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Abstract. In this paper, we compute common neighbourhood Laplacian spectrum, common
neighbourhood signless Laplacian spectrum and their respective energies of commuting graph
of some finite non-abelian groups including some AC-groups, groups whose central quotients
are isomorphic to Sz(2), Z, x Z, or D,,,. Our findings lead us to conclude that these graphs are
CNL (CNSL)-integral. Additionally, we characterize the aforementioned groups such that their
commuting graphs are CNL (CNSL)-hyperenergetic.

1 Introduction

Let G be a finite non-abelian group with center Z(G). The commuting graph of G, denoted
by ['¢ is a simple undirected graph whose vertex set is G \ Z(G) and two vertices = and y are
adjacent if they commute. This graph was originated from the work of Brauer and Fowler [4]
published in the year 1955. However, after Neumann’s work [21] on its complement (that is non-
commuting graph) in 1976, the commuting graph became popular. Various aspect of commuting
graphs of finite non-abelian groups can be found in [1, 6, 7, 16, 19]. Recently, people have
become interested on the spectral aspects of I'¢ [8, 9, 10, 11, 12, 22].

In 2011, Alwardi et al. [2] introduced the concepts of common neighbourhood spectrum
and energy (abbreviated as CN-spectrum and CN-energy) of a graph. Let G be a simple graph
with vertex set V(G) = {v, v2,...,v,}. The common neighbourhood matrix of G, denoted by
CN(G), is a matrix of size n whose (¢, j)-th entry is given by

|C(Ui’vj)|7 ifi#j
CN(G)is = {O, otherwise,
where C'(v;,v;) = {& € V(G) : © # v;,v; and adjacent to both v;, v;}. The CN-energy of G
is defined as Ecn(G) := > |8], where CN-spec(G) is the set of eigenvalues of CN(G)
§ECN-spec(G)

with multiplicities. A graph G is called CN-integral if CN-spec(G) contains only integers. Also,
G is called CN-hyperenergetic and CN-borderenergetic (see [2]) if Ecn(G) > Een(K)y(g)) and
Ecn(G) = Eon(K] \v(g)|) respectively. In [15, 20] Fasfous et al. and Nath et al. discussed various
aspects of CN-spec(I') and Ecn(T'g) for several classes of finite non-abelian groups. Fasfous
and Nath [13] also considered CN-spectrum and CN-energy of commuting graph of finite non-
commutative rings in their works.

Jannat et al. [17], introduced the notions of common neighborhood Laplacian spectrum
(CNL-spectrum), common neighborhood signless Laplacian spectrum (CNSL-spectrum) and
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energies corresponding to those spectra viz. common neighborhood Laplacian energy (CNL-
energy) and common neighborhood signless Laplacian energy (CNSL-energy). The common
neighborhood Laplacian matrix (CNL-matrix) and the common neighborhood signless Lapla-
cian matrix (CNSL-matrix) of G, denoted by CNL(G) and CNSL(G), respectively, are given
by

CNL(G) := CNRS(G) — CN(G) and CNSL(G) := CNRS(G) + CN(G),

where CNRS(G) is a matrix of size |V (G)| whose (i, j)-th entry is given by

Vgl
CNRS(G)i; = { 2 CN(G)ix, ifi=jandi=1,2,...,|V(9)]
0, if i # j,

The set of eigenvalues of CNL(G) and CNSL(G) with multiplicities are called CN-Laplacian
spectrum (denoted by CNL-spec(G)) and CN-signless Laplacian spectrum (denoted by
CNL-spec(G)) of G, respectively. Let CNL-spec(G) = {af', 5%, ..., a}*} and CNSL-spec(G)
= {ﬁi", 32, ceey é’e}, where a1, as, ..., ay are the distinct eigenvalues of CNL(G) with corre-
sponding multiplicities aj, ay, ..., ar and By, 3o, ..., B¢ are the distinct eigenvalues of CNSL(G)
with corresponding multiplicities by, by, ..., by. A graph G is called CNL (CNSL)-integral if
CNL (CNSL)-spectrum contains only integers. The CNL-energy and CNSL-energy of G, de-
noted by LEcn(G) and LE/, ,(G) respectively, are defined as

k
LEcn(G) == ai|o; — Ag| (1.1)
i=1
and
¢
LE¢ N (9) f:Zbi 18 — Agl, (1.2)
i=1
where Ag = %. It was shown, in [17], that

LEcn(K,) = LESy(K,) =2(n — 1)(n —2). (1.3)

A graph G is called CNL-hyperenergetic and CNSL-hyperenergetic if LEcx G)>LEcn (Kv(g))
and LE/.\(G) > LE/ y (K}y(g)|) respectively. Various aspects of CNL-spectrum, CNL-energy,
CNSL-spectrum and CNSL-energy of graphs, including their relations with other well-known
graph energies and Zagreb indices, were discussed in [17].

In this paper, we compute CNL-spectrum, CNSL-spectrum, CNL-energy and CNSL-energy
of commuting graphs of several classes of finite AC-groups including () D~ (quasi dihedral
group), PSL(2,2%) (projective special linear group), GL(2,q) (general linear group where g >
2 is a prime power), A(n,v), A(n,p) (Hanaki groups), D,,, (dihedral group), groups whose
central quotient is isomorphic to Sz(2) or Z, x Z, or D,,, along with some other groups. It
follows that the commuting graphs of all the groups considered in our paper are CNL-integral
and CNSL-integral. Additionally, we determine when commuting graphs of these groups are
CNL-hyperenergetic and CNSL-hyperenergetic. Recall that a group G is called an AC-group if
Cq(z) :=={y € G : xy = yx} is abelian for all z € G\ Z(G).

2 CNL (CNSL)-spectrum and CNL (CNSL)-energy

In this section we have computed the CNL (CNSL)-spectrum and CNL (CNSL)-energy of com-
muting graphs of various groups mentioned above. We start this section with the following result
that will be needed for our computations.

Theorem 2.1. [17] Let G = || K, U b Ky, U 13K, where |; K, denotes the disjoint union of
l; copies of the complete graphs K,,, on m; vertices fori = 1,2,3. Then
CNL-spec(G) = {0hF=+b (my (my — 2))hmi=1),
(ma(my — 2))l2(m2_l>, (m3(m3 — 2))l3(m3—1)} and
CNSL-spec(G) = {(2(m1 — 1)(my = 2))1, ((my = 2)7)1 M= (2(my — 1) (ma - 2))",
((ma —2)%)80m2=0 (2(m3 — 1)(m3 — 2))", ((m3 — 2)?)B0m V1,



452 F. E. Jannat and R. K. Nath

2.1 Some families of AC-group

Here we compute the CNL (CNSL)-spectrum and CNL (CNSL)-energy of commuting graphs of
the quasihedral groups QDy» = {a,b : a®" = b = 1,bab~! = a®" "} for n > 4, projective
special linear groups PSL(2,2%) for k > 2, general linear groups GL(2, q) for any prime power
q > 2 and the Hanaki groups A(n,v) and A(n, p). We begin with the commuting graph of QD;~.

