E'is aBanach spaceand Y : E x E — E x FE, stability is trivial.
Let z € [0, 1], we have

Yi(uwi (2), ua(2)) = Yi(vi(2), v2(2))| <

2+Bz Hi

(1+ 5i—2> g (@) = @l + laa(e) = ox(@)e)
2 H;

+ (Bz — 2) (e + B) (lwi(z) = vi(z)||E + |lua(z) — v2(2)||E) -

Hence, we obtain

1Y (w1 (%), ua(2)) = Yi(v1(2), v2(2)) oo < All(wi (2), ua(2)) = (01(2), va2(2) [ Ex - (3.2)
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On the other hand,
D‘sYi(m (z), uz(x))la#ﬁi*‘sFi(I, u(z), up (), D‘s*lui(x), D‘;ui(x))
(B +1) 2 10 F (1, (1), up(1), D~ ug (1), Douy (1)) 4
2P

TG A1=0) ¢ )
LBi+1) 1o P R (1w (1), ua (1), DO (1), DOui(1) 5,5
TG +1-0) B —2 v
T(3) BB (1 (1), us(1), D°'uy(1), Dous(1)) ,_s
BT 2- 5 v
() IR (1 (1), ua(1), D us(1), Dous(1) 5 g
TG4 " 2-5 o

ID°Y;(uy(z), uz(2)) — D°Y;(v1 (), v2(x)))|

2(B; + 1) 2B,
< (1 TG TG+ | (B -2)TG 5)>

H;
“Tlait Bt 1-0)

T8 + 1) 2,
" ((@ )TN (A R B () y 5>>

H;

“ Tl + f; = 0)

([lur(z) = vi (@) | + lua(z) — v2(2)] E)

([[ur(z) = vi(z)|| & + luz(z) — v2(2)|E) -

Thus, we obtain

DY (uy (2), uz(2)) — D°Y;(01(2), v2(2)) loo < A'|[(ur(2), u2(2)) — (v1(2), 02(2) | Ex -
3.3)

Also,

D‘S_lYi(ul(x),uz(I)) = I“i+ﬁ"_6+1Fi(Jc, w1 (z), up(x), D‘S_lui(m),D‘sui(m))

(B +1) y 2I““L'BiFZ-(l,u1(1)7u2(1),D‘5*1u1(1),D‘Sul(l))mﬁi_éﬂ
[(B3;+2-9) Bi —2

3 e +1) " I(“Jrﬂi_'Fl(l,ul(l),uz(l),D‘S_lui(l),D‘Sui(l))xﬁi_&rl
I'g;+2-9) Bi—2

I'(4) Bil“ i F(1,ui (1), up(1), D°~tu(1), D2usi(1)) 5 5

TTa-9~ 2- 5, !
I'(4) IaiWi_lFi(l,ul(l),uz(l),D‘s_lui(l),D‘sui(l)) ils
Y 25 .

D5 1Y (un (&), ua () — DO~ Yi(wn (&), 2 ()
2I(B; + 1) 38;
(1 T BTG —6+2) (iD= 6))
H;
Ty + 5 +2-0

(B + 1) 35
* <(ﬁz‘ —2)T(B;i +2—9) * (Bi —2)T'(4 — 5))

<

) ([lur(z) —vi(z)| & + lua(z) — v2(2)[ )

H;

a5 — o1 n) In@ —vi@le + lua) = v2@)le)
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We get

D7 (uy (2), ua(z)) — DO~V (i (), v2(2)) || oo
< A|(ur (2), uz(2)) = (v1(2), v2(2)) | ExB- G4

Thanks to (3.2), (3.3) and (3.4), we get

[Yi(ui(x), ua(z)) = Yi(vi(2),v2(2))| &
< (Ai + AL+ AY) [[(ui (), ua () — (vi(2), v2(2)) || x5

