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Abstract. The energy of a graph G is denoted by F(G) and defined by E(G) = Z |Ails

i=1

where \;,i = 1,2,...,n are the eigenvalues of G i.e., eigenvalues of the matrix A(G), the ad-
n

jacency matrix of G. The extended energy of a graph G is given by ¢.,(G) = Z |n:|, where
i=1

ni,¢ = 1,2,...,n are the eigenvalues of the extended adjacency matrix A, of G. In this paper,
we give the extended energy of the complement of the line graph of a regular graph, the extended
energy of the line graph of the complement of a regular graph, and the extended energy of the
complement of the line graph of the complement of a regular graph.

1 Introduction

Let G be a connected graph of order n with vertex set V' = {v,vs,...,v,}. The adjacency
matrix A(G) of G is a real symmetric matrix. Therefore, all its eigenvalues are real. Let the
eigenvalues of A(G) be A\ > Ay > --- > A, listed in decreasing order. The eigenvalues of
A(G) are also known as the eigenvalues of G. Sum of absolute values of the eigenvalues of
G being the mathematical formulation of 7-electron energy, an extensively studied quantum-
chemical characteristic of conjugated molecules, is simply known as the energy of G and is

denoted by F(G), i.e., E(G) = Z |A;]. The graph energy is very attractive due to its importance
i=1
in mathematical chemistry. Gutman [14] introduced the graph energy in 1978. After that, graph
energy, Laplacian energy and Laplacian-energy-like invariant are continued to be researched by
Gutman [10, 11, 12, 13], Zhou et al. [31], Li et al. [19], Pirzada et al. [21], Balakrishnan et
al. [5, 4], Amin and Nayeem [3] and many others. Also, many researchers examine upper and
lower bounds for graph energy in [9, 18, 28, 16] and Sombor energy of some derived graphs of
a regular graph in [25, 26]. Two graphs of the same order are said to be equienergetic if their
energies are the same. In [17] Indulal and Vijayakumar have constructed a pair of equienergetic
graphs on n vertices for n = 6,14,18 and for all n > 20. Later, Ramane et al. [22, 23, 24]
have given another construction of equienergetic graphs and have proved that there exists a pair
of equienergetic graphs for all n > 9. More studies on equienergetic graphs can be found in
[15, 27, 29]. The energy of the complement of regular line graphs has been studied in [1].
McClelland [20] obtained an upper bound for energy of an r-regular graph of order n as follows.

E(G) < nvr. (1.1)

Gutman et al. [12] obtained a lower bound for energy as follows.
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E(G) > n. (1.2)

Yan et al. [30] introduced a new matrix called the extended adjacency matrix. The extended
adjacency matrix of the graph G is denoted by A.,.(G) and is defined as the n x n matrix whose
(i, 7)-th entry is equal to g—; + Z—” if v;v; belongs to the edge set of G and 0 otherwise, where

d; is the degree of the vertex v;. A..(G) being a real symmetric matrix, all its eigenvalues are

real. Let the eigenvalues of A..(G) be gy > mp > --- > 0, listed in decreasing order. The sum

of absolute values of the eigenvalues of A..(G) is known as the extended energy of G and is
n

denoted by e, (G), i.e., £c..(G) = Z |n:|. For an r-regular graph G, the degree of each vertex is
i=1

equal to r and hence A(G) = A..(G), i.e., eigenvalues of A(G) are the same as the eigenvalues
of Ac(G). Let ny,m,...,ns be the eigenvalues of A..(G) with multiplicity my,ma, ..., ms
respectively. Then m; +my+---+ms = nand nym; +mmy+...+nsms = 0. For an r-regular
graph G, r is an eigenvalue of G with multiplicity %, where & is the number of components of
G. Also, the absolute value of each eigenvalue of G is less than or equal to . Das et al. [8]
obtained various upper bounds and lower bounds for 7; (G) and e, (G) by using the definition of
extended energy of G and eigenvalues of A.,(G) of G. Also, Adiga [2] obtained upper bounds
for the extended energy of graphs and some extended equienergetic graphs. Motivated by these
works, in this paper, we give the extended energy of the complement of a regular line graph, the
extended energy of the line graph of the complement of a regular graph, and the extended energy
of the complement of the line graph of the complement of a regular graph.

