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Abstract This paper investigates the concept of K-g-frames in locally C∗-algebras, showing
that they constitute a proper generalization of g-frames. Motivated by their applications in fields
such as signal processing and operator theory, we first introduce the notion of a g-orthonormal
basis and employ it to define the associated g-operator, which plays a central role in the construc-
tion of K-g-frames in locally C∗-algebras. We then establish a relationship between g-frames
and K-g-frames and introduce the notion of a K-dual g-frame, together with its fundamental
properties. Finally, we provide characterizations of K-g-frames through two related concepts.

1 Introduction and preliminaries

The concept of locally C∗-algebras, also referred to as pro-C∗-algebras, represents an extension
of the classical C∗-algebra framework. The notion of locally C∗-algebras was first introduced in
the scholarly literature in 1971 by A. Inoue [7]. These algebras have been studied under various
terminologies, including pro-C∗-algebras (as mentioned by D. Voiculescu and N. C. Philips),
multi-normed C∗-algebras (as described by A. Dosiev), and LMC∗-algebras (as identified in
the works of G. Lassner and K. Schmüdgen).

Hilbert pro-C∗-modules can be viewed as analogues of Hilbert spaces, with the distinction
that their inner product takes values in a pro-C∗-algebra rather than in the field of complex
numbers. For a comprehensive overview, readers are referred to [3, 4, 5, 7, 8, 9, 10, 11, 12, 13,
14].

Frames and their generalizations, such as g-frames, have been extensively studied in Hilbert
spaces and in C∗-Hilbert modules due to their numerous applications in operator theory and
signal processing. In particular, Haddadzadeh [6] introduced and studied the concept of g-
frames in the context of Hilbert pro-C∗-modules, establishing several fundamental properties
and dual relations. However, these results do not address situations in which a bounded operator
K plays a role in the structure of the frame. This motivates the study of K-g-frames, which
provide a more flexible framework allowing reconstruction with respect to a given operator K.

A pro-C∗-algebra is a complete Hausdorff complex topological ∗-algebra, denoted by A,
whose topology is defined by a family of continuous C∗-seminorms. Specifically, a net {aα}
is said to converge to 0 if and only if p(aα) → 0 for every continuous C∗-seminorm p on A.
Furthermore, it is characterized by the following property:

1) pα(γβ) ≤ pα(γ)pα(β)

2) pα(γ∗γ) =
(
pα(γ)

)2
.

For every γ, β ∈ A, the term sptr(γ) refers to the spectrum of γ, defined as: sptr(γ) =
{λ ∈ C : λ1A − γ} is not invertible, for all γ ∈ A. Here, A represents a unital pro-C∗-algebra
with unity 1A.



K-g-frames in Hilbert module over locally-C∗-algebras 45

The notation Se(A) is used to denote the set of all continuous C∗-seminorms on A. Fur-
thermore, A+ signifies the set of all positive elements in A, which forms a closed convex subset
under the C∗-seminorms on A.

HA denotes the set of all sequences (γn)n with γn ∈ A such that
∑

γ∗
nγn converges in A.

Example 1.1. Every C∗-algebra qualifies as a locally C∗-algebra.

Definition 1.2 ([13]). A pre-Hilbert module over a locally C∗-algebra A is defined as a complex
vector space U that simultaneously functions as a left A-module, aligning with the complex
algebra structure. This module is endowed with an A-valued inner product ⟨., .⟩ : U × U → A,
which exhibits C-linearity and A-linearity in its first argument and fulfills the following criteria:

1) For all ξ, η ∈ U , it holds that ⟨ξ, η⟩∗ = ⟨η, ξ⟩.

2) For every ξ ∈ U , the condition ⟨ξ, ξ⟩ ≥ 0 is satisfied.

3) The equality ⟨ξ, ξ⟩ = 0 is true if and only if ξ = 0.

The space U is referred to Hilbert A-module (or Hilbert pro-C∗-module over A) when it achieves
completeness in relation to the topology that emerges from the family of seminorms defined by:

p̄U(ξ) =
√

pα(⟨ξ, ξ⟩) ∀ξ ∈ U , p ∈ Se(A). (1.1)

Throughout the remainder of this document, we consider A as a pro-C∗-algebra. Further-
more, U and V are designated as Hilbert modules over the algebra A, with I and J representing
countably infinite sets of indices.

An operator from U to V is defined as any bounded A-module map from U to V . The collection
of all such operators from U to V is denoted by HomA(U ,V).

Definition 1.3 ([2]). Consider F : U → V as an A-module map. The operator F is termed
adjointable if there exists a map F∗ : V → U satisfying ⟨Fξ, η⟩ = ⟨ξ,F∗η⟩ for all ξ ∈ U , η ∈ V .
F is considered bounded if, for all p ∈ Se(A), there exists Np > 0 such that

p̄αV(Fξ) ≤ Npp̄αU(ξ), ∀ξ ∈ U . (1.2)

The set of all adjointable operators from U to V is represented by Hom∗
A(U ,V), and Hom∗

A(U) =
Hom∗

A(U ,U).

Definition 1.4 ([1]). Consider the operator F : U → V . An operator is said to be bounded below
if there exists a constant A > 0 such that for each pα ∈ Se(A),

p̄αV(Fξ) ≤ Ap̄αU(ξ), ∀ξ ∈ U .

Similarly, it is termed uniformly bounded above if a constant A′ > 0 ensures that for every
p ∈ Se(A),

p̄αV(Fξ) ≥ A′p̄αU(ξ), ∀ξ ∈ U

∥F∥∞ = inf{N : N is an upper bound for F}

p̂V(F) = sup {p̄αV(F(ξ)) : ξ ∈ U , p̄αU(ξ) ≤ 1} .

