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Abstract In this work, we use the properties of two-weighted Herz spaces with variable expo-
nents to establish the boundedness properties of intrinsic square functions and their associated
commutators on these function spaces. The results obtained extend and generalize previously
known operator-theoretic results within a broader framework.

1 Introduction

The intrinsic square function was initially introduced by Wilson [23]. For 0 < β ≤ 1, let Cβ
denote the set of all functions φ : Rn → R that satisfy the following conditions:

(i) suppφ ⊂ B(0, 1).

(ii)
∫
Rn φ (x) dx = 0.

(iii) |φ (x)− φ (y) | ≤ |x− y|β for all x, y ∈ Rn.

For (y, t) ∈ Rn+1
+ and f ∈ L

p(·)
loc (Rn), set

Aβ (f) (y, t) = sup
φ∈Cβ

|f ∗ φt(y)| = sup
φ∈Cβ

∣∣∣∣∫
Rn

φt(y − z)f(z)dz

∣∣∣∣ ,
where φt (·) = t−nφ

( ·
t

)
. The intrinsic square function of f , denoted by Sβ,γ (f), is then defined

as:

Sβ,γ (f) (x) =

(∫∫
Γγ(x)

(Aβ (f) (y, t))
2 dydt

tn+1

) 1
2

, γ > 0,

where Γγ(x) = {(y, t) ∈ Rn+1
+ : |x − y| ≤ γt}. For the special case γ = 1, we denote

Sβ,1 (f) simply by Sβ (f).
The intrinsic Littlewood-Paley G-function and G∗

λ-function are defined as follows, respec-
tively:

Gβ (f) (x) =

(∫ ∞

0
(Aβ (f) (y, t))

2 dt

t

) 1
2

,

and

G∗
λ,β (f) (x) =

(∫∫
Rn+1

+

(
t

t+ |x− y|

)λn

(Aβ (f) (y, t))
2 dydt

tn+1

) 1
2

, λ > 1.

Intrinsic square functions play a significant role in harmonic analysis and partial differential
equations, as highlighted in [2, 12, 13, 14, 25]. The boundedness of these functions has been
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extensively studied. For example, Wilson [24] established the boundedness of Sβ on weighted
Lebesgue spaces, while Wang [17] demonstrated that Sβ ,Gβ and G∗

λ,β are bounded on weighted
Morrey spaces. For additional details and further remarks, we refer readers to recent works such
as [1, 5, 6, 7, 15, 16, 18, 20, 21].

For any locally integrable function b on Rn, the commutators [b, Sβ], [b,Gβ] and [b,G∗
λ,β] are

defined, respectively, as follows:

[b, Sβ] (f) (x) =

(∫∫
Γ(x)

sup
φ∈Cβ

∣∣∣∣∫
Rn

[b(x)− b(z)]φt(y − z)f(z)dz

∣∣∣∣2 dydt

tn+1

) 1
2

,

[b,Gλ] (f) (x) =

(∫ ∞

0
sup
φ∈Cβ

∣∣∣∣∫
Rn

[b(x)− b(z)]φt(y − z)f(z)dz

∣∣∣∣2 dydt

t

) 1
2

,

and

[
b,G∗

λ,β

]
(f)(x) =

(∫∫
Rn+1

+

(
t

t+ |x− y|

)λn

sup
φ∈Cβ

∣∣∣∣∫
Rn

[b(x)− b(z)]φt(y − z)f(z)dz

∣∣∣∣2 dydt

tn+1

) 1
2

where λ > 1.
Wang [17] investigated the boundedness of the commutators [b, Sβ], [b,Gλ] and [b,G∗

λ,β] on
weighted Morrey spaces. Furthermore, strong type and weak type estimates on weighted Herz
spaces were established in [19].

Hu and Wang [9] established the boundedness of commutators generated by BMO functions
and intrinsic square functions on weighted Herz spaces. Izuki and Noi [10] proved the bound-
edness of the intrinsic square function on weighted Herz spaces with variable exponent. Wang
[22] further showed that the commutator [b, Sβ] is bounded on Morrey spaces with variable
exponents.

More recently, Izuki and Noi [11] introduced the two weighted Herz spaces with variable
exponents and provided a characterization of these spaces in terms of two critical constant ex-
ponents. This characterization provides valuable tools for studying the boundedness of various
operators on such spaces.

Motivated by the aforementioned studies, the primary objective of this paper is to investi-
gate the boundedness of the intrinsic square functions Sβ ,Gβ ,G∗

λ,β , as well as their associated
commutators, on two-weighted Herz spaces with variable exponents.

2 Preliminaries

For any measurable set Ω ⊂ Rn, the notation |Ω| represents the Lebesgue measure of Ω, and
χΩ denotes its characteristic function. The expression f ≲ g indicates the existence of an inde-
pendent positive constant c, such that f ≤ c g. Additionally, f ≈ g signifies that both f ≲ g and
g ≲ f hold.

A nonnegative function w defined on Rn is called a weight if it is locally integrable. For a
given weight w and a measurable set Ω, we write w(Ω) :=

∫
Ω
w(x)dx.

The set P0(Rn) consists of all measurable functions p(·) defined on Rn with range in [c,∞[
for some c > 0. For p (·) ∈ P0(Rn), we set

p+ = ess sup
x∈Rn

p(x) and p− = ess inf
x∈Rn

p(x).

The subset of P0(Rn) consisting of all measurable functions p(·) satisfying 1 < p− < p+ < ∞,
is denoted by P(Rn). The modular ϱp(·) associated with p(·) is defined by

ϱp(·)(f) :=
∫
Rn

|f(x)|p(x) dx.

Definition 2.1. Let p (·) ∈ P0(Rn) with p− ≥ 1 and p+ < ∞. The weighted variable Lebesgue
space Lp(·)(w)(Rn) is defined as the space of all measurable functions f on Rn for which the
norm ∥∥f∥∥

Lp(·)(w)
:= inf

{
µ > 0 : ϱp(·)

( 1
µ
w1/p(·)f

)
≤ 1
}
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is finite.

Similarly, the space L
p(·)
loc (w)(Rn) consists of all measurable functions f such that f ∈

Lp(·)(w)(K) for every compact set K ⊂ Rn.

Definition 2.2. Let h be a measurable function. We say that h is locally log-Hölder continuous,
if there exists a positive constant clog such that

|h(x)− h(y)| ≤
clog

ln(e+ 1/|x− y|)
,

for all x, y ∈ Rn. If
|h(x)− h(0)| ≤

clog

ln(e+ 1/|x|)
,

for all x ∈ Rn, then h is said to be log-Hölder continuous at the origin (or has a log decay at the
origin). Furthermore, if there exist h∞ ∈ R and clog > 0, such that

|h(x)− h∞| ≤
clog

ln(e+ |x|)
,

for all x ∈ Rn, then h is said to be log-Hölder continuous at infinity (or has a log decay at
infinity).