Theorem 1.1. [6] Let \| be an eigenvalue of a connected graph G, then —\| is an eigenvalue of
G if and only if G is bipartite.

Theorem 1.2. [7] Let G be a connected r-regular graph of order n with eigenvalues in the array

r )\2 )\3 R )\S
1 my msz - my)’
where the integers in the bottom row indicate the multiplicities of the corresponding eigenvalues

in the top row. Then L(Q), line graph of G is a (2r — 2)-regular graph with eigenvalues in the
array

n(r—2)

2r—2 X+r—-2 M+r—-2 - Ag+r—-2 =2
1 mo m3 Mg -5 '

Theorem 1.3. [7] Let G be an r-regular graph of order n with eigenvalues in the array

r )\2 )\3 )\s
1 my mg - mg)

Then G, complement of G is an (n — r — 1)-regular graph with eigenvalues in the array

n—r—1 —-X—-1 —=X3—-1 -+ —=)X;—1 1
1 mo ms ... M # ’
Theorem 1.4. [7] Let G be a connected r-regular graph of order n and A.,.(G) be the extended
adjacency matrix of G with eigenvalues in the array

r 7’]2 n?’ . /'78

1 my mg - ms)
Then L(G), the line graph of G being a (2r—2)-regular graph has the eigenvalues of A...(L(G)),
the extended adjacency matrix of L(G) in the array

(27«—2 mAT—2 mAr—2 o metr—2 —2>
| .

n(r—2)
m2 m3 CEEEEY "’)’L‘9 T
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Theorem 1.5. [7] Let G be an r-regular graph of order n and A...(G) be the extended adjacency
matrix of G with eigenvalues in the array

romoom o 0s

1 my mg - ms)
Then G, the complement of G being an (n — 1 —r)-regular graph has the eigenvalues of A... (@),
the extended adjacency matrix of G in the array

n—l—-r —mp—-1 —p3—1 - —p—1 1
1 m m m n(r=2) |-
2 3 s 2

2 Eigenvalues of the extended adjacency matrix of L(G), L(G) and L(G)

Theorem 2.1. Let G be a connected r-regular graph of order n with eigenvalues of extended
adjacency matrix A.,(G) in the array

romo om0 s
1 my ms - mg)

Then (i) if G is not bipartite, L(G), complement of the line graph of G has the eigenvalues of the
extended adjacency matrix A.,(L(G)) in the array

Tr-1-02r-2) —mp-r+1 —mpm—-—r+1 -+ —no—r+l1 1 and
1 mo m3 Mg # ’

(ii) if G is bipartite, L(G), complement of the line graph of G has the eigenvalues of the extended
adjacency matrix Ae,(L(Q)) in the array

("{1(%2) -m-r+1 —-np-r+1 - —me_1—r+1 1 )
+1

n(r—2
1 mo ms3 “e Ms_1 %

Proof. (i) Let G be a non-bipartite r-regular graph with eigenvalues of A.,(G)

romoonmoc s

1 my mz - ms)
The line graph L(G) is a (2r — 2)-regular graph. Therefore by Theorem 1.4, the eigenvalues of
the extended adjacency matrix of L(G) are

<2r—2 —-m+r—-2 —-m+r—-2 - —ns+r—2 —2)
1 n(r=2) | -

mo m3 cee Mg —5

Again, L(G) is a %—regular graph. Therefore by Theorem 1.5, the eigenvalues of the

extended adjacency matrix of L(G) are in the array

T-1-2r-2) —m-r+1 —mpm—-r+1 -+ —ni—r+1 1
1 mo ms Mg # :