Proposition 2.2. The CNL-spectrum, CNSL-spectrum, CNL-energy and CNSL-energy of com-
muting graphs of the quasihedral groups QQ Dyn, where n > 4, are given by

CNL-spec(Tgp,.) = {021, (27" —2)(2"" —4))¢""' )},

CNSL-spec(Tgn,.) = {0, (2027 = 3)(2" " —4))!, (2" = 4))@" 9,

LEcn(Tgp,,) = T8 =2 and LE. y (Top,, ) = #5527 5=,
Proof. By [9, Propositon 2.1], we have I'gp,, = Kpn—1_5 U 2"—2K,. Therefore, by Theorem
2.1, we get

CNL-spec(Tgp,n ) = {07+, (277! = 2)(27~1 = 4))" =3, (2(2 - 2))2" (-1}
and
CNSL-spec(I'gp,. ) =
{21 =3)2 =) (27 =), (22— 1)(2-2))" ), (2-2)) eI
Thus, we get the required CNL-spec(I'gp,. ) and CNSL-spec(I'gp,. ) on simplification.
Here |V (Tgp,. )| = 2" — 2 and tr(CNRS(T'gp,.)) = = (2" — 8) (2" — 6) (2" — 4). There-

8
fore, AFQDZH _ @ 78)35(22[_62))(2 =) In order to compute CNL-energy of I'gp,,, we first deter-

mine the quantities [« — Ar,,, , |, where a € CNL-spec(I'gp,. ), so that (1.1) can be used. We

have
(2" —=8) (2™ —6) (2" —4)

8(2" —2)

and Ly := | (2"7' =2) (2"~' —4) — Ar,,, | =2"(2" % — 1) — 1 + 5. Hence, by (1.1), we
get

Ll = |0 — AFQDzn ‘ =

LBcx(Tgo,) = @ + DL+ (1 =)ty = E=VE 29— ELD

In order to compute CNSL-energy of I'gp,.., we first determine the quantities |3 — Argp,, |s
where 3 € CNSL-spec(I'gp,. ), so that (1.2) can be used. While computing CNL-energy, we
have already seen that

(2" —=8) (2" —6) (2™ —4)

0~ Argp,, | = 82" —2)

For our convenience, we denote this quantity by B;. We have

6

_ n n—3
— 15427 (3% 270 = 5) 4 2

Byi=[2(2" = 3) (2"~ 4) ~ Argp,,

and Bz 1= )(2"*1 — 4)2 —Argp,, ‘ =7+2"1(27* — 1) + 55 Hence, by (1.2), we get

273 (27 —8) (27— 6) (2" — 4
LEgN(FQDQn) = ZnilBl +1x By + (2”71 - 3)B3 = ( g’ﬂ(_ 3 ) ( )

This completes the proof. O

Proposition 2.3. The CNL-spectrum, CNSL-spectrum, CNL-energy and CNSL-energy of the
commuting graphs of projective special linear groups PSL(2,2%), where k > 2, are given by

CNL-SPCC(FPSL(Z,ZIC)) = {02k+22k+1’ ((zk _ 1)(2k B 3))(2k+1)(2k72)7
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(2% —2)(2* — 4))2"‘*1(2’%1)(2’“—3), (2k(2F — 2))2’“*‘(2’“—1)2},
CNSL—SpeC(FPSL(Z,zk))
_ {(2(2k _ 2)(2k _ 3))2’“-%17 ((2k _ 3)2)(2’“-&-1)(2’“—2)7 (2(2k _ 3)(2k _ 4))2’“‘(2’“-&-1)’
(2% - 4)2)2’“*‘(2"+1)(2’°—3)7 (2(2F — 1)(2F — 2))2’“*‘(2’“—1)7 (2% - 2)2)2’“‘(2’“—1)2}’

2k _2) (19 2k =23k +2 1 35 4k +1 75 16% —5x32F +3x 645 +6
LEcn(Tpsrpor)) = @=2)( ST ) and
9260 _
LESy(Tpspnam) =4 20, ‘ o Jork =2
CN\* PSL(2,2%) —5x2F 247 3R Lok S gk 30k 13 64F43x 1285 —12
) o , fork >3.

Proof. By [9, Proposition 2.2], we have

FPSL(Z,Z’C) e (Zk + 1)K2k_1 |_| 2k71(2k + 1)K2k_2 |_| 2k71(2k - I)KZk.
Therefore, by Theorem 2.1, we get
ONL-spec(Tpispo.00) = {071, ((2F = 1)(2F — 1 = 2)) "0 =10 @2,
((2k _ 2)(2k _2_ 2))2"‘*‘(2’%1)(2’”‘—2—1)7 02’“*‘(2’“—1)’ (2k(2k _ 2))2"‘*‘(2’“—1)(2"—1)} and
CNSL-spec(Tpspa0t) = { (2(25 = 1= 1)(25 = 1= 2))2 1, (2 — 1 = 2)2) @ +0C" 11,
(2(2k 2 1)(2k 2 2))2’“‘(2’%1)’ ((zk 2 2)2)2’“1(2’%1)(2’“—2—1)’

(2(2F — 1)(2k — 2))2 '@ =0 ((2k - 2)2)21671(2'“‘1)(216—”}. After simplification, we get the re-
quired CNL-spectrum and CNSL-spectrum.
Here |V (Tpgrom))| = 8% =2 — 1 and tr(CNRS(Cpgror))) = (28 —2) (5 x 2F =3 x 8F

k_ k_ k k
+16" + 3). So, Ar = ()3 1645) e have

PSL22k) 8k 2k —1

(28 —2) (5x2F — 3 x 8 + 16F +3)
B gk —2F — 1 ’

L = ‘()—Al—

PSL(2,2k)

348 x 2k 4 4k(4k —4 x 2k —2)

Ly=|(2" = 1) (2" =3) — Ar

PSLR2k)| 8k — 2k _ 1 ’
2 —5x 2k 42k (22k(2F — 1))
|k k _
Ls = )(2 - 2) (2 - 4) - AFPSL(Z,Zk) - 8k —_ 2k _ 1
. |nk(nk _ 6+9x2F 4k (ax4k —4)18F (2x2k —7)
and Ly = ‘2 (2F —2) — AFPSL(M,C) = ] . Therefore, by (1.1), we

get
LEcn(Tpspoam) = (28 + 2P + 1)L + (28 + 1)(2" = 2) Lo + 21 (2F + 1) (2% - 3) L3
+ 2k (2F — 1)2 L.

