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Abstract In this work, we use the properties of two-weighted Herz spaces with variable expo-
nents to establish the boundedness properties of intrinsic square functions and their associated
commutators on these function spaces. The results obtained extend and generalize previously
known operator-theoretic results within a broader framework.

1 Introduction

The intrinsic square function was initially introduced by Wilson [23]. For 0 < 8 < 1, let Cg
denote the set of all functions ¢ : R™ — R that satisfy the following conditions:

(i) suppp € B(0,1).
(ii) [gn ¢ (x)dz =0.
(iii) |p () —p ()| < |z —y|® forallz,yecR™
For (y,t) e R"™ and f € LPH(R”), set

loc

Ap (f) (y;t) = sup [f *@i(y)| = sup

p€eCp p€eCp

)

/n pi(y — 2)f(2)dz

where o1 (1) =t "¢ (Z) The intrinsic square function of f, denoted by Sg ~ (f), is then defined

S () () = ( [ s 0w ) >0

where T/(z) = {(y,t) € R"™" ¢ |z — y| < ~t}. For the special case v = 1, we denote
Sg,1 (f) simply by Sg ().

The intrinsic Littlewood-Paley G-function and G-function are defined as follows, respec-
tively:

6 (N = ([ (s (D07 Cf) ,

n %
Gp(f) (2) = (//RQH (t—i-lsi—yl) (As (f) (3, 1)) ?gff) . A> 1.

Intrinsic square functions play a significant role in harmonic analysis and partial differential
equations, as highlighted in [2, 12, 13, 14, 25]. The boundedness of these functions has been

and
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extensively studied. For example, Wilson [24] established the boundedness of Sg on weighted
Lebesgue spaces, while Wang [17] demonstrated that S, Gz and Q;: g are bounded on weighted
Morrey spaces. For additional details and further remarks, we refer readers to recent works such
as[1,5,6,7 15, 16, 18, 20, 21].
For any locally integrable function b on R", the commutators [b, Sg|, [b, Gg| and [b, G5 5] are
defined, respectively, as follows:
1
2 dydt \’
ntl ) ’

[b, Ss] ( (// sup
<P€Cﬁ
1
2 dydt \
t )

[0,GA] (f) (x) = ( /0 525,

/,L b(z) — b(2)] we(y — 2) f(2)dz

/n [b(l‘) - b(z)] Qﬂt(y _ Z)f(z)dz

and
.6, <f><x>=< Il ) e | b et = f,%’ff)
where X > 1.

Wang [17] investigated the boundedness of the commutators [b, Sg], [b, G\] and [b, G 5] on
weighted Morrey spaces. Furthermore, strong type and weak type estimates on weighted Herz
spaces were established in [19].

Hu and Wang [9] established the boundedness of commutators generated by BMO functions
and intrinsic square functions on weighted Herz spaces. Izuki and Noi [10] proved the bound-
edness of the intrinsic square function on weighted Herz spaces with variable exponent. Wang
[22] further showed that the commutator [b, Sg] is bounded on Morrey spaces with variable
exponents.

More recently, Izuki and Noi [11] introduced the two weighted Herz spaces with variable
exponents and provided a characterization of these spaces in terms of two critical constant ex-
ponents. This characterization provides valuable tools for studying the boundedness of various
operators on such spaces.

Motivated by the aforementioned studies, the primary objective of this paper is to investi-
gate the boundedness of the intrinsic square functions Sg,Ggs, G} g, as well as their associated
commutators, on two-weighted Herz spaces with variable exponents.

2 Preliminaries

For any measurable set Q C R", the notation |Q| represents the Lebesgue measure of Q, and
Xq denotes its characteristic function. The expression | < g indicates the existence of an inde-
pendent positive constant c, such that f < cg. Additionally, f =~ g signifies that both f < g and
g < fhold.

A nonnegative function w defined on R" is called a weight if it is locally integrable. For a
given weight w and a measurable set Q, we write w(Q) = [, w(x)dx

The set Py(R™) consists of all measurable functions p(-) defined on R™ with range in [c, 00|
for some ¢ > 0. Forp () € Py(R™), we set

pT =esssupp(r) and p~ =essinfp(z).
sER™ z€R™

The subset of Po(R™) consisting of all measurable functions p(-) satisfying 1 < p~ < pT < oo,
is denoted by P(R™). The modular o, associated with p(-) is defined by

o) (f) = / @

Definition 2.1. Let p (-) € Po(R™) with p— > 1 and p™ < co. The weighted variable Lebesgue
space LP()(w)(R™) is defined as the space of all measurable functions f on R” for which the
norm

HfHLp(->(w) = inf{u >0 0y (iwl/p(')f) < 1}
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is finite.

