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Abstract This study establishes generalized beta and hypergeometric function extensions
using Kummer’s and Mittag-Leffler’s functions. It gives integral representations, summation
formulae, Mellin transforms, and recurrence relations while establishing properties like log-
convexity and Turán-type inequalities for the extended beta function. Also, transformation, dif-
ferentiation, and difference relations are provided for the extended hypergeometric functions. A
generating function is also proposed. As a statistical application, a generalized extended beta
distribution is defined, with key properties such as variance, coefficient of variation, moment-
generating function, characteristic function, cumulative distribution function (CDF), and com-
plementary CDF systematically obtained.

1 Introduction

To ensure brevity and consistency, we adopt the following notation, as introduced by Carlson [7]
and elaborated in [20]:

C> := {w ∈ C : Re(w) > 0},
C>> := {z, w ∈ C : Re(z) > Re(w) > 0},
C>− := {w ∈ C : Re(w) > −1},

where C represents the set of complex numbers. We begin by recalling Euler’s beta function
B(u, v) [10, 33]:

B(u, v) :=


∫ 1

0 t
u−1(1 − t)v−1 dt, (u, v ∈ C>),

Γ(u)Γ(v)
Γ(u+v) , (u, v ∈ C \ Z−

0 ),

where Γ(w) is the gamma function, defined as

Γ(w) :=
∫ ∞

0
e−ttw−1 dt, (w ∈ C>).

Throughout this work, the following sets are used. R+
0 denotes non-negative real numbers, N

represents positive integers, and Z−
0 represents non-positive integers. The Gauss hypergeomet-

ric function 2F1(δ, γ;β;w) and Kummer’s confluent hypergeometric function 1F1(γ;β;w) =
Φ(γ;β;w) are expressed as follows [10, 33, 35]:

2F1(δ, γ;β;w) =
∞∑
n=0

(δ)n(γ)n
(β)n

wn

n!
, (|w| < 1; δ, γ ∈ C; β ∈ C \ Z−

0 ),
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1F1(γ;β;w) := Φ(γ;β;w) =
∞∑
n=0

(γ)n
(β)n

wn

n!
, (w, γ ∈ C; β ∈ C \ Z−

0 ).

Here, the Pochhammer symbol (ν)n for ν ∈ C is defined as

(ν)n :=

{
1, (n = 0),
ν(ν + 1) · · · (ν + n− 1), (n ∈ N).

The integral representations of 2F1(δ, γ;β;w) and 1F1(γ;β;w) are given by

2F1(δ, γ;β;w) =
1

B(γ, β − γ)

∫ 1

0
tγ−1(1 − t)β−γ−1(1 − wt)−δ dt,

(β, γ ∈ C>>; | arg(1 − w)| ≤ π − ϵ, 0 < ϵ < π), (1.1)

1F1(γ;β;w) = Φ(γ;β;w) =
1

B(γ, β − γ)

∫ 1

0
tγ−1(1 − t)β−γ−1ewt dt, (β, γ ∈ C>>).

In 1997, Chaudhry et al. [8] introduced an extended beta function

B(u, v; p) =
∫ 1

0
tu−1(1 − t)v−1 exp

(
− p

t(1 − t)

)
dt, (p ∈ C>).

For p = 0, B(u, v; p) is reduced to classical beta function. This extended beta function was used
to generalize the hypergeometric and confluent hypergeometric functions [9]

Fp(δ, γ;β;w) =
∞∑
n=0

B(γ + n, β − γ; p)
B(γ, β − γ)

(δ)nwn

n!
, (p ≥ 0, |w| < 1; β, γ ∈ C>>),

Φp(γ;β;w) =
∞∑
n=0

B(γ + n, β − γ; p)
B(γ, β − γ)

wn

n!
, (p ≥ 0; β, γ ∈ C>>).

Later, Choi et al. [10] proposed another extended beta function

B(u, v; p, q) =
∫ 1

0
tu−1(1 − t)v−1 exp

(
−p
t
− q

1 − t

)
dt, (1.2)

(min{Re(u),Re(v)} > 0; min{Re(p),Re(q)} > 0).