Hence, the expression for LEcy (I'pgr(2,2r)) is obtained.
Again

5 2F 4232 4354k 5 16k 432k — 6
PSL@22k)| T 8k — 2k _ ] ’

Bii=[2(2"-2) (2" =3) - A

—3 44 x 2k — 23k 0 x 23k _ (2k _ 1)k

By = ‘(2’c ~3) —Ar

PSL(2,2k) 8k _ Zk -1 )
174 f =
ork =2
o K k4 _ )59
B; = ‘2 (2 3) (2 4) ArPSL(Z,zk) B {_3X2k+23k+4+7><4k—9><l6k+32k_18 fork >3
Sk_2F ] ) =7

—2k 4 22k+l 4 9 8F — 3 x 16 — 10
8k — 2k — 1 ’

. k k 249 x 28 422 ((2F —1)2F x2F —4 x 2% 1)
Bs = ’2 (2 =1) (2" =2) —ar, ., | = o

By = ‘(2’€ — 4’ —Ar

PSL(2,2k)
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and By = ‘(2’C — 2)2 — AFPSL(Z | = 2+7X2k+<(21;;1)2’,€3_>§k+23k722“] . Therefore, by (1.2), we
get

LE n(Tpspaary) = (28 +1)B1 + (28 + 1)(2° = 2)B, + 2" 12" + 1) By
+ 2812k 1) (2% — 3)By + 271 (2F — 1) Bs + 2F71(2% — 1) Bs.

Hence, the expression for LES, (U pgr22x)) is obtained. ]

Proposition 2.4. The CNL-spectrum, CNSL-spectrum, CNL-energy and CNSL-energy of the
commuting graphs of general linear groups GL(2,q), where ¢ = p" > 2 and p is a prime,
are given by

CNL-spec(Lr(2,q) = {0q2+q+1, (4% = 3q +2)(g? — 3¢)) 3 (¢ +a)la" —3a+D),
(% — ) (@* — g —2))3 @0 =a=D (@ — 2+ 1)(¢*> — 29 — 1))(q+1)(q2_2Q)} :
CNSL-spec(T10.9) = { (2(a> — 3q+ 1)(¢? — 39)) ), ((¢? - 3q)2)%(q2*")("2‘3q“)

(¢ == 1)(¢ —q=2))2 7, (¢ —q = 2?3000,
(e — 20— 20~ D) (20— 120D w2l
LEcn(Tarnp.g) = (q*2)(qfl)q“(tgi)q(iql%)((q*l)qfl) and
(q—2>q(q+1)(q(q(q(q(Zq(gq—‘l)q%)—7)—7)—1)+11)+2), ifg<s

—q—1
LEgN(rGL(ZtI)) = {q(q+])((q(q(q(q(2q—l1)q+20q)—16)+7)+8)q3—12q—4)

T ifq=6.
Proof. By [9, Proposition 2.3], we have
q(g+1 q(g—1
FGL(qu) = ( 5 )qu_3q+2u ( 3 )qu_ql_l (q+ 1)Kq2—2q+1'

Therefore, by Theorem 2.1, we get
a(g+l)
CNL-spec(I'gr(2,q) = {0 = ((* =3¢ +2)(¢* —3q¢+2— 2))(

alg—1 —1)
0", (¢ — a)(® — g —2))1™%
(@ =20+ 1)(¢* ~2q+1 - 2>><q+l><q“2q“*”} and
CNSL—spec(FGL(zq)):{(2(q2—3q+2—1)(q ~3g+2-2))%%
q(g+1) q(g—1)
(> —3q +2—2)2) 5@ 30210 (3(2 — g —1)(g? _q_2>>—21,
((¢* =g =2)) D@00, (2(q? =29 + 1= 1)(? =29 + 1 -2))7"1,
((qZ —2q+1- 2)2)(q+1)(q2—2q+1—1)} ]

Thus we get CNL-spec(L¢y(2,q)) and CNSL-spec(I'¢,(2,4)) on simplification.

Here [V(Tgra.q)l = (¢ — 1)(¢* — ¢ — 1) and tr(CNRS(Cgr2,9))) = (¢ —2)(q — Dglg +
(a=2)ala+1)((a=2)(a=1)a’+1)

2 ) (g2 —3g+2— )

)¢’ =a=1) ga+1

1) ((g—2)(g — 1)¢* +1). So, Arg n. = e . We have
_ ~(g=2)glg+ (g =2)(¢ = Dg* +1)
- O_Al"cuz )| T 3 J
! ¢ —q-1
q—2)q((q(2q—3)—1)* +4
L2 :‘(q2_3q+2) (q2_3q)_AFGL(zyq) :( ) ((q(3q)1 ) ),
-2 (g+1)(2¢ -3
Ly = ‘(qZ - q) (q2 —4q4- 2) - AFGL(Z,q) = (q )q3(q )( d )>
¢ —q-—1
(2 _ 2_ 9, 1) _ — a(=3+q(3+(=2+q)q))—!
and Ly := | (¢* =2¢ + 1) (¢* =2¢— 1) = Arg,, | = e . Therefore, by (1.1),
we get
+1 -1
LEon(Tarp,g) = (@ +a+ 1)L + q(q2 )(q2 =3¢+ 1)Ly + q(q2 )(q2 —q—1)L;

+ (¢4 1)(¢* = 2q)Ls
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Hence, the expression for LEcn (L 2,q)) is obtained.

Again
a(a((a=5)(g=3)a’~59—13)+8)
Bii= ‘2 (qz —3q+1) (‘12 —-3q) — Argrog| = { q(q((Q—S)(q—Cé;;(i;;—13)+8) ’ fora =3
P —q-1 ’ for g > 6,

q(—2¢° +5¢* +¢* — 8q+2)
P?—q-—1

B, = ‘(qz - 3q>2 - AFGL(Z,q) -

)

(—2)(g+1) (¢’ +¢* — 64> + 3¢ +2)

= s

Byi=[2(¢ —q—1) (¢ —q—2) — Ares,

¢ —q-1
2 2 (¢—2)(g+ 1) (2¢* - 5¢° +2q+2)
B4':‘(q —q—Z) _AFGL(Z,q) = 3 o1
q q
(¢—2)q((q—3)(g+ 1)¢* +5¢+1
Bs ::‘Z(qz—zq) (q2—2q—1)—Aer’q> = ( @ —qg—1 )
and Bg := ’(q2 —2q— 1)2 — Aol = —q<q<q<q(37q§q_);rf>fs>73)fl. Therefore, by (1.2), we get

1 1 1
(¢ + 1B+ 5(@ + 1) (¢ =30+ 1) Ba+ 5(¢* — 9) Bs

2
3@ )@~ = DB+ g+ D)Bs + (g +1)(a” ~20)Bs.

