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Abstract This study establishes generalized beta and hypergeometric function extensions
using Kummer’s and Mittag-Leffler’s functions. It gives integral representations, summation
formulae, Mellin transforms, and recurrence relations while establishing properties like log-
convexity and Turdn-type inequalities for the extended beta function. Also, transformation, dif-
ferentiation, and difference relations are provided for the extended hypergeometric functions. A
generating function is also proposed. As a statistical application, a generalized extended beta
distribution is defined, with key properties such as variance, coefficient of variation, moment-
generating function, characteristic function, cumulative distribution function (CDF), and com-
plementary CDF systematically obtained.

1 Introduction

To ensure brevity and consistency, we adopt the following notation, as introduced by Carlson [7]
and elaborated in [20]:

Cs :={w € C:Re(w) > 0},
Css :={z,w € C:Re(z) > Re(w) > 0},
Cs_ :={weC:Re(w) > -1},
where C represents the set of complex numbers. We begin by recalling Euler’s beta function
B(u,v) [10, 33]:
Jo (1=t rdt, (u,v € Cs),
B(u,v) :=

T'(w)'(v —
l“((u)Jr(v))7 (U,U eC \ ZO )7

where I'(w) is the gamma function, defined as
C(w) = / et dr, (e Cs).
0

Throughout this work, the following sets are used. R denotes non-negative real numbers, N
represents positive integers, and Z, represents non-positive integers. The Gauss hypergeomet-
ric function , F (4, ~; 8;w) and Kummer’s confluent hypergeometric function 1 F(7y; 3;w) =
D(~; B;w) are expressed as follows [10, 33, 35]:

2P (0, Brw) =) (5)(232)71 %:L,

n=0

(lw| < 1;6,7€C; BeC\Zy),



468 R. Kanaga

1Fi(y; Bsw) == D(y; Brw) = (D w;l, (w,v € C; Be C\Zy).

n=0 (B)n n
Here, the Pochhammer symbol (v),, for v € C is defined as
1, (n=0),
(V) =
viv+1)---(v+n—-1), (neN).

The integral representations of , F; (6,v; 8; w) and 1 Fy (y; 8;w) are given by

1 1
Fi(6,vfw)=———— [ 7711 = )71 (1 —wt) 7 dt,
P 50) = g [ 07 (=0 (1= )
(57’7 € (C>>; ‘arg(l _w)| < ™= € 0<e< ﬂ_)» (11)
. Q. _ . Q. _ 1 : -1 B—y—1_wt
lFl(y,ﬁ,w)—CD(v,ﬁ,w)—m/oﬂ (1—t)" " lewdt, (8,7 €Css).

In 1997, Chaudhry et al. [8] introduced an extended beta function

B(u,v;p) = /01 t“= 1 — )" lexp <_t(1pt)> dt, (peCs).

For p = 0, B(u, v; p) is reduced to classical beta function. This extended beta function was used
to generalize the hypergeometric and confluent hypergeometric functions [9]

- B +Tl, -7 0 nwn
FP(63776’w):Z (fYB(,Y 66_,):)}/ p)< )n' 9 (PZ(), |U)| < 1’B7’YE(C>>)7
n=0 ’

oy~ By +n,B—yip)w .
ch(ry»ﬁ’w)—nZ:O B("Y,ﬁ*’)’) TL!7 (pZO’ 6)7€C>>)'

Later, Choi et al. [10] proposed another extended beta function

1
B(u,vip,q) = / 11— )" Lexp <—p - q) dt, (1.2)
0

(min{Re(u),Re(v)} > 0; min{Re(p),Re(q)} > 0).

This function was applied to extend hypergeometric functions

s + 9 - ) 677, "
Pq((s’}/ B w Z ’Y (: g_z)p q)( )n'w ) (p,qG(C>,|w| < 1;577€(C>>),

+ ) ’
o :g %p )W’ (pgeCs; B,y €Cos).

Mx

D, (v Biw) =

Recently, an extension of Gauss hypergeometric and confluent hypergeometric functions is stud-
ied in [34] using the Bessel-Struve kernel function. Also, several extensions are discussed in
[1,2,3,4,5,11, 12,13, 14, 15, 16, 17, 18, 19, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 36, 37].
Building on these studies, this paper introduces a new generalized extended beta function in the
next section and systematically develops its integral representations, Mellin transforms, summa-
tion formulae, and log-convexity properties. Here,
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Definition 1.1. The Mellin transform [6, p. 343] of a function f, defined for = > 0, is given by

M{f(2)}(s) = / T (o) de,

where s € C and the integral converges. The variable s is typically complex, and the transform
exists in a vertical strip of the complex plane where the integral converges.

In addition, a generalized extended beta distribution and extensions of hypergeometric func-
tions are proposed, and their essential properties are analyzed.