Therefore,
Y1 (u1(z), uz(x)) — Yi(vi(2), v2(2)) |
< (A1 + AL+ AY) [[(ur(2), w2 (x)) = (vi(2),v2(2)) | ExE
and
Y2 (u1(z), uz(x)) — Ya(vi(2), v2(2)) |
< (A + A5 +AY) ([(ui (), ua(2)) — (vi(2), v2(2)) | ExE) -
Finally,

Y (ui (), ua(z)) = Y (v1(2),02(2) )| Ex e < A([|(u1(2), u2(z)) — (v1(2),02(2) || ExE) -

Thus, Y is a contraction. By the Banach contraction principle, we get that Y has a unique
fixed point.
|

3.2 Existence of solutions to system (1)-(2)

let us now establish the following second main result.
Theorem 3.2. Suppose that (G1) and (G3) are valid. Then, (1.1)—(1.2) has at least one solution.

Proof. let € > 0 be a positive constant and B, = {(u,v) € E X E, ||(u,v)||gxe < €}. The proof
will be developed as follows

Claim 1: Let us take the subset B.. Since it is trivially is bounded, convex and closed of F; so
we need in this first claim to prove that Y (B,) is bounded. To do this, we take (u;, up) € B and
x €0, 1]. So, we have for i = 1,2.

K(ul(x),uz(r))' = I“i+6iFi(r,u1 (), ua(z), D571ui(9:), D‘Su,;(os))

2 IaiJrBiFi(l,ul(l),UQ(l),D571U](1),D6’UJ1<1))
+
Bi —2
B T8 = R (1, uy (1), ua (1), DOy (1), Douy(1)) 5,
Bi —2

ﬂilai+ﬁiﬂ(l,u1(l),u2(l),D‘s*lui(l),D‘sui(l))xQ

2- 5
Io‘ﬁﬁi_lFi(l,ul(l),uz(l),Dé_lui(l),D‘Sui(l))xz

2- B '

B

+6; +
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Hence,
Zi
. <——
||Y;(ul(m)7u2(x))”00 71—*(051 +61 + 1)
2 [1o P F (1 (1), up(1), D' (1), D2ui (1)) |
+
Bi—2
I()szBi—lFi(],ul(l)’uz(l),D(s_lui(]);Déui(l))
+
Bi —2
Tou+Bi I o—1y,. S,
L foy] + 1B E (L (1), a(1), DY Tui(1), DPug(1)))
Bi—2
|Iai+ﬁi*1Fi(17ul(l),uz(l)vDéilui(l),Déui(l))
+ B
Bi—2
Therefore,
2 2221‘ 24
Y;' ’ o0 <
¥l @) @)l </ gy T BT B D) T (B 2@+ B
1o+ o T

(B: =2)0(e + B +1) (B = 2)[(0i + Bi)

(3.5)

Also, we state that

DY (uy (z), uz(z))| < (o + ;;ju 1-9)

LB +1) X2|1r0~'+ﬂmFi(1,ul(l),uz(l),Dé—lul(l),1)%1(1))\

+F(5i+1—5) Bi —2
T+ [T AR (1, (1), ug(1), D g (1), DOui(1))]
LBi+1-9) Bi —2
I'(3) BilI* P Fi(1,uy (1), up(1), D°~'u(1), DOuy(1))]
MYCED N 5 -2
I'(3) [T BV (1, ug (1), ua (1), D2y (1), DOuy(1))]
MYCED N 5 -2 |
Thus, ;
5 i
| DY (ui(z),vi(z))lloo < Mo £ 5 7 1=0)
LB +1-0)(Bi =2) (i + i +1)  T(Bi +1-0)(Bi —2)[(a; + Bi)

3.6

G-0)F 2T+ B +1)  TG-0)(B —2(0: 1 5)