LEgN (FGL(Z,q)) =

Hence, the expression for LES (U (2,q)) is obtained. O

2,q

Proposition 2.5. Let F = GF(2™) (where n > 2) and v be the Frobenius automorphism of F,
that is v(x) = 22, for all € F. Then the CNL-spectrum, CNSL-spectrum, CNL-energy and
CNSL-energy of the commuting graphs of the groups

1 0 O
An,v)=qU(a,b)=|a 1 0| :abeF
b v(a) 1

under matrix multiplication are given by
CNL-spec(T"4(,,.1)) = {0<2n_1)7 (2m(2" - 2))(2"—1)2} ’
CNSL-SpeC(FAm,V)) = {(2(2n _ 1)(2n _ 2))(2"71)’ ((2n _ 2)2)(2"71)2}

and LEcN (T apn.) = LEEN(Tagn.) = 2(270 —2) (27 — 1),

Proof. By [9, Proposition 2.4], we have FA(n,y) = (2" — 1) Ky« Therefore, by Theorem 2.1, we
get CNL-spec(I" 4(,,,,,)) and CNSL-spec(I" 4(,,,,))-

Here V(T 4(n,,))| = 4" —2" and tr(CNRS(F(,.1))) = 2" (2" — 2) (2" = 1)*. S0, Ar,,,, =
4" — 3 x 2™ 4 2. We have

Ly := ‘O —Ar,.. ' =4" -3x2"+2and Ly := 2"(2" — 2) — Ar,, | = 2" — 2. Hence,

)

by (1.1), we get
LEcN(Tagn) = 2" = 1)Ly + (2" = 1)2L, =2(2" = 2)(2" — 1)*.
Again,
By = ‘2(271 —1)(2"=2)—Ar,, | = 4" =3 x 2" +2and B, := ‘(271 ~2)? —Ar, | =

(n,v)
2" — 2. Hence, by (1.2), we get
LEn(Cagmu) = (2" = 1By + (2" —1)2B, =2(2" —2) (2" — 1)°. O
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Proposition 2.6. Let F = GF(p"), where p is a prime. Then the CNL-spectrum, CNSL-
spectrum, CNL-energy and CNSL-energy of commuting graphs of the groups

0
1

A(n,p) =< V(a,b,c) = :a,b,ceF

(SRS
o
- o O

under matrix multiplication V (a,b,c)V (a’,b',¢) = V(a+a',b+ b + ca’,c + ¢') are given by
CNL-SpeC(FA(,mp)) — {0?”4‘17 ((pZ’n _ pn)(pZn _ pn _ 2))(p"+1)(p2"—p"—1) },
CNSL-spec(I" 4, p))
= {(Z(pzn —pt = D(P* = pr = 2) D (pP — pn — 2)2)(;0”4»1)(1)2”71)"71)}
and LEcN (Ca(np) = LESy (Ta@mp) =2 (0" + 1)? (=3p* +p" +p" 4 2).

Proof. By [9, Proposition 2.5], T's(,, 5y = (p™ + 1) K}2n_,n . Therefore, by Theorem 2.1, we get
CNL-spec(I"4(;,,5»)) and CNSL-spec(T 4(;, ))-

Here [V(C )| = p" (p" — 1) and tr(CNRS (T 4., )) o (" —2) (" — 1) x (p" + 1)?
(p" = 1) = 1). So, Ar i = (" =2) (" +1) (" (" 1) 1). We have

Y23

(p

=@"=-2@"+ )" " -1)-1),

| = (p" —2)(p" + 1). Hence, by (1.1), we get

LEcN(Cagnyp) = (0" + DL+ (0™ = p" = 1) (p" + 1)L

Again

B = ’2(}92" —p"— 1)(p2" —p"=2)— AFA(n,p)

=@"=2)@"+ )" " -1)-1)

and B, = ’(pzn —p" —2)* = Ar,, | = p* — p" — 2. Therefore, by (1.2), we get

LEENTapp) = @"+1)Bi+ (P —p" = 1) (p" + 1) B

Hence, the expression for LES (I 4(,,)) is obtained. O

2.2 Groups whose central quotient is isomorphic to Sz(2), Dy, or Zp, X Zp

Let us begin with the groups G such that G/Z(G) is isomorphic to the Suzuki group Sz(2) =
{a,b : a®=b*=1, b~lab = a?).

Theorem 2.7. Let G be a finite non-abelian group such that % >~ S2(2) and |Z(G)| = =
Then the CNL-spectrum, CNSL-spectrum, CNL-energy and CNSL-energy of I' are given by

CNL-spec(T'g) = {067 (42(4z —2))*~D (32(32 — 2)) (3z71)},

CNSL—spec(FG)
={(2(4z — 1)(42 = 2))", (42 — 2)>)#=V (2(32 — 1)(32 — 2))°, (32 — 2)?)3G==V} |

%, forz =1

LEon(Te) = {129(42 — 1)(2(1052 +31) — 38), forz>2

and LE{,;(Tc) = 13(3z — 1)(2(28z + 45) — 38).
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Proof. By [9, Theorem 2.2], we have ['¢ = Ky, U 5K3.. Therefore, by Theorem 2.1, we get
CNL-spec(I'c) = {01, (42(42 —2))# D05, (32(32 — z))5<3z—1>}

and CNSL-spec(I'c) = {(2(4z — 1)(4z — 2)), (42 — 2)>)*~D (2(32 — 1)(32 — 2))°,
((32 —2)%)%G==D} . Hence, we get the required CNL-spec(I'c) and CNSL-spec(I'c;) on sim-
plification.

Here |V (['g)| = 192z and tr(CNRS(I'¢)) = 1992% — 18322 + 382. So, Ar,, = W
We have

19922 — 1832 4+ 38| 19922 — 183z + 38
b= O_AFG|_’_ 19 ‘_ 19 ’
10522 4312 —
Lr:=[42(42 —2) — Ar,| = 052" + 31z — 38
19
3 forz=1
2(69—282)—38 )
and L3 := [32(3z = 2) — Ar. | = %’ =4 Pl 9-282)-38 for = > 1

9 )
Therefore, by (1.1), we get LEcn(T'g) = 6L+ (42—1)L,+5(32—1) L3. Hence, the expression
for LEcn (T'g) is obtained.

Again

40922 — 2
By = |24z — 1)(4z — 2) — Ap | = 2097 = 2732438

19 ’
1052% — 121
BQZ:|(4Z—2)2—AFG|: 05z Z—i-387
19
1432% — 1592 + 38
B3 = |2(3Z—1)(3Z—2)—AFG|: 19

and By := |(3z — 2)* — Ap, | = 2824452238 Therefore, by (1.2), we get
LEgN(FG) =1xB;+ (42 - l)Bz +5x%x B3 —|—5(3Z — 1)B4.
Hence, the expression for LE}, (I'¢;) is obtained. O
e

Theorem 2.8. Let G be a finite non-abelian group such that VAl & 7, x Ly, where p is a prime

and |Z(G)| > 2. Then the CNL-spectrum, CNSL-spectrum, CNL-energy and CNSL-energy of
the commuting graph of G are given by

CNL-spec(Tg) = {07, (((p = 1)2)((p — 1)z = 2)) =D ],
CNSL-spec(Te) = {(2((p — 1)z =1)((p = 1)z = 2)"*V, (((p — 1)z = 2)) PV (@=D="D} and
LEcn(Tg) = LEGy(Te) =2(p+ 1((p— Dz = 2)((p— 1)z — 1),

where z = |Z(G)].
Proof. From [10, Theorem 2.1], we have I'¢ = (p + l)K(p_l)Z. Therefore, by Theorem 2.1, we
get CNL-spec(I') and CNSL-spec(I'g).