We obtain that, p̂(F) ≤ ∥F∥∞ for all p ∈ Se(A).

Proposition 1.5 ([2]). Assume F belongs to Hom∗
A(U) and is an invertible operator, with both

F and its inverse F−1 being uniformly bounded. element η ∈ U , the following inequality holds∥∥F−1∥∥−2
∞ ⟨η, η⟩ ≤ ⟨Fη,Fη⟩ ≤ ∥F∥2

∞⟨η, η⟩. (1.3)

Here, the notation Ran(T ) denotes the range of the operator T , that is

Ran(T ) = {Tξ : ξ ∈ U }.

Lemma 1.6 ([15]). In the setting where U is a Hilbert A-module within a pro-C∗-algebra A, and
given T,Z ∈ Hom∗

A(U), the following conditions are equivalent when the range of Z, denoted
as Ran(Z), is closed:



46 R. El Jazzar, M. Rossafi and M. Mouniane

(i) Ran(T ) ⊆ Ran(Z).

(ii) The relation TT ∗ ≤ α2ZZ∗ is valid for some non-negative α.

(iii) An operator U , uniformly bounded and within Hom∗
A(U), exists such that T = ZU .

Definition 1.7 ([6]). We define a sequence Γ = {Γi ∈ Hom∗
A (U ,Vi)}i∈I as a g-frame for U

relative to the set {Vi}i∈I if there exist positive constants A and B satisfying the following
condition for every η ∈ U :

A⟨η, η⟩ ≤
∑
i∈I

⟨Γiη,Γiη⟩ ≤ B⟨η, η⟩. (1.4)

Here, A and B are referred to as the g-frame bounds for Γ. The g-frame is termed tight if
A = B, and Parseval if A = B = 1. If only the upper bound is satisfied in 1.4, Γ is identified as
a g-Bessel sequence.

Lemma 1.8 ([6]). A sequence {Γi ∈ Hom∗
A (U ,Vi)}i∈I forms a g-frame for U in relation to

{Vi}i∈I if and only if
Q : {gi}i∈I 7→

∑
i∈I

Γ
∗
i gi,

can be characterized as a well-defined and bounded linear operator mapping from
⊕

i∈I Vi onto
U .

2 K-g-frame in Hilbert Modules over Pro-C∗-Algebras

Definition 2.1. Given K ∈ Hom∗
A(U), a sequence Γ = {Γi ∈ Hom∗

A (U ,Vi)}i∈I is defined as a
K-g-frame for U with regard to {Vi}i∈I if there exist two positive constants C and D such that
for all ξ ∈ U , the following inequality is satisfied:

C⟨K∗ξ,K∗ξ⟩ ≤
∑
i∈I

⟨Γiξ,Γiξ⟩ ≤ D⟨ξ, ξ⟩. (2.1)

The constants C and D are known as the lower and upper bounds of the K-g-frame, respec-
tively. If C = D, the K-g-frame is termed tight, and it is known as a Parseval frame when
C = D = 1.

Definition 2.2. Consider Γ = {Γi ∈ Hom∗
A (U ,Vi)}i∈I constituting a K-g-frame for U in rela-

tion to {Vi}i∈I , equipped with an analysis operator T . The frame operator S : U → U is then
defined as follows:

Sξ = T ∗Tξ =
∑
i∈I

Γ
∗
i Γiξ, ξ ∈ U . (2.2)

Definition 2.3. A sequence {Γi ∈ Hom∗
A(U ,Vi) : i ∈ I} is termed a g-orthonormal basis for U

with respect to {Vi}i∈I if it fulfills the following conditions:〈
Γ
∗
i gi,Γ

∗
jgj
〉
= δij ⟨gi, gj⟩ , ∀i, j ∈ I, gi ∈ Vi, gj ∈ Vj ,∑

i∈I

p̄αU(Γiξ)
2 = p̄αU(ξ)

2, ∀ξ ∈ U .

Definition 2.4. Given K ∈ Hom∗
A(U) and a K-g-frame {Γi}i∈I for U with respect to {Vi}i∈I , a

g-frame sequence {Ξi}i∈I for U with respect to {Vi}i∈I is considered a K-dual g-frame sequence
of {Γi}i∈I if the following holds true:

Kξ =
∑
i∈I

Γ
∗
i Ξiξ, ∀ξ ∈ U . (2.3)

Lemma 2.5. Assume {Γi}i∈I as a g-Bessel sequence within U , associated with {Vi}i∈I . The
sequence {Γi}i∈I forms a K-g-frame for U with respect to {Vi}i∈I if there is a constant C > 0
such that the following condition is met: S ≥ CKK∗, with S being the frame operator for
{Γi}i∈I .
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Proof. The sequence {Γi}i∈I qualifies as a K-g-frame for U with respect to {Vi}i∈I with bounds
C, D if and only if the following condition is satisfied:

C⟨K∗ξ,K∗ξ⟩ ≤
∑
i∈I

⟨Γiξ,Γiξ⟩ ≤ D⟨ξ, ξ⟩,∀ξ ∈ U , (2.4)

which can be equivalently expressed as:

⟨CKK∗ξ, ξ⟩ ≤ ⟨Sξ, ξ⟩ ≤ ⟨Dξ, ξ⟩,∀ξ ∈ U , (2.5)

where S denotes the frame operator of the K-g-frame {Γi}i∈I . Thus, the assertion is substanti-
ated.

