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Abstract In this paper, we prove the existence and uniqueness of entropy solutions for the
following problem in weighted Sobolev variable spaces:

u _ diV(w|Vu — O(u)[P @2 (Vu — @(u))) +au) = fla,t) in Qp =Qx (0, T),
u=0 on Xp:=9Qx (0, T),
u(.,0) =wug in Q.

The main method used here is the Rothe’s time-discretization approach combined with the theory
of weighted variable Sobolev spaces.

1 Introduction

Let @ C R? (d > 2) be an open bounded domain with a connected Lipschitz boundary 0Q,
p € (1,00), and let T be a fixed positive real number. Our goal of this paper is to prove the
existence and uniqueness results of entropy solutions for the nonlinear degenerate parabolic
problem

u _ diV<w|Vu — O(u)[P @2 (Vu — @(u))) +a(u) = flz,t) in Qp =Qx (0, T),

u=0 on Xp:=9Qx (0, T),

u(.,0) =wug in Q.

(1.1)
where p(.) is a continuous function defined on Q with p(z) > 1 forall € Q, w is a measurable
positive and a.e finite function defined on R?, « is a non decreasing continuous real function
defined on R and O is a continuous function defined from R to R” | the datum f is in L'(Q).

In recent years, the study of partial differential equations and variational problems has re-
ceived considerable attention in many models coming from various branches of mathematical
physics, such as elastic mechanics, electrorheological fluid dynamics and image processing, etc.
Degenerate phenomena appear in the area of oceanography, turbulent fluid flows, induction heat-
ing and electrochemical problems (see for example [3, 7, 11]).

In general, the Sobolev spaces W*?()(Q) without weights occur as spaces of solutions for
elliptic and parabolic partial differential equations. For degenerate partial differential equations,
i.e., equations with various types of singularities in the coefficients, it is natural to look for so-
lutions in weighted variable Sobolev spaces. For more information about these spaces and their
properties in the constant or variable exponent, we refer to articles [2, 4, 5, 14, 15]) and refer-
ences therein.

the problem (1.1), or some of its special cases, is a model of several physical phenomena,
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for example, we state here the following two parabolic models:
e Model 1. Filtration in a porous medium . The filtration phenomena of fluids in porous media
are modeled by following equation,

dc(p)
ot

= Valk(c(p))(Vp + e)], (1.2)

where p is the unknown pressure, ¢ volumetric moisture content, k& the hydraulic conductivity of
the porous medium, a the heterogeneity matrix and —e is the direction of gravity.
e Model 2. Fluid flow through porous media. This model is governed by following equation,

% — div (|Ve(0) — K(0)e|P~2(Vp(0) — K(0)e)) =0, (1.3)
where 0 is the volumetric content of moisture, K (6) the hydraulic conductivity, »(#) the hydro-
static potential and e is the unit vector in the vertical direction.

In this paper, we study the existence and uniqueness question of entropy solutions to the problem
(1.1), we apply here a time discretization of the problem (1.1) by Euler forward scheme and we
show existence, uniqueness and stability of entropy solutions to the discretized problem. After,
we will construct from the entropy solution of the discretized problem a sequence that we show
converging to an entropy solution of the nonlinear parabolic problem (1.1). We recall that the
Rothe’s method was introduced by E. Rothe in 1930 and it has been used and developed by many
authors, e.g P.P. Mosolov, K. Rektorys in linear and quasilinear parabolic problems. This method
has been used by several authors while studying time discretization of nonlinear parabolic prob-
lems, we refer to the works [8, 12, 13] for some details. The advantage of our method is that we
cannot only obtain the existence and uniqueness of weak solutions to the problem (1.1), but also
compute the numerical approximations.

The plan of our paper is divided into four sections organized as follows, in section 2, we present
some preliminaries on weighted variable Sobolev spaces and some basic tools to prove our main
result of this paper, in section 3, we introduce some assumptions, and we give the definition of
entropy solutions of problem (1.1), we finish this paper by proving the main result of this paper.