Here |V(I')| = (p* — 1) zand tr(CNRS(T'¢)) = (p—1)(p+1)z((p—1)z—2)((p—1)z—1).
So,Ar, = ((p—1)z—2)((p — 1)z — 1). We have

Li=[0-Ar|=(p-1)z-2)((p—1)z—1)
and L, :=|((p — 1)2)((p — 1)z — 2) — Ar.| = (p — 1)z — 2. Therefore, by (1.1), we get
LEen(Tg) = (p+ DL+ (p+ 1)((p = 1)z = 1)La.

Hence, the expression for LEcx (I'g) is obtained.
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Again
Br=2(p-1)z-D(p-1)2-2) - Arg[ = ((p -1z =2)((p - 1)z - 1)
and B, := |((p — 1)z — 2)® — Ar, | = pz — z — 2. Therefore, by (1.2), we get
LE N (Ta) = (p+ 1)Bi+ (p+ 1)((p—1)z— 1)Ba.
Hence, the expression for LE, (I'¢;) is obtained. i

Corollary 2.9. Let G be a non-abelian group of order p’, where p is a prime. Then the CNL-
spectrum, CNSL-spectrum, CNL-energy and CNSL-energy of the commuting graph of G are
given by
CNL-spec(T'g) = {()(pH), (p(p—1)(p(p—1) — 2))(p+1)((p71)p71>},
CNSL-spec(I'e) = {(2((p —=1)p = 1)((p — 1)p — 2))®*V, (((p — 1)p — 2)*) P VP=Dr=D} and
LEcn(Tg) = LE.N(Te) =2(p+ 1)((p—1)p = 2)((p — Dp — 1)
G

Proof. We know that for a non-abelian group G of order p*, |Z(G)| = p and VA = Zp X L.

Hence the result follows from the Theorem 2.8. O

Corollary 2.10. Let G be a finite 4-centralizer group. Then the CNL-spectrum, CNSL-spectrum,
CNL-energy and CNSL-energy of the commuting graph of G are given by
CNL-spec(T'c) = {0%, ((2(z —2))3((p=Dz=11,
CNSL-spec(T'c) = {(2(z — 1)(2 — 2))3, ((z — 2)?)*==V} and
0, ifp=2,2=1
LEon(la) = LEGy (Ta) = {6(2 -2)(z—1), otherwise;
where z = | Z(G)|.

Proof. Here % = 7, X 7. Hence the results follows from the Theorem 2.8. O

Corollary 2.11. Let G be a finite 5-centralizer group. Then the CNL-spectrum, CNSL-spectrum,
CNL-energy and CNSL-energy of the commuting graph of G are given by
CNL-spec(T'c) = {0%, (22(22 — 2))4==1},
CNSL-spec(T'g) = {(2(22 — 1)(22 — 2))*, ((22 — 2)2)*="1}
and LEcn(Tq) = LEL Ny (Tg) = 8(22 — 2)(22 — 1), where z = |Z(G))|.

Proof. We have % =~ 7 x Z5. Hence the result follows from Theorem 2.8. O

Corollary 2.12. Let G be a finite (p + 2)-centralizer p-group. Then the CNL-spectrum, CNSL-
spectrum, CNL-energy and CNSL-energy of the commuting graph of G are given by

CNLspec(T'g) = {01, ((p — D)((p — |2(G)| - 2))rr11Z@=0

CNSL-spec(T'g) = {(2((p = 1)|Z(G)| = 1)((p — 1)|2(G)| - 2))**V)
(((p = D)|Z(G)] = 2)2)@+D(G-DIZEI-DY gnd
LEcn(Tg) = LELN(Tg) = 2(p + 1)((p — DIZ(G)| = 2)((p - D[Z(G)] - 1).

Proof. We have % = Z, x Z,. Hence the result follows from Theorem 2.8. ]

Theorem 2.13. If G is a finite group such that % = Dy, m > 3, then the CNL-spectrum,

CNSL-spectrum, CNL-energy and CNSL-energy of the commuting graph of G are given by
CNL-spec(I'g) = {0™F!, ((m — 1)z((m — 1)z — 2))((m=D==D (5(z — 2))m==1}
CNSL-spec(T'e) = {(2((m — 1)z — 1)((m — 1)z = 2))!, (((m — 1)z — 2)?){m=D==1),
2(z=1)(z=2))™, ((z = 2))™==D},
2((m—1)z—1)(m(z((m —2)mz —m+3) —4) + 2+ 2)
2m —1
—2m* +6m>+3m> —13m+7 form=3,4&z=1
and LESy(Tg) = {2(m2)(m112)7'r7122(m23)

2m—1 ’

LEcy(Tq) =

otherwise;

where z = | Z(Q)|.
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Proof. From [10, Theorem 2.5], we have I'(G) = K(,,,_). UmK_. Therefore, by Theorem 2.1,
we get CNL-spec(I'¢) and CNSL-spec(I'g).
Here |[V(I'¢)| = (2m — 1)z and tr(CNRS(I'¢)) = m(z —2)(z — )z + (m — D)z((m — 1)z
72)((771 B l)Z - 1) So. A _ (m((m—3)'m+4)—])z2—3(('m—1)7n+1)z+4m—2' We have
» Arg Zm—1

m—

(2 —4m)+3z(1 — m)+22(1 — 4m) + m?*2*(3 — &) + m?2(3 — %2)

2m — 1 ’

L] = ‘O*Arc‘zf

m(z(m—2)mz—m+3)—4)+2+2

Ly = [((m — D2)((m — 1)z~ 2) — Ary| =

2m — 1
and Ls = | (2 — 2) — Ary | = ~m(=z((m =2)(m — 12):1—_31m+7)—4)+52+2.

Therefore, by (1.1), we get
LECN(Fg) = (m + I)Ll —+ ((m — 1)2’ — I)Lz —+ m(z — 1)L3

Hence, the expression for LEqcx (I'g) is obtained.
Again
By :=12((m—1)z—1)((m—1)z —2) — Ar.|

_ ((m=1)m@3m —4) - 1)z2 =3(m(Bm —=5)+ 1)z +4m -2
2m—1 ’

:m(z((m—Z)mz—5m+9)+4)—z—2

G‘ 2m — 1 ’

By :=|((m—1)z—2)* - Ap

= (((m=3)ym*+1) 2%) +3((m —5)m+3)z+4m —2

By :=12(z—1)(z—2) — Ar.| = — —

m(4—z((m—=2)(m—1)z—3m+11))+7z— 2 form =342 = 1;

m(4—z((m—2)(2m ll)z 3m+11))+7z— 2
2m—1 ’

and By := |(z = 2)* = Arg | = otherwise

Therefore, by (1.2), we get
LEgN(Fg) =1x B+ ((m - I)Z - 1) B, +m B3 + m(z - 1) By.
Hence, the expression for LE, (') is obtained. i