Definition 2.6. Consider Γi ∈ Hom∗
A(U ,Vi). The sequence {Γi}i∈I is deemed g-complete if the

set {ξ ∈ U : Γiξ = 0 for all i ∈ I} = {0}.

Proposition 2.7. The set {Γi ∈ Hom∗
A(U ,Vi) : i ∈ I} attains g-completeness if and only if

span {Γ
∗
i (Vi)}i∈I = U . (2.6)

Proof. Assume {Γi ∈ Hom∗
A(U ,Vi) : i ∈ I} to be g-complete. Given that span {Γ∗

i (Vi)}i∈I ⊆
U , it suffices to show that if ζ ∈ U and ζ ∈ span {Γ∗

i (Vi)}i∈I , then ζ = 0. Let ζ ∈ U and
ζ ⊥ span {Γ∗

i (Vi)}i∈I . For any i ∈ I, ζ ⊥ Γ∗
i Γi(ζ) implies that for all i ∈ I ,

p̄αU(Γiζ)
2 = pα(⟨ζ,Γ∗

i Γi(ζ)⟩) = 0. (2.7)

Therefore, by g-completeness of {Γi ∈ Hom∗
A(U ,Vi) : i ∈ I}, it follows that ζ = 0.

Conversely, if span {Γ∗
i (Vi)}i∈I = U , and for a given ζ ∈ U , Γiζ = 0 for all i ∈ I , then for each

θ ∈ Vi

⟨Γiζ, θ⟩ = ⟨ζ,Γ∗
i θ⟩ = 0, (2.8)

leading to ζ ⊥ span {Γ∗
i (Vi)}i∈I . Thus, ζ ⊥ span {Γ∗

i (Vi)}i∈I = U . This implies that ζ = 0,
establishing the g-completeness of {Γi ∈ Hom∗

A (U ,Vi) : i ∈ I}.

Lemma 2.8. Suppose {Ei ∈ Hom∗
A (U ,Vi) : i ∈ I} constitutes a g-orthonormal basis for U with

respect to {Vi : i ∈ I}. In this case, {Γi ∈ Hom∗
A (U ,Vi) : i ∈ I} will be a g-frame sequence

with respect to {Vi : i ∈ I} if and only if a singular bounded operator Q : U → U exists such
that Γi = EiQ

∗ for each i ∈ I .

Proof. ⇒ If {Ei ∈ Hom∗
A (U ,Vi) : i ∈ I} forms a g-orthonormal basis for U , then for any ele-

ment ξ ∈ U , the set {Eiξ : i ∈ I} is part of(∑
i∈I

⊕Vi

)
HA

.

Assuming {Γi ∈ Hom∗
A (U ,Vi) : i ∈ I} to be a g-Bessel sequence, Lemma 1.8 ensures that the

operator Q, defined as
Q : U −→ U , Qξ =

∑
i∈I

Γ
∗
iEiξ (2.9)

is both well-defined and bounded. Utilizing the g-orthonormal basis definition, it’s clear that
EiE∗

jη = δijη. Thus,
QE∗

jη =
∑
i∈I

Γ
∗
iEiE

∗
jη = Γ

∗
jEjE

∗
jη = Γ

∗
jη (2.10)

for all η ∈ Vj , j ∈ I . Consequently, QE∗
j = Γ∗

j , leading to EjQ
∗ = Γj for each j ∈ I .

Now, assume Q1, Q2 ∈ Hom∗
A (U ,Vi) where EiQ

∗
1 = EiQ

∗
2 = Γi for all i ∈ I . For any ξ ∈

U , ηi ∈ Vi, it holds that ⟨EiQ
∗
1ξ, ηi⟩ = ⟨EiQ

∗
2ξ, ηi⟩, implying ⟨Q∗

1ξ,E
∗
i ηi⟩ = ⟨Q∗

2ξ,E
∗
i ηi⟩. Since

span {E∗
i (Vi)}i∈I = U (Proposition 2.7), it follows that Q∗

1ξ = Q∗
2ξ, establishing Q1 = Q2.

Therefore, Q is unique.
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⇐ Given Γi = EiQ
∗ for all i ∈ I , for any ξ ∈ U , we have∑
i∈I

⟨Γiξ,Γiξ⟩ =
∑
i∈I

⟨EiQ
∗ξ,EiQ

∗ξ⟩ = ⟨Q∗ξ,Q∗ξ⟩. (2.11)

Proposition 2.2 in [1] demonstrates that Q∗ is bounded below, hence invertible. Following
Theorem 3.2 in [2], we obtain:∥∥∥(Q∗)

−1
∥∥∥−2

∞
⟨ξ, ξ⟩ ≤ ⟨Q∗ξ,Q∗ξ⟩ ≤ ∥Q∗∥2

∞ ⟨ξ, ξ⟩. (2.12)

Remark 2.9. When the set {Ei ∈ Hom∗
A (U ,Vi) : i ∈ I} forms a g-orthonormal basis, the oper-

ator Q described in Lemma 2.8 is recognized as the g-operator corresponding to the sequence
{Γi ∈ Hom∗

A (U ,Vi) : i ∈ I}.

Theorem 2.10. Given K ∈ Hom∗
A(U) and {Γj}i∈I as a g-frame sequence for U with respect to

{Vi}i∈I , if Q is the g-operator corresponding to {Γi}i∈I , then {Γi}i∈I qualifies as a K-g-frame
if and only if Ran(K) ⊂ Ran(Q).