+F
We have also
< “i
"IN+ Bi+2-90)
L(B;+1) 2 |I°‘i+ﬁ’?Fi(1,u1(1),u2(l),D5_lu](1),D5u1(1))|
(B:i +2—9) Bi —2
[(B;+1) " |1 B Fy (1, u (1), u2(1), DO~y (1), D%uy(1))]
['(Bi+2-9) Bi —2
I'4) Bil I« B Fy (1, up (1), ua (1), D2~ s (1), DOuy(1))])
4—9) " 8, —2
I'(4) |11 (1, uy (1), ua (1), D2~y (1), DOuy(1))]
@9 " B,—2 ‘

DY (ui (), ua ()

T

T

T
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So, it yields that
Zi

(a; + B8 +2—-9)

HDéilYi(ul(xLUZ(x)Hoo < T

N L(8; +1)2z N L(B; + 1)z
LB +2—=06)(Bi =2)T (i + i + 1) T(Bs +2 = 6) (B —2)[(as + Bs) 3.7)
I ['(3)B;2i n I'(3)z '
[(4-0)2- i) i+ Bi+1) T(4—-06)2—8:)T (i + i)
We have
Vi (ui (), uz(z))||e < As
222‘
B G e s B )
+ B; l
(Bi = 2)T (e + Bi) (3.8)
Bizi
16+ C(ﬂz‘ —2)(a; + Bi + 1)
Zi
+C < 0.

(Bi = 2)T(c; + Bi)
This ends the proof of Claim 1.

Claim 2: Y is continuous.
Let (uy, v,) — (u,v); where (u,, v, ) converge in B, in the sense of the above norm. We have

Yi(un (@), va(2)) = Yi(u(z), v(2))| <

245 H;
(1 + B = 2) T(oi + i + 1) (lun(z) — u(@)||g + [Jvn(z) —v(z)||E)

2 H;
N <5i - 2) [(a; + 6;) (lun(@) = u(@)lle + [lon(z) = v(@)lz)

Hence, we obtain

1Y (un (@), va(2)) = Yi(u(z), v(z))]le <

246 H;

(1 - Bi — 2) [+ B +1) ([[un(z) = uw(@)||E + lva (@) — v(2)| £)
2 H;

+ (Bz' — 2> s + 5,) ([[un(z) — u(z)|| 5 + lvn(z) —v(z)|£) -

Similarly, we have

1D°Yi (un (), va (2)) = DYi(u(@), v(x))l|

(B + 1) 2B,
= (1 N ED N ES VR 2>r<36>>
H;
a7 (o) = )l + o) o))
20(6; +1) H,
! ((& — )G + 1 - 5)) a1 ;=8 (@) ~ul@)llz +lva(@) = v(@)lle)

25 H;
(=) T (lon) — (@)l + enle) — (2l )

and
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1D~ 1Y (un (), v (2) — D° 1Y (u(x), v(x))l|o

2B + 1) 38;
S(1+(&—2HV%—6+2)+(&—2MH4—®)
a5 g (@)~ @)+ loa(o) = o))

20(6i +1) ) H, lur (x) = v1(2) |5 + vn(z) — v()] )

+<(5¢2)F(5¢+26) F(a¢+6¢*5+1)(

35 H;
Hoara=s) s Tag (@ =~ u@lle + lon(e) - v@)le).

Consequently,
1Y (un (@), v (2)) = Y (u(z), 0(2) |Ex 2 < A(]|(un(2), v0(2)) = (u(z), 0(2)|Ex2) -
Therefore,
1Y (un (), vn(2)) =Y (u(@), v(2)) | 5x2 — 0 for n— 00
So, Y is a continuous operator over B..

Claim 3 : We prove the equicontinuity.
let 1,z € [0, 1]; where z; < x5 for (y, z,t,w) € B, we have

i o+ ait+pi
; Y. < - _
Vil (), ua(2)) = Vil (o) waln)| < o gy % (55777 =207
2 Ia’i+’877Fi ]’ 1 , 1 ’D‘S_] (1 7D5 (1
J2 (1, (1,21, D (1) D) | o
Bi—2
+| (1, ur(1),u2(1), ui(1), D%u;(1)) | x (2B — ™)
-2
ﬂi |IO""+5’?Fi(l,u1(1),u2(l),D5_lui(l),D‘sui(l) |
. ol M @3- aft)
19481 Fy (1, u (1), ua (1), DO~ (1), Dousi(1)) |
+ e, e @3- aft)