The set P ln(Rn) consists of all exponent functions p (·) ∈ P(Rn) that are locally log-Hölder
continuous and have a log decay at infinity, where p∞ := lim

|x|→∞
p(x). Notably, p (·) ∈ P ln(Rn)

if and only if p′ (·) ∈ P ln(Rn), where 1
p(·) +

1
p′(·) = 1.

Definition 2.3. Let f ∈ L1
loc(Rn). The Hardy-Littlewood maximal operator M is defined as

follows:
Mf(x) = sup

B:Ball,x∈B

1
|B|

∫
B

|f(y)|dy.

Definition 2.4. Let p (·) ∈ P(Rn) and w be a weight. We say that w ∈ Ap(·) if w satisfies the
following condition:

sup
B:Ball

1
|B|

∥∥∥w1/p(·)χB

∥∥∥
Lp(·)

∥∥∥w−1/p(·)χB

∥∥∥
Lp′(·)

< ∞.

We say that w is an A1 weight if the inequality Mw(x) ≲ w(x) holds for almost every x ∈ Rn.

It is evident that if w ∈ Ap(·) then w−p′(·)/p(·) ∈ Ap′(·). In [11], the authors showed that
Ap1(·) ⊆ Ap(·) whenever p1 (·) , p (·) ∈ P ln(Rn) and p1 (·) ≤ p (·).

We conclude this section by stating a series of theorems and technical lemmas that will be
used extensively throughout this work. The following lemma is known as a Hardy-type inequality.

Lemma 2.5. Let 0 < a < 1, 0 < q ≤ ∞ and {εk}k∈Z be a positive sequence, such that( ∞∑
k=−∞

εqk

)1/q

< ∞.

Then  ∞∑
k=−∞

 ∞∑
j=−∞

a|k−j|εj

q1/q

≤

( ∞∑
k=−∞

εqk

)1/q

.

Wang [17, Theorem 3.1] established the weighted Lp-boundedness of the commutators of
intrinsic square functions, as stated in the following result.

Theorem 2.6. Let 0 < β ≤ 1, 1 < p ≤ ∞ and w ∈ Ap. Then the operators [b, Sβ], [b,Gβ] and
[b,G∗

λ,β] are bounded on Lp(w)(Rn).
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Definition 2.7. Let p(·) ∈ P(Rn) and w be a weight. We say that (p(·), w) is an M-pair if the
maximal operator is bounded on both Lp(·)(w)(Rn) and Lp′(·)(w−p′(·)/p(·))(Rn).

Remark 2.8. If p(·) ∈ P ln(Rn) and w ∈ Ap(·), then (p(·), w) is an M-pair.

Let F be a family of pairs (f, g) of measurable functions, and let 1 ≤ p, q < ∞. We say that
the inequality

∥f∥Lp(w) ≲ ∥g∥Lp(w) (2.1)

holds for any (f, g) ∈ F and w ∈ Aq if (2.1) is valid for every pair in F such that f ∈
Lp(·)(w)(Rn).

The following extrapolation theorem was established by Cruz-Uribe and Wang [3].

Theorem 2.9. Let 1 < p0 < ∞ and w ∈ Ap0 . If ∥f∥Lp0 (w) ≲ ∥g∥Lp0 (w), then ∥f∥Lp(·)(w) ≲
∥g∥Lp(·)(w) for every M-pair (p(·), w) and all (f, g) ∈ F .

By combining Theorem 2.6 and Theorem 2.9, we derive the following result.

Theorem 2.10. Let 0 < β ≤ 1, p(·) ∈ P ln(Rn) and w ∈ Ap(·). Then the operators [b, Sβ], [b,Gβ]

and [b,G∗
λ,β] are bounded on Lp(·)(w)(Rn).

Let k ∈ Z, we set

Bk := B(0, 2k), Rk := Bk \Bk−1 and χk = χRk
,

where χRk
denotes the characteristic function of Rk. The following theorems provide various

estimates associated with Muckenhoupt weights.

Theorem 2.11 ([4]). Let w ∈ Ap with p ∈ [1,∞[. Let j, k ∈ Z such that j < k, then

w(Bk)

w(Bj)
≲ 2np(k−j),

and
w(Bj)

w(Bk)
≲ 2nδw(j−k)

where δw ∈]0, 1[ is a constant independent of Bk and Bj .

Theorem 2.12 ([11]). Let p(·) ∈ P log(Rn), w ∈ Ap1(·) with p1(·) ∈ P(Rn) and j, k ∈ Z such
that j ≤ k . Then

∥χk∥Lp(·)(w)

∥χj∥Lp(·)(w)

≲ 2
(k−j)np+1

min(p(0),p∞) .

Theorem 2.13 ([11]). Let p(·), p1(·) ∈ P log(Rn), w ∈ Ap1(·), and j, k ∈ Z such that k ≤ j. Then

∥χk∥Lp(·)(w)

∥χj∥Lp(·)(w)

≲ 2
(k−j)nδ

′
w

max(p(0),p∞) ,

where δ
′

w ∈]0, 1[ is a constant independent of Bk and Bj .

Recall that the space BMO(Rn) consists of all locally integrable functions b satisfying

∥b∥BMO := sup
B

1
|B|

∫
B

|b (x)− bB | dx < ∞,

where B = B(x, r) denotes a ball in Rn, and

bB =
1
|B|

∫
B

b (y) dy.

The following result was established by Ho [8] .

Theorem 2.14. Let X be a Banach function spaces. If the Hardy-Littlewood maximal operator
is bounded on the associate space X ′, then

∥b∥BMO ≈ sup
B:Ball

1
∥χB∥X

∥(b− bB)χB∥X ,

for all b ∈ BMO(Rn).
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3 Boundedness of the intrinsic square functions and their commutators

We begin by stating the definition of the mixed Lebesgue-sequence spaces.

Definition 3.1. Let p (·) , q (·) ∈ P0(Rn). The mixed Lebesgue-sequence space ℓq(·)(Lp(·)) is
defined via the modular

ϱℓq(·)(Lp(·))((fv)v) :=
∑
v

inf
{
λv > 0 : ϱp(·)

( fv

λ
1/q(·)
v

)
≤ 1
}
.

ℓq(·)(Lp(·)) is a quasi-Banach space, and its quasi-norm is given by∥∥ (fv)v ∥∥ℓq(·)(Lp(·))
:= inf

{
µ > 0 : ϱℓq(·)(Lp(·))

( 1
µ
(fv)v

)
≤ 1
}
.

Remark 3.2. If q+ < ∞, then the modular can be expressed as

ϱℓq(·)(Lp(·))((fv)v) =
∑
v

∥∥|fv|q(·)∥∥ p(·)
q(·)

.

Moreover, if p (·) and q (·) are constants, then ℓq(·)(Lp(·)) coincides with ℓq(Lp).