Proof. ⇒ Assume that {Γi}i∈I is a K-g-frame for U with respect to {Vi}i∈I . This means there
exists a positive constant C such that

C⟨K∗ξ,K∗ξ⟩ ≤
∑
i∈I

⟨Γiξ,Γiξ⟩, ∀ξ ∈ U . (2.13)

By Lemma 2.8, Γi = EiQ
∗, where {Ei ∈ Hom∗

A (U ,Vi) : i ∈ I} is the g-orthonormal basis for
U with respect to {Vi}i∈I . Therefore, we obtain

C⟨K∗ξ,K∗ξ⟩ ≤
∑
i∈I

⟨EiQ
∗ξ,EiQ

∗ξ⟩ = ⟨Q∗ξ,Q∗ξ⟩, ∀ξ ∈ U , (2.14)

which implies that CKK∗ ≤ QQ∗. So, by Lemma 1.6, we have Ran(K) ⊂ Ran(Q).
⇐ If Ran(K) ⊂ Ran(Q), Lemma 1.6 suggests the existence of a constant α > 0 such that

KK∗ ≤ αQQ∗. Then for all ξ ∈ U ,〈
1
α
KK∗ξ, ξ

〉
≤ ⟨QQ∗ξ, ξ⟩ ,

that is,
1
α
⟨K∗ξ,K∗ξ⟩ ≤ ⟨Q∗ξ,Q∗ξ⟩ .

Assuming {Γi}i∈I is a g-frame and {Ei ∈ Hom∗
A (U ,Vi) : i ∈ I} is the g-orthonormal basis for

U in relation to {Vi}i∈I , then by Lemma 2.8

⟨Q∗ξ,Q∗ξ⟩ =
∑
i∈I

⟨EiQ
∗ξ,EiQ

∗ξ⟩ =
∑
i∈I

⟨Γiξ,Γiξ⟩ (2.15)

Hence
1
α
⟨K∗ξ,K∗ξ⟩ ≤

∑
i∈I

⟨Γiξ,Γiξ⟩, ∀ξ ∈ U (2.16)

Thus, {Γi}i∈I is a K-g-frame.

Theorem 2.11. Assume K ∈ Hom∗
A(U) and consider {Γi}i∈I as a g-frame sequence for U

with respect to {Vi}i∈I . Let {Ei ∈ Hom∗
A (U ,Vi) : i ∈ I} be the g-orthonormal basis for U with

respect to {Vi}i∈I , and let Q be the g-operator corresponding to. {Γi}i∈I . The theorem posits
that Q functions as a co-isometry if and only if the sequence {ΓiK

∗}i∈I establishes a Parseval
K-g-frame.
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Proof. By utilizing the properties of a g-orthonormal basis, we have the following equality for
any ξ ∈ U : ∑

i∈I

⟨ΓiK
∗ξ,ΓiK

∗ξ⟩ =
∑
i∈I

⟨UiQ
∗K∗ξ, UiQ

∗K∗ξ⟩ = ⟨Q∗K∗ξ,Q∗K∗ξ⟩, (2.17)

which clearly demonstrates the conclusion.

Theorem 2.12. Consider K ∈ Hom∗
A(U) and let {Ei ∈ HomA (U ,Vi) : i ∈ I} constitute a g-

orthonormal basis for U with respect to {Vi}i∈I . Suppose {Γi}i∈I serves as a K-g-frame for U
with respect to {Vi}i∈I , with Q being the corresponding g-operator. If P is the g-operator for the
g-frame sequence {Ξi}i∈I and is invertible, with P−1 being the inverse of Q, then the sequence
{Ti}i∈I qualifies as a K-g-frame.

Proof. Under the assumptions above, there exists a positive constant C such that ∀ξ ∈ X

C⟨K∗ξ,K∗ξ⟩ ≤
∑
i∈I

⟨Γiξ,Γiξ⟩ =
∑
i∈I

⟨UiQ
∗ξ, UiQ

∗ξ⟩ =
∑
i∈I

⟨UiP
∗ (P ∗)

−1
Q∗ξ, UiP

∗ (P ∗)
−1

Q∗ξ⟩.

Since P is invertible and QP−1 = I , we obtain (P ∗)
−1

Q∗ = I , so

C⟨K∗ξ,K∗ξ⟩ ≤
∑
i∈I

⟨UiP
∗ξ, UiP

∗ξ⟩ =
∑
i∈I

⟨Ξiξ,Ξiξ⟩, ∀ξ ∈ X . (2.18)

Theorem 2.13. Assume K ∈ Hom∗
A(U). Let us consider a set {Ei ∈ Hom∗

A (U ,Vi) : i ∈ I},
constituting a g-orthonormal foundation for U with respect to {Vi}i∈I . Given that {Γi}i∈I es-
tablishes a K-g-frame for U with respect to {Vi}i∈I with Q denoting the associated g-operator,
and considering P as the g-operator linked to the g-frame sequence {Ti}i∈I , it follows that
{Ti}i∈I forms the K-dual g-frame sequence of {Γi}i∈I if and only if the relation K = QP ∗ is
satisfied.

Proof. Assume that {Ti}i∈I is the K-dual g-frame sequence of {Γi}i∈I . Then for every ξ ∈ U ,
it follows that Kξ =

∑
i∈I Γ∗

i Tiξ. Given that {Ei}i∈I forms the g-orthonormal basis for U ,
applying Lemma 2.8 yields that for all ξ ∈ U ,

Kξ =
∑
i∈I

(EiQ
∗)

∗
(EiP

∗) ξ = Q
∑
i∈I

E∗
iEiP

∗ξ = QP ∗ξ. (2.19)

The arbitrariness of ξ leads to the conclusion that K = QP ∗.
Conversely, acknowledging that {Γi}i∈I and {Ti}i∈I are both g-frame sequences, Lemma

2.8 indicates the existence of bounded operators Q and P such that

Γi = EiP
∗, Ti = EiP

∗.