2 Extended beta function and its properties

Definition 2.1 (Extended beta function). For min{Re(u),Re(v)} > 0,
min{Re(p),Re(q)} > 0, and «o,n,§ € C-_, the extended Beta function By (u,v;p;q) is
defined as

1
_ _ p q
Bame(u, vipsq =/ 1=t e (6 -2 ) B (—) dt. 2.1)
we(wipsa) = [ (1= @ (6 ) L

Here, E,(w) denotes the Mittag-Leffler function, defined as (see [38, p.255, Eq. (3.1)])
(oo} wn
E = P ——— —
(W) nE:O Tlan+1) (weC,aeCs_),

and ®(n; £; w) represents Kummer’s confluent hypergeometric function 1 F (n; &; w), expressed
as

@(n; & w) =1 Fi(n; & w) = 1"(5)FF((7Z;)—§) > B(E+m,n— 5)% (weC,neCs).
m=0

2.2)
Forp = 0 = ¢q in (2.1), we get E,(0) = 1 and ®(n;&;0) = 1. As aresult, (2.1) reduces to the

standard beta function. (see [38])
Also, for £ = n and w = —p/t, the function

P
t

P (77;5;—%) =e 7, (2.3)

and fora = 1, w = —¢/(1 — t), the function

R S
E, <—H> =e T, 2.4)

Now for a = 1 and £ = n; from (2.3) and (2.4), the equation (2.1) reduces to (1.2).

2.1 Integral representations of extended beta function

In this section, we establish the integral representation of an extended beta function. To derive
these results, we first present the following lemmas.

Lemma 2.2. The following integral formula for the confluent hypergeometric function holds:

* g (e P gy pTETEOT G~ D)
L (T &

where n,£,b € C,p>0,7n,£ €Cs,and0 <t < 1.



470 R. Kanaga

Proof. We know that the integral representation of ®(n; &; —w) (also see [33, Eq. (9), p. 137])
is given by
L) e S p—
®(n; & —w :7/797 1 —t)s - lemwt gy, (2.6)
( ) ()€ —n) Jo (-1
Substituting w — wp and integrating with respect to p from 0 to co, we get

F e —wpydp = [ g | = O [N et
f; res = [y lrm)r@—n)/ot" ot ”‘”} o
Q2.7

By the uniform convergence of the integrals, we can interchange the order of integration

/Ooopbl':I)(n;&; —wp) dp = F(U)F(O) /01 =11 — )t [/Ooop“ew”t dp} dt.

LE—mn
(2.8)
Using the formula of the gamma function
NG :/ tP=te=%qt, (9,8 € Cs),
0
we evaluate the inner integral
R I'(b)
b—1 wpt —
/0 p e dp (i)
Substituting this result back, we get
s L)L) g -
b—1 ‘e _ b—1 t—n—1
p T P& —wp)dp = / t" 1 —t)s 1 dt. (2.9)
f, #etn o= ot [t
The remaining integral is a beta function, giving
1
b - (=)l —n)
1N (1 —p)s T dt = :
fy e I
Thus, we get
g O (n —b)
b—1
p’ ®(n; & —wp)dp = : (2.10)
Aot = Sl
Finally, substituting w = % into the result gives
e p y DO (I (1 — b)
p’m D —=)dp=t . (2.11)
/0 (&%) NONGED
This completes the proof. O
Lemma 2.3. The Mittag-Leffler function satisfies the following integral formula
< - ['(c)['(1—c¢)
g, (L) dg=(1 -t LY 2.12
Aq (1) d=0 -0 G (2.12)
where a,c€ C,p>0,ae€Cs,and0 <t < 1.
Proof. We start with the integral formula provided in [38, p. 273, Eq. (3.119)]
o ['(c)['(1—¢)
c—1 _ —
/0 ¢ Eol-Ma)ds = 3P 2.13)

By substituting A = ﬁ the desired result in (2.12) follows directly. O
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Theorem 2.4. The following integral formula is valid:

/0°° /O°° P ¢ Buye (uw, v3p; q) dpdg = r(lli)(l;7§1§“)(1;‘(77 b_)b) Ff—c()f(la;)c) B(u+b,v+¢),
2.14)

where p,q,b,c € Cs, (u+0b),(v+c) €Cs, and a,n, £ € Cs _.

Proof. Multiplying both sides of (2.1) by p*~'¢°~! and integrating over p and ¢ with limits
0 < p,q < oo, we get

/ / p”’lqc’lBam;g(u,v;p;q)dqdp=/ / ! (2.15)
0 0 0 0
1
u—1 v—1 p q
. - 3Gy — (7 d d .
{/Ot (1-1) q><n,g t)E < l_t)dt} b dg
(2.16)

The uniform convergence of the integral allows us to interchange the order of integration
oo [eS) 1
/ / P"~'¢"7 Base (u, v3 p; q)dp dg = / et =)t
o Jo 0

* p < e q
D (n;&—=)dp- E,|———)dg;dt.
{/op (e t)p/oq (1—t> q}

Using equations (2.12) and (2.5), we find

Y - _ C(O)CEI(n—b) T(e)I'(1—¢)
L[ # e Bl vsapdpag = Lt O 2.17)

1
{/ tu+b71(1 o t)'UJrcldt} )
0

Evaluating the integral using the beta function

Y A - _ FOTEOC(n - b) D(eI(1 - ¢)
/0 /0 P q Baye (u, vipq)dp dg = TOTE—b)  T(I—ac) B(u+b,v+ec).