Similarly, the space ijy(w)(R") consists of all measurable functions f such that f €

LPO)(w)(K) for every compact set K C R™.

Definition 2.2. Let i be a measurable function. We say that A is locally log-Holder continuous,
if there exists a positive constant cj, such that

(@) = b)) € e

forall z,y € R™. If
Clog
h(z) — h(0)] < ———=
() = hO) <
for all z € R", then h is said to be log-Holder continuous at the origin (or has a log decay at the
origin). Furthermore, if there exist ~o, € R and ¢jo; > 0, such that

Clog
h(z) = hoo| < 7
() = In(e + |z|)
for all z € R™, then h is said to be log-Holder continuous at infinity (or has a log decay at

infinity).

The set P"(R™) consists of all exponent functions p (-) € P(R") that are locally log-Holder

continuous and have a log decay at infinity, where po, ‘= | l‘im (z). Notably, p (-) € P™(R")
Tr|—00
if and only if p’ (-) € P™(R™), where ﬁ + ﬁ =1
Definition 2.3. Let f € L] (R"). The Hardy-Littlewood maximal operator M is defined as
follows: |
Mi@ = s [ 11l
B:Ball,zeB |B| B

Definition 2.4. Let p (-) € P(R™) and w be a weight. We say that w € A, ., if w satisfies the
following condition:
1/p(-)

sup < o0.

3l
— ||W
B:Ball |B|

Hw—l/p<->
)

XB’ XB‘

Lol J 740

We say that w is an A; weight if the inequality Mw(z) < w(x) holds for almost every z € R™.

It is evident that if w € Ay then wP' O/e0) ¢ Ay In [11], the authors showed that
Ay () € Ayy whenever py (-),p(-) € PNR™) and p; () < p(-).

We conclude this section by stating a series of theorems and technical lemmas that will be
used extensively throughout this work. The following lemma is known as a Hardy-type inequality.

Lemma 2.5. Let 0 < a < 1,0 < ¢ < 00 and {ey},,c;, be a positive sequence, such that

o 1/q
( Z eZ) < o0.

k=—o0

Then

q\ 1/a
oo

k=—o00 \j=—00 k=—o00

Wang [17, Theorem 3.1] established the weighted LP-boundedness of the commutators of
intrinsic square functions, as stated in the following result.

Theorem 2.6. Ler 0 < 5 < 1,1 < p < co and w € A,. Then the operators [b, S3),[b,Gs] and
[b, GX 5] are bounded on LP(w)(R™).
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Definition 2.7. Let p(-) € P(R™) and w be a weight. We say that (p(-), w) is an M-pair if the
maximal operator is bounded on both L7() (w)(R™) and L¥'¢) (w=?"()/p()) (R™).
Remark 2.8. If p(-) € P""(R") and w € A,.), then (p(-), w) is an M-pair.

Let F be a family of pairs (f, g) of measurable functions, and let 1 < p,q < oco. We say that
the inequality
11l o) S 91 2o () 2.1

holds for any (f,g) € F and w € Ay if (2.1) is valid for every pair in F such that f €
LPO (w)(R™).

The following extrapolation theorem was established by Cruz-Uribe and Wang [3].
Theorem 2.9. Let 1 < py < oo and w € Apy. If [l proqwy S 19l 1ro () then | fll ooy S
191l Lot () Jor every M-pair (p(-),w) and all (f, g) € F.

By combining Theorem 2.6 and Theorem 2.9, we derive the following result.

Theorem 2.10. Let 0 < 8 < 1,p(-) € P"(R") and w € A, ). Then the operators [b, Sg], [b, G3]
and [b, G 5| are bounded on LPO) (w) (R™).

Let k € Z, we set

By :=B(0,2%), Ry :=B;\By_1 and X = Xp,,
where x g, denotes the characteristic function of Ry. The following theorems provide various

estimates associated with Muckenhoupt weights.

Theorem 2.11 ([4]). Ler w € A, withp € [1,00[. Let j, k € Z such that j < k, then

w(Br) < onp(k—j)

w(B;) ~ ’
and

w(BJ) < 2n5w(jfk)

w(By) ~

where 6, €]0, 1] is a constant independent of By, and B,.