Therefore, for each ξ ∈ U ,∑
i∈I

Γ
∗
i Tiξ =

∑
i∈I

(EiQ
∗)

∗
(EiP

∗) ξ = Q
∑
i∈I

E∗
iEiP

∗ξ = QP ∗ξ = Kξ. (2.20)

This demonstrates that {Ti}i∈I is indeed the K-dual g-frame sequence of {Γi}i∈I .

Theorem 2.14. Consider K ∈ Hom∗
A(U) and let {Vi}i∈I represent the K-dual g-frame se-

quence for {Γi}i∈I . Suppose Ξ ∈ Hom∗
A(U) is a co-isometry, then the sequence {Ξ∗Vi}i∈I

forms the K-dual g-frame sequence for {Ξ∗Γi}i∈I .

Proof. Given that Ξ is a co-isometry, it implies ΞΞ∗ = I . Thus, for every element ξ ∈ U , the
following equation holds true:∑

i∈I

(Ξ∗
Γi)

∗
(Ξ∗Vi) ξ =

∑
i∈I

Γ
∗
i ΞΞ

∗Viξ =
∑
i∈I

Γ
∗
iViξ = Kξ, (2.21)

which means that the sequence {Ξ∗Vi}i∈I constitutes the K-dual g-frame sequence of {Ξ∗Γi}i∈I .
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Theorem 2.15. Assume K ∈ Hom∗
A(U) has a closed range, and {Γi}i∈I forms a K-g-frame for

U with respect to {Vi}i∈I . In this case, the sequence
{

ΓiπS(Ran(K))

(
S−1

Γ

)∗
K
}
i∈I

acts as the

K-dual g-frame sequence for
{

ΓiπRan(K)

}
i∈I

, where SΓ is the operator defined by

SΓ : Ran(K) → S(Ran(K)).

Proof. Given that SΓ : Ran(K) → S(Ran(K)) is a bounded operator, it’s clear that{
ΓiπS(Ran(K))

(
S−1

Γ

)∗
K
}
i∈I

forms a g-frame sequence for U . Additionally, considering that SΓ possesses the properties of
being both self-adjoint and invertible, for every ξ ∈ U , the following holds true:

Kξ =
(
S−1

Γ
SΓ

)∗
Kξ = S∗

Γ

(
S−1

Γ

)∗
Kξ

= SΓπS(Ran(K))

(
S−1

Γ

)∗
Kξ

=
∑
i∈I

Γ
∗
i ΓiπS(Ran(K))

(
S−1

Γ

)∗
Kξ

=
∑
i∈I

(Γi)
∗
(

ΓiπS(Ran(K))

(
S−1

Γ

)∗
K
)
ξ,

which completes the proof, demonstrating the proposed relationship.

Theorem 2.16. Assume K ∈ Hom∗
A(U) and {Vi}i∈I forms the K-dual g-frame sequence of

{Γi}i∈I . Given P as the g-operator for {Γi}i∈I and Q as the g-operator of the g-frame sequence
{Ξi}i∈I , the equality PQ∗ = 0 is both necessary and sufficient for the sequence {Vi + Ξi}i∈I to
act as the K-dual g-frame sequence for {Γi}i∈I .

Proof. If PQ∗ = 0 holds, and considering {Ei}i∈I as the g-orthonormal basis for U with respect
to {Vi}i∈I , then for every element ξ ∈ U , it follows that:∑

i∈I

Γ
∗
i Ξiξ =

∑
i∈I

(EiP
∗)

∗
(EiQ

∗) ξ = P
∑
i∈I

E∗
iEiQ

∗ξ = PQ∗ξ = 0. (2.22)

Consequently, for all ξ ∈ U , we have:∑
i∈I

Γ
∗
i (Vi + Ξi) ξ =

∑
i∈I

Γ
∗
iViξ = Kξ. (2.23)

The reverse implication is derived by following the same logical steps in reverse order, arriv-
ing at the initial condition.

Theorem 2.17. Let K ∈ Hom∗
A(U), and consider two K-dual generalized frame sequences

{Φi}i∈I and {Ξi}i∈I corresponding to the sequence {Γi}i∈I , respectively. Suppose T1 and T2
are linear operators on U satisfying T1 + T2 = I . In this case, the sequence {ΦiT1 + ΞiT2}i∈I

forms the K-dual generalized frame sequence for {Γi}i∈I .

Proof. Given that T1 + T2 = I , it follows that for every ξ ∈ U ,∑
i∈I

Γ
∗
i (ΦiT1 + ΞiT2) ξ =

∑
i∈I

Γ
∗
i ΦiT1ξ +

∑
i∈I

Γ
∗
i ΞiT2ξ

= KT1ξ +KT2ξ = K (T1 + T2) ξ = Kξ.

This concludes the proof.

Corollary 2.18. Suppose K ∈ Hom∗
A(U) is invertible. Let {Φi}i∈I and {Ξi}i∈I be the K-

dual generalized frame sequences of {Γi}i∈I , respectively. If T1 and T2 are linear operators on
U , then the sequence {ΦiT1 + ΞiT2}i∈I constitutes the K-dual generalized frame sequence of
{Γi}i∈I if and only if T1 + T2 = I .
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Proof. Assume T1 + T2 = I . From Theorem 2.17, {ΦiT1 + ΞiT2}i∈I forms the K-dual gener-
alized frame. Now, we establish the sufficiency condition.