For a given weight function w, the space ℓq(·)(Lp(·)(w)) consists of all sequences (fv)v such
that ∥∥ (fv)v ∥∥ℓq(·)(Lp(·)(w))

=
∥∥(w1/p(·)fv

)
v

∥∥
ℓq(·)(Lp(·))

< ∞.

Definition 3.3 ([11]). Let w1, w2 be weights on Rn, and let p(·), q(·) ∈ P0(Rn) and α(·) ∈
L∞(Rn). The inhomogeneous weighted Herz space, denoted by K

α(·)
p(·),q(·)(w1, w2)(Rn), is de-

fined as the set of all f ∈ L
p(·)
loc (w2)(Rn) such that∥∥f∥∥

K
α(·)
p(·),q(·)(w1,w2)

:=
∥∥f χB0

∥∥
Lp(·)(w2)

+
∥∥((w1(Bk))

α(·)/n
f χk

)
k≥1

∥∥
ℓq(·)(Lp(·)(w2))

< ∞.

Similarly, the homogeneous weighted Herz space, denoted by K̇
α(·)
p(·),q(·)(w1, w2)(Rn), consists of

all f ∈ L
p(·)
loc (w2)(Rn \ {0}) such that∥∥((w1(Bk))

α(·)/n
f χk

)
k∈Z

∥∥
ℓq(·)(Lp(·)(w2))

< ∞.

For any f ∈ K
α(·)
p(·),q(·)(w1, w2)(Rn), we set

∥∥{fk}∥∥ℓq>(Lp(·)(w2))
:=
( ∞∑

k=0

∥∥fk∥∥qLp(·)(w2)

)1/q
,

and ∥∥{fk}∥∥ℓq<(Lp(·)(w2))
:=
( −1∑

k=−∞

∥∥fk∥∥qLp(·)(w2)

)1/q
.

The following theorem is a fundamental result and plays a pivotal role in this paper.

Theorem 3.4 ([11]). Let p(·), q(·) ∈ P0(Rn), α(·) ∈ L∞(Rn), w1 ∈ Ap1 with p1 ∈ [0,∞[ and w2
be a weight. If q(·) and α(·) are log-Hölder continuous at infinity, then

K
α(·)
p(·),q(·)(w1, w2)(Rn) = Kα∞

p(·),q∞(w1, w2)(Rn).

Moreover, if q(·) and α(·) are log-Hölder continuous at the origin, then∥∥f∥∥
K̇

α(·)
p(·),q(·)(w1,w2)

≈
∥∥{(w1(Bk))

α(0)
n f}

∥∥
ℓ
q(0)
< (Lp(·)(w2))

+
∥∥{(w1(Bk))

α∞
n f}

∥∥
ℓq∞> (Lp(·)(w2))

.
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Let α(·) ∈ L∞, p2(·) ∈ P log(Rn), w2 ∈ Ap2(·) and w1 ∈ Ap1 , where p1 ∈ [1,∞[. By Theorem
2.11 and Theorem 2.13, there exist two positive constants δw1 and δw2 such that, for all j < k,
the following inequalities hold:

w1(Bj)

w1(Bk)
≲ 2(j−k)nδw1 ,

and

∥χj∥Lp(·)(w2)

∥χk∥Lp(·)(w2)

≲ 2
(j−k)nδw2

max(p(0),p∞) .

Let α(·) ∈ L∞(Rn), we set

w−
0 =

{
δw1 if α(0) ≥ 0
p1 if α(0) < 0

, w+
0 =

{
p1 if α(0) ≥ 0
δw1 if α(0) < 0

,

w−
∞ =

{
δw1 if α∞ ≥ 0
p1 if α∞ < 0

, w+
∞ =

{
p1 if α∞ ≥ 0
δw1 if α∞ < 0

,

δ1 = max{ δw2
max(p(0),p∞), , 1 −

p+2
min(p′(0), p′∞)

} and δ2 = max{ δw2
max(p′(0),p′

∞),
, 1 −

p+2
min(p(0), p∞)

}.

We now present the main results of this section.

Theorem 3.5. Let 0 < β ≤ 1, p(·), p2(·) ∈ P log(Rn), q(·) ∈ P0(Rn), α(·) ∈ L∞(Rn) and
b ∈ BMO(Rn). Assume w1 ∈ Ap1 with p1 ∈ [1,∞[ and w2 ∈ Ap2(·), where p2(·) ≤ p(·). Suppose
further that q(·) and α(·) are log-Hölder continuous at the origin and infinity, such that

−nδ1

p1
< α (0) , α∞ <

nδ2

p1
.

Then, the operators Sβ and [b, Sβ] are bounded on K̇
α(·)
p(·),q(·)(w1, w2)(Rn).

Proof. We focus solely on proving the boundedness of [b, Sβ] on K̇
α(·)
p(·),q(·)(w1, w2)(Rn), as the

boundedness of Sβ on K̇
α(·)
p(·),q(·)(w1, w2)(Rn) can be established using similar arguments. Let

f ∈ K̇
α(·)
p(·),q(·)(w1, w2)(Rn) such that

f (x) =
∞∑

j=−∞
f (x)χj (x) =

∞∑
j=−∞

fj (x) .

By Theorem 3.4, we have

∥∥[b, Sβ]f
∥∥
K̇

α(·)
p(·),q(·)(w1,w2)

≈
∥∥{(w1(Bk))

α(0)/n([b, Sβ]f)}
∥∥
ℓ
q(0)
< (Lp(·)(w2))

+
∥∥{(w1(Bk))

α∞/n([b, Sβ]f)}
∥∥
ℓq∞> (Lp(·)(w2))

≲E1 +E2 +E3 +E4 +E5 +E6,
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where

E1 =
( −1∑

k=−∞

(
(w1(Bk))

α(0)/n
k−2∑

j=−∞

∥∥([b, Sβ]fj)χk

∥∥
Lp(·)(w2)

)q(0))1/q(0)
,

E2 =
( −1∑

k=−∞

(
(w1(Bk))

α(0)/n
k+1∑

j=k−1

∥∥([b, Sβ]fj)χk

∥∥
Lp(·)(w2)

)q(0))1/q(0)
,

E3 =
( −1∑

k=−∞

(
(w1(Bk))

α(0)/n
∞∑

j=k+2

∥∥([b, Sβ]fj)χk

∥∥
Lp(·)(w2)

)q(0))1/q(0)
,

E4 =
( ∞∑

k=0

(
(w1(Bk))

α∞/n
k−2∑

j=−∞

∥∥([b, Sβ]fj)χk

∥∥
Lp(·)(w2)

)q∞)1/q∞
,

E5 =
( ∞∑

k=0

(
(w1(Bk))

α∞/n
k+1∑

j=k−1

∥∥([b, Sβ]fj)χk

∥∥
Lp(·)(w2)

)q∞)1/q∞
,

and

E6 =
( ∞∑

k=0

(
(w1(Bk))

α∞/n
∞∑

j=k+2

∥∥([b, Sβ]fj)χk

∥∥
Lp(·)(w2)

)q∞)1/q∞
.