Also, we can observe that

DY (uy(22), ua(x2)) — D‘SYi(ul(xl),uz(zl))’

Zi ai+fi—o ai+5i—5)
< —
—F(ai+5i+1—5)x(x2 1

(Bi + 1)2 Iai+ﬁi|Fi(lvu1(U?uz(l)vDé_lui(l)’D(sui(l)) | (xﬁz‘*f; _ xﬁi*ls)
L(Bi +1-0)(8; —2) ? !

+ Iai+ﬁi71‘Fl(lvul(l)aUZ(I)vDéilui(l)vDéui(l)M (xﬁi*ts _ 51‘*5)

(B +1-0)(8i —2)
+ 25i]ai+51‘|FZ-(1,u1(1)7U2(1)’D‘S_lui(l)’D‘sui(l)N (x276 o (E275)
IL(3-06)(Bi —2) !

14 Fy (1w (1), ua(1), D~ Mg (1), DOui(1))] ( 25 24)

L(3—-06)(Bi —2) '

r
+

+
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Hence,

DY (wy (2), ua(22)) — DY (wi (1), ua (1)

i a;+Bi—d0+1 a;+Bi+1-6
< X (x -z
Ty + B +2-9) 2 !

)
)
(O34 D2 11 ), (0. D (1), D) (s es
)
)

+
L3 +1-0)(8i —2)
a;+Pi—1 6—1,,. 6, .
+I |F1 (L un (1), ua(1), DO~ My (1), Dui(1))| « (l,gi,—éﬂ _ ghimot
L3 +1-0)(8i —2)

Fi(lvul(1)7’“2(1)’Dls*lui(l)vD&ui(l)N x ( 3-8 _ ,3-6

I'(4—-0)(B; —2) :
1ot P E (1w (1), w(1), Dl (1), D0wi(1))] ( 35 3—5)

[(4-6)(8i —2) '
When z; — x,, the right-hand side of the last inequality tends to 0. Consequently, Y is equicon-

tinuous. Thus, Arzella-ascolli and the above three Claims allow us to confirm that Y is com-

pletely continuous.
Thanks to Shauder theorem, we conclude that (1)-(2) has at least one solution over [0, 1]. O

2 T.Iai“rﬁi
n Bi

3.3 Example

Let consider the problem:

1 3
DY Dhuy () = : lur (z) + ua(z) + D ul(x)l+D UI(x)L
100e%*+1 (1 + ui(z) + ua(z) + D2y (z) + Diul(x)|)

17 ~cos(2uy(x) — ua(x)) 1 |D2uy(x) + D2us(z)|
DiDiwn(n) = =0 G4 1) T 150 X 15 (D770 (2) + D' Tua (@)
u1(0)) = wi(1) =2,
u1(0) = wi(1) =0,

’LL2(0) = UZ(I) = 1,
u3(0) = vy(1) =0,
where,
1 5 1 7 3
al*gy 61*57 aZ*Za 62*§7 6*57
and

Fi(z,u (), up(x), D°~uy (), DOus (z))
— jur(2) +uz(x) + Diui(z) + Dl ()| ’
100" +1 (1 + Jui(z) + ua(z) + Duy () + D3y (:v)|)

Ps(z,uy(x), uz(z), D°us(z), D°uy(x))

_cos(2uy(z) —us(x)) . 1 " |D2uy(z) + Dius ()|
40 x T3 (22 + 1) 150 © 1+ (D%7uy(x) + DV uy(z))”

After calculation, we have

1 1 )
150 x 77 100 x exp(1)”’

Ay =0.0148, A} =0.1217, A} =0.1724,
A, =0.0166, A} =0.1661, A} =0.2275,
A =0.0148 4 0.1217 4 0.1724 4 0.0166 + 0.1661 + 0.2275 < 1.