(ii) Let G be a bipartite r-regular graph with the eigenvalues of A, (G) given in the array

Tomoom o Ms—1 T
1 my mg - meq 1)
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The line graph L(G) of G is a (2r —2)-regular graph. Therefore by Theorem 1.4, the eigenvalues
of the extended adjacency matrix of L(G) are in the array

2r =2 —m+r—2 —m+r—2 - —ngg+r—2 -2
1 my m3 ms_1 w—i—l )

Again, L(G) is a m'_f“"”—regulalr graph. Therefore by Theorem 1.5, the eigenvalues of the

extended adjacency matrix of L(G) are in the array

T-1-2r-2) —mp-r+1 —mpm—-r+1 - —n_—r+1 1
1 my m3 Mg_1 w—’-l '

O

Theorem 2.2. Let G be a connected r-regular graph of order n with eigenvalues of extended
adjacency matrix Ae,(G) in the array

rom m o Ms
1 my ms - mg)

Then (i) if G is not bipartite, L(G), the  line graph of the complement of G has the eigenvalues of
the extended adjacency matrix A, (L(G))

2n—-2r—4 —-m+4+n—-r—4 -m+n—-r—4 - —n+n—-—r—4 -2
n(n—r—3) , and
1 mo ms3 e Mg s —

(ii) if G is bipartite, L(G), the line graph of the complement of G has the eigenvalues of the
extended adjacency matrix A, (L(G))

n(n—r—3)

1 ma m3 Me—1 5

(2n2r4 -m+n—-—r—4 -m+n—-—r—4 .- —n_1+n-—r—4 -2 )
+1/)°

Proof. (i) Let G be a non-bipartite r-regular graph with eigenvalues of A.,(G)

romoom s s
1 my mg - ms)

The complement of G is a (n — 1 — r)-regular graph. Therefore by Theorem 1.5, the eigenvalues

of the extended adjacency matrix of G are

n—1-r —mp—-1 —-m-1 - —ns—1 1
1 ms ms .. M @ ‘
Again, L(G) is a (2n — 2r — 4)-regular graph. Therefore by Theorem 1.4, the eigenvalues of the

extended adjacency matrix of L(G) are

1 n(n—r—3)

2n—-2r—-4 -m+4+n—-r—-4 -m4+n—-r—4 .-+ —n+n—r—4 -2

(ii) Let G be a bipartite r-regular graph with eigenvalues of A, (G)

romoomo o Ns—1 7T
1 my; m3 - Ms—] 1 '

The complement of G is an (n— 1 —r)-regular graph. Therefore by Theorem 1.5, the eigenvalues

of the extended adjacency matrix of GG are

n—1—-r —m—-1 —-m—-1 -+ —n_1—1 1
1 mo m3 Mg—_1 @"—1 .
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Again, L(G) is a (2n — 2r — 4)-regular graph. Therefore by Theorem 1.4, the eigenvalues of the
extended adjacency matrix of L(G) are

2n—-2r—-4 —-m+4+n—-r—4 -m+n—-r—4 .- —n_1+n—r—4 -2
1 ma ms M1 71(71%*3)+1 :

O

Theorem 2.3. Let G be a connected r-regular graph of order n with eigenvalues of extended

adjacency matrix Ae,(G)
rom o onmoocOs
1 my ms - mg)

Then (i) if G is not a bipartite, L(G), the complement of the line graph of the complement of G

is the graph has the eigenvalues of the extended adjacency matrix A...(L(G))

("2_"'"_25’”4”6 m—-n+r+3 m—-n+r+3 -+ ns—m+r+3 1 )

1 ma ms L e n(n—r—lz)(n—7>—3)

(ii) If G is a bipartite, L(G), the complement of the line graph of the complement of G has the
eigenvalues of the extended adjacency matrix A..(L(G))