Corollary 2.14. The CNL-spectrum, CNSL-spectrum, CNL-energy and CNSL-energy of the com-
muting graphs of the metacyclic groups Mop, = (x,y : 2™ = y** = 1, yay~! = 271), where
m > 3, n > 2, are given by
CNL-spec(I'm,,,, ) =
{07+, ((m = Dn((m — 1)n = 2))m=0m=1 (n(n —2))™" =D} if2tm
{0+ (2 — 1)2n((2 — 1)2n - 2))(F-D2=1 (2n(2n — 2)) 2@ =D if2 | m,
CNSL-spec(T'm,,,,, ) =
{@((m = Dn—1)((m = 1)n=2))", (((m — 1)n —2)?){m=n=1),
Q2(n—1)(n—=2))" ((n—=2))""=D},if24m
{@((3 =120 = 1)((% — D20 —=2))", (3 —1)2n —2)?)F 120,
22n-1)(2n-2))%,(2n =22V}, if2|m,

S o

2((m—1)n—1)(m(n((m—2)mn—m+3)—4)+n+2) .
LEON (T Momn) = 3 (m-2)n— 1) (mln((mdymn—m-+6)—4) +4(n+ 1)) l.fz fm
m—1 ) lf2 ‘ m

2(m—2)(m—1)mn’(mn—3) .
+ — 2m—1 ’ lf2 T m
and LES (T, ) = {(m4)(m2)mn2(mn3) if2 | m.

m—1 ’
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(W), if2{m
Hux? (y?), if2|m
and s0 |Z(Mayy)| = n and 2n according as 2 + m and 2 | m. Therefore,

Proof. We have Z(Mapmn) = {

Momn o, | Dom, if21m
Z(Momn) | Dy, if2 | m.

Hence, the result follows from Theorem 2.13. O

Corollary 2.15. The CNL-spectrum, CNSL-spectrum, CNL-energy and CNSL-energy of the com-
muting graphs of the dihedral groups, Doy, = (z,y : 2*™ =y*> =1, yoy~ ! =27 1), m > 3,
are given by

CNL-spec(Ip, ) = {{O’HH ,((m—=1)(m — 3)) m— 2)}

if2tm

{00, ((m —2)(m — Uhoifzim,
_ {{0m @m - 2)m - ), if2tm
CNSL-spec(I'p,,,) = {{Om’ (2(m —3)(m —4)", ((m — 4)2)(m= 3)}7 if2 | m,
B 2(m—3)(m i( 1—1)( 7n+1)’ lefm
LECN(FDzm) Y (m—4)(m m) V{L 2)(m+1)’ lf2 | m

2(m—3)(m—2)(m—1)m lfz 1, m
and LEgN (FDZm) = { (m74)(n%T37)(1m72)m lf2 | m.

m—1 ’

1, if2¢m Dy, if2tm

Proof. We know that |Z(Dy,,)| = { .’ and 22 = ’ Therefore,
) 12(Dzm)| 2, if2|m " ZDwm) {Dm, i£2 | m.

by using Theorem 2.13 we get the required result. O

Corollary 2.16. The CNL-spectrum, CNSL-spectrum, CNL-energy and CNSL-energy of the com-
muting graphs of the groups U6n = (v,y: 2" =y =1, 27 lyz =y~ 1) are given by
CNL-spec(I'y,,) = {0% (2n(2n —2))>*~!, (n(n — 2))3("=V},
CNSL-spec(I'y,,, )
= {(@2n—1)(2n - 2))",((2n = 2", (2(n = 1)(n = 2))*, ((n = 2)?)*" "V},
LEcn(Ty,,) = 2(n—1)(2n — 1)(9n + 10)

N B (n+10)=0, forn=1

and LEGy (Tu,) = { — 1)n?, forn > 2.

Proof. We have Z(Us,) = (x?) and Z?(g:n) > Dg with |Z(Ugy,)| = n. Therefore we get the

required result by putting m = 3 and z = n in Theorem 2.13. O

Corollary 2.17. The CNL-spectrum, CNSL-spectrum, CNL-energy and CNSL-energy of the com-
muting graphs of the dicyclic groups, Qu, = (x,y: v*" =1, 2> =", zyz~ ' =y~ 1), n > 2,
are given by
CNL-spec(I'g,,) = {0*"*',((2n - 2)(2n — 4))2”‘3},
CNSL-spec(I'g,,) = {02”7 (2(2n —3)(2n —4))', ((2n — 4)? 2"_3}
LECN(FQM,,) _ 4(n72)(n721)(271173)(2n+1) and LE—C‘F'N(FQM,,) _ 8(n—2)(n—1)n(2n— 3)

n— 2n—1

Proof. We have Z(Q4n) = {1,2"} and 55" 7o~y = Dan. Therefore, by using Theorem 2.13, we
get the required result. O

We conclude this section with the following two results for finite non-abelian AC-group in
general.

Theorem 2.18. Let G be a finite non-abelian AC-group and X, X», ..., X, be the distinct cen-
tralizers of non-central elements of G. Then the CNL-spectrum, CNSL-spectrum, CNL-energy
and CNSL-energy of I' are given by

CNL-spec(T'¢) = {07, ((|X3| — |Z(G))(|Xs] — |Z(G)| — 2))IXl=1Z(&)N=1) ywhere 1 < i < n},
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CNSL-spec(La)={ (2(|X:| - Z(G)|-1)(1X:i[-|Z(G)|-2))", (| Xi[-|Z(G)|-2)*) X H (@I,
where 1 <i < n},

LECN(FG)—"L0+Z(\X|—|Z( )| = 1)Lx,, where Ly = |0 — Ar,| and Lx, = |(|Xi| —
1Z(G)D (Xl - 12(G )|* 2) = Arg| and

LE,n(Te) = ZIBX +Z(\X|*\Z( )| =1)B,, where Bx, = [2(]Xi| = |Z(G)| = 1)(|X:] —
1Z2(G)| =2) - ArclandBX = |(IXi] = 12(G)| = 2)* = Arg-

Proof. By [9, Lemma 2.1], we have I'¢ = U} | K| x,|—|z(c)- Here |V(La)| = > | Xi| — [Z(G)]
i=1

and tr(CNRS(I'¢)) = Z(|X | —1Z(G)] — 1)(|X:| — |Z(G))(|X:i| — |Z(G)| — 2). Therefore,
=
Z(\X [=1Z(&)|=-D)(1X: =1 Z2(G))(1X:]=2(G)]|-2)
Ar, = = - . Hence, the result follows from the Theorem
; |X:|—1Z(G)]

2.1. O

Theorem 2.19. Let G be a finite non-abelian AC-group and X, X», ..., X, be the distinct cen-
tralizers of non-central elements of G. If A is a finite abelian group then the CNL-spectrum,
CNSL-spectrum, CNL-energy and CNSL-energy of I'cx 4 are given by

CNL-spec(Txa) = {07, ([A|(1X:] — [Z(@)) (Al X:| — |2(G)]) — 2))1410%:=12(@))-1
where 1 <1i < mn},