Theorem 2.12 ([11]). Let p(-) € P ¢(R"),w € A, () with pi(-) € P(R") and j,k € Z such
that j < k. Then
(k—j)npy

w < 2 min(p(0),poo) |

||Xj ||L,,(,)(w)

Theorem 2.13 ([11]). Let p(-), pi(-) € P¢(R™),w € Ay, (), and j,k € Z such that k < j. Then

.),
(k—j)né,/w

”X’“”Lw < 9 max(p(0),poc)

lIx; HLp(->(w)
where 8,, €]0, 1] is a constant independent of By, and B;.
Recall that the space BMO(R™) consists of all locally integrable functions b satisfying

1
1Bllpao = SUp — / 1b(z) — bs| dz < oo,
15/,

where B = B(x,r) denotes a ball in R™, and

1
bB:—/bydy.
B

The following result was established by Ho [8] .
Theorem 2.14. Let X be a Banach function spaces. If the Hardy-Littlewood maximal operator

is bounded on the associate space X', then

[6llgmo =~ 8 [(b—bB)xBllx

u
B:BEll ||XB||X
Sfor all b e BMO(R™).
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3 Boundedness of the intrinsic square functions and their commutators

We begin by stating the definition of the mixed Lebesgue-sequence spaces.

Definition 3.1. Let p(-),¢(-) € Po(R™). The mixed Lebesgue-sequence space ¢4()(LPL)) is
defined via the modular

00a0) (o) ((fo)w) 1= Zinf{Av >0: gp(,)()\lj;};(_)) < 1}.

¢90)(LPY)Y is a quasi-Banach space, and its quasi-norm is given by

| (fo). ||eq<«>(Lp<->) lnf{ﬂ >0 0gac) ( (fv%) < }

Remark 3.2. If ¢* < oo, then the modular can be expressed as
QZQ(-)(Lp(-))((fv)v) = Z H |fv‘q() H%

Moreover, if p (-) and ¢ (-) are constants, then £9()(LP()) coincides with £9(LP).

For a given weight function w, the space (1) (LP") (w)) consists of all sequences (f.,), such

that
1
I Codo Nesorgumsn = 1 (70 00) Nrgumer, < o
Definition 3.3 ([11]). Let w,w, be weights on R™, and let p(-),q(-) € Po(R™) and «(-) €
L>(R™). The inhomogeneous weighted Herz space, denoted by K§(§5>q<.>(w17w2)(R”), is de-
fined as the set of all f € L10C (w2)(R™) such that

HfHKa<> = HfXBoHLp<.) + H ( wy Bk))a(')/nka)kzl Heq<~>(Lp(-)(w2)) < oo.

w] ’LUZ
Similarly, the homogeneous weighted Herz space, denoted by K;((.;)q(‘) (w1, w,)(R™), consists of

all f € L’ (w,)(R™ \ {0}) such that

H ( wi (Bg)) /”ka)kez qu (LPC) (ws)) < oo

Forany f € K;‘((f)),q(_)(wl,wz)(R"), we set

e 1/q
453 sy = (Sl )
and

! 1/q
||{f’f}||eq<(m<->(w2)) = ( § : ka”i”(')(wo
k=—oc0

The following theorem is a fundamental result and plays a pivotal role in this paper.

Theorem 3.4 ([11]). Let p(-), q(-) € Po(R™), a(-) € L=(R™),w; € A,, with py € [0, 00| and w
be a weight. If q(-) and a(-) are log-Hélder continuous at infinity, then

Kt (01 w2) (RY) = K5, (1, w2)(R”).

Moreover, if q(+) and «(-) are log-Hélder continuous at the origin, then

(0)
Hf”K”( NH{(w‘(Bk)) " f}||eq<(“>(Lp<-)(wZ))

) wl;w2

+ ||{(w1(Bk))Txf}Hegoo(Lp<->(wz>)'
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Let a(-) € L™, ps(-) € P¢(R™),w; € A,,() and wy € Ay, where p € [1,00[. By Theorem
2.11 and Theorem 2.13, there exist two positive constants 6, and &, such that, for all j < k,
the following inequalities hold:

and

(F—k)nduw,

m < 2 max(p(0) poc)

Xk ”LP(')(wz)

Let a(-) € L>(R™), we set

b1 lf aoo<0’

+ +

Sy _ V%)) _ Sy B by
max(p(0) 5 | min(p’(0), p! )}and %2 max{maX(p’(O)»p;o)»’l min(p(O),poo)}'

» Moo

01 = max{

We now present the main results of this section.

Theorem 3.5. Let 0 < 3 < 1,p(-),p2(-) € PY8(R"),q(-) € Po(R™),a(-) € L>®(R"™) and
b € BMO(R"). Assume wy € Ay, withpy € [1, 00 and wy € Ay, (), where py(-) < p(-). Suppose
further that q(-) and o(-) are log-Holder continuous at the origin and infinity, such that

)
—— <a(0),ax < ey
b1 b1

Then, the operators Sg and [b, Sg| are bounded on Ks((.'qu(wl, wy)(R™).