If {ΦiT1 + ΞiT2}i∈I is the K-dual generalized frame sequence for {Γi}i∈I , then for any
ξ ∈ U , we have

Kξ =
∑
i∈I

Γ
∗
i (ΦiT1 + ΞjT2) ξ =

∑
i∈I

Γ
∗
i ΦiT1ξ +

∑
i∈I

Γ
∗
i ΞiT2ξ

= KT1ξ +KT2ξ = K (T1 + T2) ξ

Therefore,
K = K(T1 + T2)

As K is invertible, it follows that T1 + T2 = I.

Theorem 2.19. Let K ∈ Hom∗
A(U) such that the range of K, Ran(K), is closed. If {Γi}i∈I

forms a K-g-frame for U with respect to {Vi}i∈I with a frame operator S, and C and D are its
lower and upper bounds, respectively, then

CKK∗ ≤ S ≤ DIU (2.24)

Proof. Given that {Γi}i∈I is a K-g-frame with the frame operator S, it follows that

⟨Sξ, ξ⟩ =

〈∑
i∈I

Γ
∗
i Γiξ, ξ

〉
=
∑
i∈I

⟨Γiξ,Γiξ⟩ (2.25)

In line with equation 2.25, we have

C⟨K∗ξ,K∗ξ⟩ ≤ ⟨Sξ, ξ⟩ ≤ D⟨ξ, ξ⟩, ∀ξ ∈ U , (2.26)

which implies

⟨CKK∗ξ, ξ⟩ ≤ ⟨Sξ, ξ⟩ ≤ ⟨Bξ, ξ⟩. (2.27)

Corollary 2.20. Suppose K is an element of Hom∗
A(U), and consider {Γi}i∈I as a g-Bessel

sequence within U with respect to {Vi}i∈I with the corresponding frame operator denoted as
S. The sequence {Γi}i∈I qualifies as a K-g-frame for U if and only if K = S

1
2 Q for a certain

Q ∈ Hom∗
A(U).

Proof. Referencing Lemma 2.5, the sequence {Γi}i∈I can be identified as a K-g-frame for U ,
with respect to {Vi}i∈I , if and only if there exists a positive constant C that ensures

CKK∗ ≤ S = S
1
2

(
S

1
2

)∗
.

Following this, as per Lemma 1.6, it is concluded that a bounded operator U can be found such
that

K = S
1
2 U.

Theorem 2.21. Consider a mapping K ∈ Hom∗
A(U), and {Γi}i∈I a K-g-frame for U , with

respect to {Vi}i∈I , having bounds C and D as its lower and upper limits, respectively. Assume
Q is an element of Hom∗

A(U) with the property of a closed range and the condition QK = KQ
being met. Under these circumstances, the following are observed:

(i) The sequence {ΓiQ
∗}i∈I establishes itself as a K-g-frame for the range of Q (denoted as

Ran(Q)) with respect to {Vi}i∈I , bounded below and above by C
∥∥Q†

∥∥−2
∞ and D∥Q∥2

∞,
respectively.
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(ii) The frame operator S corresponding to {ΓiQ
∗}i∈I fulfills the relation S = QSΓQ

∗, with
SΓ being the frame operator for {Γi}i∈I .

Proof. Considering that Q has a closed range, it consequently possesses a pseudo-inverse Q†,
fulfilling QQ† = IRan(Q), where the subscript Ran(Q) of Q† is omitted. Now, IRan(Q) = I∗Ran(Q) =(
Q†)∗ (Q∗). Thus, for every ξ ∈ Ran(Q),

K∗ξ =
(
Q†)∗ Q∗K∗ξ

leads to,
⟨K∗ξ,K∗ξ⟩ = ⟨

(
Q†)∗ Q∗K∗ξ,

(
Q†)∗ Q∗K∗ξ⟩

≤
∥∥∥(Q†)∗∥∥∥2

∞
⟨Q∗K∗ξ,Q∗K∗ξ⟩

=
∥∥∥(Q†)∗∥∥∥2

∞
⟨K∗Q∗ξ,K∗Q∗ξ⟩.

Consequently, ∥∥∥(Q†)∗∥∥∥−2

∞
⟨K∗ξ,K∗ξ⟩ ≤ ⟨K∗Q∗ξ,K∗Q∗ξ⟩.

For each ξ ∈ Ran(Q), we have∑
i∈I

⟨ΓiQ
∗ξ,ΓiQ

∗ξ⟩ ≥ C⟨K∗Q∗ξ,K∗Q∗ξ⟩ ≥ C
∥∥∥(Q†)∗∥∥∥−2

∞
⟨K∗ξ,K∗.ξ⟩ (2.28)

Moreover, {ΓiQ
∗}i∈I is a g-Bessel sequence, as evidenced by:∑

i∈I

⟨ΓiQ
∗ξ,ΓiQ

∗ξ⟩ ≤ D⟨Q∗ξ,Q∗ξ⟩ ≤ B∥Q∥2
∞⟨ξ, ξ⟩, (2.29)

From 2.28 and 2.29, point 1 is established. For point 2, it is clear that:

Sξ =
∑
i∈I

(ΓiQ
∗)

∗
ΓjQ

∗ξ

= Q
∑
i∈I

Γ
∗
i ΓiQ

∗ξ

= QSΛQ
∗ξ.

This concludes the proof of Theorem 2.21.

Theorem 2.22. Assume we have a mapping K ∈ Hom∗
A(U) and {Γi}i∈I as a K-g-frame for

U , with respect to {Vi}i∈I . Provided that Q, also a member of Hom∗
A(U), functions as a co-

isometry and satisfies the commutative relation QK = KQ, it follows that the set {ΓiQ
∗}i∈I

forms a K-g-frame for U with respect to {Vi}i∈I .