2 Related properties of variable exponent problems

In this section, we give some notations and definitions and state some results which will be used
in this work.
Let Q be a bounded open domain in R4 (d > 2), we consider the following set

C*(Q) ={p:Q— R" : pis continuous and such that | < p_ < p; < oo},

where

p— =minp(z) and p; = maxp(z).
zeQ zEQ

Let w be a measurable positive and a.e finite function defined on R? and satisfied the following
integrability conditions :

(H) twe Ll (Q)and wio T e L (Q),

loc loc
loc

(Hy) : w=*@) ¢ L} (Q) where s(z) € (ﬁ,oo) N [W,oo) :

For p(.) € C*(Q), we define the weighted Lebesgue space with variable exponent LP()(Q, w)

LP)(Q,w) = {u: Q@ — R : u is measurable and / lulP®w(z)de < oo},
Q

endowed with the Luxemburg norm

p(z)

u(z)

x
A

[ullp)w = lullLro@w) = inf{A >0, /Q w(x)dr < 1} :



382 A. SABRI and A. JAMEA

We denote by L?' () (Q, w*) the conjugate space of L) (Q, w), where ﬁ + 7 = 1 and where

p'(z
w*(z) = w(z)'*@ forall z € Q.
On the space LP()(Q,w), we consider the modular function p,(), : LP*) (€, w) — R defined by

pp(A),w( >_ PrLe) / |u ‘p

The relation between py,) ., and ||.||,(.) ., is given by the next Proposition

Proposition 2.1 ([6]). Let u be an element of LP'") (Q,w), the following assertions hold:
i) flullp()w < 1(respectively >, = 1) < py( ) (u) < 1 (respectively >,=1).

i) 1 July).0 < 1 then [ull%)) < pyyu) < ull)

i) 1f [l > 1 then [lul27, | < pyyo(u) < Jull%

iv) [[unllp)w — 0= pp<‘)’w(un) — 0and ||uy||p()w — 00 & pp(,)’w(un) — 00.

Lemma 2.2 ([6)). (Holder-type inequality). If u € LPV)(Q) and v € LP' )(Q), then

1 1
LWW<<p+)WMw)WmM@<MMmmWMw®'

The weighted Sobolev space with variable exponent is defined by

WP (Q w) = {u e LPY) and |Vu| € LPC (Q,w)} )

with the norm
o0 = lllpey + lllpe)wr ¥ u € WHPO(Q,w).

In the following, the space WO1 P (')(Q,w) denotes the closure of C§° in W'?()(Q, w) endowed
with the norm

[ully 200,y = VUl Lo0 (@0)-

Let p(.), s(.) are two elements of the set C*(Q) where the function s(.) satisfies the hypothesis
(H,), we define the following functions

p(x) = ddp(pgil) for p(zx) < d,

if d > pg(x),
for almost all x € Q.

Proposition 2.3 ([10]). Let Q be an open set of R%, p(.) € C*(Q) and let hypothesis (H}) be
satisfied, we have
LPO(Q,w) = LY ,.(Q).

Proposition 2.4 ([10]). Let hypothesis (Hy) be satisfied, the space (WP (Q,w), [ully p().0) is
a separable and reflexive Banach space.

Proposition 2.5 ([10]). Assume that hypotheses (H;) and (H,) hold and p(.),s(.) € C*(Q),
then we have the continuous embedding

WP (Q w) s WP-E)(Q,w).
Moreover, we have the compact embedding
WP (Qw) e L7@(Q)
provided that r € C*(Q) and 1 < r(z) < p’(x) forall z € Q.
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Proposition 2.6 ([14]). Let Q be an open set of R, p(.) € CT(Q) and let u € Wol’p(')(Q,w).
Then there exists a positive constant Cq depending only on Q such that

/w(m)|u|p(z) < CQ/W($)|VU|p($).
Q Q

Let X be a Banach space and let T' > 0. For 1 < p < oo, the space LP(0,T'; X) consists of
all measurable functions « : (0,7") — X such that

1

T P
lull e, 1:x) = (/ ||U(t)||§(dt> <oo ifl<p<oo
0

and
||u||L°°(0,T;X) = €SSS8UPy¢(0,1) lu(t)|lx < oc.