Proof. We focus solely on proving the boundedness of [b, Ss] on K;‘((.'))q(_) (w1, w;)(R™), as the

o

boundedness of Sz on K _'))q(.)(wl ,w2)(R™) can be established using similar arguments. Let

p(
Fe kel (wi,w)(®") such that

d

flz) = Z f@)x; () = Z fi ().

j=—o0 j=—o0

By Theorem 3.4, we have

H[b, Sﬂ}fHK;'((f)),q(,)(whwz) %H{(wl(Bk))a(O)/n([ba Sﬁ]f)}Hgg‘n(Lp(-)(wZ))

+ ||{(”UJ1 (Bk))QOO/n([ba Sﬁ]f)}HZ’I;"(LP(‘)(wZ))

<E|+ E, + Es + E; + Fs + Eg,
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where
. . k=2 a(0)y 1/4(0)
Br=( 30 (@@ O 3 M08l o) )
k=—c0 =00
. ket 1 a(0)y 1/4(0)
Ezz( Z ((wl(Bk))a(O)/n Z ||([bvSﬁ]fi)xk||LP<‘>(wz)) ) ’
k=—o00 j=k—1
1 00 q(0) 1/4(0)
By=( 3 (B 30 Skl o) )
i j=k+2
o k=2 oo 1/q00
By =3 (B0~ 32 Sl porgy) )
k=0 J==ee
o kt1 doo 1/de0
B =( 3 (B 3 Sl fixall o)) -
k=0 J=k=-1
and

Bo=(32 (B9~ 3 1)l )”) ™

k=0 j=k+2

Since [b, Ss] is bounded on LP1) (w,)(R™), it follows that

-1 k+1 1/q(0)
Ey + Es < [|bllgmo ( Z ( wi (By))* O/ Z HfJHLP wz) )
k=—o00 j=k—1

[e's) k+1
(X (B 5 150 s ) °°)“q°°)

k=0 j=k—1

-1

1/4(0)
Sbllemo (( Z (wl(Bk))a(O)Q(O)/n’|kaqL(,?<>.)(w2>)

k=—o00

IS o 1/4c0
+ (Z (wl(Bk))amqw/nufkHLP(')(wz)) )

k=0

< Hb“BMO HfHK )(wl wz)
We now proceed to estimate F;. We have

||<[bv Sﬁ]fj)XkHLp(.)(wz) 5”((1) - ij)Sij)Xk’HLp(‘)(wz) + ||<Sﬁ(b - ij)fj)XkHLp(»)(wZ)
SEv + Ero.

First we estimate F ;. Since ¢ € Cg and (y,t) € I'(x), we deduce that

senf ()] d=. G.D)
Ry {=ly—=I<t)

Forany = € Ry, (y,t) € I'(z) and z € R; N {z: |y — z| < t} such that j < k — 2, we have

/ oy — 2)f(2)dz
R

J

2t2|y—z\+|x—y|2|x—z|2|x|—|z|2@. (3.2)
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Consequently, combining (3.1) and (3.2), we obtain

s ]z
/il /Imy<t (t" /R- 7=l dz) 2 %

J

1
s(/Rﬂz)mz) (/ltdt>

J

Sl G
K27 - (3.3)

2
dydt
tn+l

/Rj ei(y — 2)f(2)dz

Therefore,
By <27 x5 H(b - ij)XkHLp«)(wz)
27 il (H(b - ka>XkHLp<->(wZ) + || (b5, — bBa‘)X’fHLP<->(w2)) :
By applying Theorem 2.14 with X = L?() (w,)(R") and using the inequality
|bs, —bs,| < 17— k| [|bllgmo »
we obtain
Ei1 277 [bllemo 150 (HX’“HLP(-)(W2) + (k= j)HXkHLp<->(w2)>
Sk — j)z_lm ||b||BMO HfXjHL‘ HX]“HLP(~)(w2)'
Using the generalized Holder’s inequality, we conclude that
Brt S (k= 3027 llanio 11 sy 11X s (0700 16 oty
From Theorem 2.13, it follows that

27kn||><j||Lp/< ) (wy ' O/2t )||Xk||Lp ) (wy) <||XJHLp O (wy )||Xk||Lp ) (wy /20

(j—k)néwz
<2max(p'(0),p5)

On the other hand, Theorem 2.12 yields

- i —1
2 anXjHLp’(-)(w;P'(')/P(J)HX]CHLP(')(wz) <20 k)nHXj||Lp<»>(m)||XkHLp<->(w2)

+

3 p.
<=~ gy

1s implies — o y
HXJ HLp’(«) (w;Pl('VP(*)) HX]CHLP(')(wZ) ~ . ( . )

Consequently,
Eri S (k= 329757 1Bllgyio 11X 1 1ot () - (3.5)

For E) ,, observe that for any ¢ € Cs and (y,t) € I'(z), we have

/R (b(=) — b, )iy — 2)f(2)dz

J

= tin/ |(b(2) = bg,)| 1f(2)|dz. (3.6)
Rijn{z:|y—=|<t}
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Using similar arguments as in the estimate of (3.3), we conclude

S5 (fry) S 27+ / (b(=) — bs, )| 1£(2)] d=.

