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Abstract. In this paper, we compute common neighbourhood Laplacian spectrum, common
neighbourhood signless Laplacian spectrum and their respective energies of commuting graph
of some finite non-abelian groups including some AC-groups, groups whose central quotients
are isomorphic to Sz(2), Zp×Zp or D2m. Our findings lead us to conclude that these graphs are
CNL (CNSL)-integral. Additionally, we characterize the aforementioned groups such that their
commuting graphs are CNL (CNSL)-hyperenergetic.

1 Introduction

Let G be a finite non-abelian group with center Z(G). The commuting graph of G, denoted
by ΓG is a simple undirected graph whose vertex set is G \ Z(G) and two vertices x and y are
adjacent if they commute. This graph was originated from the work of Brauer and Fowler [4]
published in the year 1955. However, after Neumann’s work [21] on its complement (that is non-
commuting graph) in 1976, the commuting graph became popular. Various aspect of commuting
graphs of finite non-abelian groups can be found in [1, 6, 7, 16, 19]. Recently, people have
become interested on the spectral aspects of ΓG [8, 9, 10, 11, 12, 22].

In 2011, Alwardi et al. [2] introduced the concepts of common neighbourhood spectrum
and energy (abbreviated as CN-spectrum and CN-energy) of a graph. Let G be a simple graph
with vertex set V (G) = {v1, v2, . . . , vn}. The common neighbourhood matrix of G, denoted by
CN(G), is a matrix of size n whose (i, j)-th entry is given by

CN(G)i,j =

{
|C(vi, vj)|, if i ̸= j

0, otherwise,

where C(vi, vj) = {x ∈ V (G) : x ̸= vi, vj and adjacent to both vi, vj}. The CN-energy of G
is defined as ECN(G) :=

∑
δ∈CN-spec(G)

|δ|, where CN-spec(G) is the set of eigenvalues of CN(G)

with multiplicities. A graph G is called CN-integral if CN-spec(G) contains only integers. Also,
G is called CN-hyperenergetic and CN-borderenergetic (see [2]) if ECN(G) > ECN(K|V (G)|) and
ECN(G) = ECN(K|V (G)|) respectively. In [15, 20] Fasfous et al. and Nath et al. discussed various
aspects of CN-spec(ΓG) and ECN(ΓG) for several classes of finite non-abelian groups. Fasfous
and Nath [13] also considered CN-spectrum and CN-energy of commuting graph of finite non-
commutative rings in their works.

Jannat et al. [17], introduced the notions of common neighborhood Laplacian spectrum
(CNL-spectrum), common neighborhood signless Laplacian spectrum (CNSL-spectrum) and
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energies corresponding to those spectra viz. common neighborhood Laplacian energy (CNL-
energy) and common neighborhood signless Laplacian energy (CNSL-energy). The common
neighborhood Laplacian matrix (CNL-matrix) and the common neighborhood signless Lapla-
cian matrix (CNSL-matrix) of G, denoted by CNL(G) and CNSL(G), respectively, are given
by

CNL(G) := CNRS(G)− CN(G) and CNSL(G) := CNRS(G) + CN(G),
where CNRS(G) is a matrix of size |V (G)| whose (i, j)-th entry is given by

CNRS(G)i,j =


|V (G)|∑
k=1

CN(G)i,k, if i = j and i = 1, 2, . . . , |V (G)|

0, if i ̸= j,

The set of eigenvalues of CNL(G) and CNSL(G) with multiplicities are called CN-Laplacian
spectrum (denoted by CNL-spec(G)) and CN-signless Laplacian spectrum (denoted by
CNL-spec(G)) of G, respectively. Let CNL-spec(G) = {αa1

1 , αa2
2 , . . . , αak

k } and CNSL-spec(G)
= {βb1

1 , βb2
2 , . . . , βbℓ

ℓ }, where α1, α2, . . . , αk are the distinct eigenvalues of CNL(G) with corre-
sponding multiplicities a1, a2, . . . , ak and β1, β2, . . . , βℓ are the distinct eigenvalues of CNSL(G)
with corresponding multiplicities b1, b2, . . . , bℓ. A graph G is called CNL (CNSL)-integral if
CNL (CNSL)-spectrum contains only integers. The CNL-energy and CNSL-energy of G, de-
noted by LECN (G) and LE+

CN (G) respectively, are defined as

LECN (G) :=
k∑

i=1

ai |αi − ∆G | (1.1)

and

LE+
CN (G) :=

ℓ∑
i=1

bi |βi − ∆G | , (1.2)

where ∆G = tr(CNRS(G))
|V (G)| . It was shown, in [17], that

LECN (Kn) = LE+
CN (Kn) = 2(n− 1)(n− 2). (1.3)

A graph G is called CNL-hyperenergetic and CNSL-hyperenergetic if LECN (G)>LECN (K|V (G)|)

and LE+
CN (G) > LE+

CN (K|V (G)|) respectively. Various aspects of CNL-spectrum, CNL-energy,
CNSL-spectrum and CNSL-energy of graphs, including their relations with other well-known
graph energies and Zagreb indices, were discussed in [17].

In this paper, we compute CNL-spectrum, CNSL-spectrum, CNL-energy and CNSL-energy
of commuting graphs of several classes of finite AC-groups including QD2n (quasi dihedral
group), PSL(2, 2k) (projective special linear group), GL(2, q) (general linear group where q >
2 is a prime power), A(n, v), A(n, p) (Hanaki groups), D2m (dihedral group), groups whose
central quotient is isomorphic to Sz(2) or Zp × Zp or D2m along with some other groups. It
follows that the commuting graphs of all the groups considered in our paper are CNL-integral
and CNSL-integral. Additionally, we determine when commuting graphs of these groups are
CNL-hyperenergetic and CNSL-hyperenergetic. Recall that a group G is called an AC-group if
CG(x) := {y ∈ G : xy = yx} is abelian for all x ∈ G \ Z(G).

2 CNL (CNSL)-spectrum and CNL (CNSL)-energy

In this section we have computed the CNL (CNSL)-spectrum and CNL (CNSL)-energy of com-
muting graphs of various groups mentioned above. We start this section with the following result
that will be needed for our computations.

Theorem 2.1. [17] Let G = l1Km1 ∪ l2Km2 ∪ l3Km3 , where liKmi denotes the disjoint union of
li copies of the complete graphs Kmi

on mi vertices for i = 1, 2, 3. Then
CNL-spec(G) =

{
0l1+l2+l3 , (m1(m1 − 2))l1(m1−1),

(m2(m2 − 2))l2(m2−1), (m3(m3 − 2))l3(m3−1)
}

and
CNSL-spec(G) =

{
(2(m1 − 1)(m1 − 2))l1 , ((m1 − 2)2)l1(m1−1), (2(m2 − 1)(m2 − 2))l2 ,

((m2 − 2)2)l2(m2−1), (2(m3 − 1)(m3 − 2))l3 , ((m3 − 2)2)l3(m3−1)
}

.
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2.1 Some families of AC-group

Here we compute the CNL (CNSL)-spectrum and CNL (CNSL)-energy of commuting graphs of
the quasihedral groups QD2n = {a, b : a2n−1

= b2 = 1, bab−1 = a2n−2} for n ≥ 4, projective
special linear groups PSL(2, 2k) for k ≥ 2, general linear groups GL(2, q) for any prime power
q > 2 and the Hanaki groups A(n, v) and A(n, p). We begin with the commuting graph of QD2n .

Proposition 2.2. The CNL-spectrum, CNSL-spectrum, CNL-energy and CNSL-energy of com-
muting graphs of the quasihedral groups QD2n , where n ≥ 4, are given by

CNL-spec(ΓQD2n ) = {02n−1+1, ((2n−1 − 2)(2n−1 − 4))(2
n−1−3)},

CNSL-spec(ΓQD2n ) = {02n−1
, (2(2n−1 − 3)(2n−1 − 4))1, ((2n−1 − 4)2)(2

n−1−3)},

LECN (ΓQD2n ) =
(2n−8)(2n−6)(2n−4)(2n+2)

8(2n−2) and LE+
CN (ΓQD2n ) =

2n−3(2n−8)(2n−6)(2n−4)
2n−2 .