The space C(0,T’; X) is a space of all continuous functions « : (0,7°) — X such that

U .x) = max [|u(t < 00.
lellcoron = max fu(t)lx

The spaces LP(0,7; X ) and C(0,T'; X ) equipped with the norms from the above definitions are
the Banach spaces.
Given a constant & > 0, we define the cut function 7}, : R — R as

s if |s| <k,
Ti(s) = min(k, max(s,—k)) =< k  ifs >k,
—k ifs < —k.

For a function v = u(z) defined on Q, we define the truncated function T, u as follows, for every
x € Q, the value of (Tju) at z is just Ty (u(z)).
Let the function Ji : R — R™ (is the primitive function of T}) defined by

2
s e if |s] <k
Ji(s :/ T(t)dt =< 2 2 -
k(s) 0 Kt {k|s|k2 if |s| > k.
We have as in the paper [9]

<%’Tk(5)> - %/QJk(S)dff in L'(]0,7[),

which implies
b Os
/ (25 T(s)dt = / T(s(8))dz — / J(5(0))da.
o Ot o Q
We define also the space
761’p(')(9,w) = {u :Q = R, wismeasurable and Ty (u) € I/Vol’p('t)(Q,w) forall k> 0} :
By Proposition 1.1 in [16], we have the following result

Proposition 2.7. For every function u € ,7.01,;; ) (Q,w), there exists a unique measurable function
v: Q — R? which we call the very weak gradient of u and denote v = Vu such that

VT (u) = vx{u<k} for a.e x € Q and for all k > 0,

where x g is the characteristic function of the measurable set B C R%. Moreover, if u belongs to
VVO1 p() (Q,w), then the function v coincides with the weak gradient of u.

Lemma 2.8 ([1]). For &, n € R and 1 < p < oo, we have

1 p_l P p—2 _
plél plnl <[P — ).



384 A. SABRI and A. JAMEA

Lemma 2.9 ([1]). Fora >0, b > 0and 1 < p < +oo, we have
(a4 b)P < 2P~ 1(aP +bP).

Remark 2.10. Hereinafter, C;,i € {1;2;...} is a positive constant, meas{ A} denotes the mea-
sure of the measurable set A C R? and yp is the characteristic function of the measurable set
B C R%

3 Main result

In this section, in order to get our main results, we do the following assumptions in addition to
the conditions (H 1) and (H?2) listed earlier:

(H3) : «is a non decreasing and continuous function on R such that a(0) = 0.

(Hy) : O is a continuous function from R to R? such that ®(0) = 0 and for all real numbers z, y,

(Hs

we have |@(z) — O(y)| < |z — yl|, where A is a real constant such that 0 < A\ < and

205"
Cq is the constant given in Proposition 2.6.

): f €LY Qr)and uy € L'(Q).
Definition 3.1. A measurable function v : @7 — R is an entropy solution of the parabolic

problem (1.1) in Qr if u(.,0) = ug in Q, u € C(0, T; L'(Q)), Tk (u) € LP~ (0, T; Wy ") (Q,w))
for all £ > 0 and

/Ot <gf, Ty ( >ds+/ / P(Vu—0(u)) VT (u—p dxds—i—/ / u) Ty (u—¢p)dzds

< /QJk (u(0) — 9(0)) dax — /Q Ji(ult) — () di + /Ot /Q [Te(u—g)deds (3.1
for all o € L>®(Qr) N LP~ (0, T; WHPO(Q,w)) nW1(0,T; L'(Q)) and t € (0, T), where
®(¢) = [¢P) 7%, VEeR:
The main result of this work is the following Theorem:

Theorem 3.2. Let hypotheses (H,), (Ha), (Hs), (Ha) and (Hs) be satisfied. If 1 < p_ < p. <
2 or p_ > max (2; B+ 1), then the problem (1.1) has a unique entropy solution.

4 Proof of the main result

The proof of Theorem 3.2 is divided into three steps, in the first one, by using Euler forward
scheme, we discretize the continuous problem (1.1) and we study the existence and uniqueness
of entropy solutions to the discretized problems. In the second step, some stability results for
the discrete entropy solutions will be given. Finally and by Rothe’s function, we construct a
sequence of functions that we show that this sequence converges to an entropy solution of the
problem (1.1). We finish this step by proving the uniqueness result of entropy solutions.