ONSL-spec(Tax1) = {(2(AI(X:] — 1Z(@)]) = DIAIX.] = 1Z(G)]) — 2))", ((|A](1x:] -
1Z(@)]) — 2))IAIIX=1ZED=D  ywhere 1 < i < n},

LEcn(Te) = nLo+ Y- (IA[(1Xi] = |Z(G)]) = 1)Lx,, where Ly = | — Arg,, | and Ly, =
4101 = IZ@DIAI] ~ 2@~ 2) = Ar. | and

LEE(6) = 35 5.+ 3 (A1l - [Z(G)) — 1SS, where Sx, = [2(41(1%1 - 1Z(G)) -
D(AIX — 1Z(C)) ~2) — Arg, 1| and Sk, = [(AIIX] ~ 1Z(@)]) — 2~ Arg, .|

Proof. We have Z(G x A) = Z(G) x Aand X; x A, X, x A,..., X, x A are the distinct
centralizers of non-central elements of G x A. Since G is an AC-group, G x A is also an AC-
group. Therefore,

)

Foxa =W K x,xa—12(¢)xA] = Uis1 K| ay(1x: -1 2(6))-
We have, [V(I'gxa)| = > |A[(|X;]=[Z(G)]) and tr(CNRS(Taxa)) = - (JA|(1X:]=Z(G)]) -
i=1 i=1
D(AI(xi| —1z(@ )I)(IAI(IXI—IZ( )I) = 2)). Therefore
Z(IAI(\X\ [Z(G))-DAI(1X:|=1Z(G)D(AI(1X:] =1 Z(G)])-2))

i=1

Arg, ., = — . Hence the result follows from
gl [A|(1X:1=1Z(G))

the Theorem 2.1. O

3 CNL (CNSL)-integral and CNL (CNSL)-hyperenergetic graphs

We begin this section with the following theorem which follows from the results obtained in
Section 2.

Theorem 3.1. Let G be a finite non-abelian group.

(@) If G is isomorphic to QDyn (Where n > 4), PSL(2,2%) (where k > 2), GL(2,q) (where
q > 2 is a prime power), A(n,v) and A(n,p) then Tg is CNL (CNSL)-integral.

(b) If %G) is isomorphic to Sz(2), Dy, and Z,, x Z,, then T is CNL (CNSL)-integral.

(¢) If G is a 4, 5-centralizer finite group or a (p + 2)-centralizer finite p-group then U is CNL
(CNSL)-integral.
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(d) If G is isomorphic to Mypn, Dam, Usy, and Qa,, then I is CNL (CNSL)-integral.
(e) If G is an AC-group then I'g is CNL (CNSL)-integral.
Theorem 3.2. The commuting graph of the quasihedral group QD (n > 4) is
(a) CNL (CNSL)-hyperenergetic if n > 5.
(b) not CNL (CNSL)-hyperenergetic if n = 4
Proof. We have |V (Igp,. )| = 2™ — 2. Using (1.3) and Proposition 2.2, we get

2(=341) (4 4 27)(100 — 7 x 22" + 4")
—2 420

LEcn(K\v(rgp,.) — LEcn(Tgpym) = —

Note that LEcn (Kjv — LEcn(Tgp,n) < 0or > 0according as n > 5 or n = 4. Also,

Lo Djyn )

(—4+27)2(24 — 13 x 2141 4 4n)

LES N (K v(rgp,.) = LEon (Tep,n) = = 8(—2+2"))

Note that LE;N(K‘V(FQDZn )= LEcn(Top,.) > 0or < 0according as n > 5 or n = 4. Hence,
the result follows. O

Proposition 3.3. The commuting graph of the projective special linear group PSL(2,2%), k > 2,
is not CNL (CNSL)-hyperenergetic.

Proof. We have |V (I'pgr20r))| = —2% 4 23% — 1. Using (1.3) and Proposition 2.3, we get

LECN(K|V( — LEcN (FPSL(Z,ZI"’))

PSLZZk))I)
2R (T x 23 -7 2R 2 % 28k — 2K 9 x 26k 1 3 5 %K)

S > 0.

Therefore, I'pgp (2, 2+) is not CNL-hyperenergetic.
For k > 3, we have

LES (K iy — LE y(Tpsrr))

PSLZZk))I)
2k (—3><2’“+3><22’“+1+28k+1 — 8kl 5% 16’“+32’“—9><64’“—2)
- 2R gk 1 >0

Also, for k = 2, LES (K v(r PSLZZk))l) — LES y(Tpsppar) = 3848 0. Therefore,
I'psr(2,2%) is not CNSL-hyperenergetic. O

Theorem 3.4. The commuting graph of the general linear group GL(2,q), where ¢ = p™ > 2
and p is prime, is not CNL (CNSL)-hyperenergetic.

Proof. We have [V(I'gr.q)| = ¢* — ¢ — ¢* + 1. Using (1.3) and Proposition 2.4, we get

LEcN(K\v(tgy0.0)) = LEenTare,q)

_ P+ D((a—Dg—1) (¢*(a— 1)(5¢ — 8 +2¢°(¢ — 2)) +2)
P —q-1

> 0.

Therefore, I'1,(2,4) 1s not CNL-hyperenergetic.
Also

LE N (K virgn,) — LEENTar.g)

2q —6q +6q —10q +94’ +24q —22¢° —28q +3q +22q +4q > 0 if q <5
@ —q-1 -

1_ ¢ 10 9 2 8 6 175 3 .
2q —6q"+5¢” —3q¢°+2¢q ;;9_qq_117q 10¢*+8¢° +14¢% +4¢ > 07 if q > 6.

Therefore I' (2 4) 1s not CNSL-hyperenergetic. O
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Theorem 3.5. Let G be a finite group such that % 2 S2(2). Then the commuting graph of G
is

(a) CNL-hyperenergetic if | Z(G)| > 17.

(b) not CNL-hyperenergetic if 1 < |Z(G)| < 16.
(c) CNSL-hyperenergetic if |Z(G)| > 16.

(d) not CNSL-hyperenergetic if 1 < |Z(G)| < 15.

Proof. We have |V (I'g)| = 3 x 5z + 4z = 19z, where z = |Z(G)]|. Using (1.3) and Theorem
2.7, for z > 2, we get

120
LECN(K\V(FG)O — LECN(Fg) = —T92(2(7Z - 114) + 15)

Note that LEon (Kv(ry)) — LEcn(Ta) < 0 or > 0 according as z > 17 or 1 < z < 16.
Therefore, I'¢ is CNL-hyperenergetic and not CNL-hyperenergetic according as z > 17 and
1<z<16.

Again

8

Note that LE( y (K |v(rg)) — LESN(Tg) < 0 or > 0 according as z > 16 or 1 < z < 15.
Therefore, I' is CNSL hyperenergetic and not CNSL hyperenergetic according as z > 16 and
1 <z<15. |

Theorem 3.6. Let G be a finite group with % & Z, x Zyp. Then the commuting graph of G is
not CNL (CNSL)-hyperenergetic.