J

By applying the generalized Holder’s inequality, Theorem 2.14 and (3.4), we obtain

Ei» §27anXk||Lp<~>(w2) /R |(b(z) - ij>| |f(2)| dz

527k"||Xk||Lp<.>(W2) HfXjHLP(')(u)Z) H(b - bB,-)XjHpr-) (w;P’<’)/P<’))
277 [1Bllgmo 17511 Lo () HXkHLP(‘)(wZ)HXjHLP’(-)(wZ_P/(')/p('))
2979 bl 1 Lo (37
Combining (3.5) and (3.7), we deduce
1B S81 XN iy S O = D299 [bllgago 35 Loty (3.8)

where j < k — 2. From (3.8) and Theorem 2.11, it follows that

—1 k=2

B S( X (@B 3 (k= 52579 [l 15l o))

k=—o00 Jj=—00

SHb”BMO( i ( g (k — j)2U—knd: (m)am)/”

k=—oco0 j=—o0

(0) /n q(0)\ 1/4(0)
% (w0 (B " 1% oy ) )

q(O)) 1/4(0)

—1 k-2

§Hb||BMo< Z ( Z (k — j)20k=9)aOuw; 2(i=kns:

k=—o00 j=—00

w0V /m 9(0)y 1/4(0)
% (@ B 16 ooy ) )

—1 k=2

SHbIIBMo( > ( S (ke — j)2lk e —nsa)

k=—o00 j=—o0

(0) /n a(0)y 1/4(0)
x (wi(Bj)) o ||fXj||Lp<-)(w2)) ) ~

Since a(0)wy — ndy < 0, it follows from Lemma 2.5 that

! 1/4(0)
a(0)q(0)/n 0
1 S Bllawo (3 (i (B) @ s )

k=—o00

<|b ol .
~ || ||BMO ||f||Kp((.))7q(.)(wlxw2)
We now proceed to estimate F3. We have

H([b’ SB]fj)XkHLP(')(wZ) SH((b - ij)Sﬁfj)XkHLp<~)(w2) + H(Sﬁ(b - ij)fj)XkHLP(~)(w2)
SEsq + Eso,

where k < j — 2. Forany = € Ry, (y,t) € I'(z) and z € R; N {z : |y — z| < t}, it can be shown

that
2>y~ 4l > o2l 2 [el ol > 2, (3.9
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and

1
’ dydt ’

Sp (fxi) (@) S (//rm sup /R ei(y — 2)f(2)dz t;%
1
2dydt ?

< -n o

- /Z /Iy|<t (t /Rj Je > et

< (/R f(Z)IdZ> (/4 t‘“)

ST 1G]
ngjn ”fXj”Ll .

Following a similar approach to the estimates of F | and F », we obtain
Es; S (J - k)zijn Hb”BMo HfXjHLp(-)<w2) ||Xj||L,,/(,)(wz—p’<-)/p<->) ||Xk||Lp<->(wz)’

and

B2 S277" |bllgmo 161 2o ) HXkHLp(-)(m)HXJ’HLP’(-)(w;P“')/"('))'

From Theorem 2.13, it follows that

—q —1
2 ]TLHXJHLp/(»)(w;P’(‘)/P('>) HXkHLP(')(wz) SHXjHLP(')(wZ)HXkHLP(')(wz)
7(j7k)n5w2
<2max(p(0),poc) |

On the other hand, Theorem 2.12 yields

<

(3.10)

(3.11)

— —7 -1
2 jnHXj||Lp’(-)(w2_7’/('>/1’('))||XkHLp(->(w2) <2t J)nHXjHLIJ’(-)(wZ_P/(')/T’<'))ka||LP'(~)(w;p/(')/p('))

.
Py

<o~ T=Pnl— i)

This implies

27 x4, (7 0/000) 1k L ) = 2~ (G—k)ns;

Therefore, combining (3.10), (3.11) and (3.12), we deduce
E31 S (= k)27 079 bl gy X6 200 () »

and

B3y S 27070 b)lbvo ||fXj||LP('>(wz) :

Hence

€16, Sl )Xk o gy S (G = 82775 bl g X o

(3.12)
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Consequently,
—1 o]
) B a(0)\ 1/4(0)
By S0 (@B 3 (= k279 bl X oy ) )
k=—co j=k+2

—1 e}

SHb”BMo( Z ( Z (j—k)Z*(j*k)m?l (Zigg];;)a(m/n

k=—0co j=k+2

(0 /n a(0)y 1/4(0)
x (wi(By)) o ||fXj||Lp<->(wZ)) )