This function was applied to extend hypergeometric functions

Fp,q(δ, γ;β;w) =
∞∑
n=0

B(γ + n, β − γ; p, q)
B(γ, β − γ)

(δ)nwn

n!
, (p, q ∈ C>, |w| < 1; β, γ ∈ C>>),

Φp,q(γ;β;w) =
∞∑
n=0

B(γ + n, β − γ; p, q)
B(γ, β − γ)

wn

n!
, (p, q ∈ C>; β, γ ∈ C>>).

Recently, an extension of Gauss hypergeometric and confluent hypergeometric functions is stud-
ied in [34] using the Bessel-Struve kernel function. Also, several extensions are discussed in
[1, 2, 3, 4, 5, 11, 12, 13, 14, 15, 16, 17, 18, 19, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 36, 37].
Building on these studies, this paper introduces a new generalized extended beta function in the
next section and systematically develops its integral representations, Mellin transforms, summa-
tion formulae, and log-convexity properties. Here,
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Definition 1.1. The Mellin transform [6, p. 343] of a function f , defined for x > 0, is given by

M{f(x)}(s) =
∫ ∞

0
xs−1f(x) dx,

where s ∈ C and the integral converges. The variable s is typically complex, and the transform
exists in a vertical strip of the complex plane where the integral converges.

In addition, a generalized extended beta distribution and extensions of hypergeometric func-
tions are proposed, and their essential properties are analyzed.

2 Extended beta function and its properties

Definition 2.1 (Extended beta function). For min{Re(u),Re(v)} > 0,
min{Re(p),Re(q)} > 0, and α, η, ξ ∈ C>−, the extended Beta function Bα;η;ξ(u, v; p; q) is
defined as

Bα;η;ξ(u, v; p; q) =
∫ 1

0
tu−1(1 − t)v−1

Φ

(
η; ξ;−p

t

)
Eα

(
− q

1 − t

)
dt. (2.1)

Here, Eα(w) denotes the Mittag-Leffler function, defined as (see [38, p.255, Eq. (3.1)])

Eα(w) =
∞∑
n=0

wn

Γ(αn+ 1)
(w ∈ C, α ∈ C>−),

and Φ(η; ξ;w) represents Kummer’s confluent hypergeometric function 1F1(η; ξ;w), expressed
as

Φ(η; ξ;w) := 1F1(η; ξ;w) =
Γ(η)

Γ(ξ)Γ(η − ξ)

∞∑
m=0

B(ξ +m, η − ξ)
wm

m!
(w ∈ C, η, ξ ∈ C>−).

(2.2)

For p = 0 = q in (2.1), we get Eα(0) = 1 and Φ(η; ξ; 0) = 1. As a result, (2.1) reduces to the
standard beta function. (see [38])

Also, for ξ = η and w = −p/t, the function

Φ

(
η; ξ;−p

t

)
= e−

p
t , (2.3)

and for α = 1, w = −q/(1 − t), the function

Eα

(
− q

1 − t

)
= e−

q
1−t . (2.4)

Now for α = 1 and ξ = η; from (2.3) and (2.4), the equation (2.1) reduces to (1.2).

2.1 Integral representations of extended beta function

In this section, we establish the integral representation of an extended beta function. To derive
these results, we first present the following lemmas.

Lemma 2.2. The following integral formula for the confluent hypergeometric function holds:∫ ∞

0
pb−1

Φ

(
η; ξ;−p

t

)
dp = tb

Γ(b)Γ(ξ)Γ(η − b)

Γ(η)Γ(ξ − b)
, (2.5)

where η, ξ, b ∈ C, p ≥ 0, η, ξ ∈ C>, and 0 < t < 1.
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Proof. We know that the integral representation of Φ(η; ξ;−w) (also see [33, Eq. (9), p. 137])
is given by

Φ(η; ξ;−w) = Γ(ξ)

Γ(η)Γ(ξ − η)

∫ 1

0
tη−1(1 − t)ξ−η−1e−wt dt. (2.6)

Substituting w → wp and integrating with respect to p from 0 to ∞, we get∫ ∞

0
pb−1

Φ(η; ξ;−wp) dp =
∫ ∞

0
pb−1

[
Γ(ξ)

Γ(η)Γ(ξ − η)

∫ 1

0
tη−1(1 − t)ξ−η−1e−wpt dt

]
dp.