This completes the proof. O

Remark 2.5. When choosing the specific values « = 1 and £ = 7 in equation (2.14), the above
theorem is reduced to Theorem 1 in [10].

Theorem 2.6. Various integral representations for Be..¢ (u, v; p; q) are given as follows:

Beie (u, v5p3q) =2 / ’ (cos?*=1 9) (sin®* ! 0)D(1; €; —psec? 0) B, (—qesc® 0) df,  (2.18)
0

Bowizia) = [ 601 +0) 0 (16 L) B a1 +6) dor @19
1 L, S
B (u, v3p3q) = 2'_“_“/_1(1 +o)(1-¢) '@ (n;f; 0 +];s) Eq (1 i) de,
(2.20)
! 1
Boe(u,v3p3q) = (9 — f)““*”/ (6— F)*"(g— o)~
7
(e 20D, (MDY -
<77,§, o—f F g—¢ Z (2.2D)

where p,q,u,v € Cs and a,n, & € Cs _.
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Proof. Using the transformations ¢t = cos?0, t = ¢/(1 + ¢), t = (1 + ¢)/2, and t = (¢ —
£)/(g—f) in equation (2.18), the integral forms (2.18), (2.19), (2.20), and (2.21) can be obtained,
respectively. o

Remark 2.7. The corresponding results presented in [10] are obtained by simplifying the inte-
grals in Theorem 2.6 for the specific values « = 1 and £ = 7. Furthermore, by assuming p = ¢,
the integrals in Theorem 2.6 reduce to the analogous results found in [9] under the conditions
a = 1 and £ = n. Moreover, it can be readily shown that the integrals in Theorem 2.6 lead to
well-known formulas for the beta function when p = 0 = q.

2.2 Mellin transforms of extended beta function

Theorem 2.8. The Mellin transform of Bg.p.c(u, v p; q) is given by the following formula.

e1+ico  pertico F (T —2)T(y)L(1 —y)
By
pe(u,vip,q) = 2m /q ioo Jer—ioo rE—z) Tl -ay)
. F(u + 2)I'(v +y)

p g Ydxdy, (2.22)

INu+z+v+vy)
where p,q € Cs, ¢g >0, ¢ >0, and a,n, £ € CT.

Proof. Applying the Mellin transform to both sides of B¢ (u, v;p, ¢) results in

o0 o0
M{Beye (w,v3p,9)ip — x,q — y} = / / pr gy
0 0

! u— v— .. D
Mt (1 —1) 1<I><n,£,—¥)Ea (—1> dt] dpdg. (2.23)

By the uniform convergence of the integral, the order of integration can be interchanged.

1
M{Ba;n;g(u,v;pvq);p%x,q%y}=/ (=)t
0

: Uooopw‘lcb (n;é;—f) dp} : [/OOO B, <_1q—t) dq} dt. (2.24)

Using the results of known integral transforms, such as (2.12) and (2.5), in equation (2.24), and
applying the beta function definition, we get

L(@)DOT(n — 2) Dy)T(1 —y) Dlu + 2)I'(v + y)

L(n(E—x) I'l—ay) Tlu+z+v+y)’
(2.25)

M{Beape(u,v3p,q);p = x,g = y} =

Finally, the inverse Mellin transform on both sides of the expression obtained above proves the
formula (2.22). O

2.3 Properties of the extended beta function

Theorem 2.9. For B.,.c(u, v; p; q), the following relation is valid:

Boyie (U, 0303 q) = By (v, 4565 p), (2.26)
where p,q € Cs and a,n, & € Cs _.
Proof. Using the transformation ¢ = 1 —% in equation (2.1), we can derive the resultin (2.26). O

Remark 2.10. The specific case o = 1 and £ = 7 in equation (2.26) leads to a result equivalent
to that presented by Choi et al. [10]. Furthermore, substituting o = 1, £ = 7, and setting p = ¢
into equation (2.26) gives a result analogous to the one reported by Chaudhry et al. [9] when
p = 0 = ¢, the expression in (2.26) reduce the symmetric property of the beta function.
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Theorem 2.11. For the extended beta function Be.,.c(u,v;p;q), the following recurrence rela-
tion holds:

Ba;n;f(ua V5 P; Q) = Ba;n;é(u +1,u;p59) + Ba;n;E(uv v+ Lip; ‘1)~ (2.27)

Proof. From the definition of B¢ (u, v; p; q), we get

Boue(u,v3p5q) = /Olt“(l 1) (n;g;{) E, <_£t> dt.
= /Ol 75“—1(1 — t)v—l [t +(1- t)]dD (77;5; _Itz) E, <_1qt) dt.
= /0] (1 ) (77;5;—%9) E, <_1q—t) dt
+ /lt’”(l — )" (n;f;—g) E., (—ﬂ) dt.
0 —_

By recognizing the integrals in the last step as By (u+ 1,v;p; q) and Ba.ype (u, v + 15 p; q),
we obtain

Baune (u, 0303 @) = Bame (u+ 1,0;p59) + Bagee (w, v + 13p3 9), (2.28)
which completes the proof. O

Remark 2.12. The specific case of @« = 1 and £ = 7 in equation (2.27) leads to a result that
corresponds to one found in [10]. Furthermore, by setting a = 1, £ = 7, and p = ¢ in equation
(2.27), an equivalent result to that in [9] is obtained. Also, it can be observed that the identity
given in (2.27) reduces to a well-known relation for the beta function when p = 0 = q.

