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Abstract. This research work introduce a new connection of adjoint Bernoulli’s polynomials
and gamma function as a new sequence of linear positive operators denoted by {G̃r+p,λ(.; .)}∞1 .
Further, convergence properties of these sequences of operators, i.e., {G̃r+p,λ(.; .)}∞1 are in-
vestigated in various functional spaces with the aid of Korovkin theorem, Voronovskaja type
theorem, first order of modulus of continuity, second order of modulus of continuity, Peetre’s
K-functional, Lipschitz condition etc.

1 Introduction

Approximation theory indeed plays a crucial role across various disciplines, providing a frame-
work to represent complex functions with simpler ones. Its applications span from mathematics
to engineering, including fields like computational science, data analysis, and computer graph-
ics. In computational aspects, approximation theory aids in describing geometric shapes and
solving differential equations. It forms the backbone of numerical analysis, where it helps in
devising efficient algorithms for solving mathematical problems numerically. Moreover, in ap-
plied mathematics, approximation theory contributes to areas like control theory, where control
points and control nets are utilized to study of parametric curves and surfaces. These concepts
are fundamental in designing control systems for various engineering applications ([1], [2]). It
enables the representation of curves and surfaces using simpler mathematical constructs, facil-
itating tasks like rendering realistic images and solving symbolic equations efficiently. Many
scientists in medical sciences and others are also working in terms of these sequences of ([3],
[4], [5]).

In 1715, an English mathematician named as Taylor, who presented a finite or infinite sum
of a finitely or infinitely differentiable function respectively which is known as Taylor series
to approximate a class functions. The theory of Taylor series approximation was restricted for
the finitely or infinitely differentiable function in terms of finite or infinite sum respectively.
To remove the above restriction, i.e., differentiability of the function, Weierstrass (1885) [6]
introduced an elegant result named as Weierstrass approximation theorem, i.e., every continuous
function over the closed interval [a, b] can be uniformly approximated by a polynomial function
over [a, b] with the desired accuracy. Several branches of approximation theory as numerical
analysis, operator theory, wavelet analysis etc. are generated in the light of this theorem. But,
the proof of this theorem was difficult and lengthy to understand. Since this theorem plays a
central role in approximation theory. Therefore, several mathematicians worked on the proof of
this theorem to make it short and understandable. One of the mathematician, Bernstein (1912)
[7] presented a simplest and shortest proof of this theorem via binomial probability distribution
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as:

Br(ℏ;µ) =
r∑

ν=0

pr,ν(µ)ℏ
(
ν

r

)
, r ∈ N, (1.1)

where pr,ν(µ) = (rν)µ
ν(1 − µ)ν−r. He found that Br(ℏ; .) ⇒ ℏ for every bounded function ℏ

defined on [0, 1] where ⇒ denotes the convergence is uniform. In the past decade, many math-
ematicians have constructed various modifications of the operators defined by (1.1) to achieve
better flexibility in approximation properties over bounded and unbounded intervals in various
functional spaces, e.g., Aslan et al. ([8]-[10]), Ayman-Mursaleen et al. ([12], [13]), Mohiuddine
et al. ([14], [15]), Mursaleen et al. ([16], [17]), Khan et al. [18], Nasiruzzaman [19], Braha et
al. [20], Rao et al. ([21], [22]), Çetin et al. ([23], [24]) etc. (see also [34]-[39] and references
therein).

In view of polynomials classes which is an active field of research as special function field
of research, we recall a class of polynomial by Appell [27] termed as Appell polynomials
{pν(µ)}∞ν=0 associated with the generating function as:

A(t)eµt =
∞∑
ν=0

pν(µ)
tν

ν!
, (1.2)

where A(t) =
∞∑
ν=0

aν
tν

ν! , A(0) = 0, which is an analytic function at t = 0 such that aν = pν(0).

Recently, Natalini et al. [28] gave Appell Bernaulli’s polynomials choosing A(t) = t
et−1 in (1.2).