Proof. We have |V (['¢)| = (p* — 1)z, where z = | Z(G)|. By (1.3) and Theorem 2.8, we get
LECN(K|V(FG)\) — LECN(Fg) = 2p((p — 1)2(]) + 1)2’2 - 2) >0

Hence, I'; is not CNL-hyperenergetic. Again, LEcy(I'¢) = LE/, (). Therefore, I';; is also
not CNSL-hyperenergetic. O

As a corollary of Theorem 3.6 we get the following result.

Corollary 3.7. The commuting graph of G is not CNL (CNSL)-hyperenergetic if G is a finite
(a) non-abelian group of order p°, where p is a prime.
(b) 4-centralizer group.
(c) 5-centralizer group.
(d) (p+ 2)-centralizer p-group.

(e) non-abelian group such that the maximal size of the set of pairwise non-commuting ele-
ments of G is 3 or 4.

Proof. Parts (a)-(d) are follow from Theorem 3.6. Under the hypothesis in part (e), G is either
4-centralizer or 5-centralizer finite group. Hence, the result follows from parts (b) and (c). O
Theorem 3.8. Let G be a finite group with % & Do, where m > 2 and | Z(G)| = z. Then
the commuting graph of G is
(a) not CNL-hyperenergeticifm =3 and z < 6; m=4and z =1,2,3; m=5and z = 1,2;
and m = 6,7,8,9,10 and z = 1. Otherwise, it is CNL-hyperenergetic.

(b) not CNSL-hyperenergeticifm =3 and 1 < z <7, m=4and z = 1,2,3; m = 5,6 and
z=1,2;andm =17,8,9,10,11 and z = 1. Otherwise, it is CNSL-hyperenergetic.



464 F. E. Jannat and R. K. Nath

Proof. We have |V (I'g)| = 2mz — z, where z = |Z(G)].
By (1.3) and Theorem 2.13, we get

2(m — )mz(z(m?z — 2m(z +5) + 8) + 9).

LEcon(Kvrg)) — LEcn(Tg) = — 2m — 1

It can be seen that LECN(KW(FG)Q — LEcN(Tg) > 0ifif m = 3 and 2 < 6; m = 4 and
z=1,2,3;m=5andz=1,2;and m = 6,7,8,9,10 and z = 1. Otherwise LEcn (K|v(r)|) —
LEcn(T'g) < 0. Hence, T'g is not CNL-hyperenergetic if m = 3 and z < 6; m = 4 and
z=1,23;m=5and z = 1,2; and m = 6,7,8,9,10 and z = 1. Otherwise it is CNL-
hyperenergetic.

Now we determine whether I'; is CNSL-hyperenergetic by considering the following cases.
Casel.m=3,z=landm=4,z=1

By (1.3) and Theorem 2.13, we get

24>0, form=3,z=1

LESN(Kvrgy — LE N (Ta) = {372 >0, form=42=1
7 ’ ’ :

Therefore, ' is not CNSL-hyperenergetic.

Case2. m=3andz>2;m=4andz>2;andm >5S5and z > 1
By (1.3) and Theorem 2.13, we get
LEG N (Kjy(re) — LEGN (Te)

22m —1)(2m — 1)z = 2)((2m — 1)z — 1) = 2(m — 2)(m — 1)mz*(mz — 3).
2m —1

It can be seen that LE;N(KW@G” —LE/,y(Tg) >0ifm=3and2 < z < 7; m = 4 and
z=2,3;m=>5,6andz=1,2;andm =7,8,9,10, 11 and z = 1. Otherwise LEéN(KW(Fc)\ —
LE/ y(Tg) < 0. Hence, I'¢; is not CNSL-hyperenergetic if m = 3 and 2 < z < 7; m = 4 and
z=23m=2>56and z = 1,2; and m = 7,8,9,10,11 and z = 1. Otherwise it is CNSL-
hyperenergetic. Hence, the result follows. O

As a consequences of Theorem 3.8 we get the following results.

Corollary 3.9. Suppose that G is isomorphic to the metacyclic group Moy,

(a) If m is even then

(1) T'q is not CNL-hyperenergetic whenever m = 4 andn > 2; m = 6 and n = 2,3.
Otherwise, I' is CNL-hyperenergetic.

(i) T'¢ is not CNSL-hyperenergetic whenever m = 4 andn > 2; m = 6 and n = 2,3.
Otherwise, I' is CNSL-hyperenergetic.

(b) If m is odd then

(1) T'q is not CNL-hyperenergetic whenever m = 3 and n < 6;, m = 5 and n = 2.
Otherwise, I is CNL-hyperenergetic.

(i) T'g is not CNSL-hyperenergetic whenever m = 3 and n < 7. Otherwise, I'¢; is CNSL-
hyperenergetic.

Corollary 3.10. Suppose that G is isomorphic to the dihedral group D»,,.

(a) If m is even then

(1) T'g is not CNL-hyperenergetic whenever 4 < m < 10. Otherwise, I'¢ is CNL-
hyperenergetic.

(1) T'q is not CNSL-hyperenergetic whenever 4 < m < 12. Otherwise, I'¢ is CNSL-
hyperenergetic.

(b) If m is odd then
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(i) Tq is not CNL-hyperenergetic whenever 3 < m < 9. Otherwise, I'c is CNL- hyper-
energetic.

(i1) T'¢ is not CNSL-hyperenergetic whenever 3 < m < 11. Otherwise, I' is CNSL-
hyperenergetic.

Corollary 3.11. Let G be a finite non-abelian group.

(a) If G is isomorphic to the generalized quartanion group of order 4n, Qa4,, then

(1) T'q is not CNL-hyperenergetic whenn = 2,3,4,5. Otherwise, I'¢ is CNL- hyperener-
getic.

(1) I'¢ is not CNSL-hyperenergetic when n = 2,3,4,5,6. Otherwise, I' is CNSL-
hyperenergetic.

(b) If G is isomorphic to U, then

(1) T'q is not CNL-hyperenergetic when n < 6. Otherwise, I' is CNL-hyperenergetic.
(1) T'q is not CNSL-hyperenergetic when n < 7. Otherwise, I' is CNSL-hyperenergetic.

We conclude this section with the following proposition.

Proposition 3.12. If G is one of the groups considered in Propositions 2.5-2.6 then commuting
graph of G is not CNL (CNSL)-hyperenergetic.

4 Conclusion remarks

We observed that the commuting graphs of the groups discussed above are CNL (CNSL)-
integral and this leads us to the following question: “Which finite non-abelian groups are CNL
(CNSL)-inetgral?" It is also observed that the commuting graphs of some AC-groups are CNL
(CNSL)-hyperenergetic but some are not CNL (CNSL)-hyperenergetic. Therefore, one can try
to find general conditions such that the commuting graphs of finite AC-groups are CNL (CNSL)-
hyperenergetic.

Similar investigations may be carried for other graphs defined on groups, for example, power
graph of finite groups [18]; and various graphs defined on rings and matrices [3, 5].
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