Theorem 2.13. The following summation formula is satisfied by the extended beta function
Boye (u, 35 q):

> v
BOC;”]Z&( —Uipiq ZQ anf U+k;19p, ) (229)

k=0
where p,q € Cs and a,n, & € Cs_.

Proof. Using the generalized binomial theorem, we get

(1—w)™ :Z%wk, (|w| < 1), (2.30)

k=0

where (A), = T'(A + k)/T(\) is the Pochhammer symbol. Substituting this into equation (2.1),
we write

Bune(u, 1 —viprq) = /0l P =) T (6 ) B <_1q—t) .
= /01 (1 —t) D (77;5; 7%) Eq <1q_t> dt.
_ /01 pu-t [i (Z)'ktk] ) (Tl;ﬁ; *%) E, (&) dt.
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Simplifying, we obtain

v
B (u, 1 —v5pyq) = Z(k" Boe(u+k, 1;p;q),
k=0
which proves the stated result (2.29). O

Theorem 2.14. The following summation formula is satisfied by the extended beta function
Baye (u, v3p;q):

B (1, 03p3¢) = Y Bawe(u+ kv + Lipiq), (2.31)
k=0

where p,q € Cs and a,n, & € Cs _.

Proof. By using the result, we write
(1—w)"'=(1—-w)"> wk (uw<1). (2.32)
k=0

Substituting (2.32) into equation (2.1), we get

B, e _ : u—1 v - k e P 7(]
e (10,03 q) = ot (1—1) Zt @(n,ﬁ,fE)Ea T dt.
k=0

0 1
_ utk—1 1— v+l—1q> . ._E E _L .
[ e (e 2 (1)

k=0

Simplifying, this becomes

Bome (1, v3930) = Y Bosmpe(u + k,v + 1 pi ),
k=0

which proves the stated result (2.31). O

Theorem 2.15. For every extended beta function B¢ (u, v; p; q), the following relation is valid:

i m
Boe (u, —u — mipiq) = » (k>Ba;n;§(u +k—u—kipg), (meNy). (233
k=0
Proof. Substituting v = —u — m into the known result given in equation (2.27) is

Bene (w0505 q) = Bawse (u+ 1,0303q) + Bagpse (u, v + 195 q),
we obtain

Bape (u, = —m;p; q) = Baupe(u+ 1, —u —m; p; q) + Baupe (u, —u — m + 1;p; q).
Writing this formula recursively form = 1,2,3, ..., we get
Bepse(u, —u — 1303 q) = Bagpe (u, —u; 03 q) + Bagpe(u+ 1, —u — 15 p; q),
Bame(u, —u — 25p3q) = Bagme (u, —u3p3 q) + 2Bage(u 4+ 1, —u — 15 p; q)
+ Bame(u+2, —u — 2;p; q),

and so on. Continuing this process and generalizing the pattern leads us to

m

m
Buame (w0, —u—mipiq) = > (k)Ba;n;é(u +k, —u —k;p; q),
k=0

which proves the stated result (2.33). O



On extended beta and hypergeometric functions involving... 475

2.4 Log-convexity and Turan- type inequality of extended beta function

This subsection focuses on the log-convexity properties and Turdn-type inequalities associated
with B, (1, v;p; ¢). Detailed analysis and results will be provided to explore the underlying
mathematical structure and its implications.

Theorem 2.16 (Log-Convexity). The following inequalities hold:

Beae(Aup + (1 — Nug, v3p5q) < Baspe(ur,v5p; Q) - Beie (U2, v ps Q)" (2.34)
where
(A€ (0,1);u; <up;veC,p,geCsia,neCs ),
and
B (u, Mt + (1= N)02:p3 q) < Baee (u, 01393 0)™ - Basee (u,02:p3¢)' ™, (2.35)
where

(Ae(0,1);v1 <vveCip,geCsianéeCs).

Proof. For integrals, Holder’s inequality asserts that

b b 1/3 b 1/k
/ |f(t>h(t)|dts< / f(t)jdt> ( / |h(t)|"‘dt> 7 (2.36)

where (1/7) + (1/k) = 1 with j,k > 1. Applying Holder’s inequality (2.36) and substituting
u = Au; + (1 — M)uy in equation (2.1), we obtain

1
Baie (Aur + (1 = Nug, v;p; q) =/ prutI=An=l(] _r-lp (n;f;—g) E, (—q> dt.
0

= /01 (t“‘l(l —t) (n;ﬁ;—g) E, (—&))A
. (tuz—l(l — e (,7;5;_%) B, <_1q_t)>lA dt.

Letj = 1/Xxand k = 1/(1 — \). By applying Holder’s inequality, we get

A
1
Buae (Mg + (1 — Nug,vipiq) < (/ =11 — )~ 'd (n;g;—ﬂ) B, (—q) dt)
’ 0 t 1—¢

: (/Olt"“(l —t) e (n;é;—g) E, <—1zt) dt)lA.