Adjoint Bernoulli’s polynomials choosing A(t) as 1
A(t) in the generating function is denoted as

{βν(µ)}∞ν=0 and defined by the exponential type generating function:

et − 1
t

eµt =
∞∑
ν=0

βν(µ)tν

ν!
. (1.3)

The adjoint Bernoulli’s polynomials defined in (1.3) are positive on [0,∞).
Motivated with the above literature, we construct a new connection of adjoint Bernoulli’s

polynomials coupling gamma function as a new sequence of positive linear operator as:

G̃r+p,λ(ℏ;µ) =
∞∑
ν=0

gν(ar+pµ)

∫ ∞

0
bcr+p,ν(θ)ℏ(θ)dθ, (1.4)

where {ar+p}∞1 , {cr+p}∞1 are increasing sequences of real numbers such that lim
r→∞

ar+p =

lim
r→∞

cr+p = ∞, ar+p

cr+p
= 1 + 1

cr+p
, ℏ ∈ Lβ[0,∞) (a space of Lebesgue measurable and bounded

functions) and gν(ar+pµ) = e−ar+pµ

e−1
βν (ar+pµ)

ν! , bλcr+p,ν(θ) =
cν+λ+1
r+p

Γ(ν+λ)θ
ν+λe−cr+pθ. Here, we dis-

cuss some preliminaries to discuss approximation properties of G̃r+p,λ(.; .) in (1.4) as:
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Lemma 1.1. For µ ∈ [0,∞) and the generating function given by (1.3), we have
∞∑
ν=0

βν(ar+pµ)

ν!
= ear+pµ(e− 1),

∞∑
ν=0

ν
βν(ar+pµ)

ν!
= ar+pµe

ar+pµ(e− 1) + ear+pµ,

∞∑
ν=0

ν2 βν(ar+pµ)

ν!
= a2

r+pµ
2ear+pµ(e− 1) + ar+pµe

ar+pµ(e+ 1) + ear+pµ(e− 1),

∞∑
ν=0

ν3 βν(ar+pµ)

ν!
= a3

r+pµ
3ear+pµ(e− 1) + a2

r+pµ
2ear+pµ3e+ ar+pµe

ar+pµ(4e− 1)

+ ear+pµ(e+ 1),
∞∑
ν=0

ν4 βν(ar+pν)

ν!
= a4

r+pµ
4ear+pµ(e− 1) + a3

r+pµ
3ear+pµ(6e− 2)

+ a2
r+pµ

2ear+pµ(13e− 1)

+ ar+pµe
ar+pµ(11e+ 1) + ear+pµ(4e− 1).

Lemma 1.2. Let ℏj(θ) = θj , j ∈ {0, 1, 2, 3, 4}. Then, the following equalities hold:

G̃r+p,λ(1;µ) = 1,

G̃r+p,λ(ℏ1, µ) =
ar+p

cr+p
µ+

1
cr+p

(
λ(e− 1) + 1

e− 1

)
,

G̃r+p,λ(ℏ2, µ) =

(
ar+p

cr+p

)2

µ2 +
ar+p

c2
r+p

(2e(λ+ 1)− 2λ)µ

+
1

c2
r+p

(
1 +

2λ+ 1
e− 1

+ λ2 + λ

)
,

G̃r+p,λ(ℏ3, µ) =

(
ar+p

cr+p

)3

µ3 +
a2
r+p

c3
r+p

[3e(λ+ 2)− 3(λ+ 1)]µ2

+
ar+p

c3
r+p

[3λ2(e− 1) + 3λ(3e− 1)

+ 3(3e− 1)]µ+
1

c3
r+p

[
λ3 + 6λ2 + 8λ+ 3 +

e+ 1
e− 1

]
,

G̃r+p,λ(ℏ4, µ) =

(
ar+p

cr+p

)4

µ4 + o

(
1

cr+p

)
.