Proof. By [9, Propositon 2.1], we have ΓQD2n = K2n−1−2 ⊔ 2n−2K2. Therefore, by Theorem
2.1, we get

CNL-spec(ΓQD2n ) = {02n−2+1, ((2n−1 − 2)(2n−1 − 4))(2
n−1−3), (2(2 − 2))2n−2(2−1)}

and

CNSL-spec(ΓQD2n ) =

{(2(2n−1 −3)(2n−1 −4))1, ((2n−1 −4)2)(2
n−1−3), (2(2−1)(2−2))(2

n−2), ((2−2)2)(2
n−2)(2−1)}.

Thus, we get the required CNL-spec(ΓQD2n ) and CNSL-spec(ΓQD2n ) on simplification.
Here |V (ΓQD2n )| = 2n − 2 and tr(CNRS(ΓQD2n )) =

1
8 (2

n − 8) (2n − 6) (2n − 4). There-
fore, ∆ΓQD2n

= (2n−8)(2n−6)(2n−4)
8(2n−2) . In order to compute CNL-energy of ΓQD2n , we first deter-

mine the quantities |α − ∆ΓQD2n
|, where α ∈ CNL-spec(ΓQD2n ), so that (1.1) can be used. We

have
L1 := |0 − ∆ΓQD2n

| = (2n − 8) (2n − 6) (2n − 4)
8 (2n − 2)

and L2 := |
(
2n−1 − 2

) (
2n−1 − 4

)
− ∆ΓQD2n

| = 2n(2n−3 − 1)− 1 + 6
2n−2 . Hence, by (1.1), we

get

LECN (ΓQD2n ) = (2n−1 + 1)L1 + (2n−1 − 3)L2 =
(2n − 8) (2n − 6) (2n − 4) (2n + 2)

8 (2n − 2)
.

In order to compute CNSL-energy of ΓQD2n , we first determine the quantities |β − ∆ΓQD2n
|,

where β ∈ CNSL-spec(ΓQD2n ), so that (1.2) can be used. While computing CNL-energy, we
have already seen that

|0 − ∆ΓQD2n
| = (2n − 8) (2n − 6) (2n − 4)

8 (2n − 2)
.

For our convenience, we denote this quantity by B1. We have

B2 :=
∣∣∣2 (2n−1 − 3

) (
2n−1 − 4

)
− ∆ΓQD2n

∣∣∣ = 15 + 2n(3 × 2n−3 − 5) +
6

2n − 2

and B3 :=
∣∣∣(2n−1 − 4

)2 − ∆ΓQD2n

∣∣∣ = 7 + 2n+1(2n−4 − 1) + 6
2n−2 . Hence, by (1.2), we get

LE+
CN (ΓQD2n ) = 2n−1B1 + 1 ×B2 + (2n−1 − 3)B3 =

2n−3 (2n − 8) (2n − 6) (2n − 4)
2n − 2

.

This completes the proof.

Proposition 2.3. The CNL-spectrum, CNSL-spectrum, CNL-energy and CNSL-energy of the
commuting graphs of projective special linear groups PSL(2, 2k), where k ≥ 2, are given by
CNL-spec(ΓPSL(2,2k)) =

{
02k+22k+1, ((2k − 1)(2k − 3))(2

k+1)(2k−2),
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((2k − 2)(2k − 4))2k−1(2k+1)(2k−3), (2k(2k − 2))2k−1(2k−1)2
}

,
CNSL-spec(ΓPSL(2,2k))

=
{
(2(2k − 2)(2k − 3))2k+1, ((2k − 3)2)(2

k+1)(2k−2), (2(2k − 3)(2k − 4))2k−1(2k+1),

((2k − 4)2)2k−1(2k+1)(2k−3), (2(2k − 1)(2k − 2))2k−1(2k−1), ((2k − 2)2)2k−1(2k−1)2
}

,

LECN (ΓPSL(2,2k)) =
(2k−2)(19×2k−23k+2+3×4k+1−7×16k−5×32k+3×64k+6)

8k−2k−1 and

LE+
CN (ΓPSL(2,2k)) =

{
9260

59 , for k = 2
−5×2k+2+7×23k+1+24k+5−9×4k+32k−13×64k+3×128k−12

8k−2k−1 , for k ≥ 3.

Proof. By [9, Proposition 2.2], we have

ΓPSL(2,2k) = (2k + 1)K2k−1 ⊔ 2k−1(2k + 1)K2k−2 ⊔ 2k−1(2k − 1)K2k .

Therefore, by Theorem 2.1, we get
CNL-spec(ΓPSL(2,2k)) =

{
02k+1, ((2k − 1)(2k − 1 − 2))(2

k+1)(2k−1−1), 02k−1(2k+1),

((2k − 2)(2k − 2 − 2))2k−1(2k+1)(2k−2−1), 02k−1(2k−1), (2k(2k − 2))2k−1(2k−1)(2k−1)
}

and

CNSL-spec(ΓPSL(2,2k)) =
{
(2(2k − 1 − 1)(2k − 1 − 2))2k+1, ((2k − 1 − 2)2)(2

k+1)(2k−1−1),

(2(2k − 2 − 1)(2k − 2 − 2))2k−1(2k+1), ((2k − 2 − 2)2)2k−1(2k+1)(2k−2−1),

(2(2k − 1)(2k − 2))2k−1(2k−1), ((2k − 2)2)2k−1(2k−1)(2k−1)
}

. After simplification, we get the re-
quired CNL-spectrum and CNSL-spectrum.

Here |V (ΓPSL(2,2k))| = 8k−2k−1 and tr(CNRS(ΓPSL(2,2k))) =
(
2k − 2

) (
5 × 2k − 3 × 8k

+16k + 3
)
. So, ∆Γ

PSL(2,2k)
=

(2k−2)(5×2k−3×8k+16k+3)
8k−2k−1 . We have

L1 :=
∣∣∣0 − ∆Γ

PSL(2,2k)

∣∣∣ = (
2k − 2

) (
5 × 2k − 3 × 8k + 16k + 3

)
8k − 2k − 1

,

L2 :=
∣∣∣(2k − 1

) (
2k − 3

)
− ∆Γ

PSL(2,2k)

∣∣∣ = 3 + 8 × 2k + 4k(4k − 4 × 2k − 2)
8k − 2k − 1

,

L3 :=
∣∣∣(2k − 2

) (
2k − 4

)
− ∆Γ

PSL(2,2k)

∣∣∣ = 2 − 5 × 2k + 2k(22k(2k − 1))
8k − 2k − 1

and L4 :=
∣∣∣2k(2k − 2)− ∆Γ

PSL(2,2k)

∣∣∣ = 6+9×2k+4k(2×4k−4)+8k(2×2k−7)
8k−2k−1 . Therefore, by (1.1), we

get

LECN (ΓPSL(2,2k)) = (2k + 22k + 1)L1 + (2k + 1)(2k − 2)L2 + 2k−1(2k + 1)(2k − 3)L3

+ 2k−1(2k − 1)2L4.

Hence, the expression for LECN (ΓPSL(2,2k)) is obtained.
Again

B1 :=
∣∣∣2 (2k − 2

) (
2k − 3

)
− ∆Γ

PSL(2,2k)

∣∣∣ = 5 × 2k + 23k+2 + 3 × 4k − 5 × 16k + 32k − 6
8k − 2k − 1

,

B2 :=
∣∣∣(2k − 3

)2 − ∆Γ
PSL(2,2k)

∣∣∣ = −−3 + 4 × 2k − 23k + 2 × 23k − (2k − 1)23k

8k − 2k − 1
,

B3 :=
∣∣∣2 (2k − 3

) (
2k − 4

)
− ∆Γ

PSL(2,2k)

∣∣∣ = {
174
59 , for k = 2
−3×2k+23k+4+7×4k−9×16k+32k−18

8k−2k−1 , for k ≥ 3,

B4 :=
∣∣∣(2k − 4

)2 − ∆Γ
PSL(2,2k)

∣∣∣ = −−2k + 22k+1 + 9 × 8k − 3 × 16k − 10
8k − 2k − 1

,

B5 :=
∣∣∣2(2k − 1

)(
2k − 2

)
− ∆Γ

PSL(2,2k)

∣∣∣ = 2 + 9 × 2k + 22k((2k − 1)2k × 2k − 4 × 2k − 1)
8k − 2k − 1
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and B6 :=
∣∣∣(2k − 2

)2 − ∆Γ
PSL(2,2k)

∣∣∣ = 2+7×2k+((2k−1)−3)8k+23k−22k+1

8k−2k−1 . Therefore, by (1.2), we
get

LE+
CN (ΓPSL(2,2k)) = (2k + 1)B1 + (2k + 1)(2k − 2)B2 + 2k−1(2k + 1)B3

+ 2k−1(2k + 1)(2k − 3)B4 + 2k−1(2k − 1)B5 + 2k−1(2k − 1)2B6.