(2.7)

By the uniform convergence of the integrals, we can interchange the order of integration∫ ∞

0
pb−1

Φ(η; ξ;−wp) dp = Γ(ξ)

Γ(η)Γ(ξ − η)

∫ 1

0
tη−1(1 − t)ξ−η−1

[∫ ∞

0
pb−1e−wpt dp

]
dt.

(2.8)

Using the formula of the gamma function

Γ(β)θ−β =

∫ ∞

0
tβ−1e−θt dt, (θ, β ∈ C>),

we evaluate the inner integral ∫ ∞

0
pb−1e−wpt dp =

Γ(b)

(wt)b
.

Substituting this result back, we get∫ ∞

0
pb−1

Φ(η; ξ;−wp) dp = Γ(b)Γ(ξ)

wbΓ(η)Γ(ξ − η)

∫ 1

0
tη−b−1(1 − t)ξ−η−1 dt. (2.9)

The remaining integral is a beta function, giving∫ 1

0
tη−b−1(1 − t)ξ−η−1 dt =

Γ(η − b)Γ(ξ − η)

Γ(ξ − b)
.

Thus, we get ∫ ∞

0
pb−1

Φ(η; ξ;−wp) dp = Γ(b)Γ(ξ)Γ(η − b)

wbΓ(η)Γ(ξ − b)
. (2.10)

Finally, substituting w = 1
t into the result gives∫ ∞

0
pb−1

Φ

(
η; ξ;−p

t

)
dp = tb

Γ(b)Γ(ξ)Γ(η − b)

Γ(η)Γ(ξ − b)
. (2.11)

This completes the proof.

Lemma 2.3. The Mittag-Leffler function satisfies the following integral formula∫ ∞

0
qc−1Eα

(
−q

1 − t

)
dq = (1 − t)c

Γ(c)Γ(1 − c)

Γ(1 − αc)
, (2.12)

where α, c ∈ C, p ≥ 0, α ∈ C>, and 0 < t < 1.

Proof. We start with the integral formula provided in [38, p. 273, Eq. (3.119)]∫ ∞

0
qc−1Eα(−λq)dq =

Γ(c)Γ(1 − c)

λcΓ(1 − αc)
. (2.13)

By substituting λ = 1
1−t , the desired result in (2.12) follows directly.
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Theorem 2.4. The following integral formula is valid:∫ ∞

0

∫ ∞

0
pb−1qc−1Bα;η;ξ(u, v; p; q) dp dq =

Γ(b)Γ(ξ)Γ(η − b)

Γ(η)Γ(ξ − b)

Γ(c)Γ(1 − c)

Γ(1 − αc)
B(u+ b, v + c),

(2.14)

where p, q, b, c ∈ C>, (u+ b), (v + c) ∈ C>, and α, η, ξ ∈ C>−.

Proof. Multiplying both sides of (2.1) by pb−1qc−1 and integrating over p and q with limits
0 ≤ p, q ≤ ∞, we get∫ ∞

0

∫ ∞

0
pb−1qc−1Bα;η;ξ(u, v; p;q) dq dp =

∫ ∞

0

∫ ∞

0
pb−1qc−1 (2.15)

.

{∫ 1

0
tu−1(1 − t)v−1

Φ

(
η; ξ;−p

t

)
Eα

(
− q

1 − t

)
dt

}
dp dq.

(2.16)

The uniform convergence of the integral allows us to interchange the order of integration∫ ∞

0

∫ ∞

0
pb−1qc−1Bα;η;ξ(u, v; p; q)dp dq =

∫ 1

0
tu−1(1 − t)v−1

{∫ ∞

0
pb−1

Φ

(
η; ξ;−p

t

)
dp ·

∫ ∞

0
qc−1Eα

(
− q

1 − t

)
dq

}
dt.