4.1 The semi-discrete problem

Thanks to Euler forward scheme, we discretize the problem (1.1) and obtain the following prob-
lems

U, — rdiv (wCD(VUn - @(Un))> +7a(Upn) = 7fn+ Up_1in Q,
U, =0 on 0Q, 4.1
Up =ug in Q,
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where N7 =T, 0<7<1,1<n<N,t, =nrand
] tn
fn(.):—/ F(s,.)ds in Q.
T tnoi

Definition 4.1. An entropy solution to the discretized problem (4.1) is a sequence (Uy,)o<n<n
such that Uy = ug and forn = 1,2,..., N, U, is defined by induction as an entropy solution to
the problem

u — 7div (wCD(VUn — @(Un))> +r1a(u) =7fn+ Us_q in Q,
uw=0 on 0Q.

ie. foralln € {1,2,...,N}, U, € T3"(Q,w) and for all ¢ € W,*"(Q w) N L®(Q),
k> 0,7 > 0, we have

/ UnTy(Un — 0)da + 7 / (@) DV, — OU))VTk(Un — )+ / AU To(Un — )da
Q Q Q

< / (Tfn + Un—1)Ti(U,, — p)dz. 4.2)
Q

Lemma 4.2. Let hypotheses (H,), (H»), (H3), (Has) and (Hs) be satisfied. If (Uy)o<n<n is an
entropy solution of the discretized problem (4.1), then we have U,, € L'(Q) foralln =1, ..., N.

Proof. Forn =1, if we take ¢ = 0 in (4.2), we get

/UlTk(Ul)dz—i-T/w(x)CI)(VUl —@(Ul))VTk(Ul)dx—i—T/a(Ul)Tk(Ul)dx
Q Q Q

< /QTflTk(Ul)dx+/Qu0Tk(U1)da:. 4.3)

On the one hand, using the Lemma 2.8, we obtain

w(x - T L w(x L (Uq (=) gy
[ (@)@(V0 — O VI + s [ wia) | €(T0) 17 dr > 0.

On the other hand, by assumption (H3), we conclude that
. / a(U))Te(U1)dz > 0.
Q
Therefore, the inequality (4.3) becomes
/ UVT (U1 )dar < / TflTk(Ul)das/ woTo(U1)dz + / w(@) | O(Ts(Th)) P da.
Q Q Q p—Ja
Using hypothesis (Hy) we get
/ U\T (U )dz < / AT (U ds + / woT(Uy ) + —— (k)P / () da.
Q Q Q p— Q

This implies

(U Fp-= e
0< [0 ar < il + luola + = fwlia
Q k p_
For each x € Q, we have
T
im0y (2) 29D )
k—0 k

By Fatou’s Lemma, we deduce that U; € L!'(Q) and
Uil < 1l @r) + lluollLiq)-

By induction, we deduce in the same manner that U,, € L!'(Q) foralln =1, ..., N. O
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Theorem 4.3. Assume that hypotheses (H,), (H,), (H3), (Hs) and (Hs) hold. Then the dis-

cretized problem (4.1) has a unique entropy solution (U, )o<n<n and U,, € L'(Q) 0761’17(') (Q,w)
foralln=1,... N

Proof. Forn = 1, we rewrite the discretized problem (4.1) as

{ —Tdiv<w¢(vu - ®(u))) +a(u) = FinQ, (4.4)

u=0 on 0Q,

where v = Uy and F = 7f; + up. According to the hypothesis (Hs), we have F' € L'(Q) and,
by hypothesis (H3), the function defined by a(s) := 7a(s) + s is non-decreasing, continuous
and satisfies @(0) = 0. Then, the problem (4.1) has a unique entropy solution U; in L'(Q) N

Tl’p ) Q, w) (see [17, Theorems 13 and 14]). By induction, using the same argument above,
0
we prove that the problem (4.1) has a unique entropy solution (U, )o<n<n and U,, € L1(Q) N

T3 "(Q,w) foralln = 1,..., N. o

4.2 Stability results

Theorem 4.4. Assume that hypotheses (Hy), (H,), (H3), (Hs) and (H5) hold. If (Uy)1<n<n is
an entropy solution of the discretized problem (4.1), then for alln =1, ..., N, we have

@ |Unllrye) < Cluo, f),

(b) TZna Mrie) < Cluo, f),
(c) ZHUL'_UZ'—IHL](Q)SC(UOaf)a

(d) TZ”Tk || 71 ,p(.) (Q ) < C(u07.f7T’k>a
where C(ug, f) and C(uo, f, T, k) are positive constants independents of N.