Proof. Given that Q is a co-isometry and satisfies QK = KQ, for any ξ ∈ U , it follows that

⟨K∗Q∗ξ,K∗Q∗ξ⟩ = ⟨Q∗K∗ξ,Q∗K∗ξ⟩ = ⟨K∗ξ,K∗ξ⟩. (2.30)

Assuming C and D are the respective lower and upper bounds of {ΓiQ
∗}i∈I , then for every

ξ ∈ U , we have ∑
i∈I

⟨ΓiQ
∗ξ,ΓiQ

∗ξ⟩ ≥ C⟨K∗Q∗ξ,K∗Q∗ξ⟩ = C⟨K∗ξ,K∗ξ⟩. (2.31)

Conversely, ∑
i∈I

⟨ΓiQ
∗ξ,ΓiQ

∗ξ⟩ ≤ D⟨Q∗ξ,Q∗ξ⟩ ≤ B ∥Q∥2
∞ ⟨ξ, ξ⟩. (2.32)

Therefore, {ΓiQ
∗}i∈I constitutes a K-g-frame for U with respect to {Vi}i∈I .
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Corollary 2.23. Assume K is a part of Hom∗
A(U) and {Γi}i∈I constitutes a K-g-frame for U ,

with respect to {Vi}i∈I . If Q operates as an isometry, then the set {QΓi}i∈I also forms a K-g-
frame for U , with respect to {EVi}i∈I , maintaining the same frame bounds as {Γi}i∈I .

Proof. Suppose that C and D are, respectively, the lower and upper bounds for the set {Γi}i∈I .
Consequently, it follows that

C⟨K∗ξ,K∗ξ⟩ ≤
∑
i∈I

⟨QΓiξ,QΓiξ⟩ ≤ D⟨ξ, ξ⟩. (2.33)

It is important to note here that Q functions as an isometry.

Theorem 2.24. Consider K as an element of Hom∗
A(U) and {Γi}i∈I as a g-Bessel sequence for

U , with respect to {Vi}i∈I . Suppose that T represents the synthesis operator for {Γi}i∈I . The
condition Ran(K) = Ran(T ) holds true if and only if {Γi}i∈I forms a tight K-g-frame for U
with respect to {Vi}i∈I .

Proof. Let us start by assuming Ran(K) = Ran(T ). Based on Lemma 1.6, there exists a constant
A > 0 such that

AKK∗ = TT ∗,

leading to
A⟨K∗ξ,K∗ξ⟩ = ⟨T ∗ξ, T ∗ξ⟩ =

∑
i∈I

⟨Γiξ,Γiξ⟩.

Conversely, if {Γi}i∈I is recognized as a tight K-g-frame with a frame bound of A, then it
follows that

A⟨K∗ξ,K∗ξ⟩ =
∑
i∈I

⟨Γiξ,Γiξ⟩ = ⟨T ∗ξ, T ∗ξ⟩,

which simplifies to
AKK∗ = TT ∗.

Therefore, invoking Lemma 1.6 again, it can be concluded that Ran(K) = Ran(T ).

Theorem 2.25. Suppose {Γi}i∈I and {Ξi}i∈I represent two g-Bessel sequences for U , each as-
sociated with {Vi}i∈I and having bounds A and B, respectively. Let T1 and T2 be the synthesis
operators for {Γi}i∈I and {Ξi}i∈I , respectively. If it holds that T1T

∗
2 = IU , then both {Γi}i∈I

and {Ξi}i∈I qualify as K-g-frames for U with respect to {Vi}i∈I .

3 Characterizing the K-g Frames by Other Concepts

In this section, we discuss the concept of identity resolution and explore the idea of quotients
derived from bounded operators. These concepts will subsequently be utilized in the construction
of K-g-frames.

Definition 3.1. Let I be an indexing set. A collection of bounded operators {Ψi}i∈I on U is
defined as an (unconditional) resolution of the identity on U if, for every element ξ ∈ U , it
satisfies:

ξ =
∑
i∈I

Ψi(ξ)

(where the series converges unconditionally for each ξ inU). It can be readily shown that if
{Θi}i∈I and {Ψi}i∈I are both resolutions of the identity on U , then the combined set {ΘiΨi}i,i∈I

also constitutes a resolution of the identity on U .

Theorem 3.2. Consider an element K in Hom∗
A(U), which is invertible and where both K and

its inverse K−1 are uniformly bounded. Assume that the collection {Ψi}i∈I forms the identity
resolution of U and constitutes a g-Bessel sequence with a bound of D. Under these conditions,
{Ψi}i∈I is identified as a K-g-frame for U in relation to {Vi}i∈I .
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Proof. Given that {Ψi}i∈I constitutes an identity resolution for the space U , we observe that for
every element ξ within U , the expression

ξ =
∑
i∈I

Ψi(ξ)

is valid. Consequently, the following relationship is established:

K∗ξ =
∑
i∈I

ΨiK
∗ξ,

leading to the inference that

⟨K∗ξ,K∗ξ⟩ = ⟨
∑
i∈I

ΨiK
∗ξ,
∑
i∈I

ΨiK
∗ξ⟩ ≤

∑
i∈I

⟨ΨiK
∗ξ,ΨiK

∗ξ⟩ ≤ D⟨K∗ξ,K∗ξ⟩ ≤ D∥K∥2
∞⟨ξ, ξ⟩.

(3.1)

Let F , T ∈ Hom∗
A(U). The quotient [F/T ] is a map from Ran(F) to Ran(T ) defined by

T x 7→ Fx. Similar to the case in Hilbert spaces, Q = [F/T ] is a linear operator on U if and
only if Ker(T ) ⊂ Ker(F).