Hence, the expression for LE+
CN (ΓPSL(2,2k)) is obtained.

Proposition 2.4. The CNL-spectrum, CNSL-spectrum, CNL-energy and CNSL-energy of the
commuting graphs of general linear groups GL(2, q), where q = pn > 2 and p is a prime,
are given by
CNL-spec(ΓGL(2,q)) =

{
0q2+q+1, ((q2 − 3q + 2)(q2 − 3q))

1
2 (q

2+q)(q2−3q+1),

((q2 − q)(q2 − q − 2))
1
2 (q

2−q)(q2−q−1), ((q2 − 2q + 1)(q2 − 2q − 1))(q+1)(q2−2q)
}
,

CNSL-spec(ΓGL(2,q)) =
{
(2(q2 − 3q + 1)(q2 − 3q))

1
2 (q

2+q), ((q2 − 3q)2)
1
2 (q

2+q)(q2−3q+1),

(2(q2 − q − 1)(q2 − q − 2))
1
2 (q

2−q), ((q2 − q − 2)2)
1
2 (q

2−q)(q2−q−1),

(2(q2 − 2q)(q2 − 2q − 1))q+1, ((q2 − 2q − 1)2)(q+1)(q2−2q)
}
,

LECN (ΓGL(2,q)) =
(q−2)(q−1)q4(q+1)(2q−3)((q−1)q−1)

q3−q−1 and

LE+
CN (ΓGL(2,q)) =


(q−2)q(q+1)(q(q(q(q(2q((q−4)q+6)−7)−7)−1)+11)+2)

q3−q−1 , if q ≤ 5
q(q+1)((q(q(q(q(2q−11)+20)−16)+7)+8)q3−12q−4)

q3−q−1 , if q ≥ 6.

Proof. By [9, Proposition 2.3], we have

ΓGL(2,q) =
q(q + 1)

2
Kq2−3q+2 ⊔

q(q − 1)
2

Kq2−q ⊔ (q + 1)Kq2−2q+1.

Therefore, by Theorem 2.1, we get
CNL-spec(ΓGL(2,q)) =

{
0

q(q+1)
2 , ((q2 − 3q + 2)(q2 − 3q + 2 − 2))(

q(q+1)
2 )(q2−3q+2−1),

0
q(q−1)

2 , ((q2 − q)(q2 − q − 2))(
q(q−1)

2 )(q2−q−1), 0q+1,

((q2 − 2q + 1)(q2 − 2q + 1 − 2))(q+1)(q2−2q+1−1)
}

and

CNSL-spec(ΓGL(2,q)) =
{
(2(q2 − 3q + 2 − 1)(q2 − 3q + 2 − 2))

q(q+1)
2 ,

((q2 − 3q + 2 − 2)2)(
q(q+1)

2 )(q2−3q+2−1), (2(q2 − q − 1)(q2 − q − 2))
q(q−1)

2 ,

((q2 − q − 2)2)(
q(q−1)

2 )(q2−q−1), (2(q2 − 2q + 1 − 1)(q2 − 2q + 1 − 2))q+1,

((q2 − 2q + 1 − 2)2)(q+1)(q2−2q+1−1)
}
.

Thus we get CNL-spec(ΓGL(2,q)) and CNSL-spec(ΓGL(2,q)) on simplification.
Here |V (ΓGL(2,q))| = (q − 1)(q3 − q − 1) and tr(CNRS(ΓGL(2,q))) = (q − 2)(q − 1)q(q +

1)
(
(q − 2)(q − 1)q2 + 1

)
. So, ∆ΓGL(2,q) =

(q−2)q(q+1)((q−2)(q−1)q2+1)
q3−q−1 . We have

L1 :=
∣∣∣0 − ∆ΓGL(2,q)

∣∣∣ = (q − 2)q(q + 1)((q − 2)(q − 1)q2 + 1)
q3 − q − 1

,

L2 :=
∣∣∣(q2 − 3q + 2

) (
q2 − 3q

)
− ∆ΓGL(2,q)

∣∣∣ = (q − 2)q
(
(q(2q − 3)− 1)q2 + 4

)
q3 − q − 1

,

L3 :=
∣∣∣(q2 − q

) (
q2 − q − 2

)
− ∆ΓGL(2,q)

∣∣∣ = (q − 2)q3(q + 1)(2q − 3)
q3 − q − 1

,

and L4 :=
∣∣∣(q2 − 2q + 1

) (
q2 − 2q − 1

)
− ∆ΓGL(2,q)

∣∣∣ = q(−3+q(3+(−2+q)q))−1
q3−q−1 . Therefore, by (1.1),

we get

LECN (ΓGL(2,q)) = (q2 + q + 1)L1 +
q(q + 1)

2
(q2 − 3q + 1)L2 +

q(q − 1)
2

(q2 − q − 1)L3

+ (q + 1)(q2 − 2q)L4.
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Hence, the expression for LECN (ΓGL(2,q)) is obtained.
Again

B1 :=
∣∣∣2 (q2 − 3q + 1

) (
q2 − 3q

)
− ∆ΓGL(2,q)

∣∣∣ =
− q(q((q−5)(q−3)q3−5q−13)+8)

q3−q−1 , for q ≤ 5
q(q((q−5)(q−3)q3−5q−13)+8)

q3−q−1 , for q ≥ 6,

B2 :=
∣∣∣(q2 − 3q

)2 − ∆ΓGL(2,q)

∣∣∣ = −
q
(
−2q5 + 5q4 + q3 − 8q + 2

)
q3 − q − 1

,

B3 :=
∣∣∣2 (q2 − q − 1

) (
q2 − q − 2

)
− ∆ΓGL(2,q)

∣∣∣ = (q − 2)(q + 1)
(
q5 + q4 − 6q3 + 3q + 2

)
q3 − q − 1

,

B4 :=
∣∣∣(q2 − q − 2

)2 − ∆ΓGL(2,q)

∣∣∣ = (q − 2)(q + 1)
(
2q4 − 5q3 + 2q + 2

)
q3 − q − 1

B5 :=
∣∣∣2 (q2 − 2q

) (
q2 − 2q − 1

)
− ∆ΓGL(2,q)

∣∣∣ = (q − 2)q
(
(q − 3)(q + 1)q3 + 5q + 1

)
q3 − q − 1

and B6 :=
∣∣∣(q2 − 2q − 1

)2 − ∆ΓGL(2,q)

∣∣∣ = − q(q(q(q(3−2q)+6)−5)−3)−1
q3−q−1 . Therefore, by (1.2), we get

LE+
CN (ΓGL(2,q)) =

1
2
(q2 + 1)B1 +

1
2
(q2 + 1)

(
q2 − 3q + 1

)
B2 +

1
2
(q2 − q)B3

+
1
2
(q2 − q)(q2 − q − 1)B4 + (q + 1)B5 + (q + 1)(q2 − 2q)B6.

Hence, the expression for LE+
CN (ΓGL(2,q)) is obtained.

Proposition 2.5. Let F = GF (2n) (where n ≥ 2) and ν be the Frobenius automorphism of F ,
that is ν(x) = x2, for all x ∈ F . Then the CNL-spectrum, CNSL-spectrum, CNL-energy and
CNSL-energy of the commuting graphs of the groups

A(n, ν) =

U(a, b) =

1 0 0
a 1 0
b ν(a) 1

 : a, b ∈ F


under matrix multiplication are given by

CNL-spec(ΓA(n,ν)) =
{

0(2
n−1), (2n(2n − 2))(2

n−1)2
}
,

CNSL-spec(ΓA(n,ν)) =
{
(2(2n − 1)(2n − 2))(2

n−1), ((2n − 2)2)(2
n−1)2

}
and LECN (ΓA(n,ν)) = LE+

CN (ΓA(n,ν)) = 2 (2n − 2) (2n − 1)2
.