Proof. For (a) and (b). Let i € {1,2,..., N}, we take ¢ = 0 as a test function in entropy
formulation of the discretized problem (4.1), we obtain

/QUiTk(Ui)dz—i—T/Q (2)D(VU; — O(U:))VTi( i)dx+m/gw(as) QT (U))) | P(x)da

+T/Qa(Ui)Tk(Ui)dx§T/ngiTk(Ui)dx+/QUi_lTk(Ui)dx.

This inequality implies that

T (U; Ty (U; _
v MO g 1 /| o) T 4o < ) il ey + Wil 0+ - IOTLUD s g

k
4.5)
Note that T
jim () _ sign(s), (4.6)
k—0
where
1 ifs >0
sign(s) :==< 0 ifs=0.
-1 ifs<O

Then, passing to limit in (4.5), using Fatou’s lemma and hypothesis (Hy) , we deduce that

1Uill L) + Tlle(Ui)llLie) < 7llfilleie) + 1UizillLie)
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Summing the above inequality from ¢ = 1 to n, we conclude that

1 [t
oS [ [ et ol
T i /o

T
/ / |Fldzdt + [uol] s
0 Q

£l 21 @r) + lluolli@)

IN

1UnllL1 (@ +7'Z||04 e

IN

IN

Hence, the stability results (a) and (b) are then proved.
For (c). Leti € {1,2, ..., N}. Taking ¢ = T}, (U; — sign(U; — U;_)) as a test function in entropy
formulation of the discretlzed problem (4.1), and letting h — oo, we get, for k > 1

v 1im Z(k,h) + 1U; = Uint gy < 7 [ Iill e + o U)o @)
where
I(k,h) = /w(z)q)(VUlf@(Uz))VTk (UifTh (U1751gn(UlfUz_1))) dx
Q
_ /  w(@)® (VU - O (U)) VUida

Q(k,h)NQ(R)

and
Q(k,h) = {|Ui =Ty (Ui —sign (U; — Ui—1))| < k}
Q(h) = {|U; —sign(U; —U;_1)| > h}.
As

Q(k,h)NQ(h) C {k—1<|U;| <k+h},

we conclude by using [17, Lemma 20] that

lim Z(k,h) =0

h—o0
This follows by (4.7) that

1U: = Uicill gy < 7 [1fill iy + o (Ul |-

Summing up the above inequality from ¢ = 1 to n and using the stability result (b), we get the
stability result (c).

For (d). Let: € {1,2,...,N}. Taking ¢ = O as a test function in (4.2), and using hypothesis
(Hj), we get

[ () @(VU— W) VTLU) e < 7| £l + IV = Uit
Thanks to Lemmas 2.8 and 2.9 and hypothesis (Hy4) , we deduce that

IV T U gy < THIfillii@y + BIT: = Uil aay. (48)

This inequality implies that

Tpr (VTW(U:))da < 7k Y | fill o) + 5 D Ui = Uil @ d
-1

i=1

Then by hypothesis (Hs) and the stability result (c), we deduce that

Tpr 1o (VT3 (U3))dz < Cy(f,uo, k). (4.9)

i=1
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On the other hand, let so = {z cl;2;..:on: ||ka(Ui)||Lp(-)(Q,w) < 1} , we have

TZIIVTk Woow = T2 MIVTU 000 + 7 2 IVTR U000
PASEN 1¢90
< TH7Y° op0)w(VTR(T))).
’L%é[)

We conclude by inequality (4.9) that
TZHVTk M oy < Calfsu0, T, k).
Hence the stability result (d) is established. O

4.3 Entropy solution of the continuous problem

Let us introduce the following piecewise linear extension (called Rothe function)

upn(0) 1= ug,
w(0):=1 (tns) _ (4.10)
uN(t) =U,-1 +(Un—Un_1)7 Vi E] n—1, tn], n=1,..,N in Q.
And the following piecewise constant function
un(0) :=
i (0) = wo, , (4.11)
UN(t) =U,Vte ]tn—h tn], n=1,...,N in Q.