Proof. To prove Lemma (1.2), we call operators G̃r+p,λ(., .) in (1.4) as:

G̃r+p,λ(ℏj ;µ) =
e−ar+pµ

e− 1

∞∑
ν=0

βν(ar+pµ)

ν!

∫ ∞

0
bcr+p,ν(θ)θ

jdθ. (1.5)

For j = 0,
∫∞

0 bcr+p,ν(θ)dθ = 1 which implies that

G̃r+p,λ(ℏ0;µ) =
e−ar+pµ

e− 1

∞∑
ν=0

βν(ar+pµ)

ν!
= 1.

For j = 1, ∫ ∞

0
bcr+p,ν(θ)θdθ =

cν+λ+1
r+p

Γ(ν+λ)

∫∞
0 θν+λ+1e−cr+pθdθ

=
cν+λ+1
r+p

Γ(ν+λ)
Γ(ν+λ+1)
cν+λ+2
r+p

= ν+λ
cr+p

. (1.6)



Szász-Gamma-Schurer operators 415

Clubbing equation (1.5) and equation (1.6), we yield

G̃r+p,λ(ℏ1;µ) =
1

cr+p

[
e−ar+pµ

e− 1

∞∑
ν=0

νβν(ar+pµ)

ν!

]
+

λ

cr+p
.

In view of Lemma (1.1), we get

G̃r+p,λ(ℏ1, µ) = ar+p

cr+p
µ+ 1

cr+p

(
λ(e−1)+1

e−1

)
.

For j = 2, ∫ ∞

0
bcr+p,ν(θ)θ

2dθ =
cν+λ+1
r+p

Γ(ν+λ)

∫∞
0 θν+λ+2e−cr+pθdθ

=
cν+λ+1
r+p

Γ(ν+λ)
Γ(ν+λ+2)
cν+λ+3
r+p

= (ν+λ+1)(ν+λ)
c2
r+p

. (1.7)

Clubbing equation (1.5) and equation (1.7), we yield

G̃ar+p,λ(ℏ2;µ) =

[
e−ar+pµ

e− 1

∞∑
ν=0

βν(ar+pµ)

ν!

]
(ν + λ+ 1)(ν + λ)

c2
r+p

.

In view of Lemma (1.1), we get

G̃r+p,λ(ℏ2, µ) =
(

ar+p

cr+p

)2
µ2 + ar+p

c2
r+p

(2e(λ+ 1)− 2λ)µ+ 1
c2
r+p

(
1 + 2λ+1

e−1 + λ2 + λ
)
.

Similarly, rest part of this Lemma can be proved very easily.

Lemma 1.3. For the sequence of operators presented by (1.4) and ℏµj (θ) = (θ−µ)j , one has the
following equalities:

G̃r+p,λ(ℏµo ;µ) = 1,

G̃r+p,λ(ℏµ1 ;µ) =
1

cr+p

(
µ+

λ(e− 1) + 1
e− 1

)
,

G̃r+p,λ(ℏµ2 ;µ) =
µ2

c2
r+p

+
ar+p

c2
r+p

(
2e(λ+ 1)− 2λ− 2

(
λ(e− 1) + 1

e− 1

))
µ

+
1

c2
r+p

(
1 +

2λ+ 1
e− 1

+ λ2 + λ

)
,

G̃r+p,λ(ℏµ4 ;µ) = o

(
1

c2
r+p

)
µ2.

Proof. In the light of operators (1.4) and linearity property, we get

G̃r+p,λ(ℏµo ;µ) = G̃r+p,λ(1;µ) = 1,

G̃r+p,λ(ℏµ1 ;µ) = G̃r+p,λ(θ − µ;µ) = G̃r+p,λ(ℏ1;µ)− µG̃r+p,λ(1;µ),

G̃r+p,λ(ℏµ2 ;µ) = G̃r+p,λ((θ − µ)2;µ) = G̃r+p,λ(ℏ2;µ)− 2µG̃r+p,λ(ℏ1;µ)

+µ2G̃r+p,λ(1;µ).