H = max(
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Thanks to Theorem 8, we can understand that the system presented in this example has a
unique solution.

4 Stability of solutions to system (1)-(2)

To provide a foundation for our study, let’s begin by defining Ulam-Hyers stability. This concept
will play a crucial role in our analysis.

Definition 4.1. We say that the system (1)-(2) is stable in the sense of Ulam Hyers if there exists
M > 0, such that for each positive £}, &, and for an arbitrary solution (uy, u;) € E2, solution of
the inequality.

‘Da‘Dﬁlul(x) - F (Jc,ul(x),uz(a:),D‘s_lul(x),D‘sul(m))‘ <&, 4.1)

‘DazDﬂzuz(ac) — By (2, w1 (2), ua(2), DOV ua (), D‘Suz(x))’ <&,

(with the same conditions as in (2)), we can obtain a solution (u},u5) € E? of system (1)-(2)
that satisfies

(w1 — uj,ur —w)||Exe < M(& + &).

Let’s embark on a proof of the following theorem concerning the stability of Ulam-Hyers in
relation to our problem.

Theorem 4.2. Suppose that the conditions of Theorem 8 are satisfied. Then, (1)-(2) is stable in
Ulam Hyers sense.

Proof. We take (uj,up) € E x E as a solution of (4.1) and let (u},u}) € E x E be the unique
solution of (1.1).
Using (4.1), we can write

uy(x) — IPF (2, uy (), up (2), DO Yy (), D%uy (x2)

. 2 1B R (1,0 (1), ua (1), DO~V (1), Douy (1))

Bi

B —2 v
PR (@ (1), ua(1), DT (1), D0 (1)) 42)

B —2
Lo+ ﬁlf“‘w‘Fl(l,U1(1),U2(1)’D5_1u1(1)7D6u1(1)>)$2

2— B

B I“""ﬂ'_]Fi(l,ul(l),uz(l),D‘S_]ul(l),D‘sul(l))xz < &

2—- 06 T+ 81+ 1)

and

up(x) — 1P By (2, ug (), un (2), DO~ Yup (), DPus ()

2 1900 By (1,1 (1), ua (1), D*~ s (1), DPus(1)))
+
B —2

- ]aﬁﬁz—le(x,m(1),221(1)721)5_1”2(1)’D5“2(1))xﬁz (4.3)
Bll(x2+ﬁ2Fz(],ul(])7u2(1),D6_1U2<1)>D6u2(1)))x2

2-5
1027 Fy (1, (1), ua(1), D~ 'ua(1), DPus(1)) o) &

2_62 7F(Oéz+ﬂ2+1).

5

+ 6+
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By (4.1) and (4.3), we have the following three inequalities:
(w1 = illoo = || = Yiur +wi + Yiur — Yiuj |l
< Jur = Yiug oo + [[Yiur — Y10 || oo

&1

< m + AL ([[(w1) = (u)le) ,

19 (u1) =D () o

51 ’ ’
< _
and
1D7 =" (un) =Dy~ (u}) oo
51 " /
< — .
< FarT s A ()~ w)le)
So
&1 &1 &1
—u|g < 4.4
I —wle < o " T s 710 T 12-0 ¥
+(A1 4+ A7+ AY) ([[(ui () = (u) ()] ) -
On the other hand, we have
Juz = uhloe = || = Yauz 4+ uz + Yaup — Yau) ||
< luz = Yaus|loo + [[Yauz — Yauslo
62 /
<52 LA _
—_ F(Oé2 +/62 + 1) + 2(||(u2) (UZ)HE)?
13 (u2)— D3 (u5) ||
52 / !
< _
and
1D3 ™" (u2) = D3 ™" (uh) | oo
52 " /
< — .
< Ha T a=g T M ()~ @h)le)
Hence,
&2 & &
— (u} < 4.5
(w2 = (w2) e < Mozt it D) Nt hil-0 Tmthiz-o
+(A2 + A5 + A7) ([ (w2) — (wd) ) -
Finally, by (4.4) and (4.5), we get
&1 &1 &1
o o <
I = v u2 = w2)lexe < =y F Tk 5 £ 1=0) T Tl 181 12— 9)