Proof. By [9, Proposition 2.4], we have ΓA(n,ν) = (2n− 1)K2n . Therefore, by Theorem 2.1, we
get CNL-spec(ΓA(n,ν)) and CNSL-spec(ΓA(n,ν)).

Here |V (ΓA(n,ν))| = 4n−2n and tr(CNRS(ΓA(n,ν))) = 2n (2n − 2) (2n − 1)2. So, ∆ΓA(n,ν)
=

4n − 3 × 2n + 2. We have
L1 :=

∣∣∣0 − ∆ΓA(n,ν)

∣∣∣ = 4n − 3× 2n + 2 and L2 :=
∣∣∣2n(2n − 2)− ∆ΓA(n,ν)

∣∣∣ = 2n − 2. Hence,
by (1.1), we get

LECN (ΓA(n,ν)) = (2n − 1)L1 + (2n − 1)2L2 = 2(2n − 2)(2n − 1)2.

Again,
B1 :=

∣∣∣2(2n − 1)(2n − 2)− ∆ΓA(n,ν)

∣∣∣ = 4n − 3 × 2n + 2 and B2 :=
∣∣∣(2n − 2)2 − ∆ΓA(n,ν)

∣∣∣ =
2n − 2. Hence, by (1.2), we get

LE+
CN (ΓA(n,ν)) = (2n − 1)B1 + (2n − 1)2B2 = 2 (2n − 2) (2n − 1)2

.
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Proposition 2.6. Let F = GF (pn), where p is a prime. Then the CNL-spectrum, CNSL-
spectrum, CNL-energy and CNSL-energy of commuting graphs of the groups

A(n, p) =

V (a, b, c) =

1 0 0
a 1 0
b c 1

 : a, b, c ∈ F


under matrix multiplication V (a, b, c)V (a′, b′, c′) = V (a+ a′, b+ b′ + ca′, c+ c′) are given by

CNL-spec(ΓA(n,p)) =
{

0pn+1, ((p2n − pn)(p2n − pn − 2))(p
n+1)(p2n−pn−1)

}
,

CNSL-spec(ΓA(n,p))

=
{
(2(p2n − pn − 1)(p2n − pn − 2))(p

n+1), ((p2n − pn − 2)2)(p
n+1)(p2n−pn−1)

}
and LECN (ΓA(n,p)) = LE+

CN (ΓA(n,p)) = 2 (pn + 1)2 (−3p2n + p3n + pn + 2
)
.

Proof. By [9, Proposition 2.5], ΓA(n,p) = (pn + 1)Kp2n−pn . Therefore, by Theorem 2.1, we get
CNL-spec(ΓA(n,p)) and CNSL-spec(ΓA(n,p)).

Here |V (ΓA(n,p))| = pn
(
p2n − 1

)
and tr(CNRS(ΓA(n,p))) = pn (pn − 2) (pn − 1)× (pn + 1)2

(pn (pn − 1)− 1). So, ∆ΓA(n,p)
= (pn − 2) (pn + 1) (pn (pn − 1)− 1). We have

L1 :=
∣∣∣0 − ∆ΓA(n,p)

∣∣∣ = (pn − 2) (pn + 1) (pn (pn − 1)− 1) ,

and L2 :=
∣∣∣(p2n − pn)(p2n − pn − 2)− ∆ΓA(n,p)

∣∣∣ = (pn − 2)(pn + 1). Hence, by (1.1), we get

LECN (ΓA(n,p)) = (pn + 1)L1 + (p2n − pn − 1)(pn + 1)L2

= 2(pn + 1)2(−3p2n + p3n + pn + 2).

Again

B1 :=
∣∣∣2(p2n − pn − 1)(p2n − pn − 2)− ∆ΓA(n,p)

∣∣∣ = (pn − 2) (pn + 1) (pn (pn − 1)− 1)

and B2 :=
∣∣∣(p2n − pn − 2)2 − ∆ΓA(n,p)

∣∣∣ = p2n − pn − 2. Therefore, by (1.2), we get

LE+
CN (ΓA(n,p)) = (pn + 1)B1 +

(
p2n − pn − 1

)
(pn + 1)B2.

Hence, the expression for LE+
CN (ΓA(n,p)) is obtained.

2.2 Groups whose central quotient is isomorphic to Sz(2), D2m or Zp × Zp

Let us begin with the groups G such that G/Z(G) is isomorphic to the Suzuki group Sz(2) =
⟨a, b : a5 = b4 = 1, b−1ab = a2⟩.

Theorem 2.7. Let G be a finite non-abelian group such that G
Z(G)

∼= Sz(2) and |Z(G)| = z.
Then the CNL-spectrum, CNSL-spectrum, CNL-energy and CNSL-energy of ΓG are given by

CNL-spec(ΓG) =
{

06, (4z(4z − 2))(4z−1), (3z(3z − 2))5(3z−1)
}
,

CNSL-spec(ΓG)
=

{
(2(4z − 1)(4z − 2))1, ((4z − 2)2)(4z−1), (2(3z − 1)(3z − 2))5, ((3z − 2)2)5(3z−1)

}
,

LECN (ΓG) =

{
648
19 , for z = 1
2
19(4z − 1)(z(105z + 31)− 38), for z ≥ 2

and LE+
CN (ΓG) =

10
19(3z − 1)(z(28z + 45)− 38).
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Proof. By [9, Theorem 2.2], we have ΓG = K4z ⊔ 5K3z. Therefore, by Theorem 2.1, we get

CNL-spec(ΓG) =
{

01, (4z(4z − 2))(4z−1), 05, (3z(3z − 2))5(3z−1)
}

and CNSL-spec(ΓG) =
{
(2(4z − 1)(4z − 2))1, ((4z − 2)2)(4z−1), (2(3z − 1)(3z − 2))5,

((3z − 2)2)5(3z−1)
}
. Hence, we get the required CNL-spec(ΓG) and CNSL-spec(ΓG) on sim-

plification.
Here |V (ΓG)| = 19z and tr(CNRS(ΓG)) = 199z3 − 183z2 + 38z. So, ∆ΓG

= 199z2−183z+38
19 .

We have

L1 := |0 − ∆ΓG
| =

∣∣∣∣−199z2 − 183z + 38
19

∣∣∣∣ = 199z2 − 183z + 38
19

,

L2 := |4z(4z − 2)− ∆ΓG
| = 105z2 + 31z − 38

19

and L3 := |3z(3z − 2)− ∆ΓG
| =

∣∣∣ z(69−28z)−38
19

∣∣∣ = {
3
19 , for z = 1
− z(69−28z)−38

19 , for z ≥ 2.
Therefore, by (1.1), we get LECN (ΓG) = 6L1+(4z−1)L2+5(3z−1)L3. Hence, the expression
for LECN (ΓG) is obtained.

Again

B1 := |2(4z − 1)(4z − 2)− ∆ΓG
| = 409z2 − 273z + 38

19
,

B2 :=
∣∣(4z − 2)2 − ∆ΓG

∣∣ = 105z2 − 121z + 38
19

,

B3 := |2(3z − 1)(3z − 2)− ∆ΓG
| = 143z2 − 159z + 38

19

and B4 :=
∣∣(3z − 2)2 − ∆ΓG

∣∣ = 28z2+45z−38
19 . Therefore, by (1.2), we get

LE+
CN (ΓG) = 1 ×B1 + (4z − 1)B2 + 5 ×B3 + 5(3z − 1)B4.

Hence, the expression for LE+
CN (ΓG) is obtained.

Theorem 2.8. Let G be a finite non-abelian group such that G
Z(G)

∼= Zp×Zp, where p is a prime
and |Z(G)| ≥ 2. Then the CNL-spectrum, CNSL-spectrum, CNL-energy and CNSL-energy of
the commuting graph of G are given by

CNL-spec(ΓG) =
{

0(p+1), (((p− 1)z)((p− 1)z − 2))(p+1)((p−1)z−1)
}
,

CNSL-spec(ΓG)=
{
(2((p−1)z −1)((p− 1)z − 2))(p+1), (((p− 1)z − 2)2)(p+1)((p−1)z−1)

}
and

LECN (ΓG) = LE+
CN (ΓG) = 2(p+ 1)((p− 1)z − 2)((p− 1)z − 1),

where z = |Z(G)|.