2 .
<""’"25”+4’+6 m—-n+r+3 m—-—n+r+3 -+ ne_1—n+r+3 1 )
+1)°

n(n—r—1)(n—r—3
| - s _— ninr=n=r=3)

Proof. (i) Let G be a non bipartite r-regular graph with eigenvalues of A.,(G)

rom mooc s
1 my ms - mg)’

The complement of G is an (n— 1 —r)-regular graph. Therefore by Theorem 1.5, the eigenvalues

of the extended adjacency matrix of GG are

n—1-r —mp—-1 —-m—-1 - —n,—1 1
1 m n(r=2) |-
2 m3 mg 2

Now, L(G) is a (2n — 2r — 4)-regular graph of order w Therefore by Theorem 1.4, the

eigenvalues of the extended adjacency matrix of L(G) are

2n—-2r—-4 —-m+4+n—-r—-4 -m4+n—-r—4 -~ —n+n—r—4 -2
1 ms ms me @ '

L(G)isa @ — (2n—2r —4) — 1 regular graph, i.e., W—regulan Therefore by

Theorem 1.5, the eigenvalues of A, (L(G)) are

n(n—r—1)(n—r—3)

2

n27n7'725n+47'+6 T)z*n+7"+3 n37n+r+3 nsfn+7n+3 1
1 ma m3 ms

(ii) Let G be a bipartite r-regular graph with eigenvalues of A, (G)
rom o m o Ms—-1 T
1 my M3 - Mg 1 ’

The complement of Gisa (n—1 — rkregular graph. Therefore by Theorem 1.5, the eigenvalues
of the extended adjacency matrix of G are

n—1—-r —m—-1 —-m—-1 -+ —n_1—1 1
1 mo m3 Mg—_1 @"—1 .
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Again, L(G) is a (2n — 2r — 4)-regular graph of order w Therefore by Theorem 1.4, the

eigenvalues of the extended adjacency matrix of L(G) are

2n—-2r—-4 -m+4+n—-r—-—4 -m+n—-r—4 .- —n_1+n—r—4 -2
1 ma ms M1 71(71%73) +1/)
As L(G)isa w — (2n —2r —4) — 1 regular graph, i.e., "z_m‘%—regular, therefore

by Theorem 1.5, the eigenvalues of A.,(L(G)) are

2
<n_"r_25"+4’“+6 m-n+r+3 m-n+r+3 - ne_1—n+r+3 1 )
+1

n(n—r—1)(n—r—3)
1 my ms3 Ms—1 -

3 The extended energy of the complement of a regular line graph

Theorem 3.1. Let G be a connected r-regular graph of order n, and L(G) be the complement of
the regular line graph G. Then

(i) €ex(L(G)) = (2n —4)(r — 1) — 2 if G is not bipartite and —r + 1 < 1,

(ii) €ex(L(G)) = 2n —2)(r — 1) if G is bipartite and —r + 1 < .

Proof. (i) Let G be a non-bipartite r-regular graph. Then, by the definition of extended energy
we have,

AN o

@@ = W12+ M S e
=2

= nr—2r—n—|—1+2mi(r—|—ni—l)
=2

= nr—2r—n+1+(r—1)2mi—|—2mmi
i=2 =2

= nr=2r—n+1l4+@r-1n-1)—r

= 2n—4)(r—1)-2.

(i1) Let G be a bipartite r-regular graph. Then, by the definition of extended energy we have,

s—1
— —2
Eew(L(G)) = %_1_(27“_2)+¥+1+Zm1|_7"—7’h+1|
=2

s—1

= nr—2r—n+2+2mi(r—|—m—1)

=2
s—1 s—1
= nr—2r—n+2+(r—1)2mi+2mim
i=2 i=2
= mr=2r—-n+2+(r—-1)(n-2)+0

= (2n—4)(r—1).