& & &
Tt mtl) Tathil 0 Tathi2_0)

H(AL+ A+ AT+ 85 + A+ AY) x ([[ (w1, u2) = (ui, w3l Exe) -
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Hence,
(w1 = uj,uz = w)) || Exe < (& + &) x A"+ A ([ (w1, u2) — (uf, u3) || ExE) ,
where,
2
1 1 |
A = |
;F(awﬂﬁl) "ot 810 T tp+2-0)
Consequently,

(1=A) x |[(u1 —uy,ur —uy)lexe < (& + &) x A™.

So, we obtain

*

(1=4A)

x (&1 + &).

[(ur = uh,us — uy) | Ex e <

Finally,

[(ur —uy,up —uy)|lExe < M x (&4 &).

In consequence, (1.1) and (1.2) is stable in the sense of Ulam Hyers .

4.1 Example

We can see that the earlier example illustrating existence and uniqueness is Ulam-Hyers stable,
as it fulfills the criteria established in Theorem 8. Let’s build on this understanding by presenting
another example.

The following system satisfies all the conditions in Theorem 8. Thus, it is Ulam-Hyers stable.

sin(uy (z cos(u(x cos(DO~ Ly (z Sy (
Dby (0L, ) 0t
52 _ 1 (u1(2) +ua(2))* + |ur () +ua(z), | |D°"'ua(z) + DOus(a)
DiDate) = g5 (M Fa) ) AT s Do)
u1(0)) = w1 (1) = 10,
u1(0) = wi(1) =0,
UZ(O) = U2(1) = 2,
u5(0) = v3(1) = 0,
where,
1 24 3 7 4
Q) 9’ 51_E7 Oézzg, 52257 5257
and
Fi(z,ui(x),uz(x), D°~'uy (z), D2us(x))
1 sin(u(z))  cos(uz(z))  cos(D?~tuy(x) + Douy(x))
~ 200 X < eT+2 T +3 + ca+4 > )

Fy(x,u (), uz(x), D‘s*luz(x), D5ug(:c))

_ Ly <(U1($) +up(2))? + Jui (@) +up(z) | [D°~lua(w) + Dous() )
e t2(1 + |uy (z) + ua(z)]) ert4(1 + |z + Douy(z)]) ) -
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In fact,

1 1 )
100 x €27 200 x exp(2)”’
Ay =0.0043 A} =0.0361 A} =0.0536,
Ay =0.0068 A} =0.0731 A} = 0.0855,
A =0.0043 4 0.0361 + 0.0855 + 0.0068 + 0.0731 + 0.0855 < 1,
A" =2.7871,

A*

M= " =37633.
oAy 3763

H = max(

5 Conclusion remarks

In this study, we investigated a nonlinear coupled system related to beam deflection, incorporat-
ing the Caputo derivative with new parameters and various general nonlinearities on both sides
of the equation. These parameters, which are used for sequential derivatives, do not adhere to
the standard semi-group and commutativity rules. We demonstrated that, under certain condi-
tions, this system can be simplified to a fourth-order ordinary coupled system similar to beam
dynamics. By applying the Banach contraction principle and the Schauder fixed point theorem,
we established two main results: the uniqueness of solutions and the existence of at least one
solution. To validate our findings, we provided an illustrative example for the first main result
and discussed Ulam-Hyers stability using an additional example.

For future research, several avenues can be explored to enhance the understanding and appli-
cation of this nonlinear coupled system:

1. Extending the analysis to systems with variable-order derivatives could offer deeper in-
sights into more complex beam deflection scenarios.

2. Investigating the impact of different boundary conditions on stability and solution behavior
could lead to broader applications in engineering and physics.

3. Developing numerical simulations and methods could help approximate solutions and
validate theoretical results more robustly.
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