Proof. From [10, Theorem 2.1], we have ΓG = (p+ 1)K(p−1)z. Therefore, by Theorem 2.1, we
get CNL-spec(ΓG) and CNSL-spec(ΓG).

Here |V (ΓG)| =
(
p2 − 1

)
z and tr(CNRS(ΓG)) = (p−1)(p+1)z((p−1)z−2)((p−1)z−1).

So, ∆ΓG
= ((p− 1)z − 2)((p− 1)z − 1). We have

L1 := |0 − ∆ΓG
| = ((p− 1)z − 2)((p− 1)z − 1)

and L2 := |((p− 1)z)((p− 1)z − 2)− ∆ΓG
| = (p− 1)z − 2. Therefore, by (1.1), we get

LECN (ΓG) = (p+ 1)L1 + (p+ 1)((p− 1)z − 1)L2.

Hence, the expression for LECN (ΓG) is obtained.
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Again

B1 := |2((p− 1)z − 1)((p− 1)z − 2)− ∆ΓG
| = ((p− 1)z − 2)((p− 1)z − 1)

and B2 :=
∣∣((p− 1)z − 2)2 − ∆ΓG

∣∣ = pz − z − 2. Therefore, by (1.2), we get

LE+
CN (ΓG) = (p+ 1)B1 + (p+ 1)((p− 1)z − 1)B2.

Hence, the expression for LE+
CN (ΓG) is obtained.

Corollary 2.9. Let G be a non-abelian group of order p3, where p is a prime. Then the CNL-
spectrum, CNSL-spectrum, CNL-energy and CNSL-energy of the commuting graph of G are
given by

CNL-spec(ΓG) =
{

0(p+1), (p(p− 1)(p(p− 1)− 2))(p+1)((p−1)p−1)
}

,
CNSL-spec(ΓG)=

{
(2((p−1)p−1)((p− 1)p− 2))(p+1), (((p− 1)p− 2)2)(p+1)((p−1)p−1)

}
and

LECN (ΓG) = LE+
CN (ΓG) = 2(p+ 1)((p− 1)p− 2)((p− 1)p− 1).

Proof. We know that for a non-abelian group G of order p3, |Z(G)| = p and G
Z(G)

∼= Zp × Zp.
Hence the result follows from the Theorem 2.8.

Corollary 2.10. Let G be a finite 4-centralizer group. Then the CNL-spectrum, CNSL-spectrum,
CNL-energy and CNSL-energy of the commuting graph of G are given by

CNL-spec(ΓG) =
{

03, ((z(z − 2))3((p−1)z−1)
}

,
CNSL-spec(ΓG) =

{
(2(z − 1)(z − 2))3, ((z − 2)2)3(z−1)

}
and

LECN (ΓG) = LE+
CN (ΓG) =

{
0, if p = 2, z = 1
6(z − 2)(z − 1), otherwise;

where z = |Z(G)|.

Proof. Here G
Z(G) = Z2 × Z2. Hence the results follows from the Theorem 2.8.

Corollary 2.11. Let G be a finite 5-centralizer group. Then the CNL-spectrum, CNSL-spectrum,
CNL-energy and CNSL-energy of the commuting graph of G are given by

CNL-spec(ΓG) =
{

04, (2z(2z − 2))4(2z−1)
}

,
CNSL-spec(ΓG) =

{
(2(2z − 1)(2z − 2))4, ((2z − 2)2)4(z−1)

}
and LECN (ΓG) = LE+

CN (ΓG) = 8(2z − 2)(2z − 1), where z = |Z(G)|.

Proof. We have G
Z(G)

∼= Z3 × Z3. Hence the result follows from Theorem 2.8.

Corollary 2.12. Let G be a finite (p + 2)-centralizer p-group. Then the CNL-spectrum, CNSL-
spectrum, CNL-energy and CNSL-energy of the commuting graph of G are given by

CNL-spec(ΓG) =
{

0(p+1), (((p− 1))((p− 1)|Z(G)| − 2))(p+1)((p−1)|Z(G)|−1)
}
,

CNSL-spec(ΓG) =
{
(2((p−1)|Z(G)| −1)((p− 1)|Z(G)| − 2))(p+1) ,

(((p− 1)|Z(G)| − 2)2)(p+1)((p−1)|Z(G)|−1)
}

and
LECN (ΓG) = LE+

CN (ΓG) = 2(p+ 1)((p− 1)|Z(G)| − 2)((p− 1)|Z(G)| − 1).

Proof. We have G
Z(G)

∼= Zp × Zp. Hence the result follows from Theorem 2.8.

Theorem 2.13. If G is a finite group such that G
Z(G)

∼= D2m, m ≥ 3, then the CNL-spectrum,
CNSL-spectrum, CNL-energy and CNSL-energy of the commuting graph of G are given by

CNL-spec(ΓG) =
{

0m+1, ((m− 1)z((m− 1)z − 2))((m−1)z−1), (z(z − 2))m(z−1)
}
,

CNSL-spec(ΓG) =
{
(2((m− 1)z − 1)((m− 1)z − 2))1, (((m− 1)z − 2)2)((m−1)z−1),

(2(z − 1)(z − 2))m, ((z − 2)2)m(z−1)
}
,

LECN (ΓG) =
2((m− 1)z − 1)(m(z((m− 2)mz −m+ 3)− 4) + z + 2)

2m− 1

and LE+
CN (ΓG) =

{
−2m4+6m3+3m2−13m+7

1−2m , for m = 3, 4 & z = 1
2(m−2)(m−1)mz2(mz−3)

2m−1 , otherwise;

where z = |Z(G)|.
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Proof. From [10, Theorem 2.5], we have Γ(G) = K(m−1)z ⊔mKz. Therefore, by Theorem 2.1,
we get CNL-spec(ΓG) and CNSL-spec(ΓG).

Here |V (ΓG)| = (2m− 1)z and tr(CNRS(ΓG)) = m(z − 2)(z − 1)z + (m− 1)z((m− 1)z
−2)((m− 1)z − 1). So, ∆ΓG

= (m((m−3)m+4)−1)z2−3((m−1)m+1)z+4m−2
2m−1 . We have

L1 := |0−∆ΓG
|=−

(2 − 4m)+3z(1 −m)+z2(1 − 4m) +m2z2(3 − m
2 ) +m2z(3 − mz

2 )

2m− 1
,

L2 := |((m− 1)z)((m− 1)z − 2)− ∆ΓG
| = m(z((m− 2)mz −m+ 3)− 4) + z + 2

2m− 1

and L3 := |z(z − 2)− ∆ΓG
| = −m(−z((m− 2)(m− 1)z − 3m+ 7)− 4) + 5z + 2

2m− 1
.

Therefore, by (1.1), we get

LECN (ΓG) = (m+ 1)L1 + ((m− 1)z − 1)L2 +m(z − 1)L3.

Hence, the expression for LECN (ΓG) is obtained.
Again

B1 := |2((m− 1)z − 1)((m− 1)z − 2)− ∆ΓG
|

=
((m− 1)m(3m− 4)− 1)z2 − 3(m(3m− 5) + 1)z + 4m− 2

2m− 1
,

B2 :=
∣∣((m− 1)z − 2)2 − ∆ΓG

∣∣ = m(z((m− 2)mz − 5m+ 9) + 4)− z − 2
2m− 1

,

B3 := |2(z − 1)(z − 2)− ∆ΓG
| = −

−
((
(m− 3)m2 + 1

)
z2
)
+ 3((m− 5)m+ 3)z + 4m− 2
2m− 1

and B4 :=
∣∣(z − 2)2 − ∆ΓG

∣∣ = {
m(4−z((m−2)(m−1)z−3m+11))+7z−2

2m−1 , for m = 3, 4, z = 1;
−m(4−z((m−2)(m−1)z−3m+11))+7z−2

2m−1 , otherwise.
Therefore, by (1.2), we get

LE+
CN (ΓG) = 1 ×B1 + ((m− 1)z − 1) B2 +m B3 +m(z − 1) B4.