We have by Theorem 4.3 that for any N € N, the entropy solution (U,,)i<,<n of problems (4.1)
is unique, thus, the two sequences (ux)nyen and (y) yen are uniquely defined.

Lemma 4.5. Let hypotheses (H,), (H,), (Hs), (Hs) and (Hs) be satisfied, then for all N € N,
we have

1
(1) ||EN - U’NHLI(QT) S NC(Ta uo, f)»

0
@) 15 lar < C(Tu, £),

(3) unllrigm < C(T,uo, f),

4) x|l < C(T,uo, f),

(5) Ne(@n)lligr) < C(T,uo, f),

(6) NTe@N 1o (o w170 (@) < C(Trwo, fK),

where C (T, ug, f) and C(T, ug, f, k) are positive constants independents of N.
Proof. For (1). For N € N, we have

T
[un —unllpiQy = / /|ﬂN—UN|d$dt
0 Q
N t
n tn_t
= Z/ ||Un_Un—lHL'(Q)( )dt
n=17tn-1 T
- N
= EZ”Un_Un—lnLI(Q)
n=1

IN

T N
N Z HUn - UanHL‘(Q)
n=1
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Thanks to Theorem 4.4, we conclude the result (1).
For (2). We have
Oun(t)  (Up—Un_1)

ot T
forn=1,...,N and t €|t,_1, t,]. This implies that

8uN _ T 8uN
Hi@t lzv@r) = /0 /Q\—at |dxdt

N tn 1
_ Z/ U = Unei 1yt
n=17tn-1 T

N
- Z [Un = Un—1 HL‘(Q)-

n=1
Using Theorem 4.4, we deduce the result (2). We follow the same techniques used above to
show the estimates (3), (4), (5) and (6). O

Lemma 4.6. Let hypotheses (H,), (H3), (H3), (Hy) and (Hs) be satisfied. The sequence (i) neN
converges in measure and a.e. in Q.

Proof. Let ¢, r, k be positive real numbers. The N, M € N, we have the following inclusion
{|EN —ﬂ]\ﬂ > T} - {{‘EN| > k} U {‘ﬂMl > k’} U {|EN| <k, |ij| <k, ‘HN —HM| > 7’}}

By Markov inequality and Lemma 4.5, we deduce

_ I _
meas{fuy| >k} < Tlavlen

IN

1
S %C(T7 ’I,L(],f),

and 1
meas{|[up]| > k} < EO<T7 uo, f).

This implies for £ sufficiently large that

meas ({[in| > k} U {|[an] > k}) < % 4.12)

On the other hand, by Lemma 4.5, the sequence (T (7)) yen is bounded in the space LPC) (Qr, w).
Then, there exists a subsequence, still denoted by (7% (un))nen such that (Tx(Tn))Nen iS a
Cauchy sequence in L?(Qr,w) and in measure. Therefore, there exists an Ny € N such that for
all N, M > Ny, we have

meas ({[an| < k, [an| < k. |Gy — | > 1)) < % (4.13)

Hence, by (4.12) and (4.13), (un) yen converges in measure and there exists a measurable func-
tion on @7, u such that
Uy — uwa.e. in Qr.

m}

Lemma 4.7. There exists a function u in L' (Qr) such that Ty,(u) € LP- (0, T; Wol’p(') (Q,w)) for
all k > 0 and

(i) un convergesto uin L'(Qr),

(ii) Tx convergesto uin L'(Qr),

(iii) o(tuy) converges to o(u) in L'(Qr),

(iv) VTy(un) converges to VT (u) weakly in LI’(')(QT7 w),

(v) Ti(un) converges to Ty (u) weakly in LP~ (0, T WOl ’p(')(Q, w)).
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Proof. For (iv) and (v). By (6) of Lemma 4.5, we have
(VT(Un)) yey is bounded in LP)(Qr,w).