Thus, we arrive at the result

B (Mt + (1= Nug, v3p5q) < Baye (u1, 0505 ¢)™ + Baupe (ua, v3p3¢)' . (2.38)
This proves the inequality in equation (2.34). A similar argument with v = Av; + (1 — X)v,
in equation (2.1) proves the inequality in equation (2.35). O

Corollary 2.17 (Turan- type inequality). The following inequalities hold true:

2
up + up
Bane ( 7 VDS q) — Boauie (u1,v303q) - Bape (w2, v3p5¢) <0,

(ul <u2;ve(cap7q€(C>;a7n7€€(c>—)7 (239)
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and

2
v + v
Ba;n;g <U7 3 iy Q> - Ba;n;f (u7 V15 D5 (I) : Ba;n;f (u7 V25 P; Q) <0,

(vi <vy;veCp,geCsia,n e Cs ). (2.40)

Proof. For A = 1/2 in inequalities (2.34) and (2.35), the above equations (2.39) and (2.40) can
be obtained, respectively. O

Remark 2.18. The particular case of = 1 and £ = 7 in equation (2.34) corresponds to the
result presented by Luo et al. [20, Eq. (15)]. Moreover, by taking p = 0 = ¢, the well-known
inequality

B + (1= Nz, v) < By, v)* - B(pa,v)' ™ (2.41)

is obtained.

3 Generalized extension of Gauss and confluent hypergeometric functions

Using Ba.y:¢ (u, v; p; q), we extend Gauss and confluent hypergeometric functions as outlined in
this section

— Baue(v+ k. B—7ipiq zk
Fo(8.v: Bsmipi0) = MB@ ) )<6)kﬁ, 3.1)
k=0 ’

(pvq 2 O; ﬁv’y € (C>>; 04,7775 € (C>7),

and

~ Boue (v + k, B—v:p; q) 2F
Doy (V3 Bi s prq) = Y — =, 3.2)
k=0 B<’yv ﬂ - ’Y) k'

(pvq 2 0; |£L" < l; 577 € (C>>; 04,7%5 € C>—)'

The functions Fl.,(8,7; ;23 p; q) and P, (v; B; x;p; q) represent a further generalization
of the extended Gauss hypergeometric function and a further generalization of the extended
confluent hypergeometric function, respectively.

3.1 Integral representations of Gauss and confluent hypergeometric functions

Theorem 3.1. For p, q > 0, the following integral formula holds:

1
Foum(0,7: Bra3p3q) = B(.B=7)

1
(] a5 (e PV (1
VO 11 = )P~ (1 = ) cp(n,g, t)Ea< 1_t>]dt, (3.3)

where |arg(1 —z)| <, B,7 € Css, and a,n, £ € Cs _.

Proof. By using the definition of By..¢(y + k, 8 — v;p;¢) from (2.1) in place of By (v +
k, B — v;p;q) in (3.1), it is straightforward to derive the integral formula:

Fom(0,7; Bsa3p3q) = (3.4)
1 b o p q o (0 ()
— [ v -0 e (e -Y) B, (- SR ) dt
B(v,8—7) /0 ( ) (77,& t) 1—t¢ ;O k! ’
where |z| < 1, 8,7 € Css, and «a,n,§ € C-_. Using the extended binomial expansion,

(1 —at)=0 = 322 Bl 4y (3 4), we obtain the integral in (3.3). O
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Theorem 3.2. For p, q > 0, the following integral formulae are valid:
1 o0
Fon(6,7: By x3p5 q :7/ D M1+ @) Pl +w(l —2)]°
77( v ) B(’)/,ﬂ—’}/) 0 ( ) [ ( )]
1
x @ (77;5; —p(;w)> Eol—q(1 4+ w)]dw, (3.5)

where |arg(1 —z)| <7, B,7 € Css, and a,n, £ € Cs _.

2 w/2 - )
Fon(0,7; 852505 q) = 7/ sin?? ' weos?P "1 (1 — zsin® w)~?
(07 ) B(v,8-7) Jo ( )
x @, ¢ (—pese? @) Eq (—gsec® w)dw, (3.6)

where |arg(l — z)| <, 8,7 € Css, and a,n, £ € Cs _.

1 1
A e N A 1—6-8 (1] _ \B=y—1[y _ -5
Foun(6,7v; 85 25p3q) =2 BOB=7) /_1(1 + @) (1= @) 12— 2(1 + w)]

e 2 2q
xd)(n,f, 1+w>E“< 1_w>dw, (3.7

where |arg(l — z)| <, 8,7 € Css, and a,n, £ € Cs _.

Proof. Settingt = w /(1 + @), t = sin*w, and ¢t = (1 + @)/2 in (3.3), we derive the integrals

in (3.5), (3.6), and (3.7), respectively. O

Remark 3.3. By employing reasoning similar to that used in equation (3.2), the integral repre-
sentation of @, can be obtained as follows:

1 ro VIR p q

where p,qg > 0,&,v€ Css,and a,n € Cs _.