Since [b, Sβ] is bounded on Lp(·)(w2)(Rn), it follows that

E2 +E5 ≲ ∥b∥BMO

( −1∑
k=−∞

(
(w1(Bk))

α(0)/n
k+1∑

j=k−1

∥∥fj∥∥Lp(·)(w2)

)q(0))1/q(0)

+
( ∞∑

k=0

(
(w1(Bk))

α∞/n
k+1∑

j=k−1

∥∥fj∥∥Lp(·)(w2)

)q∞)1/q∞


≲ ∥b∥BMO

(( −1∑
k=−∞

(w1(Bk))
α(0)q(0)/n∥∥fk∥∥q(0)Lp(·)(w2)

)1/q(0)

+
( ∞∑

k=0

(w1(Bk))
α∞q∞/n

∥∥fk∥∥q∞Lp(·)(w2)

)1/q∞
)

≲ ∥b∥BMO

∥∥f∥∥
K̇

α(·)
p(·),q(·)(w1,w2)

.

We now proceed to estimate E1. We have∥∥([b, Sβ]fj)χk

∥∥
Lp(·)(w2)

≲
∥∥((b− bBj

)Sβfj)χk

∥∥
Lp(·)(w2)

+
∥∥(Sβ(b− bBj

)fj)χk

∥∥
Lp(·)(w2)

≲E1.1 +E1.2.

First we estimate E1.1. Since φ ∈ Cβ and (y, t) ∈ Γ(x), we deduce that∣∣∣∣∣
∫
Rj

φt(y − z)f(z)dz

∣∣∣∣∣ ≲ t−n

∫
Rj∩{z:|y−z|≤t}

|f(z)| dz. (3.1)

For any x ∈ Rk, (y, t) ∈ Γ(x) and z ∈ Rj ∩ {z : |y − z| ≤ t} such that j ≤ k − 2, we have

2t ≥ |y − z|+ |x− y| ≥ |x− z| ≥ |x| − |z| ≥ |x|
2
. (3.2)
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Consequently, combining (3.1) and (3.2), we obtain

Sβ (fχj) (x) ≲

∫∫
Γ(x)

sup
φ∈Cβ

∣∣∣∣∣
∫
Rj

φt(y − z)f(z)dz

∣∣∣∣∣
2
dydt

tn+1


1
2

≲

∫
|x|
4

∫
|x−y|<t

(
t−n

∫
Rj

|f(z)| dz

)2
dydt

tn+1


1
2

≲

(∫
Rj

|f(z)| dz

)(∫
|x|
4

dt

t2n+1

) 1
2

≲|x|−n ∥fχj∥L1

≲2−kn ∥fχj∥L1 . (3.3)

Therefore,

E1.1 ≲2−kn ∥fχj∥L1

∥∥(b− bBj
)χk

∥∥
Lp(·)(w2)

≲2−kn ∥fχj∥L1

(∥∥(b− bBk
)χk

∥∥
Lp(·)(w2)

+
∥∥(bBk

− bBj
)χk

∥∥
Lp(·)(w2)

)
.

By applying Theorem 2.14 with X = Lp(·)(w2)(Rn) and using the inequality∣∣bBk
− bBj

∣∣ ≤ |j − k| ∥b∥BMO ,

we obtain

E1.1 ≲2−kn ∥b∥BMO ∥fχj∥L1

(∥∥χk

∥∥
Lp(·)(w2)

+ (k − j)
∥∥χk

∥∥
Lp(·)(w2)

)
≲(k − j)2−kn ∥b∥BMO ∥fχj∥L1

∥∥χk

∥∥
Lp(·)(w2)

.

Using the generalized Hölder’s inequality, we conclude that

E1.1 ≲ (k − j)2−kn ∥b∥BMO ∥fχj∥Lp(·)(w2)

∥∥χj

∥∥
Lp′(·)

(
w

−p′(·)/p(·)
2

)∥∥χk

∥∥
Lp(·)(w2)

.

From Theorem 2.13, it follows that

2−kn
∥∥χj

∥∥
Lp′(·)

(
w

−p′(·)/p(·)
2

)∥∥χk

∥∥
Lp(·)(w2)

≲
∥∥χj

∥∥
Lp′(·)

(
w

−p′(·)/p(·)
2

)∥∥χk

∥∥−1

Lp′(·)
(
w

−p′(·)/p(·)
2

)
≲2

(j−k)nδw2
max(p′(0),p′

∞) .

On the other hand, Theorem 2.12 yields

2−kn
∥∥χj

∥∥
Lp′(·)

(
w

−p′(·)/p(·)
2

)∥∥χk

∥∥
Lp(·)(w2)

≲2(j−k)n
∥∥χj

∥∥−1
Lp(·)(w2)

∥∥χk

∥∥
Lp(·)(w2)

≲2(j−k)n(1−
p+

2
min(p(0),p∞)

)
.

This implies
2−kn

∥∥χj

∥∥
Lp′(·)

(
w

−p′(·)/p(·)
2

)∥∥χk

∥∥
Lp(·)(w2)

≲ 2(j−k)nδ2 . (3.4)

Consequently,
E1.1 ≲ (k − j)2(j−k)nδ2 ∥b∥BMO ∥fχj∥Lp(·)(w2)

. (3.5)

For E1.2, observe that for any φ ∈ Cβ and (y, t) ∈ Γ(x), we have∣∣∣∣∣
∫
Rj

(b(z)− bBj
)φt(y − z)f(z)dz

∣∣∣∣∣ ≲ t−n

∫
Rj∩{z:|y−z|≤t}

∣∣(b(z)− bBj
)
∣∣ |f(z)| dz. (3.6)
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Using similar arguments as in the estimate of (3.3), we conclude

Sβ (fχj) ≲ 2−kn

∫
Rj

∣∣(b(z)− bBj
)
∣∣ |f(z)| dz.