71 %)
SHbIIBMo( 3 ( S () — K2R o=k

k=—oco j=k+2

«(0) /n a(0)y 1/4(0)
x (w1 (By)) o ||fXj||Lp<~>(wZ)) )

—1 0o
olao (3 (3 (G~ k2o =iy

k=—oco  j=k+2

w(0)/n a(0)y 1/4(0)
< @ B " oy ) )

Since —a(0)w, — nd; < 0, it follows from Lemma 2.5 that

-1
a(0)q(0)/n 0
By S 0llawio (D2 (@i (B O il i

k=—o0

) 1/4(0)

S0lao (11500 ()

Using the same reasoning as in the estimates of £; and E3, we can establish that

00 k—2
By S bllpo (32 (30 (6 — jp2thsltesvnna)
k=0 j=—o0

o In doo\ 1/doo
x (@i B " Wil oy ) ) o

and

Es S 1bllgmo (Z ( 3 (j — k)20 Ram s —nd)
k=0 j=k+2

doo\ 1/d00
X (i B)) =" Ny ) )
Since awl, —nd, < 0 and —as w5, — nd; < 0, it follows from Lemma 2.5 that

= % n oo 1/q°°
Eq+ o S 0layio (D (w1 (Bi) ™" | fxull Sy )
k=0

5 ”bHBMO Hf!’K;‘((_‘))7q(_)(w1,U)2)'

By applying the same reasoning as in Theorem 3.5, we derive the following theorem.

Theorem 3.6. Let 0 < 3 < 1,p(-),p2(-) € PY¢(R"),q(-) € Po(R"),a(-) € L>®(R"™) and
b € BMO(R"). Assume wy € Ay, withpy € [1,00[ and wy € Ay, (), where py(-) < p(-). Suppose
Surther that q(-) and o(-) are log-Holder continuous at infinity, such that

ndy no

e < e < —
b1 P1
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Then, the operators Sg and [b, Sg| are bounded on KZ‘((_')>q(_>(w1 ,wy) (R™).

Remark 3.7. Theorem 3.5 can be regarded as a generalization of Theorem 3 in [19], Theorem 5
in [10], Theorem 1.4 in [9] and Corollary 21 in [22].

Theorem 3.8. Let 0 < B < 1,p(-),p2(:) € PY8(R"),q(-) € Po(R"),a(-) € L=(R") and
b € BMO(R"). Assume w; € Ay, withpy € [1,00] and wy € Ay, (), where py(-) < p(-). Suppose
further that q(-) and o(-) are log-Holder continuous at the origin and infinity, such that

_nd <a(0), a0 < n—az
gl b1

Then Gg and [b, Gg| are bounded on K;?(.;)q(_)(wl ,wp) (R™).

Proof. We focus solely on proving the boundedness of [b, Gg] on K;(.;)q(_)(wl, wy)(R™), as the

boundedness of Gz on K;Y((_'))q(.) (w1, w,)(R™) can be established using similar arguments. Wilson

[23] proved that for any 0 < S < 1, the functions Sz and Gg are pointwise comparable, with
comparability constants depending only on 8 and n. We have

1. Gl X | o gy SN = 08,) G F5 )k )+ 1G ( = D) Sk 00y
S0 =55,)855)xx | o
+[1(S5(0 - ij)fj)XkHLp(.)(wz))- (3.13)

From (3.13) and the boundedness of [b, G3] on LP() (w;)(IR™), and using arguments analogous to

the proof of Theorem 3.5, we can establish that [b, Gs] is bounded on K;((.'))q(,) (wi,wp)(R™). O

By applying the same reasoning as in Theorem 3.8, we derive the following theorem.

Theorem 3.9. Let 0 < 3 < 1,p(-),p2(-) € P¢(R"),q(-) € Po(R"),a(-) € L>®(R"), and
b € BMO(R"). Assume w; € Ay, withpy € [1,00] and wy € Ay, (), where py(-) < p(-). Suppose
further that q(-) and o(-) are log-Holder continuous at infinity, such that

Then, the operators Gz and [b, G| are bounded on K;‘((.'))q(_)(wl ,wy) (R™).

Next, we establish the boundedness of G5, 5 and [b, G} 5] on K;Y((..)zq(.)(wh wy) (R™).

Theorem 3.10. Let \, 3 be real numbers such that X > 2 and 0 < 8 < 1. Let p(-),p2(:) €
Plog(R"), q(-) € Po(R™),a(-) € L®(R"),b € BMO(R"),w; € A, where p; € [1,00[ and
wy € A,y with pa(-) < p(-). Assume further that q(-) and of-) are log-Holder continuous at
the origin and at infinity, such that

b1 P

Then G5 5 and [b, G} 5] are bounded on K;((")),q(') (w1, wy) (R™).