Remark 4.4. For the special case « = 1 and £ = 7, the integral representations in equations
(3.3)—(3.8) correspond to those presented by Choi et al. [10]. Also, by setting « = 1, £ = 7, and
p = g, the integral representations given in Chaudhry et al.[9] can be recovered. Furthermore,
when p = 0 = ¢, the integrals in equations (3.3)—(3.8) simplify to the corresponding special
cases discussed in [35].

Theorem 3.4. The following relation for Fo.,(8,7; B; x; p; q) holds true:
Fon (0.7 852303 q) = Fary (6,7 + L B 2303 q) + Fay (6,73 8+ Lz pi q), (3.9
where p,q > 0, |z| < 1, 8,7 € Css, and a,n,§ € Cs _.

Proof. From (3.3), we get Fi,.,,(0,7; B z5p;q) =

1 g B by (g D g
B(%B—v)/o #1711 — 1)1 — 2t) cp(n,g,f;)Ea <1_t> dt,

where B(~, 8 — ) is the beta function.
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Now, consider the following decomposition.

Fom(0,viBs2303q) =

1 ] B—vy—1 -5 e P q

1 ! —1 Bl—n—1 -5 P q

= Foum (0,7 + 1;852305q) + Fouy(6,7: B+ L33 q).

Thus, the result is established. O

Remark 3.5. Similar reasoning can be applied to establish the following relation for ®,,,

Doy (73 B3 1303 q) = Doy (v + 1; Bs 2505 q) + Poy (v: B+ L2303 q), (3.10)

where p,qg >0, 8,7 € Cs~,and a,n € Cs _.

3.2 Mellin transforms

Theorem 3.6. For p,q € C, ¢; > 0,6, >0, 8,7 € Cs+, and a,n, & € Cs _, the Mellin-Barnes
integral formulae listed below are valid

1 €1 —100 € —100
Fualb 55550 = Gt 5 e e
C(o)T(E(n — ) T(y)T(1 — ¢)}
CTE—¢) T(1—ay)
L BO+ef+v—7)
B(v,8-7)

F(6,7+@; B+ ¢ +;2)p~?q Vdedy,
(3.11)
1 €1 —100 € —100
Doy (73 By 2303 9) = GriB(F =) / / (3.12)

C(o)T(E(n — ) T(y)T(1 — ¢)}
FrE—-¢) Il —ap)
XB(y+@,B+ ¢ —7)P(+¢; B+ ¢+ v;x)p Pq Vdpdip.

Proof. Multiplying both sides in (3.3) by p?~!q¥~!, then integrating the resultant identity from
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0 to oo with respect to p and ¢, we obtain

M{Fa;n(&v;ﬂ;x;p;q);%wI/ / PP gV Flay (8,7 B 5 p; q)dpdg
0 0

1 S - -
= — 1 _ \B——1 1_ é
B(%ﬂ’Y)/o 7= (1= i)
T (e PYap [ oE, (-1
X UO p¥ fb(n,é, t)dp/o q Ea( 1_t>dq]dt7
(3.13)
B ) _ (@O (n — ¢) T()C(1 —3)
M{Fa;’ﬂ((sa’y’ﬁ’x’p’Q)’@aw} - 1—*(7])1—*(5_90) 1—*(1 _aw)
1 ! )
x m/ e — B =71 (1 — )y,
IR 0
(3.14)
B w0 _ DT (n — ¢) D)1 = o)
M{Fa;n(éa’y’B’z’p’q)’ ‘P,l/J} - F(T])r(ﬁ—(p) F(l _aw) (315)
B+ 8+4 =) ns : :
Bly.5—) 0,y + @ B+ ¢+ ).
Now, (3.11) is proved by obtaining the inverse Mellin transforms of each side of (3.15). An
analogous argument will prove (3.12). O

Remark 3.7. For the particular case « = 1 and £ = 7, the results in the equations (3.11) and
(3.12) are reduced to the results presented by Choi et al. (see[10, Eq. (10.1) and (10.2)] ).

3.3 Differentiation formulae

Differentiating equations (3.1) and (3.2) for « and using the following formulae will provide the
differentiation formulae for generalized extended hypergeometric functions

B(%ﬂ—v)=§B(v+l,B—v) and  (X)r+1 = x(x + D&

Theorem 3.8. The differentiation formulae listed below are valid

d 1)
%Fam(é,v;ﬂ;x;p; q) = %Fa;n@ + Ly+ 18+ Lia;piq), (3.16)
d* 0)k
WF@;W((S,’Y;,B;Z‘;p; q) = (zg():)’“Fa;n(d +kv+kB8+kxpq (keNy), (3.17)
d* (W’)k
@Cba;n(%ﬁ;%p; CI) = mq)a;n(’y +k; B+ ks p; Q) (k € NO)- (3.18)

Proof. When we differentiate (3.1) with regard to x, we obtain

d = Baue(v+ &, 8—7:ipiq) (6)pzh !
— Fon (0,7 Braipiq) = Y —1 ,

This demonstrates (3.16) after substituting k£ by k£ + 1 along with (3.3). This procedure re-
peatedly results from the generic form (3.17). An analogous argument demonstrates (3.18) for