Using equations (2.12) and (2.5), we find∫ ∞

0

∫ ∞

0
pb−1qc−1Bα;η;ξ(u, v; p; q)dp dq =

Γ(b)Γ(ξ)Γ(η − b)

Γ(η)Γ(ξ − b)

Γ(c)Γ(1 − c)

Γ(1 − αc)
(2.17){∫ 1

0
tu+b−1(1 − t)v+c−1dt

}
.

Evaluating the integral using the beta function∫ ∞

0

∫ ∞

0
pb−1qc−1Bα;η;ξ(u, v; p; q)dp dq =

Γ(b)Γ(ξ)Γ(η − b)

Γ(η)Γ(ξ − b)

Γ(c)Γ(1 − c)

Γ(1 − αc)
B(u+ b, v + c).

This completes the proof.

Remark 2.5. When choosing the specific values α = 1 and ξ = η in equation (2.14), the above
theorem is reduced to Theorem 1 in [10].

Theorem 2.6. Various integral representations for Bα;η;ξ(u, v; p; q) are given as follows:

Bα;η;ξ(u, v; p; q) = 2
∫ π

2

0
(cos2u−1 θ)(sin2v−1 θ)Φ(η; ξ;−p sec2 θ)Eα(−q csc2 θ) dθ, (2.18)

Bα;η;ξ(u, v; p; q) =
∫ ∞

0
ϕu−1(1 + ϕ)−(u+v)

Φ

(
η; ξ;

−p(1 + ϕ)

ϕ

)
Eα (−q(1 + ϕ)) dϕ, (2.19)

Bα;η;ξ(u, v; p; q) = 21−u−v
∫ 1

−1
(1 + ϕ)u−1(1 − ϕ)v−1

Φ

(
η; ξ;

−2p
1 + ϕ

)
Eα

(
−2q

1 − ϕ

)
dϕ,

(2.20)

Bα;η;ξ(u, v; p; q) = (g − f)1−u−v
∫ g

f

(ϕ− f)u−1(g − ϕ)v−1

· Φ

(
η; ξ;

−p(g − f)

ϕ− f

)
Eα

(
−q(g − f)

g − ϕ

)
dϕ, (2.21)

where p, q, u, v ∈ C> and α, η, ξ ∈ C>−.
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Proof. Using the transformations t = cos2 θ, t = ϕ/(1 + ϕ), t = (1 + ϕ)/2, and t = (ϕ −
f)/(g−f) in equation (2.18), the integral forms (2.18), (2.19), (2.20), and (2.21) can be obtained,
respectively.

Remark 2.7. The corresponding results presented in [10] are obtained by simplifying the inte-
grals in Theorem 2.6 for the specific values α = 1 and ξ = η. Furthermore, by assuming p = q,
the integrals in Theorem 2.6 reduce to the analogous results found in [9] under the conditions
α = 1 and ξ = η. Moreover, it can be readily shown that the integrals in Theorem 2.6 lead to
well-known formulas for the beta function when p = 0 = q.

2.2 Mellin transforms of extended beta function

Theorem 2.8. The Mellin transform of Bα;η;ξ(u, v; p; q) is given by the following formula.

Bα;η;ξ(u, v; p, q) =
1

(2πi)2

∫ ϵ1+i∞

ϵ1−i∞

∫ ϵ2+i∞

ϵ2−i∞

Γ(x)Γ(ξ)Γ(η − x)

Γ(η)Γ(ξ − x)

Γ(y)Γ(1 − y)

Γ(1 − αy)

· Γ(u+ x)Γ(v + y)

Γ(u+ x+ v + y)
p−xq−y dx dy, (2.22)

where p, q ∈ C>, ϵ1 > 0, ϵ2 > 0, and α, η, ξ ∈ C+.

Proof. Applying the Mellin transform to both sides of Bα;η;ξ(u, v; p, q) results in

M{Bα;η;ξ(u, v; p, q); p→ x, q → y} =

∫ ∞

0

∫ ∞

0
px−1qy−1

·

[∫ 1

0
tu−1(1 − t)v−1

Φ

(
η; ξ;−p

t

)
Eα

(
− q

1 − t

)
dt

]
dp dq. (2.23)

By the uniform convergence of the integral, the order of integration can be interchanged.