In this direction, we can arrive at the desired result.

Remark 1.4. The sequences of operators given in (1.4) are linear, i.e., for all k1, k2 ∈ R and
θ1, θ2 ∈ [0,∞), we have

G̃r+p,λ(k1θ1 + k2θ2;µ) = k1G̃r+p,λ(θ1;µ) + k2G̃r+p,λ(θ2;µ).

Remark 1.5. The sequences of operators given in (1.4) are positive, i.e., G̃r+p,λ(ℏ;µ) ≥ 0 for
ℏ ≥ 0.

To present the approximation properties of the sequences of operators given by (1.4), we draft
the present manuscript in some subsequent sections as: uniform rate of convergence, direct ap-
proximation properties, weighted approximation properties, bivariate extension of the operators
given by (1.4) with their rate of convergence and order of approximations in various functional
spaces to achieve the better approximation behaviour in terms of these sequences operators.
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2 Approximation Properties-Uniform rate of convergence and order of
approximation

Definition 2.1. [30] Let ℏ ∈ CB[0,∞). Then, the modulus of continuity is defined as:

ω(ℏ; δ̃) = sup
|µ1−µ2|≤δ̃

|ℏ(µ1)− ℏ(µ2)|, µ1, µ2 ∈ [0,∞), (2.1)

and

|ℏ(µ1)− ℏ(µ2)| ≤
(

1 +
|µ1 − µ2|

δ̃

)
ω(ℏ; δ̃). (2.2)

Theorem 2.2. Let G̃r,λ(.; .) be given in (1.4), a sequence of operators and for all ℏ ∈ CB[0,∞).
Then, G̃r,λ(ℏ; .) ⇒ ℏ on subset (closed and bounded) of [0,∞) where ⇒ depicts convergence is
uniform.

Proof. On account of the classical Korovkin theorem [31], it is sufficient to show that

G̃r,λ(θ
j ;µ) = µj , j ∈ {0, 1, 2},

uniformly on each closed and bounded subset of [0,∞). Using Lemma (1.2), we arrive at the
desired result immediately.

Next result is the study of order of approximation of (1.4) in terms of modulus of continuity
in Eq. (2.1) as:

Theorem 2.3. For ℏ ∈ CB[0,∞) and the sequence of operators G̃r,λ(.; .) in Eq. (1.4), we has

|G̃r+p,λ(ℏ;µ)− ℏ(µ)| ≤ 2ω(ℏ; δ̃),

where δ̃ =
√

G̃r,λ(ℏµ2 ;µ).

Proof. With the definition of Eq. (1.4), we have

|G̃r+p,λ(ℏ;µ)− ℏ(µ)| =
∣∣∣e−ar+pµ

e− 1

∞∑
ν=0

βν(ar+pµ)

ν!

∫ ∞

0
bcr+p,ν(θ){ℏ(θ)− ℏ(µ)}dθ

∣∣∣,
≤ e−ar+pµ

e− 1

∞∑
ν=0

βν(ar+pµ)

ν!

∫ ∞

0
bcr+p,ν(θ)|ℏ(θ)− ℏ(µ)|dθ

≤ e−ar+pµ

e− 1

∞∑
ν=0

βν(ar+pµ)

ν!

∫ ∞

0
bcr+p,ν(θ)

(
1 +

|θ − µ|
δ̃

)
ω(ℏ; δ̃)dθ

≤

{
1 +

1
δ̃

(
e−ar+pµ

e− 1

∞∑
ν=0

βν(ar+pµ)

ν!

∫ ∞

0
bcr+p,ν(θ)|θ − µ|dθ

)}
ω(ℏ; δ̃).

On account of Cauchy-Schwarz inequality, we get

|G̃r+p,λ(ℏ;µ)− ℏ(µ)| ≤

{
1 +

1
δ̃

(
e−ar+pµ

e− 1

∞∑
ν=0

βν(ar+pµ)

ν!