By applying the generalized Hölder’s inequality, Theorem 2.14 and (3.4), we obtain

E1.2 ≲2−kn
∥∥χk

∥∥
Lp(·)(w2)

∫
Rj

∣∣(b(z)− bBj )
∣∣ |f(z)| dz

≲2−kn
∥∥χk

∥∥
Lp(·)(w2)

∥fχj∥Lp(·)(w2)

∥∥(b− bBj )χj

∥∥
Lp′(·)

(
w

−p′(·)/p(·)
2

)
≲2−kn ∥b∥BMO ∥fχj∥Lp(·)(w2)

∥∥χk

∥∥
Lp(·)(w2)

∥∥χj

∥∥
Lp′(·)

(
w

−p′(·)/p(·)
2

)
≲2(j−k)nδ2 ∥b∥BMO ∥fχj∥Lp(·)(w2)

. (3.7)

Combining (3.5) and (3.7), we deduce∥∥([b, Sβ]fj)χk

∥∥
Lp(·)(w2)

≲ (k − j)2(j−k)nδ2 ∥b∥BMO ∥fχj∥Lp(·)(w2)
, (3.8)

where j ≤ k − 2. From (3.8) and Theorem 2.11, it follows that

E1 ≲
( −1∑

k=−∞

(
(w1(Bk))

α(0)/n
k−2∑

j=−∞
(k − j)2(j−k)nδ2 ∥b∥BMO ∥fχj∥Lp(·)(w2)

)q(0))1/q(0)

≲ ∥b∥BMO

( −1∑
k=−∞

( k−2∑
j=−∞

(k − j)2(j−k)nδ2

(
w1(Bk)

w1(Bj)

)α(0)/n

× (w1(Bj))
α(0)/n ∥fχj∥Lp(·)(w2)

)q(0))1/q(0)

≲ ∥b∥BMO

( −1∑
k=−∞

( k−2∑
j=−∞

(k − j)2(k−j)α(0)w+
0 2(j−k)nδ2

× (w1(Bj))
α(0)/n ∥fχj∥Lp(·)(w2)

)q(0))1/q(0)

≲ ∥b∥BMO

( −1∑
k=−∞

( k−2∑
j=−∞

(k − j)2(k−j)(α(0)w+
0 −nδ2)

× (w1(Bj))
α(0)/n ∥fχj∥Lp(·)(w2)

)q(0))1/q(0)
.

Since α(0)w+
0 − nδ2 < 0, it follows from Lemma 2.5 that

E1 ≲ ∥b∥BMO

( −1∑
k=−∞

(w1(Bk))
α(0)q(0)/n ∥fχk∥q(0)Lp(·)(w2)

)1/q(0)

≲ ∥b∥BMO

∥∥f∥∥
K̇

α(·)
p(·),q(·)(w1,w2)

.

We now proceed to estimate E3. We have∥∥([b, Sβ]fj)χk

∥∥
Lp(·)(w2)

≲
∥∥((b− bBj

)Sβfj)χk

∥∥
Lp(·)(w2)

+
∥∥(Sβ(b− bBj

)fj)χk

∥∥
Lp(·)(w2)

≲E3.1 +E3.2,

where k ≤ j − 2. For any x ∈ Rk, (y, t) ∈ Γ(x) and z ∈ Rj ∩ {z : |y − z| ≤ t}, it can be shown
that

2t ≥ |y − z|+ |x− y| ≥ |x− z| ≥ |z| − |x| ≥ |z|
2
, (3.9)
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and

Sβ (fχj) (x) ≲

∫∫
Γ(x)

sup
φ∈Cβ

∣∣∣∣∣
∫
Rj

φt(y − z)f(z)dz

∣∣∣∣∣
2
dydt

tn+1


1
2

≲

∫
|z|
4

∫
|x−y|<t

(
t−n

∫
Rj

|f(z)| dz

)2
dydt

tn+1


1
2

≲

(∫
Rj

|f(z)| dz

)(∫
|z|
4

dt

t2n+1

) 1
2

≲|z|−n ∥fχj∥L1

≲2−jn ∥fχj∥L1 .

Following a similar approach to the estimates of E1.1 and E1.2, we obtain

E3.1 ≲ (j − k)2−jn ∥b∥BMO ∥fχj∥Lp(·)(w2)

∥∥χj

∥∥
Lp′(·)

(
w

−p′(·)/p(·)
2

)∥∥χk

∥∥
Lp(·)(w2)

, (3.10)

and

E3.2 ≲ 2−jn ∥b∥BMO ∥fχj∥Lp(·)(w2)

∥∥χk

∥∥
Lp(·)(w2)

∥∥χj

∥∥
Lp′(·)

(
w

−p′(·)/p(·)
2

). (3.11)

From Theorem 2.13, it follows that

2−jn
∥∥χj

∥∥
Lp′(·)

(
w

−p′(·)/p(·)
2

)∥∥χk

∥∥
Lp(·)(w2)

≲
∥∥χj

∥∥−1
Lp(·)(w2)

∥∥χk

∥∥
Lp(·)(w2)

≲2
−(j−k)nδw2
max(p(0),p∞) .

On the other hand, Theorem 2.12 yields

2−jn
∥∥χj

∥∥
Lp′(·)

(
w

−p′(·)/p(·)
2

)∥∥χk

∥∥
Lp(·)(w2)

≲2(k−j)n
∥∥χj

∥∥
Lp′(·)

(
w

−p′(·)/p(·)
2

)∥∥χk

∥∥−1

Lp
′
(·)
(
w

−p′(·)/p(·)
2

)
≲2−(j−k)n(1−

p+
2

min(p′(0),p′∞)
)
.

This implies

2−jn
∥∥χj

∥∥
Lp′(·)

(
w

−p′(·)/p(·)
2

)∥∥χk

∥∥
Lp(·)(w2)

≲ 2−(j−k)nδ1 . (3.12)

Therefore, combining (3.10), (3.11) and (3.12), we deduce

E3.1 ≲ (j − k)2−(j−k)nδ1 ∥b∥BMO ∥fχj∥Lp(·)(w2)
,

and

E3.2 ≲ 2−(j−k)nδ1 ∥b∥BMO ∥fχj∥Lp(·)(w2)
.

Hence ∥∥([b, Sβ]fj)χk

∥∥
Lp(·)(w2)

≲ (j − k)2−(j−k)nδ1 ∥b∥BMO ∥fχj∥Lp(·)(w2)
.
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Consequently,

E3 ≲
( −1∑

k=−∞

(
(w1(Bk))

α(0)/n
∞∑

j=k+2

(j − k)2−(j−k)nδ1 ∥b∥BMO ∥fχj∥Lp(·)(w2)

)q(0))1/q(0)

≲ ∥b∥BMO

( −1∑
k=−∞

( ∞∑
j=k+2

(j − k)2−(j−k)nδ1

(
w1(Bk)

w1(Bj)

)α(0)/n

× (w1(Bj))
α(0)/n ∥fχj∥Lp(·)(w2)

)q(0))1/q(0)

≲ ∥b∥BMO

( −1∑
k=−∞

( ∞∑
j=k+2

(j − k)2−(j−k)α(0)w−
0 2−(j−k)nδ1

× (w1(Bj))
α(0)/n ∥fχj∥Lp(·)(w2)

)q(0))1/q(0)

≲ ∥b∥BMO

( −1∑
k=−∞

( ∞∑
j=k+2

(j − k)2(j−k)(−α(0)w−
0 −nδ1)

× (w1(Bj))
α(0)/n ∥fχj∥Lp(·)(w2)

)q(0))1/q(0)
.