Proof. We focus solely on proving the boundedness of [b, G5 ;] on Kp?‘_()')q(_> (wr,wy)(R™), as the
boundedness of G5 5 on K;'((_'fq(‘) (w1, wy)(R™) can be established using similar arguments. Let

fe K;“((,S),q(,)(wl,wz) such that

=D f@x(@)= ) fi)

k=—o00 j=—00
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From Theorem 3.5, it follows that
H[b g,\ B f||K o (wy,ws) "‘H{(wl (Bk))a(())/n([bv g;ﬁ]f)}HZ‘7<(U)(LP(')(w2))

+ ||{(w1(Bk))a°°/n([b, Qf\,ﬁ]f)}He‘;N (LPO) (w3))
SFI+ P+ F3+ Fy + Fs + Fg,

where
1 . k—2 q(0)y 1/4(0)
A= 3 (@B @ 3 Gl o) )
k=—o00 J=—oo
» kil () 1/4(0)
B=( 3 (@@ 3 Gl o) )
k=—o00 Jj=k—1
. s )\ 1/4(0)
F3:( Z ((wl(Bk))a(O)/n Z H([bvg;,ﬁ]fj)XkHLp(')(wz))q ) q ’
et j=k+2
oo k-2 doo\ /4
Fr =3 (B 37 0.9 o) )
k=0 j=—oo
. k+1 oo\ /4o
B =3 (B 3 0.5l ) ™)
P j=k—1
and

Fe = (i ((wl(Bk»am/n i (b, gi,ﬁ}fﬂ’)xkHLP(')(wz))qw)l/qm'

k=0 j=k+2

Since [b, G 4] is bounded on LP!) (w;)(R™), it follows that

B+ F5 S []bllgmo HfHK““

y(wiwa)”

We now proceed to estimate Fj. From (3.1). We have
? dydt
Y
[b,Gx // ( ) su
ol ( e \Et 23} pee T
2
- // ¢ An dydt \
T\ rr Nty et
1
2] t A dydt )
< b(x) — b(z z / / < ) J dz
JRCERECIE! ( L) e
1
An 2
dydt
wf I G=) &
R" ( ) ||f ( le| ly—z|<t t+|x—y| t3n+l

ol—

| @)= b ey - 2)f:)as

R;

1

S RCEOVEE

J

J

=F.1+Fia.

Forany z € Ry and z € R; N {z: |y — 2| < t} such that j < k — 2, we obtain

I Y Ea e Y M Y R ) (3.14)
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From (3.14) and the condition A > 2, it follows that

1

=l dydt '\’
FS/ b(x) — b(z z / —/ L
1.1 le ( ) ( )Hf( )| ( 0 |x‘)\n ‘y—z|<t t3n+lf)\n
<
R

|| 2
) — B 1(2) ( / |1tdt> &
1

TR /R Ib(z) — b()] [£(2)] dz

J

S27F | (b() = b) Xl - (3.15)

J

Analogous to the estimate of F} 1, we derive

dydt
Fia SJ/R\b( x) = b(2)||f(z |</|I| /y et t3n+l> dz

) ~ b 1) ( [ t““) d

</
| @ b1

i
~lal R,
2 I(b() = b) £l - (3.16)
By applying the generalized Holder’s inequality, along with (3.15) and (3.16), we obtain
Fij+F, <27k HfXjHLp«)(wz) | (b(z) — XJHLP 0 (o O/70)
S G oy (196) = 05, LI o
+ [|(bs, — b)Xj’|Lp/(.)(w2—p'<->/p<-)))'
Hence
1006, G5. 51k oy 27 10 sy (16 = 88,05k sy 10651, 1) (s /00)
+ H(bB,- - b)XjHLP/(»)(w;P/(')/P(')))
K2 10y (16 = 03Xl sy 1 s (00
+[|(bm, — ij)XkHLp«)(wz) ||Xj||L,,/(.)(w2—p'<->/p<->)
+ |08, =) 0 )(w 2—p<>/m~>))-
Using similar arguments as in the estimate of Fj 1, we derive

H([b g)\ B fj XkHLp() TUZ S(k‘ - j>2_kn HbHBMO ||ij||LP(‘)(w2) ||XkHLP(‘)(wz)
X ||XJ'HLP’<-)(w;p'<’>/f’<’))

Sk = 529787 [1b] 5y 6 X6 | 100 a0) -
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Furthermore, by applying the same reasoning as in the estimate of |, we establish that

k-2
Fi S Bellgwo (Y (D2 2mie@mi—na)

k=—o0c0 j=—00

(0)/m L\ 2(0)y 1/4(0)
x (@ (BN Nl gy k=) )

Since a(0)wy — ndy < 0, it follows from Lemma 2.5 that

L 1/4(0)
a(0)q(0)/n
Fi Slbllevo (32 (1B O 11l s), )

k=—o0

S 11bllemo ||fHK§((,')>,q(‘>(wl,u12)'