Do (73 By 2303 q). o

Remark 3.9. The specific cases & = 1 and £ = 7 in equations (3.17) and (3.18) yield results that
are documented by Choi et al. [10]. In [9], the authors presented the corresponding results for
the special case p = ¢ in equations (3.17) and (3.18), after setting « = 1 and £ = n. Moreover,
it is evident that the equivalent formulas for hypergeometric functions, as described in [35], are
recovered in the particular case p = 0 = ¢ of equations (3.17) and (3.18).
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3.4 Transformation formulae

Theorem 3.10. The transformation formulae shown below are valid:
Fa;n(&%ﬁ;x;p;Q):(l—x) <(56 o B; - ’q;p>
(p,g>0; |arg(1 —2)| < m; B,7y€Cs; a,n,é € Cs), (3.19)

and

Doy (73 B30 q) = € Doy (B — 7 B —x5 43 p)
(p,g>0; B,7v€Cs;a,neCs). (3.20)

Proof. After substituting ¢ by (1 — ¢) in (3.3) and using

M—a(l-t)] 0 =1—-2)"° (1 + 1fmt>_6,

we get
Foin(8,7: 83253 4) = B((l%_;)_,j) /0l (1 - ) (1 + lxxt) :
o (n;g; 1’it> E, ({) dt. (3.21)
Thus,
Fon (0,7 Bs3p39) = (1 = ) " Fagy <5 B =B _x L0 p> (3.22)
We also establish (3.20) similarly. O

Theorem 3.11. For F,,.,,(0,v; B; z;p; q), the following generating function is valid

Z m Foy 5+m7693p’ ) :(1 ) 6Fan(57/6 — ’p’q), (3.23)

m!
m=0

Proof. Assume that the left-hand side of (3.23) is . Because of (3.1), we get:

m

(3.24)

. (6 + m)kBa: s(vﬂfﬁ vipiq) 7F | w
Y — o rY
In the foregoing formula, we can now obtain using the identity (a),,(a + m)r = (a)x(a + k)m

as:

M8

¥ =

(0)kBame(Y + kB =1p50) | = (8 +K)mw™ | *
UB(»Y, 6 _ f}/) lz ml ‘| y (325)

i
(=}

m=0

On employing the binomial theorem to the inner summation, we obtain

Y= (3.26)

i Ve Bame (Y + &, B — 703 q) (1 —w)= 0 Fak
ard B(v,8-7) k!

Simplifying further

_ 5°° kBanstrkﬂ spg) 1 (= b
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Thus

— x
Y= (1—w)  Fay (577;5; =0 q) ; (3.28)

which is the right-hand side of (3.23). Therefore,

X
Y= (1-w)Foy <5, v B ——ps q> , (3.29)

1—w
where (p,q > 0; 8,7€ Cs; a,n,£ € Cs_; Jw| < 1). ]

Theorem 3.12. The transformation formulae shown below are valid
1
Fou (5,7;5; I=—p q) = 2" Fosy (6,8 = 1381 — 23¢3p) (3.30)
x
Fom (5,7;6; TP q) = (14 2)" Fay (8,8 — % 85 —23.4;0) (3.31)

Wherepaq > 07 |arg(1 —.’13)| < 537 € (C>> 04,7775 € (C>—'

Proof. Replacing x with 1 — (1/z) and z/(1 + z) in (3.19) gives (3.30) and (3.31), respectively.

m]
3.5 Differential and difference relations
Theorem 3.13. The subsequent relations are valid
AuFon (0,7 Bs3p3q) = %Fa;n(a +Ly+ LB+ Lzpiqg), (3.32)
and
d )
2o P (0,73 B3 23p34) = —AsFon (6,7 ;.2 p3.0)- (3.33)
The difference operator defined by Ay is indicated here as
Aof(0,...)=f(O0+1,...)—f(0,...).
Proof. The difference operator that is obtained from (3.3) gives
AaFoiy (8,73 Bs2503q) = Fou(B + 1,7 852303 q) — Fan (3,7 B 2303 q)
1
X
= ——— ] "1 -t) 11 —gt)~0!
B(v,B—1) /0 11 ( )
e P _ 4
{Cb (m&-%) Ea ( - t)} dt. (3.34)

By substituting § + 1, v 4 1, and S + 1 for the parameters 6, ~, and f3 in (3.3), respectively, we
obtain

B /‘ I s
For(0+ 1 v+ 18+ Lapig)=5——— [ 71— 11 = 2t 3.35

@ (m:&: —g) E, <1q_t) dt.

Now, using (3.35) in (3.34) seems to yield (3.32). Subsequently, (3.33) is proved by applying
the differentiation formula (3.16) in (3.32). O
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Remark 3.14. By applying an argument similar to that used in Theorem 3.13, the following
relations are obtained

YA, Doy (v; B+ 152503 q) + BADPay (73 B 7305 ¢) = 0, (3.36)
d
%%;n(v;ﬁ; Typ;q) = %%;n(v; B+ Lizip;q) — Ag®@asy (7; Bs 2503 q). (3.37)

Remark 3.15. The special case &« = 1 and £ = 7 in the equations from Theorem 3.13 and Note
3.14 corresponds to the results presented by Choi et al. [10]. Solving these equations for o = 1
and £ = n, with the additional condition p = ¢, leads to the results reported by Chaudhry et al.