∫ ∞

0
bcr+p,ν(θ)dθ

) 1
2

×

(
e−rµ

e− 1

∞∑
ν=0

βν(ar+pµ)

ν!

∫ ∞

0
bar+p,ν(θ)(θ − µ)2dθ

) 1
2
}
ω(ℏ; δ̃)

≤

{
1 +

√
G̃cr+p,λ(ℏ

µ
2 ;µ)

δ̃

}
ω(ℏ; δ̃).

On choosing δ̃ = G̃r+p,λ(ℏµ2 ;µ), we yield

|G̃r+p,λ(ℏ;µ)− ℏ(µ)| ≤ 2ω(ℏ; δ̃).

Hence, we prove the above theorem.
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Now, we discuss Voronovskaja type theorem to approximate a class of functions which has
first and second order continuous derivatives with the help of the operators given by (1.4) as:

Theorem 2.4. Let ℏ,ℏ′,ℏ′′ ∈ C[0,∞)
⋂
E =

{
ℏ : ℏ(µ)

1+µ2 coverges as µ → ∞
}

and µ ∈ [0,∞).

Then, we receive

lim
r→∞

cr+p(G̃r+p,λ(ℏ;µ)− ℏ(µ)) = ℏ′(µ)
(
µ+

λ(e− 1) + 1
e− 1

)
+

ℏ′′(µ)
2!

(
2e(λ+ 1)− 2λ− 2

(
λ(e− 1) + 1

e− 1

))
µ.

Proof. First, we recall the Taylor series axpansion to approximate the functions

ℏ(θ) = ℏ(µ) + ℏ′(µ)(θ − µ) + ℏ′′(µ)(θ − µ)2

2!
+ ξ(θ, µ)(θ − µ)2, (2.3)

where ξ(θ, µ) is the Peano remainder with ξ(θ, µ) ∈ C[0,∞)
⋂

E and limθ→µ ξ(θ, µ) = 0.
Operating the operators G̃r+p,λ(.; .) defined in Eq. (1.4) in the equation (2.3)

G̃r+p,λ(ℏ;µ) = ℏ(µ) + ℏ′(µ)G̃r+p,λ(ℏµ1 ;µ) +
ℏ′′
2!

G̃r+p,λ(ℏµ2 ;µ) + G̃r+p,λ(ξ(θ, µ)(θ − µ)2;µ).(2.4)

On applying the limit both the sides in the expression (2.4), we get

lim
r→∞

cr+p(G̃r+p,λ(ℏ;µ)− ℏ(µ)) = ℏ′(µ) lim
r→∞

cr+pG̃r+p,λ(ℏµ1 ;µ) +
ℏ′′
2!

lim
r→∞

cr+pG̃r+p,λ(ℏµ2 ;µ)

+ lim
r→∞

cr+pG̃r+p,λ(ξ(θ, µ)(θ − µ)2;µ)

= ℏ′(µ)
(
λ(e− 1) + 1

e− 1

)
+

ℏ′′(µ)
2!

(
2e(λ+ 1)− 2λ− 2

(
λ(e− 1) + 1

e− 1

))
µ

+ lim
r→∞

cr+pG̃r+p,λ(ξ(θ, µ)(θ − µ)2;µ). (2.5)

With the aid of Cauchy-Schwarz inequality, last term of the equation is as:

cr+pG̃r+p,λ(ξ(θ, µ)(θ − µ)2;µ) ≤
√
c2
r+pG̃r+p,λ((θ − µ)4;µ)G̃r+p,λ(ξ2(θ, µ);µ). (2.6)

From Eq. (2.5), (2.6), Lemma (1.3) and limr→∞ G̃r+p,λ(ξ2(θ, µ);µ) = 0, we have

lim
cr+p→∞

r(G̃r+p,λ(ℏ;µ)− ℏ(µ)) = ℏ′(µ)
(
λ(e− 1) + 1

e− 1

)
+

ℏ′′(µ)
2!