We now proceed to estimate F3. From (3.1), it follows that

[6,65,5] = ( / /R (M)M
< s /| ) b uly S () 2 o 7

1
2

2
dydt
ntl

N

- /R [b(x) — b(2)] f(2)d2

J

o)
) /Rj e </0|Z| /ly—z|<t <t + \zt: - y|>M gﬁﬁ ) % dz

) /R R </IOO /yzm <t T |; = y|>m e ) -

J

=I5+ F5,.
Forany x € R and z € RjN{z: |y — z| <t} such that k < j — 2, we have

Ed

thlz—yl2ly—2l+le—yl 2|z~ 2| 2 |2] = |2 = .

By employing analogous reasoning to that used in the estimates of F} 1, F} » and Ej3, we deduce

Fyi+ Py 277 X Lot () [ (B(2) = b)XjHL,/(.)(wz—p/«)/p«))
SJZ*J'” ||fXj||Lp(->(wZ) ( |b(13) - ij| ||Xj||Lp/(.)(w;p'«)/p(»))

+ H (ij - b)XJ H Lr' () (w;P/(')/P(-)) ) .
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Hence

H([b, g;,ﬁ]fj)kaLp(.)(wZ) gzijn ||fXJ|

LrC) (wy) (H (b - ka)Xk||Lp(.)(w2> ”Xj ”Lp/(.) (wz—p/(-)/p(-))

+H (ka - ij)Xk ||LP(')(w2) ||Xj HLP/(,) (w;P/(')/P(‘))

+ [|(bs; - b)XjHm’«)(w;”“')/’)(”))
<G = B2 [bllsato 151 ot I oy
X HXJ‘HL,,/<.)(w2—p'<~>/p<->)
<G = k)27 Bl 151 1ot ) -
Analogous to the estimate of E3, we derive

—1 [e%S)

F5 S ||bHBMo< Z ( Z (G — k)z(j—k)(—a(O)wg—n5l)

k=—oco  j=k+2

O/ a(0)y 1/4(0)
< @ B " il o))

Since —a(0)w, — nd; < 0, it follows from Lemma 2.5 that

L 1/4(0)
a(0)q(0)/n 0
Fy S bllaio (2 (en(B)* OO a4 )

k=—o00

Slblleo 11l k)

Using the same reasoning as in the estimates of F} and F3, we can establish that

') k-2

Fy < bllpuio (32 (3 (= gyat-deemic o

k=0 j=—o0

Qoo /11 Goo I/Qoo
% @ (B Gl ooy ) )

and

Fo < 1bllgmo (Z ( Z (5 — k)z(j_k)(_aoow;—nél)
k=0 j=k+2

o n doe\
x Wi BN Xl oy ) )

Since awl, —ndy < 0and —aswy, — nd; < 0, it follows from Lemma 2.5 that

o0

a n o 1/0
Fut Fs 5 [bllaio (2 (0n(B) """ | fxil o))
k=0

< 10llsmo ||fHK§<(_'))yq(_)(w17w2)'

By applying the same reasoning as in Theorem 3.10, we derive the following theorem.

Theorem 3.11. Let \, 3 be real numbers such that X\ > 2 and 0 < 8 < 1. Let p(-),p2(-) €
Plog(R™), q(-) € Po(R"),a(-) € L®¥(R™),b € BMO(R"),w; € A,, where p; € [1,00[ and



Intrinsic Square Functions and their commutators 287

wy € Ay, with pa(-) < p(-). Suppose further that q(-) and o(-) are log-Holder continuous at
infinity, such that

7151 7’L52
—— < Qo < —.

b1 b1

Then G5, 5 and {b, Q/’{,B] are bounded on K;?((.j)q(.)(wl’ wy ) (R™).
Remark 3.12. Theorem 3.10 can be regarded as a generalization of Theorem 5 in [19] and The-
orem 1.6 in [9].

4 Conclusion

Function spaces with variable exponents play a fundamental role in various areas of mathe-
matical analysis, including partial differential equations, fluid dynamics, variational calculus
and image processing. The boundedness of singular integral operators on Herz-type spaces is
an essential tool in investigating the regularity properties of solutions of elliptic equations with
discontinuous coefficients. In this work, we establish the boundedness of the intrinsic square
functions Sg,Gp and G s, as well as their commutators [b, Sgl, [b, G\] and [b, G, 4], generated
by BMO functions, on two-weighted Herz spaces. These results are obtained in the context where
all three parameters of the Herz spaces are variable, while the parameters \ and (8 associated
with the operators remain fixed. Our findings are novel and provide a generalization of several
established results concerning intrinsic square functions.
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