Since −α(0)w−
0 − nδ1 < 0, it follows from Lemma 2.5 that

E3 ≲ ∥b∥BMO

( −1∑
k=−∞

(w1(Bk))
α(0)q(0)/n ∥fχk∥q(0)Lp(·)(w2)

)1/q(0)

≲ ∥b∥BMO

∥∥f∥∥
K̇

α(·)
p(·),q(·)(w1,w2)

.

Using the same reasoning as in the estimates of E1 and E3, we can establish that

E4 ≲ ∥b∥BMO

( ∞∑
k=0

( k−2∑
j=−∞

(k − j)2(k−j)(α∞w+
∞−nδ2)

× (w1(Bj))
α∞/n ∥fχj∥Lp(·)(w2)

)q∞)1/q∞
,

and

E6 ≲ ∥b∥BMO

( ∞∑
k=0

( ∞∑
j=k+2

(j − k)2(j−k)(−α∞w−
∞−nδ1)

× (w1(Bj))
α∞/n ∥fχj∥Lp(·)(w2)

)q∞)1/q∞
.

Since α∞w+
∞ − nδ2 < 0 and −α∞w−

∞ − nδ1 < 0, it follows from Lemma 2.5 that

E4 +E6 ≲ ∥b∥BMO

( ∞∑
k=0

(w1(Bk))
α∞q∞/n ∥fχk∥∞Lp(·)(w2)

)1/q∞

≲ ∥b∥BMO

∥∥f∥∥
K̇

α(·)
p(·),q(·)(w1,w2)

.

By applying the same reasoning as in Theorem 3.5, we derive the following theorem.

Theorem 3.6. Let 0 < β ≤ 1, p(·), p2(·) ∈ P log(Rn), q(·) ∈ P0(Rn), α(·) ∈ L∞(Rn) and
b ∈ BMO(Rn). Assume w1 ∈ Ap1 with p1 ∈ [1,∞[ and w2 ∈ Ap2(·), where p2(·) ≤ p(·). Suppose
further that q(·) and α(·) are log-Hölder continuous at infinity, such that

−nδ1

p1
< α∞ <

nδ2

p1
.
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Then, the operators Sβ and [b, Sβ] are bounded on K
α(·)
p(·),q(·)(w1, w2)(Rn).

Remark 3.7. Theorem 3.5 can be regarded as a generalization of Theorem 3 in [19], Theorem 5
in [10], Theorem 1.4 in [9] and Corollary 21 in [22].

Theorem 3.8. Let 0 < β ≤ 1, p(·), p2(·) ∈ P log(Rn), q(·) ∈ P0(Rn), α(·) ∈ L∞(Rn) and
b ∈ BMO(Rn). Assume w1 ∈ Ap1 with p1 ∈ [1,∞[ and w2 ∈ Ap2(·), where p2(·) ≤ p(·). Suppose
further that q(·) and α(·) are log-Hölder continuous at the origin and infinity, such that

−nδ1

p1
< α (0) , α∞ <

nδ2

p1
.

Then Gβ and [b,Gβ] are bounded on K
α(·)
p(·),q(·)(w1, w2)(Rn).

Proof. We focus solely on proving the boundedness of [b,Gβ] on K̇
α(·)
p(·),q(·)(w1, w2)(Rn), as the

boundedness of Gβ on K̇
α(·)
p(·),q(·)(w1, w2)(Rn) can be established using similar arguments. Wilson

[23] proved that for any 0 < β ≤ 1, the functions Sβ and Gβ are pointwise comparable, with
comparability constants depending only on β and n. We have∥∥([b,Gβ]fj)χk

∥∥
Lp(·)(w2)

≲
∥∥((b− bBj

)Gβfj)χk

∥∥
Lp(·)(w2)

+
∥∥(Gβ(b− bBj

)fj)χk

∥∥
Lp(·)(w2)

≲
(∥∥((b− bBj )Sβfj)χk

∥∥
Lp(·)(w2)

+
∥∥(Sβ(b− bBj

)fj)χk

∥∥
Lp(·)(w2)

)
. (3.13)

From (3.13) and the boundedness of [b,Gβ] on Lp(·)(w2)(Rn), and using arguments analogous to
the proof of Theorem 3.5, we can establish that [b,Gβ] is bounded on K̇

α(·)
p(·),q(·)(w1, w2)(Rn).

By applying the same reasoning as in Theorem 3.8, we derive the following theorem.

Theorem 3.9. Let 0 < β ≤ 1, p(·), p2(·) ∈ P log(Rn), q(·) ∈ P0(Rn), α(·) ∈ L∞(Rn), and
b ∈ BMO(Rn). Assume w1 ∈ Ap1 with p1 ∈ [1,∞[ and w2 ∈ Ap2(·), where p2(·) ≤ p(·). Suppose
further that q(·) and α(·) are log-Hölder continuous at infinity, such that

−nδ1

p1
< α∞ <

nδ2

p1
.

Then, the operators Gβ and [b,Gβ] are bounded on K
α(·)
p(·),q(·)(w1, w2)(Rn).

Next, we establish the boundedness of G∗
λ,β and [b,G∗

λ,β] on K̇
α(·)
p(·),q(·)(w1, w2)(Rn).

Theorem 3.10. Let λ, β be real numbers such that λ > 2 and 0 < β ≤ 1. Let p(·), p2(·) ∈
P log(Rn), q(·) ∈ P0(Rn), α(·) ∈ L∞(Rn), b ∈ BMO(Rn), w1 ∈ Ap1 where p1 ∈ [1,∞[ and
w2 ∈ Ap2(·) with p2(·) ≤ p(·). Assume further that q(·) and α(·) are log-Hölder continuous at
the origin and at infinity, such that

−nδ1

p1
< α (0) , α∞ <

nδ2

p1
.

Then G∗
λ,β and [b,G∗

λ,β] are bounded on K̇
α(·)
p(·),q(·)(w1, w2)(Rn).

Proof. We focus solely on proving the boundedness of [b,G∗
λ,β] on K̇

α(·)
p(·),q(·)(w1, w2)(Rn), as the

boundedness of G∗
λ,β on K̇

α(·)
p(·),q(·)(w1, w2)(Rn) can be established using similar arguments. Let

f ∈ K̇
α(·)
p(·),q(·)(w1, w2) such that

f (x) =
∞∑

k=−∞

f (x)χj (x) =
∞∑

j=−∞
fj (x) .
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From Theorem 3.5, it follows that∥∥[b,G∗
λ,β]f

∥∥
K̇

α(·)
p(·),q(·)(w1,w2)

≈
∥∥{(w1(Bk))

α(0)/n([b,G∗
λ,β]f)}

∥∥
ℓ
q(0)
< (Lp(·)(w2))

+
∥∥{(w1(Bk))

α∞/n([b,G∗
λ,β]f)}

∥∥
ℓq∞> (Lp(·)(w2))

≲F1 + F2 + F3 + F4 + F5 + F6,

where

F1 =
( −1∑

k=−∞

(
(w1(Bk))