[9].

3.6 Summation formula

Gauss formulated the following summation formula (see [10, Eq. 13.1]):

e LBIB-6—v)  B(v,f-6-7)
S s I R CR = 39

where (8 — 6 — ) € Cs.
In 2014, Choi et al. (see[10, Eq. 13.2] ) obtained the following summation formula

B(v,8—=06—7:p,q)

Foq(6,7:8:1) = ; (3.39)
p.a (057 ) B(. 5 —7)
where (p,q > 0; (8 -6 —~) € C).
Theorem 3.16. The summation formula shown below is valid
BOé' 5 9 - 5 — ;D5
Fon(0,7: 85 1;p5q) = me(7. 5 703 4) (3.40)

B(’}/,ﬁ—’}/) ’
where (paq > O, (6 - 6_’7) € (C>>; aﬂ%f € (C>>)'

Proof. The summation formula (3.40) is produced by taking z = 1 in (3.3) and applying (2.1).
|

Remark 3.17. To derive equation (3.39), consider the specific case &« = 1 and £ = 7 in equation
(3.40). After setting @ = 1 and £ = 7, the particular case p = ¢ in equation (3.40) results
in a corresponding outcome reported in Chaudhry et al. [9]. Furthermore, it is evident that
equation (3.40), under the condition p = 0 = g, reduces equation (3.38), which represents
Gauss’ summation formula.

4 Application of extended beta distribution in statistics

The generalized extended beta distribution is introduced within the framework of statistical dis-
tribution theory. Its probability density function is expressed as follows

1 u—1 _ \v—1 e D _ 9 1
f(’U) — Bw;m&(u,ﬂ;p;q)t (1 t) CD (77’5’ t) Ea ( l—t) ) lfo <t< 1’ (41)
0, otherwise,

where p,q > 0; —o0 < u,v < 005, 1, & € Cs_. In the following sections, we explore var-
ious fundamental properties of this distribution, as defined by (4.1). The k-th moment, denoted
as E(X*), for any real k, can be obtained as

Ba;n;&(u + k,v;p; (I)

E(X*) =
&) B (u, 305 q)

)
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where the parameters u,v € R, p,q € RT, and o, n,& € C~_. For k = 1, the mean is obtained
as

Bame(u, v:pi q)
The variance is expressed as
Var(X) = Var(X) = E(X?) - [E(X)]* = E[(X — E(X))?]

2
_ B (u + 2,03 p; q) Base (4, v3 95 @) — [Bagme (v + 1,395 9)]
= - .
[Ba;nzﬁ(ua v p; Q)]

The coefficient of variation, which quantifies the ratio of the standard deviation to the mean, is
given as

CV. = Bam;ﬁ(u +2,v;p; Q)Boc;n;ﬁ(uaU;p; Q) 1
Bae(u+1,v5p;q)

Additional characteristics include the moment generating function (m.g.f.), computed as

=tk 1 >\ Baue(u+ k,v3p; q)
Mx(t) =Y —B(X"*) = O 2D gk,
x() £ k! &) Bosie (u, 0313 q) ,; k!

The characteristic function of the proposed distribution can be computed as follows

By =y W bk,

E(eitu) _ 1 ) i Ba;n(ﬂ +k,v;p, Q) (’it)k.

Bam(p, vip,q) &= k!

The cumulative distribution function (CDF) of the extended beta distribution is defined as

Fla) = P(X < a) = /0 £(t) dt,

Ba;n;a(ﬂw v, p, Q)

F =
(a) Ba;n (/1’7 l/;pa q) ’

where Ba.p.q (11, V3 p, q) is the incomplete extended beta function expressed as

¢ v P q
Ba;'r];a(,uy V;p7 Q) = / t# 1(1 - t) ICD (77757_2) Ea <_1—t> dt7

0

with the conditions p,q € Cs, —00 < p,v < 00, and o, n, £ € C _.
The reliability function, which complements the cumulative distribution function, is given by

R(a) = P(X > a) = 1 — F(a) = /:C () dt,

Boa (1, v3 s
R(a) _ 35 (:u vip Q).
B (1 v3p,q)

Here, the upper incomplete extended beta function B,.,.q (11, v; p, q) is defined as

A e v p q
Ba;n;a(uw;p,Q)I/ (1~ t) lfb(n;ﬁ;—;) Ea (_1t> d

a

with the parameters p,q > 0, —co < p,v < 0o, and o, 17, € € C _.
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5 Conclusion remarks

This work extends generalized beta and hypergeometric functions utilizing Kummer’s and Mittag-
Leffler’s functions. Provides integral representations, summation formulas, Mellin transforma-

tions, and recurrence relations for the extended beta function. It also establishes features such as

log-convexity and Turan -type inequality. In addition, we provide transformation, differentiation,

and difference correlations for the extended hypergeometric functions. A statistical application

defines a generalized extended beta distribution, methodically obtaining essential features such

as variance, coefficient of variation, moment-generating function, characteristic function, cumu-

lative distribution function (CDF), and complementary CDF.
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