(
2e(λ+ 1)− 2λ− 2

(
λ(e− 1) + 1

e− 1

))
µ.

Which proves the required result.

3 Local Approximation Results

Consider C̃B̃[0,∞): space of continuous and bounded function and Peetre’s K-functional is
defined as:

K̃2(ℏ, δ) = inf
g∈C̃2

B̃
[0,∞)

{
∥ℏ− g∥C̃B̃ [0,∞) + δ̃∥g′′∥C̃2

B̃
[0,∞)

}
,
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where C̃2
B̃
[0,∞) = {ℏ ∈ C̃B̃[0,∞) : ℏ′,ℏ′′ ∈ C̃B̃[0,∞)} with the norm ∥ℏ∥ = sup

0≤µ<∞
|ℏ(µ)|

and Ditzian-Totik modulus of smoothness of second order is given by

ω̃2(ℏ;
√

δ̃) = sup
0<k≤

√
δ̃

sup
µ∈[0,∞)

|ℏ(µ+ 2k)− 2ℏ(µ+ k) + ℏ(µ)|.

In view of DeVore and Lorentz ([30] page no. 177, Theorem 2.4) as:

K̃2(ℏ; δ̃) ≤ C̃ω̃2(ℏ;
√

δ̃), (3.1)

where C̃ represent absolute constant in order to prove the local approximation results, we define
the auxiliary operators as:

G̃∗
r,λ(ℏ;µ) = G̃r,λ(ℏ;µ) + ℏ(µ)− ℏ

(
ar+p

cr+p
µ+

1
cr+p

(
λ(e− 1) + 1

e− 1

))
, (3.2)

where ℏ ∈ C̃B̃[0,∞), µ ≥ 0. Using Eq. (3.2), we have

G̃∗
r,λ(1;µ) = 1, G̃∗

r,λ(ℏµ1 ;µ) = 0 and |G̃∗
r,λ(ℏ;µ)| ≤ 3∥ℏ∥. (3.3)

Lemma 3.1. Let the operators given by (1.4) and µ ≥ 0. Then

|G̃∗
r,λ(ℏ;µ)− ℏ(µ)| ≤ Θ(µ)∥ℏ′′∥,

where ℏ ∈ C̃2
B̃
[0,∞) and Θ(µ) = G̃r+p,λ(ℏµ2 ;µ) + (G̃r+p,λ(ℏµ1 ;µ))2.

Proof. For ℏ ∈ C̃2
B̃
[0,∞) and Taylor’s series expansion, we yield

ℏ(θ) = ℏ(µ) + (θ − µ)ℏ′(µ) +
θ∫

µ

(θ − v)ℏ′′(v)dv. (3.4)

Operating the sequence of operators G̃∗
r,λ(.; .) introduced in Eq. (3.2) on both the sides in the

Eq. (3.4), we have

G̃∗
r,λ(ℏ;µ)− ℏ(µ) = ℏ′(µ)G̃r+p,λ(ℏµ1 ;µ) + G̃∗

r,λ

( θ∫
µ

(θ − v)ℏ′′(v)dv;µ
)
.

Combining the Eqs. (3.3) and (3.4), we find

G̃∗
r,λ(ℏ;µ)− ℏ(µ) = G̃∗

r,λ

( θ∫
µ

(θ − v)ℏ′′(v)dv;µ
)

= G̃∗
r,λ

( θ∫
µ

(θ − v)ℏ′′(v)dv;µ
)