α(0)/n
k−2∑

j=−∞

∥∥([b,G∗
λ,β]fj)χk

∥∥
Lp(·)(w2)

)q(0))1/q(0)
,

F2 =
( −1∑

k=−∞

(
(w1(Bk))

α(0)/n
k+1∑

j=k−1

∥∥([b,G∗
λ,β]fj)χk

∥∥
Lp(·)(w2)

)q(0))1/q(0)
,

F3 =
( −1∑

k=−∞

(
(w1(Bk))

α(0)/n
∞∑

j=k+2

∥∥([b,G∗
λ,β]fj)χk

∥∥
Lp(·)(w2)

)q(0))1/q(0)
,

F4 =
( ∞∑

k=0

(
(w1(Bk))

α∞/n
k−2∑

j=−∞

∥∥([b,G∗
λ,β]fj)χk

∥∥
Lp(·)(w2)

)q∞)1/q∞
,

F5 =
( ∞∑

k=0

(
(w1(Bk))

α∞/n
k+1∑

j=k−1

∥∥([b,G∗
λ,β]fj)χk

∥∥
Lp(·)(w2)

)q∞)1/q∞
,

and

F6 =
( ∞∑

k=0

(
(w1(Bk))

α∞/n
∞∑

j=k+2

∥∥([b,G∗
λ,β]fj)χk

∥∥
Lp(·)(w2)

)q∞)1/q∞
.

Since [b,G∗
λ,β] is bounded on Lp(·)(w2)(Rn), it follows that

F2 + F5 ≲ ∥b∥BMO

∥∥f∥∥
K̇

α(·)
p(·),q(·)(w1,w2)

.

We now proceed to estimate F1. From (3.1). We have

[b,G∗
λ,β] =

∫∫
Rn+1

+

(
t

t+ |x− y|

)λn

sup
φ∈Cβ

∣∣∣∣∣
∫
Rj

[b(x)− b(z)]φt(y − z)f(z)dz

∣∣∣∣∣
2
dydt

tn+1

 1
2

≲

∫∫
Rn+1

+

(
t

t+ |x− y|

)λn
∣∣∣∣∣t−n

∫
Rj

[b(x)− b(z)] f(z)dz

∣∣∣∣∣
2
dydt

tn+1

 1
2

≲
∫
Rj

|b(x)− b(z)| |f(z)|

(∫ |x|

0

∫
|y−z|<t

(
t

t+ |x− y|

)λn
dydt

t3n+1

) 1
2

dz

+

∫
Rj

|b(x)− b(z)| |f(z)|

(∫ ∞

|x|

∫
|y−z|<t

(
t

t+ |x− y|

)λn
dydt

t3n+1

) 1
2

dz

=F1.1 + F1.2.

For any x ∈ Rk and z ∈ Rj ∩ {z : |y − z| ≤ t} such that j ≤ k − 2, we obtain

t+ |x− y| ≥ |y − z|+ |x− y| ≥ |x− z| ≥ |x| − |z| ≥ |x|
2
. (3.14)
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From (3.14) and the condition λ > 2, it follows that

F1.1 ≲
∫
Rj

|b(x)− b(z)| |f(z)|

(∫ |x|

0

1
|x|λn

∫
|y−z|<t

dydt

t3n+1−λn

) 1
2

dz

≲
∫
Rj

|b(x)− b(z)| |f(z)|

(∫ |x|

0

1
|x|λn

dt

t2n+1−λn

) 1
2

dz

≲
1

|x|n

∫
Rj

|b(x)− b(z)| |f(z)| dz

≲2−kn ∥(b(x)− b)fχj∥L1 . (3.15)

Analogous to the estimate of F1.1, we derive

F1.2 ≲
∫
Rj

|b(x)− b(z)| |f(z)|

(∫ ∞

|x|

∫
|y−z|<t

dydt

t3n+1

) 1
2

dz

≲
∫
Rj

|b(x)− b(z)| |f(z)|

(∫ ∞

|x|

dt

t2n+1

) 1
2

dz

≲
1

|x|n

∫
Rj

|b(x)− b(z)| |f(z)| dz

≲2−kn ∥(b(x)− b)fχj∥L1 . (3.16)

By applying the generalized Hölder’s inequality, along with (3.15) and (3.16), we obtain

F1.1 + F1.2 ≲2−kn ∥fχj∥Lp(·)(w2)

∥∥(b(x)− b)χj

∥∥
Lp

′
(·)
(
w

−p′(·)/p(·)
2

)
≲2−kn ∥fχj∥Lp(·)(w2)

( ∣∣b(x)− bBj

∣∣ ∥χj∥
Lp′(·)

(
w

−p′(·)/p(·)
2

)
+
∥∥(bBj

− b)χj

∥∥
Lp′(·)

(
w

−p′(·)/p(·)
2

)).
Hence∥∥([b,G∗

λ,β]fj)χk

∥∥
Lp(·)(w2)

≲2−kn ∥fχj∥Lp(·)(w2)

(∥∥(b− bBj )χk

∥∥
Lp(·)(w2)

∥χj∥
Lp′(·)

(
w

−p′(·)/p(·)
2

)
+
∥∥(bBj − b)χj

∥∥
Lp′(·)

(
w

−p′(·)/p(·)
2

))
≲2−kn ∥fχj∥Lp(·)(w2)

(∥∥(b− bBk
)χk

∥∥
Lp(·)(w2)

∥χj∥
Lp′(·)

(
w

−p′(·)/p(·)
2

)
+
∥∥(bBk

− bBj
)χk

∥∥
Lp(·)(w2)

∥χj∥
Lp′(·)

(
w

−p′(·)/p(·)
2

)
+
∥∥(bBj

− b)χj

∥∥
Lp′(·)

(
w

−p′(·)/p(·)
2

)).
Using similar arguments as in the estimate of E1.1, we derive∥∥([b,G∗

λ,β]fj)χk

∥∥
Lp(·)(w2)

≲(k − j)2−kn ∥b∥BMO ∥fχj∥Lp(·)(w2)

∥∥χk

∥∥
Lp(·)(w2)

×
∥∥χj

∥∥
Lp

′
(·)
(
w

−p′(·)/p(·)
2

)
≲(k − j)2(j−k)nδ2 ∥b∥BMO ∥fχj∥Lp(·)(w2)

.
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Furthermore, by applying the same reasoning as in the estimate of E1, we establish that

F1 ≲ ∥b∥BMO

( −1∑
k=−∞

( k−2∑
j=−∞

2(k−j)(α(0)w+
0 −nδ2)

× (w1(Bj))
α(0)/n ∥fχj∥Lp(·)(w2)

(k − j)
)q(0))1/q(0)

.