Hence, the expression for LE+
CN (ΓG) is obtained.

Corollary 2.14. The CNL-spectrum, CNSL-spectrum, CNL-energy and CNSL-energy of the com-
muting graphs of the metacyclic groups M2mn = ⟨x, y : xm = y2n = 1, yxy−1 = x−1⟩, where
m ≥ 3, n ≥ 2, are given by
CNL-spec(ΓM2mn

) ={{
0m+1, ((m− 1)n((m− 1)n− 2))((m−1)n−1), (n(n− 2))m(n−1)

}
, if 2 ∤ m{

0
m
2 +1, ((m2 − 1)2n((m2 − 1)2n− 2))((

m
2 −1)2n−1), (2n(2n− 2))

m
2 (2n−1)

}
, if 2 | m,

CNSL-spec(ΓM2mn
) =

{
(2((m− 1)n− 1)((m− 1)n− 2))1, (((m− 1)n− 2)2)((m−1)n−1),

(2(n− 1)(n− 2))m, ((n− 2)2)m(n−1)
}
, if 2 ∤ m{

(2((m2 − 1)2n− 1)((m2 − 1)2n− 2))1, (((m2 − 1)2n− 2)2)((
m
2 −1)2n−1),

(2(2n− 1)(2n− 2))
m
2 , ((2n− 2)2)

m
2 (2n−1)

}
, if 2 | m,

LECN (ΓM2mn
) =

{
2((m−1)n−1)(m(n((m−2)mn−m+3)−4)+n+2)

2m−1 , if 2 ∤ m
((m−2)n−1)(m(n((m−4)mn−m+6)−4)+4(n+1))

m−1 , if 2 | m

and LE+
CN (ΓM2mn

) =

{
2(m−2)(m−1)mn2(mn−3)

2m−1 , if 2 ∤ m
(m−4)(m−2)mn2(mn−3)

m−1 , if 2 | m.
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Proof. We have Z(M2mn) =

{
⟨y2⟩, if 2 ∤ m
⟨y2⟩ ∪ x

m
2 ⟨y2⟩, if 2 | m

and so |Z(M2mn)| = n and 2n according as 2 ∤ m and 2 | m. Therefore,

M2mn

Z(M2mn)
∼=

{
D2m, if 2 ∤ m
Dm, if 2 | m.

Hence, the result follows from Theorem 2.13.

Corollary 2.15. The CNL-spectrum, CNSL-spectrum, CNL-energy and CNSL-energy of the com-
muting graphs of the dihedral groups, D2m = ⟨x, y : x2m = y2 = 1, yxy−1 = x−1⟩, m ≥ 3,
are given by

CNL-spec(ΓD2m) =

{{
0m+1, ((m− 1)(m− 3))(m−2)

}
, if 2 ∤ m{

0(m+1), ((m− 2)(m− 4))(m−3)
}
, if 2 | m,

CNSL-spec(ΓD2m) =

{{
0m, (2(m− 2)(m− 3))1, ((m− 3)2)(m−2)

}
, if 2 ∤ m{

0m, (2(m− 3)(m− 4))1, ((m− 4)2)(m−3)
}
, if 2 | m,

LECN (ΓD2m) =

{
2(m−3)(m−2)(m−1)(m+1)

2m−1 , if 2 ∤ m
(m−4)(m−3)(m−2)(m+1)

m−1 , if 2 | m

and LE+
CN (ΓD2m) =

{
2(m−3)(m−2)(m−1)m

2m−1 , if 2 ∤ m
(m−4)(m−3)(m−2)m

m−1 , if 2 | m.

Proof. We know that |Z(D2m)| =

{
1, if 2 ∤ m
2, if 2 | m

and D2m
Z(D2m) =

{
D2m, if 2 ∤ m
Dm, if 2 | m.

Therefore,

by using Theorem 2.13 we get the required result.

Corollary 2.16. The CNL-spectrum, CNSL-spectrum, CNL-energy and CNSL-energy of the com-
muting graphs of the groups U6n = ⟨x, y : x2n = y3 = 1, x−1yx = y−1⟩ are given by

CNL-spec(ΓU6n) =
{

04, (2n(2n− 2))2n−1, (n(n− 2))3(n−1)
}
,

CNSL-spec(ΓU6n)
=

{
((2n− 1)(2n− 2))1, ((2n− 2)2)2n−1, (2(n− 1)(n− 2))3, ((n− 2)2)3(n−1)

}
,

LECN (ΓU6n) =
2
5(n− 1)(2n− 1)(9n+ 10)

and LE+
CN (ΓU6n) =

{
6
5(n− 1)(n+ 10) = 0, for n = 1
36
5 (n− 1)n2, for n ≥ 2.

Proof. We have Z(U6n) = ⟨x2⟩ and U6n
Z(U6n)

∼= D6 with |Z(U6n)| = n. Therefore we get the
required result by putting m = 3 and z = n in Theorem 2.13.

Corollary 2.17. The CNL-spectrum, CNSL-spectrum, CNL-energy and CNSL-energy of the com-
muting graphs of the dicyclic groups, Q4n = ⟨x, y : y2n = 1, x2 = yn, xyx−1 = y−1⟩, n ≥ 2,
are given by

CNL-spec(ΓQ4n) =
{

02n+1, ((2n− 2)(2n− 4))2n−3
}

,
CNSL-spec(ΓQ4n) =

{
02n, (2(2n− 3)(2n− 4))1, ((2n− 4)2)2n−3

}
,

LECN (ΓQ4n) =
4(n−2)(n−1)(2n−3)(2n+1)

2n−1 and LE+
CN (ΓQ4n) =

8(n−2)(n−1)n(2n−3)
2n−1 .

Proof. We have Z(Q4n) = {1, xn} and Q4n
Z(Q4n)

∼= D2n. Therefore, by using Theorem 2.13, we
get the required result.

We conclude this section with the following two results for finite non-abelian AC-group in
general.

Theorem 2.18. Let G be a finite non-abelian AC-group and X1, X2, . . . , Xn be the distinct cen-
tralizers of non-central elements of G. Then the CNL-spectrum, CNSL-spectrum, CNL-energy
and CNSL-energy of ΓG are given by
CNL-spec(ΓG) = {0n, ((|Xi| − |Z(G)|)(|Xi| − |Z(G)| − 2))(|Xi|−|Z(G)|−1), where 1 ≤ i ≤ n},
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CNSL-spec(ΓG)={(2(|Xi|−|Z(G)|−1)(|Xi|−|Z(G)|−2))1, ((|Xi|−|Z(G)|−2)2)(|Xi|−|Z(G)|−1),
where 1 ≤ i ≤ n},
LECN (ΓG) = nL0 +

n∑
i=1

(|Xi| − |Z(G)| − 1)LXi , where L0 = |0 − ∆ΓG
| and LXi = |(|Xi| −

|Z(G)|)(|Xi| − |Z(G)| − 2)− ∆ΓG
| and

LE+
CN (ΓG) =

n∑
i=1

BXi +
n∑

i=1
(|Xi|− |Z(G)|−1)B′

Xi
, where BXi = |2(|Xi|− |Z(G)|−1)(|Xi|−

|Z(G)| − 2)− ∆ΓG
| and B′

Xi
= |(|Xi| − |Z(G)| − 2)2 − ∆ΓG

|.

Proof. By [9, Lemma 2.1], we have ΓG = ⊔n
i=1K|Xi|−|Z(G)|. Here |V (ΓG)| =

n∑
i=1

|Xi| − |Z(G)|

and tr(CNRS(ΓG)) =
n∑

i=1
(|Xi| − |Z(G)| − 1)(|Xi| − |Z(G)|)(|Xi| − |Z(G)| − 2). Therefore,

∆ΓG
=

n∑
i=1

(|Xi|−|Z(G)|−1)(|Xi|−|Z(G)|)(|Xi|−|Z(G)|−2)

n∑
i=1

|Xi|−|Z(G)|
. Hence, the result follows from the Theorem

2.1.