Theorem 3.3. Suppose K ∈ Hom∗
A(U), and consider {Ψi}i∈I , which constitutes a g-Bessel

sequence in the context of U with respect to {Vi}i∈I . Given that S represents the frame operator
for {Ψi}i∈I , it follows that {Ψi}i∈I forms a K-g-frame with respect to {Vi}i∈I if and solely if

the operator defined by
[
K∗/S

1
2

]
demonstrates boundedness.

Proof. Given that {Ψi}i∈I constitutes a K-g-frame, we can ascertain the existence of a constant
C > 0. This ensures that for any ξ ∈ U , the following inequality holds:

C⟨K∗ξ,K∗ξ⟩ ≤
∑
i∈I

⟨Ψiξ,Ψiξ⟩ = ⟨Seξ, ξ⟩ = ⟨Se 1
2 ξ, Se

1
2 ξ⟩ (3.2)

holds. This implies that

C⟨K∗ξ,K∗ξ⟩ ≤ ⟨Se 1
2 ξ, Se

1
2 ξ⟩. (3.3)

Define the operator Ξ : Ran
(
Se

1
2

)
→ Ran (K∗) by Ξ

(
Se

1
2 ξ
)
= K∗ξ for all ξ ∈ U . The

operator Ξ is well-defined since Ker
(
Se

1
2

)
⊆ Ker (K∗). Consequently, we obtain

⟨ΞSe 1
2 ξ,ΞSe

1
2 ξ⟩ = ⟨K∗ξ,K∗ξ⟩ ≤ 1√

C
⟨Se 1

2 ξ, Se
1
2 ξ⟩. (3.4)

Thus, Ξ is bounded. By the concept of quotient of bounded operators, Ξ is expressed as[
K∗/Se

1
2

]
.

On the other hand, if
[
K∗/Se

1
2

]
is bounded, there exists a constant D > 0 such that for all

ξ ∈ U ,
⟨K∗ξ,K∗ξ⟩ ≤ D⟨Se 1

2 ξ, Se
1
2 ξ⟩, (3.5)

implying
1
D
⟨K∗ξ,K∗ξ⟩2 ≤ ⟨Se 1

2 ξ, Se
1
2 ξ⟩ =

∑
i∈I

⟨Ψiξ,Ψiξ⟩. (3.6)

Therefore, {Ψi}i∈I is a K-g-frame for U with respect to {Θi}i∈I .

Theorem 3.4. Let K ∈ Hom∗
A(X ) and {Ψi}i∈I be a g-Bessel sequence for X with respect to

{Yi}i∈I with frame operator S. If Q ∈ Hom∗
A(X ), then the following statements are equivalent:

(i)
[
K∗/S

1
2 Q
]

is bounded.
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(ii) {ΨiQ}i∈I is a K-g-frame for X with respect to {Yi}i∈I ;

Theorem 3.5. Consider K ∈ Hom∗
A(X ) and let {Ψi}i∈I constitute a g-Bessel sequence in the

context of U , associated with {Vi}i∈I , and possessing the frame operator S. Given another
element Q within Hom∗

A(V), the following conditions are equivalent:

(i) The operator
[
K∗/S

1
2 Q
]

exhibits boundedness.

(ii) {ΨiQ}i∈I forms a K-g-frame for U with respect to {Vi}i∈I .

Proof. (2) ⇒ (1) Assume C is the lower bound constant for the K-g-frame {ΨiQ}i∈I for U
with respect to {Θi}i∈I . Then,

C⟨K∗ξ,K∗ξ⟩ ≤
∑
i∈I

⟨ΨiQξ,ΨiQξ⟩.

Furthermore, ∑
i∈I

⟨ΨiQξ,ΨiQξ⟩ = ⟨SQξ,Qξ⟩ = ⟨S 1
2 Qξ, S

1
2 Qξ⟩, (3.7)

since {Ψi}i∈I is a g-Bessel sequence for U and S its frame operator. Therefore,

C⟨K∗ξ,K∗ξ⟩ ≤ ⟨S 1
2 Qξ, S

1
2 Qξ⟩, (3.8)

indicating that
[
K∗/S

1
2 Q
]

is bounded.

(1) ⇒ (2) If
[
Kv/S

1
2 Q
]

is bounded, there exists a constant β > 0 such that

⟨K∗ξ,K∗ξ⟩ ≤ β⟨S 1
2 Qξ, S

1
2 Qξ⟩. (3.9)

Assuming that the g-Bessel sequence {ΨiQ}i∈I for U with respect to {Θi}i∈I has an upper
bound constant D, it follows

1
β
⟨K∗ξ,K∗ξ⟩ ≤ ⟨S 1

2 Qξ, S
1
2 Qξ⟩ =

∑
i∈I

⟨ΨiQξ,ΨiQξ⟩ ≤ D∥E∥2
∞⟨ξ, ξ⟩, (3.10)

leading to the conclusion.

Conclusion

To conclude, we have developed the theory of K-g-frames in hilbert locally C∗-algebras as a
extension of the classical g-frame concept. By introducing the g-orthonormal basis and the
associated g-operator, we established several fundamental relationships between g-frames and
K-g-frames. Furthermore, we provided characterizations of K-g-frames through equivalent
conditions and studied the notion of the K-dual g-frame along with its essential properties.
The results obtained in this work open up several directions for further research. In particu-
lar, one may investigate perturbation and stability results for K-g-frames, as well as explore
their potential applications in operator theory, functional analysis, and signal reconstruction
problems over locally C∗-algebras.
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