−

ar+p
cr+p

µ+ 1
cr+p

(λ(e−1)+1
e−1 )∫

µ

(
ar+p

cr+p
µ+ 1

cr+p

(
λ(e−1)+1

e−1

)
− v
)
ℏ′′(v)dv,

|G̃∗
r,λ(ℏ;µ)− ℏ(µ)| ≤

∣∣∣∣∣G̃∗
r,λ

( θ∫
µ

(θ − v)ℏ′′(v)dv;µ
)∣∣∣∣∣

+

∣∣∣∣∣
ar+p
cr+p

µ+ 1
cr+p

(λ(e−1)+1
e−1 )∫

µ

(
ar+p

cr+p
µ+

1
cr+p

(
λ(e− 1) + 1

e− 1

)
− v

)
ℏ′′(v)dv

∣∣∣∣∣.
(3.5)
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Since, ∣∣∣∣∣
θ∫

µ

(θ − v)ℏ′′(v)dv

∣∣∣∣∣ ≤ (θ − µ)2 ∥ ℏ′′ ∥, (3.6)

then

∣∣∣∣∣
ar+p
cr+p

µ+ 1
cr+p

(λ(e−1)+1
e−1 )∫

µ

(
ar+p

cr+p
µ+

1
cr+p

(
λ(e− 1) + 1

e− 1

)
− v

)
ℏ′′(v)dv

∣∣∣∣∣ ≤
(

1
cr+p

(
λ(e− 1) + 1

e− 1

))2

∥ ℏ′′ ∥ .

(3.7)

In view of (3.5), (3.6) and (3.7), we find

|G̃∗
r,λ(ℏ;µ)− ℏ(µ)| ≤

{
G̃∗

r,λ(ℏµ2 ;µ) +

(
1

cr+p

(
λ(e−1)+1

e−1

))2}
∥ℏ′′∥

= Θ(µ)∥ℏ′′∥.

Which completes the proof of the above result.

Theorem 3.2. Let ℏ ∈ C̃2
B̃
[0,∞) and the operators given in Eq. (1.4). Then

| G̃r+p,λ(ℏ;µ)− ℏ(µ) |≤ C̃ω̃2
(
ℏ;
√

Θ(µ)
)
+ ω(ℏ; G̃r+p,λ(ℏµ1 ;µ)),

where C̃ ≥ 0 and Θ(µ) is introduced in Lemma 3.1.

Proof. For ℏ ∈ C̃2
B̃
[0,∞), h ∈ C̃B̃[0,∞) and on account of G̃r+p,λ(.; .) given by Eq. (1.4), we

get

|G̃r+p,λ(ℏ;µ)− ℏ(µ)| ≤ |G̃r+p,λ(ℏ− h;µ)|+ |(ℏ− h)(µ)|+ |G̃r+p,λ(h;µ)− h(µ)|

+

∣∣∣∣∣ℏ(G̃r+p,λ(ℏ1, µ))− ℏ(µ)

∣∣∣∣∣.
In the light of Lemma 3.1 and inequalities in Eq. (3.3), one get

|G̃r+p,λ(ℏ;µ)−ℏ(µ)|≤4∥ℏ−h∥+|G̃r+p,λ(h;µ)−h(µ)|+

∣∣∣∣∣ℏ (G̃r+p,λ(ℏ1, µ)
)
−ℏ(µ)

∣∣∣∣∣
≤ 4∥ℏ− h∥+ θ(y)∥h′′∥+ ω

(
ℏ; G̃r,λ((θ − µ);µ)

)
.

Using Eq. (3.1), we yield the desired result.

Now, we recall Lipschitz type space [32], which is defined as:

Lipφ1,φ2

M̃
(τ) :=

{
ℏ ∈ C̃B̃[0,∞) : |ℏ(t)−ℏ(y)|≤M̃

|t−y|τ

(t+φ1y+φ2y2)
τ
2

: y, t∈(0,∞)
}
,

where M̃ > 0, 0 < τ ≤ 1 and φ1, φ2 > 0.