4 The extended energy of the line graph of the complement of a regular
graph

Theorem 4.1. Let G be a connected r-regular graph of order n, and L(G) be the line graph of
the complement of G. Then
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(i) €ex(L(G)) = 2n(n —r — 3) if G is not bipartite and n — r — 4 > 1,
(ii) cee(L(G)) = 2n* — 2nr — Tn + 8 if G is bipartite and n —r — 4 > ;.

Proof. (i) Let G be a non bipartite r-regular graph. Then, by the definition of extended energy
we have,

-y n(n—r—3) - _ '
cex(L(G)) = (2n—2r 4)—0—2.f+§m1|n r—mn; — 4

= (2n—2r—4)—|—n(n—r—3)—I—Zmi(n—r—m—4)
= (2n—-2r—4)4+n(n—r—73)

S S S S
—I—nE mi—rg mi—g mmi—4g m;
i=2 i=2 i=2 i=2

= 2n—-2r—4)+nn—r-3)+nn—-1)—r(n—1)4+r—4(n-1)
= 2n(n—r—3).

(ii) Let G be a bipartite r-regular graph. Then, by the definition of extended energy we have,

cex(L(G)) = (2n—2r—4) —I—Z{W + 1} —l—imﬂn—r—m — 4

s—1
= (2n72r74)+n(nfrf3)+4+2mi(n77“*m74)
=2

= 2n—-2r—4)+nn—r—-3)+4

s—1 s—1 s—1 s—1
—i—ng mi—rg mifg mmi—4§ m;
i=2 i=2 i=2 i=2

= 2n-2r—4)+nn—r-3)+4+(n—r—4)(n-2)
= 2n% —2nr —Tn+8.

5 The extended energy of the complement of the line graph of the
complement of a regular graph

Theorem 5.1. Let G be a connected r-regular graph of order n, and L(G) be the complement of

the line graph of the complement of G. Then

e 3

(i) cex(L(G)) =" —n’4nr(r—2n+1)—10n+8r+12 if G is not bipartite and n —r — 3 > 1,
G

2

.. 3.2 52 2 . o .
(ii) eer(L(G)) = m=n=2nrtrn_1Int8rt20 4 Gt js bipartite n — 1 — 3 > 1.

Proof. (i) Let G be a non-bipartite r-regular graph. Then, by the definition of extended energy
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we have,

Q)

e (L(

n?—nr—5n+4r+6 nn—-r—-3)(n—-r—1)
2 + 2

S
+Zm,»|—n+r+m+3|

=2
n?>—nr—5n+4r+6 nn—-r—-3)(n—-r—1)
+
2 2
+Zmi(n_r_77i_3)
=2
n?>—nr—5n+4r+6 nn—-—r—-3)(n-r—1)
2 + 2

Hn—r=3)) mi=> nm;
i—2 i—2

nd—n?+nr(r—2n+1)—10n+ 8 + 12
2

(i1) Let G be a bipartite r-regular graph. Then, by the definition of extended energy we have,

5ex(L(é))

nz—nr—5n+47‘+6+n(n—r—3)(n—r—1)

nz—nr—5n+4r+6+n(n—r—3)(n—r—l)+1

2 2

s—1

+Zmi|—n+7"+m+3|

=2
n?—nr—5n+4r+6 nn—-r—-3)(n—-r—1)
2 + 2

+1

s—1

+Zmi(n—r—77i—3)

=2

+1

2 2

s—1 s
Hn—r=3)Y mi=> nm,
=2 =2

nd—n2—=2n%r +r*n—12n+ 8 +20

2

6 Concluding Remarks

In this paper, we have investigated the extended energy of some derived graphs, such as the
complement of a regular line graph, the line graph of the complement of a regular graph, and
the complement of the line graph of the complement of a regular graph. In the same research
direction, the extended energy of some other derived graphs, such as double graph, shadow

graph, Mycielskian graph, etc., of a regular graph can be investigated further.
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