Since α(0)w+
0 − nδ2 < 0, it follows from Lemma 2.5 that

F1 ≲ ∥b∥BMO

( −1∑
k=−∞

(w1(Bk))
α(0)q(0)/n ∥fχk∥q(0)Lp(·)(w2)

)1/q(0)

≲ ∥b∥BMO

∥∥f∥∥
K̇

α(·)
p(·),q(·)(w1,w2)

.

We now proceed to estimate F3. From (3.1), it follows that

[
b,G∗

λ,β

]
=

(∫∫
Rn+1

+

(
t

t+ |x− y|

)λn

× sup
φ∈Cβ

∣∣∣∣∣
∫
Rj

[b(x)− b(z)]φt(y − z)f(z)dz

∣∣∣∣∣
2
dydt

tn+1

 1
2

≲

∫∫
Rn+1

+

(
t

t+ |x− y|

)λn
∣∣∣∣∣t−n

∫
Rj

[b(x)− b(z)] f(z)dz

∣∣∣∣∣
2
dydt

tn+1

 1
2

≲
∫
Rj

|b(x)− b(z)| |f(z)|

(∫ |z|

0

∫
|y−z|<t

(
t

t+ |x− y|

)λn
dydt

t3n+1

) 1
2

dz

+

∫
Rj

|b(x)− b(z)| |f(z)|

(∫ ∞

|z|

∫
|y−z|<t

(
t

t+ |x− y|

)λn
dydt

t3n+1

) 1
2

dz

=F3.1 + F3.2.

For any x ∈ Rk and z ∈ Rj ∩ {z : |y − z| ≤ t} such that k ≤ j − 2, we have

t+ |x− y| ≥ |y − z|+ |x− y| ≥ |x− z| ≥ |z| − |x| ≥ |z|
2
.

By employing analogous reasoning to that used in the estimates of F1.1, F1.2 and E3, we deduce

F3.1 + F3.2 ≲2−jn ∥fχj∥Lp(·)(w2)

∥∥(b(x)− b)χj

∥∥
Lp

′
(·)
(
w

−p′(·)/p(·)
2

)
≲2−jn ∥fχj∥Lp(·)(w2)

( ∣∣b(x)− bBj

∣∣ ∥χj∥
Lp′(·)

(
w

−p′(·)/p(·)
2

)
+
∥∥(bBj

− b)χj

∥∥
Lp′(·)

(
w

−p′(·)/p(·)
2

)).
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Hence∥∥([b,G∗
λ,β]fj)χk

∥∥
Lp(·)(w2)

≲2−jn ∥fχj∥Lp(·)(w2)

(∥∥(b− bBk
)χk

∥∥
Lp(·)(w2)

∥χj∥
Lp′(·)

(
w

−p′(·)/p(·)
2

)
+
∥∥(bBk

− bBj
)χk

∥∥
Lp(·)(w2)

∥χj∥
Lp′(·)

(
w

−p′(·)/p(·)
2

)
+
∥∥(bBj

− b)χj

∥∥
Lp′(·)

(
w

−p′(·)/p(·)
2

))
≲(j − k)2−jn ∥b∥BMO ∥fχj∥Lp(·)(w2)

∥∥χk

∥∥
Lp(·)(w2)

×
∥∥χj

∥∥
Lp′(·)

(
w

−p′(·)/p(·)
2

)
≲(j − k)2−(j−k)nδ1 ∥b∥BMO ∥fχj∥Lp(·)(w2)

.

Analogous to the estimate of E3, we derive

F3 ≲ ∥b∥BMO

( −1∑
k=−∞

( ∞∑
j=k+2

(j − k)2(j−k)(−α(0)w−
0 −nδ1)

× (w1(Bj))
α(0)/n ∥fχj∥Lp(·)(w2)

)q(0))1/q(0)
.

Since −α(0)w−
0 − nδ1 < 0, it follows from Lemma 2.5 that

F3 ≲ ∥b∥BMO

( −1∑
k=−∞

(w1(Bk))
α(0)q(0)/n ∥fχk∥q(0)Lp(·)(w2)

)1/q(0)

≲ ∥b∥BMO

∥∥f∥∥
K̇

α(·)
p(·),q(·)(w1,w2)

.

Using the same reasoning as in the estimates of F1 and F3, we can establish that

F4 ≲ ∥b∥BMO

( ∞∑
k=0

( k−2∑
j=−∞

(k − j)2(k−j)(α∞w+
∞−nδ2)

× (w1(Bj))
α∞/n ∥fχj∥Lp(·)(w2)

)q∞)1/q∞

and

F6 ≲ ∥b∥BMO

( ∞∑
k=0

( ∞∑
j=k+2

(j − k)2(j−k)(−α∞w−
∞−nδ1)

× (w1(Bj))
α∞/n ∥fχj∥Lp(·)(w2)

)q∞)1/q∞
.

Since α∞w+
∞ − nδ2 < 0 and −α∞w−

∞ − nδ1 < 0, it follows from Lemma 2.5 that

F4 + F6 ≲ ∥b∥BMO

( ∞∑
k=0

(w1(Bk))
α∞q∞/n ∥fχk∥∞Lp(·)(w2)

)1/q∞

≲ ∥b∥BMO

∥∥f∥∥
K̇

α(·)
p(·),q(·)(w1,w2)

.

By applying the same reasoning as in Theorem 3.10, we derive the following theorem.

Theorem 3.11. Let λ, β be real numbers such that λ > 2 and 0 < β ≤ 1. Let p(·), p2(·) ∈
P log(Rn), q(·) ∈ P0(Rn), α(·) ∈ L∞(Rn), b ∈ BMO(Rn), w1 ∈ Ap1 where p1 ∈ [1,∞[ and
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w2 ∈ Ap2(·) with p2(·) ≤ p(·). Suppose further that q(·) and α(·) are log-Hölder continuous at
infinity, such that

−nδ1

p1
< α∞ <

nδ2

p1
.

Then G∗
λ,β and

[
b,G∗

λ,β

]
are bounded on K

α(·)
p(·),q(·)(w1, w2)(Rn).

Remark 3.12. Theorem 3.10 can be regarded as a generalization of Theorem 5 in [19] and The-
orem 1.6 in [9].

4 Conclusion

Function spaces with variable exponents play a fundamental role in various areas of mathe-
matical analysis, including partial differential equations, fluid dynamics, variational calculus
and image processing. The boundedness of singular integral operators on Herz-type spaces is
an essential tool in investigating the regularity properties of solutions of elliptic equations with
discontinuous coefficients. In this work, we establish the boundedness of the intrinsic square
functions Sβ ,Gβ and G∗

λ,β , as well as their commutators [b, Sβ], [b,Gλ] and [b,G∗
λ,β], generated

by BMO functions, on two-weighted Herz spaces. These results are obtained in the context where
all three parameters of the Herz spaces are variable, while the parameters λ and β associated
with the operators remain fixed. Our findings are novel and provide a generalization of several
established results concerning intrinsic square functions.
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