Then, there exists a subsequence, still denoted (V7 (uy)) ~en Such that

(VT (un)) yen converges weakly to v € LP(Qr,w).

However
Ty (@) converges to Ty (u) in LPY)(Qrp, w).

Hence, it follows that
VT (Ty) converges to VT (u) weakly in L) (Qr, w),
and by (6) of Lemma 4.5, we deduce that
Ty (un) converges to T (u) weakly in LP- (0,7 W1 (. (Q w)).
i

In order to prove that the limit function « is an entropy solution of the problem (1.1), we need
the following result.

Lemma 4.8. The sequence (uy)yen converges towin C (0, T; L'(Q)).

Proof. For ¢ € L®(Qr) N LP~(0,T; Wy " (Q,w)) N W1(0,T; L'(Q)), the inequality (4.2)
implies that

/ot <8§SN k(v = >d8 +/ / d(Vuy — O(un))VTi(un — ¢)dzds

/ / a(un)Ty(an — <pdxd3</ /fNTk un — @)dxds, (4.14)

where fy(t,2) = fo(z) fort €]t,_1, t,],n=1,.

We consider the two partitions (¢, = nTN)T]:/:l and ( m = mTM)m:l of interval [0, 7] and the
corresponding semi-discrete solutions (un(t),un(t)), (uar(t),unr(t)) defined by (4.10) and
(4.11).

Let h > 0, for the semi-discrete solution (un(t),un(t)) we take ¢ = T}, (ups) and for the semi-
discrete solution (ups (t), war(t)) we take o = Ty, (un ). Summing the two inequalities and letting
h go to infinity, we have for k£ = 1 that

¢ 8(uN - ’LL]V[) _ _ . _ _
/0 <63’ Ti(un — UM)> ds+ lim Znar(h) < | fn = farllprgqp Hla(@n) = a@nlipigr) -
4.15)
where
IN,M(h) -
/ / (®(V i —O () VT (T T (s )+ B(Vag ~ (i) VT (Tgs ~ T (1)) ) s,
The inequality (4.15) becomes

/Q Ty (un(0) — uar()) da -+ lim Ty ur(h) <

t
o —
HfN — f]\{||L1(QT>+HOé(ﬂN) — OK(U]\/[)|L1<QT)+’A < (UNais UM), T](EN _EM) - T](UN - 'U/]\/I) dS
(4.16)
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Thanks to Holder’s type inequality

(P 7o =) = oy ) s

|71 (TN —Tnr) — Ti(un — un)l Lo (Qr)-

< Ha(uN —upn)
- 0s

LY(Qr)
This implies by Lemma 4.5 that

/Ot <a(“N88“M) T (uy —un) — T (uy “M)>d5

< O(T,uo, HIT (an —nr) — Ti(un — unt) |l Lo (@q)-

We have
yim Ty (@ —aw) = T (uy — )z (or) = 0.
Then .
. O(uy —u _ _
N,Jl\}fnﬂloo /0 <(NaSM)’ Tl(uN—uM)—Tl(uN—uM)>ds =0. (4.17)
We also have
N}\iff_lm ( v = farllrgp) + le(@n) — a(ﬂM)”LI(QT)) =0.
Then, the inequality (4.16) becomes
. _ . . <0 .
N,}tlfnaloo A J (UN(t) U,M(t)) dr + N,}\}[n;l)oo hlgl;oIN’M(h) <0 (4.18)
Using the same technique used in the proof of [17, Theorem 14], we prove that
i i > 0. .
M 20, 00 (1) 2 0 19
As J; : R — R*, Then, by inequality (4.18), we get
lim Ji (un (t) — upr(t)) dz = 0. (4.20)

N.M—co Jo

By definition of .J;, we have

—U 2 €T 1 UN —UM €T 1 (un —ups T
[ Py [ a0 @l < [ 0 - )

This implies that

un(t) —up(t)|de = un(t) —up(t)|de un (t) — ups(t)|dx
L@ —wlae = [ o) -+ [ v (t) = (1)

{lu~n—unm|>1}

IN
Q
o
/N
=
S
2
|
<
g
N
=
=
=z
—~
=
N—
|
<
g
—~
~
=
QU
S
N———
(S]]

+ / lun () — ups (t)|dz
{lun —up|>1}

IN

C(Q) ( /Q T (un (t) - uM(t))czx>é ) /Q T (un (t) — unr (1)) do.