Theorem 2.19. Let G be a finite non-abelian AC-group and X1, X2, . . . , Xn be the distinct cen-
tralizers of non-central elements of G. If A is a finite abelian group then the CNL-spectrum,
CNSL-spectrum, CNL-energy and CNSL-energy of ΓG×A are given by
CNL-spec(ΓG×A) = {0n, (|A|(|Xi| − |Z(G)|)(|A|(|Xi| − |Z(G)|)− 2))(|A|(|Xi|−|Z(G)|)−1),
where 1 ≤ i ≤ n},
CNSL-spec(ΓG×A) = {(2(|A|(|Xi| − |Z(G)|) − 1)(|A|(|Xi| − |Z(G)|) − 2))1, ((|A|(|Xi| −
|Z(G)|)− 2)2)(|A|(|Xi|−|Z(G)|)−1), where 1 ≤ i ≤ n},

LECN (ΓG) = nL0 +
n∑

i=1
(|A|(|Xi| − |Z(G)|) − 1)LXi

, where L0 = | − ∆ΓG×A
| and LXi

=

||A|(|Xi| − |Z(G)|)(|A|(|Xi| − |Z(G)|)− 2)− ∆ΓG×A
| and

LE+
CN (ΓG) =

n∑
i=1

SXi
+

n∑
i=1

(|A|(|Xi| − |Z(G)|)− 1)S′
Xi

, where SXi
= |2(|A|(|Xi| − |Z(G)|)−

1)(|A|(|Xi| − |Z(G)|)− 2)− ∆ΓG×A
| and S′

Xi
= |(|A|(|Xi| − |Z(G)|)− 2)2 − ∆ΓG×A

|.

Proof. We have Z(G × A) = Z(G) × A and X1 × A,X2 × A, . . . ,Xn × A are the distinct
centralizers of non-central elements of G × A. Since G is an AC-group, G × A is also an AC-
group. Therefore,

ΓG×A = ⊔n
i=1K|Xi×A|−|Z(G)×A| = ⊔n

i=1K|A|(|Xi|−|Z(G)|).

We have, |V (ΓG×A)| =
n∑

i=1
|A|(|Xi|−|Z(G)|) and tr(CNRS(ΓG×A)) =

n∑
i=1

(|A|(|Xi|−|Z(G)|)−

1)(|A|(|Xi| − |Z(G)|)(|A|(|Xi| − |Z(G)|)− 2)). Therefore

∆ΓG×A
=

n∑
i=1

(|A|(|Xi|−|Z(G)|)−1)(|A|(|Xi|−|Z(G)|)(|A|(|Xi|−|Z(G)|)−2))

n∑
i=1

|A|(|Xi|−|Z(G)|)
. Hence the result follows from

the Theorem 2.1.

3 CNL (CNSL)-integral and CNL (CNSL)-hyperenergetic graphs

We begin this section with the following theorem which follows from the results obtained in
Section 2.

Theorem 3.1. Let G be a finite non-abelian group.

(a) If G is isomorphic to QD2n (where n ≥ 4), PSL(2, 2k) (where k ≥ 2), GL(2, q) (where
q > 2 is a prime power), A(n, ν) and A(n, p) then ΓG is CNL (CNSL)-integral.

(b) If G
Z(G) is isomorphic to Sz(2), D2m and Zp × Zp, then ΓG is CNL (CNSL)-integral.

(c) If G is a 4, 5-centralizer finite group or a (p+ 2)-centralizer finite p-group then ΓG is CNL
(CNSL)-integral.
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(d) If G is isomorphic to M2mn, D2m, U6n and Q4n then ΓG is CNL (CNSL)-integral.

(e) If G is an AC-group then ΓG is CNL (CNSL)-integral.

Theorem 3.2. The commuting graph of the quasihedral group QD2n (n ≥ 4) is

(a) CNL (CNSL)-hyperenergetic if n ≥ 5.

(b) not CNL (CNSL)-hyperenergetic if n = 4.

Proof. We have |V (ΓQD2n )| = 2n − 2. Using (1.3) and Proposition 2.2, we get

LECN (K|V (ΓQD2n )| − LECN (ΓQD2n ) = −2(−3+n)(−4 + 2n)(100 − 7 × 22+n + 4n)

−2 + 2n
.

Note that LECN (K|V (ΓQD2n )| − LECN (ΓQD2n ) < 0 or > 0 according as n ≥ 5 or n = 4. Also,

LE+
CN (K|V (ΓQD2n )| − LECN (ΓQD2n ) = −(−4 + 2n)2(24 − 13 × 21+n + 4n)

8(−2 + 2n))
.

Note that LE+
CN (K|V (ΓQD2n )|−LECN (ΓQD2n ) > 0 or < 0 according as n ≥ 5 or n = 4. Hence,

the result follows.

Proposition 3.3. The commuting graph of the projective special linear group PSL(2, 2k), k ≥ 2,
is not CNL (CNSL)-hyperenergetic.

Proof. We have |V (ΓPSL(2,2k))| = −2k + 23k − 1. Using (1.3) and Proposition 2.3, we get

LECN (K|V (Γ
PSL(2,2k))|)− LECN (ΓPSL(2,2k))

=
2k

(
7 × 23k+1 − 7 × 2k + 2 × 28k − 25k − 9 × 26k + 3 × 24k

)
8k − 2k − 1

> 0.

Therefore, ΓPSL(2,2k) is not CNL-hyperenergetic.
For k ≥ 3, we have

LE+
CN (K|V (Γ

PSL(2,2k))|)− LE+
CN (ΓPSL(2,2k))

=
2k

(
−3 × 2k + 3 × 22k+1 + 28k+1 − 8k+1 + 5 × 16k + 32k − 9 × 64k − 2

)
−2k + 8k − 1

> 0.

Also, for k = 2, LE+
CN (K|V (Γ

PSL(2,2k))|) − LE+
CN (ΓPSL(2,2k)) = 380848

59 > 0. Therefore,
ΓPSL(2,2k) is not CNSL-hyperenergetic.

Theorem 3.4. The commuting graph of the general linear group GL(2, q), where q = pn > 2
and p is prime, is not CNL (CNSL)-hyperenergetic.

Proof. We have |V (ΓGL(2,q))| = q4 − q3 − q2 + 1. Using (1.3) and Proposition 2.4, we get

LECN (K|V (ΓGL(2,q))|)− LECN (ΓGL(2,q))

=
q2(q + 1)((q − 1)q − 1)

(
q2(q − 1)(5q − 8 + 2q2(q − 2)) + 2

)
q3 − q − 1

> 0.

Therefore, ΓGL(2,q) is not CNL-hyperenergetic.
Also

LE+
CN (K|V (ΓGL(2,q))|)− LE+

CN (ΓGL(2,q))

=


2q11−6q10+6q9−10q8+9q7+24q6−22q5−28q4+3q3+22q2+4q

q3−q−1 > 0, if q ≤ 5

2q11−6q10+5q9−3q8+2q7+9q6−17q5−10q4+8q3+14q2+4q
q3−q−1 > 0, if q ≥ 6.

Therefore ΓGL(2,q) is not CNSL-hyperenergetic.
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Theorem 3.5. Let G be a finite group such that G
Z(G)

∼= Sz(2). Then the commuting graph of G
is

(a) CNL-hyperenergetic if |Z(G)| ≥ 17.

(b) not CNL-hyperenergetic if 1 ≤ |Z(G)| ≤ 16.

(c) CNSL-hyperenergetic if |Z(G)| ≥ 16.

(d) not CNSL-hyperenergetic if 1 ≤ |Z(G)| ≤ 15.

Proof. We have |V (ΓG)| = 3 × 5z + 4z = 19z, where z = |Z(G)|. Using (1.3) and Theorem
2.7, for z ≥ 2, we get

LECN (K|V (ΓG)|)− LECN (ΓG) = −120
19

z(z(7z − 114) + 15).

Note that LECN (K|V (ΓG)|) − LECN (ΓG) < 0 or > 0 according as z ≥ 17 or 1 ≤ z ≤ 16.
Therefore, ΓG is CNL-hyperenergetic and not CNL-hyperenergetic according as z ≥ 17 and
1 ≤ z ≤ 16.