Theorem 3.3. Let G̃r,λ(.; .) be the operator given by (??). Then, for ℏ ∈ Lipφ1,φ2
M (τ), one has

|G̃r+p,λ(ℏ; y)− ℏ(y)| ≤ M̃

(
λ(y)

φ1y + φ2y2

) τ
2

, (3.8)

where 0 < τ ≤ 1, φ1, φ2 ∈ (0,∞) and λ(y) = G̃r,λ(η2; y).
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Proof. For τ = 1 and y ≥ 0, one yield

|G̃r+p,λ(ℏ; y)− ℏ(y)| ≤ G̃r,λ(|ℏ(t)− ℏ(y)|; y)

≤ M̃G̃r,λ

(
|t− y|

(t+ φ1y + φ2y2)
1
2

; y

)
.

Since
1

t+ φ1y + φ2y2 <
1

φ1y + φ2y2 , for all y ∈ (0,∞), we yield

|G̃r+p,λ(ℏ; y)− ℏ(y)| ≤ M̃

(φ1y + φ2y2)
1
2
(G̃r,λ(η2; y))

1
2

≤ M̃

(
λ(y)

φ1y + φ2y2

) 1
2

,

which implies that Theorem ?? works for τ = 1. Next, we consider for τ ∈ (0, 1) and in view
of Hölder’s inequality using p = 2

τ and q = 2
2−τ , one get

|G̃r+p,λ(ℏ; y)− ℏ(y)| ≤
(
G̃r,λ(|ℏ(t)− ℏ(y)| 2

τ ; y)
) τ

2

≤ M̃

(
G̃r,λ

(
|t− y|2

(t+ φ1y + φ2y2)
; y

)) τ
2

.

Since
1

t+ φ1y + φ2y2 <
1

φ1y + φ2y2 , for all y ∈ (0,∞), one get

|G̃r+p,λ(ℏ; y)− ℏ(y)| ≤ M̃

(
G̃r,λ(|t− y|2; y)
φ1y + φ2y2

) τ
2

≤ M̃
( λ(y)

φ1y + φ2y2

) τ
2
.

Hence, Theorem ?? is proved.

Next, we discuss the approximation result locally in the direction of bth order modulus of
continuity. Lipschitz-type maximal function which is given by Lenze [33] as:

ω̃b(ℏ;µ) = sup
t ̸=µ,t∈(0,∞)

|ℏ(t)− ℏ(µ)|
|t− µ|b

, µ ∈ [0,∞) and b ∈ (0, 1]. (3.9)

Theorem 3.4. Let ℏ ∈ C̃B̃[0,∞) and b ∈ (0, 1]. Then, ∀ µ ∈ [0,∞), one has

|G̃r+p,λ(ℏ;µ)− ℏ(µ)| ≤ ω̃r(ℏ;µ)
(
λ(µ)

) b
2
.

Proof. It is found that

|G̃r+p,λ(ℏ;µ)− ℏ(µ)| ≤ G̃r,λ(|ℏ(t)− ℏ(µ)|;µ).

In account of Eq. (3.9), we have

|G̃r+p,λ(ℏ;µ)− ℏ(µ)| ≤ ω̃s(ℏ; y)G̃r,λ(|t− µ|b;µ).

Then, in view of Hölder’s inequality with p1 =
2
b and p2 =

2
2−b , we have

|G̃r+p,λ(ℏ;µ)− ℏ(µ)| ≤ ω̃b(ℏ;µ)
(
G̃r,λ(|t− µ|2;µ)

) b
2 .

Hence, we arrive at the desired result.
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4 Conclusion

This research work introduce a new connection of adjoint Bernoulli’s polynomials and gamma
function as a new sequence of linear positive operators denoted by {G̃r+p,λ(.; .)}∞1 . Further,
convergence properties of these sequences of operators, i.e., {G̃r+p,λ(.; .)}∞1 are investigated in
various functional spaces with the aid of Korovkin theorem, Voronovskaja type theorem, first
order of modulus of continuity, second order of modulus of continuity, Peetre’s K-functional,
Lipschitz condition etc. In the last section, we extend our research for bivariate case of these
sequences of operators and their uniform rate of approximation and order of approximation are
investigated in different functional spaces.
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