Therefore, by the result (4.20), we conclude that (uy ) yen is a Cauchy sequence in C(0, T; L'(Q))
and
(un) Nen converges towin C(0, T; L'(Q)).
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It remains to prove that the limit function « is an entropy solution of the problem (1.1). Since
un(0) = Uy = g for all N € N, then u(.,0) = uo, and by (4.14) we get

/Ot <6gSN,Tk(uN — ) — T (uy — >ds +/ / d(Vuy — O(uy)) VT (uy — p)dzds+

t t
/ / a(un)Tk(any — ¢)drds < —/ <&paTk(uN - ‘P)> ds
0 Jo o \0Os

+/§2Jk(uN(0)—<p(0))daz—/QJk(uN() dx—i—/ /fNTk iy — p)dads. (421)

In the same argument, as used for the proof of equality (4.17), we deduce that

N—o00

t
lim <aauN,Tk(’u,N —QO) —Tk(’U,N —(p)>d8 =0. 4.22)
0 S
following the same technique used in the proof of [17, Theorem 13], we show that

lim / / ®(Vay—O(uy))VTi (i —p)deds = / / ®(Vu—0(u))V Ty (u—p)dds.

N—o0

(4.23)
And by Lemma 4.8, we deduce that uy(t) — u(t) in L'(Q) for all t € [0, T], which implies
that

/ To(un () — o(t))dz — / To(u(t) — o(t))de (4.24)
Q

Finally, taking limits as N goes to infinity, and using the above results, the continuity of « and
O, the facts that fx — fin L'(Q7), and T}, (uy — ¢) — Ti(u — ¢) in L>=(Q7), we deduce that
w 1s an entropy solution of the nonlinear parabolic problem (1.1).

Uniqueness. Let v another entropy solution of the nonlinear parabolic problem (1.1). Taking
© = Th(un) as a test function in (3.1) and letting h goes to infinity, we get

/QJk(v(t)uN(t))da:—l—/Ot<aausN, Tk(qu)>ds+hli_>n;O.71N(k,h)

/ / Tk v — uN)dacds < / / ka v — uN)d:rds (425)

N(k,h) // (Vo — O))VTi(v — Th(un))dads.

where

On the other hand, taking ¢ = T} (v) as a test function in the inequality (4.14) and taking h goes
to infinity, we obtain

t t
/ <auN, Ty (un — v)> ds + lim 73" (k,h) —l—/ / a(un)Ty(uny — v)dzds
0 Js h—o00 0 Jo

t
g/o /QfNTk(uN—v)dxds (4.26)

where
JZ k h / / V'LLN @(UN))VT]C(EN - Th(U))d.’EdS



ROTHE TIME-DISCRETIZATION APPROACH 393

Adding (4.25) and (4.26), we get

/QJk(U(t)uN(t))dx—O—/Ot<ag;V, Tk(qu)—i—Tk.(uNv)>ds+h1LrI;OJN(k,h)

/ / V)T, (v —un) + a(un) Tk (uy — v)] deds < / / [fTk(v —un) + fNTk(un — v)] dzds,
where
jN(ka h) = le(kah) =+ jZN(kah)'

Taking N goes to infinity, using the above convergence results, and the hypothesis (H3 ), we get

/QJ/C(U() u(t))de + lim _lim TIN(k,h) <O0. (4.27)

N—00 h—o0

Applying the technique used in (4.19), we deduce that

lim lim JV(k,h) > 0. (4.28)

N —0c0 h—o0

Therefore, the inequality (4.27) implies that

/ Te(w(t) — u())dz < 0,
Q

i.e.
[ 200w, g
Q k o
However ; ( )
. w(r)
fim = =zl

Then, by Dominated Convergence Theorem, we get
lo(t) — u(t) | 1 g <O fort € [0, T
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