Again

LE+
CN (K|V (ΓG)|)− LE+

CN (ΓG) = − 8
19

(3z(z(35z − 527) + 24) + 38).

Note that LE+
CN (K|V (ΓG)|) − LE+

CN (ΓG) < 0 or > 0 according as z ≥ 16 or 1 ≤ z ≤ 15.
Therefore, ΓG is CNSL hyperenergetic and not CNSL hyperenergetic according as z ≥ 16 and
1 ≤ z ≤ 15.

Theorem 3.6. Let G be a finite group with G
Z(G)

∼= Zp × Zp. Then the commuting graph of G is
not CNL (CNSL)-hyperenergetic.

Proof. We have |V (ΓG)| = (p2 − 1)z, where z = |Z(G)|. By (1.3) and Theorem 2.8, we get

LECN (K|V (ΓG)|)− LECN (ΓG) = 2p((p− 1)2(p+ 1)z2 − 2) > 0

Hence, ΓG is not CNL-hyperenergetic. Again, LECN (ΓG) = LE+
CN (ΓG). Therefore, ΓG is also

not CNSL-hyperenergetic.

As a corollary of Theorem 3.6 we get the following result.

Corollary 3.7. The commuting graph of G is not CNL (CNSL)-hyperenergetic if G is a finite

(a) non-abelian group of order p3, where p is a prime.

(b) 4-centralizer group.

(c) 5-centralizer group.

(d) (p+ 2)-centralizer p-group.

(e) non-abelian group such that the maximal size of the set of pairwise non-commuting ele-
ments of G is 3 or 4.

Proof. Parts (a)-(d) are follow from Theorem 3.6. Under the hypothesis in part (e), G is either
4-centralizer or 5-centralizer finite group. Hence, the result follows from parts (b) and (c).

Theorem 3.8. Let G be a finite group with G
Z(G)

∼= D2m, where m ≥ 2 and |Z(G)| = z. Then
the commuting graph of G is

(a) not CNL-hyperenergetic if m = 3 and z ≤ 6; m = 4 and z = 1, 2, 3; m = 5 and z = 1, 2;
and m = 6, 7, 8, 9, 10 and z = 1. Otherwise, it is CNL-hyperenergetic.

(b) not CNSL-hyperenergetic if m = 3 and 1 ≤ z ≤ 7; m = 4 and z = 1, 2, 3; m = 5, 6 and
z = 1, 2; and m = 7, 8, 9, 10, 11 and z = 1. Otherwise, it is CNSL-hyperenergetic.
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Proof. We have |V (ΓG)| = 2mz − z, where z = |Z(G)|.
By (1.3) and Theorem 2.13, we get

LECN (K|V (ΓG)|)− LECN (ΓG) = −2(m− 1)mz(z(m2z − 2m(z + 5) + 8) + 9)
2m− 1

.

It can be seen that LECN (K|V (ΓG)|) − LECN (ΓG) > 0 if if m = 3 and z ≤ 6; m = 4 and
z = 1, 2, 3; m = 5 and z = 1, 2; and m = 6, 7, 8, 9, 10 and z = 1. Otherwise LECN (K|V (ΓG)|)−
LECN (ΓG) < 0. Hence, ΓG is not CNL-hyperenergetic if m = 3 and z ≤ 6; m = 4 and
z = 1, 2, 3; m = 5 and z = 1, 2; and m = 6, 7, 8, 9, 10 and z = 1. Otherwise it is CNL-
hyperenergetic.

Now we determine whether ΓG is CNSL-hyperenergetic by considering the following cases.
Case 1. m = 3, z = 1 and m = 4, z = 1

By (1.3) and Theorem 2.13, we get

LE+
CN (K|V (ΓG)| − LE+

CN (ΓG) =

{
24 > 0, for m = 3, z = 1
372

7 > 0, for m = 4, z = 1.

Therefore, ΓG is not CNSL-hyperenergetic.
Case 2. m = 3 and z ≥ 2; m = 4 and z ≥ 2; and m ≥ 5 and z ≥ 1

By (1.3) and Theorem 2.13, we get

LE+
CN (K|V (ΓG)| − LE+

CN (ΓG)

=
2(2m− 1)((2m− 1)z − 2)((2m− 1)z − 1)− 2(m− 2)(m− 1)mz2(mz − 3)

2m− 1
.

It can be seen that LE+
CN (K|V (ΓG)| − LE+

CN (ΓG) > 0 if m = 3 and 2 ≤ z ≤ 7; m = 4 and
z = 2, 3; m = 5, 6 and z = 1, 2; and m = 7, 8, 9, 10, 11 and z = 1. Otherwise LE+

CN (K|V (ΓG)|−
LE+

CN (ΓG) < 0. Hence, ΓG is not CNSL-hyperenergetic if m = 3 and 2 ≤ z ≤ 7; m = 4 and
z = 2, 3; m = 5, 6 and z = 1, 2; and m = 7, 8, 9, 10, 11 and z = 1. Otherwise it is CNSL-
hyperenergetic. Hence, the result follows.

As a consequences of Theorem 3.8 we get the following results.

Corollary 3.9. Suppose that G is isomorphic to the metacyclic group M2mn.

(a) If m is even then

(i) ΓG is not CNL-hyperenergetic whenever m = 4 and n ≥ 2; m = 6 and n = 2, 3.
Otherwise, ΓG is CNL-hyperenergetic.

(ii) ΓG is not CNSL-hyperenergetic whenever m = 4 and n ≥ 2; m = 6 and n = 2, 3.
Otherwise, ΓG is CNSL-hyperenergetic.

(b) If m is odd then

(i) ΓG is not CNL-hyperenergetic whenever m = 3 and n ≤ 6; m = 5 and n = 2.
Otherwise, ΓG is CNL-hyperenergetic.

(ii) ΓG is not CNSL-hyperenergetic whenever m = 3 and n ≤ 7. Otherwise, ΓG is CNSL-
hyperenergetic.

Corollary 3.10. Suppose that G is isomorphic to the dihedral group D2m.

(a) If m is even then

(i) ΓG is not CNL-hyperenergetic whenever 4 ≤ m ≤ 10. Otherwise, ΓG is CNL-
hyperenergetic.

(ii) ΓG is not CNSL-hyperenergetic whenever 4 ≤ m ≤ 12. Otherwise, ΓG is CNSL-
hyperenergetic.

(b) If m is odd then
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(i) ΓG is not CNL-hyperenergetic whenever 3 ≤ m ≤ 9. Otherwise, ΓG is CNL- hyper-
energetic.

(ii) ΓG is not CNSL-hyperenergetic whenever 3 ≤ m ≤ 11. Otherwise, ΓG is CNSL-
hyperenergetic.

Corollary 3.11. Let G be a finite non-abelian group.

(a) If G is isomorphic to the generalized quartanion group of order 4n, Q4n then

(i) ΓG is not CNL-hyperenergetic when n = 2, 3, 4, 5. Otherwise, ΓG is CNL- hyperener-
getic.

(ii) ΓG is not CNSL-hyperenergetic when n = 2, 3, 4, 5, 6. Otherwise, ΓG is CNSL-
hyperenergetic.

(b) If G is isomorphic to U6n then

(i) ΓG is not CNL-hyperenergetic when n ≤ 6. Otherwise, ΓG is CNL-hyperenergetic.

(ii) ΓG is not CNSL-hyperenergetic when n ≤ 7. Otherwise, ΓG is CNSL-hyperenergetic.

We conclude this section with the following proposition.

Proposition 3.12. If G is one of the groups considered in Propositions 2.5-2.6 then commuting
graph of G is not CNL (CNSL)-hyperenergetic.

4 Conclusion remarks

We observed that the commuting graphs of the groups discussed above are CNL (CNSL)-
integral and this leads us to the following question: “Which finite non-abelian groups are CNL
(CNSL)-inetgral?" It is also observed that the commuting graphs of some AC-groups are CNL
(CNSL)-hyperenergetic but some are not CNL (CNSL)-hyperenergetic. Therefore, one can try
to find general conditions such that the commuting graphs of finite AC-groups are CNL (CNSL)-
hyperenergetic.

Similar investigations may be carried for other graphs defined on groups, for example, power
graph of finite groups [18]; and various graphs defined on rings and matrices [3, 5].
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