M{Bα;η;ξ(u, v; p, q);p→ x, q → y} =

∫ 1

0
tu−1(1 − t)v−1

·
[∫ ∞

0
px−1

Φ

(
η; ξ;−p

t

)
dp

]
·
[∫ ∞

0
qy−1Eα

(
− q

1 − t

)
dq

]
dt. (2.24)

Using the results of known integral transforms, such as (2.12) and (2.5), in equation (2.24), and
applying the beta function definition, we get

M{Bα;η;ξ(u, v; p, q); p→ x, q → y} =
Γ(x)Γ(ξ)Γ(η − x)

Γ(η)Γ(ξ − x)

Γ(y)Γ(1 − y)

Γ(1 − αy)

Γ(u+ x)Γ(v + y)

Γ(u+ x+ v + y)
.

(2.25)

Finally, the inverse Mellin transform on both sides of the expression obtained above proves the
formula (2.22).

2.3 Properties of the extended beta function

Theorem 2.9. For Bα;η;ξ(u, v; p; q), the following relation is valid:

Bα;η;ξ(u, v; p; q) = Bη;α(v, u; q; p), (2.26)

where p, q ∈ C> and α, η, ξ ∈ C>−.

Proof. Using the transformation t = 1−t in equation (2.1), we can derive the result in (2.26).

Remark 2.10. The specific case α = 1 and ξ = η in equation (2.26) leads to a result equivalent
to that presented by Choi et al. [10]. Furthermore, substituting α = 1, ξ = η, and setting p = q
into equation (2.26) gives a result analogous to the one reported by Chaudhry et al. [9] when
p = 0 = q, the expression in (2.26) reduce the symmetric property of the beta function.
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Theorem 2.11. For the extended beta function Bα;η;ξ(u, v; p; q), the following recurrence rela-
tion holds:

Bα;η;ξ(u, v; p; q) = Bα;η;ξ(u+ 1, v; p; q) +Bα;η;ξ(u, v + 1; p; q). (2.27)

Proof. From the definition of Bα;η;ξ(u, v; p; q), we get

Bα;η;ξ(u, v; p; q) =
∫ 1

0
tu−1(1 − t)v−1

Φ

(
η; ξ;−p

t

)
Eα

(
− q

1 − t

)
dt.

=

∫ 1

0
tu−1(1 − t)v−1[t+ (1 − t)

]
Φ

(
η; ξ;−p

t

)
Eα

(
− q

1 − t

)
dt.

=

∫ 1

0
tu+1−1(1 − t)v−1

Φ

(
η; ξ;−p

t

)
Eα

(
− q

1 − t

)
dt

+

∫ 1

0
tu−1(1 − t)v+1−1

Φ

(
η; ξ;−p

t

)
Eα

(
− q

1 − t

)
dt.

By recognizing the integrals in the last step as Bα;η;ξ(u+ 1, v; p; q) and Bα;η;ξ(u, v+ 1; p; q),
we obtain

Bα;η;ξ(u, v; p; q) = Bα;η;ξ(u+ 1, v; p; q) +Bα;η;ξ(u, v + 1; p; q), (2.28)

which completes the proof.

Remark 2.12. The specific case of α = 1 and ξ = η in equation (2.27) leads to a result that
corresponds to one found in [10]. Furthermore, by setting α = 1, ξ = η, and p = q in equation
(2.27), an equivalent result to that in [9] is obtained. Also, it can be observed that the identity
given in (2.27) reduces to a well-known relation for the beta function when p = 0 = q.

Theorem 2.13. The following summation formula is satisfied by the extended beta function
Bα;η;ξ(u, v; p; q):

Bα;η;ξ(u, 1 − v; p; q) =
∞∑
k=0

(v)k
k!

Bα;η;ξ(u+ k, 1; p; q), (2.29)

where p, q ∈ C> and α, η, ξ ∈ C>−.

Proof. Using the generalized binomial theorem, we get

(1 − w)−v =
∞∑
k=0

(v)k
k!

wk, (|w| < 1), (2.30)

where (λ)k = Γ(λ+ k)/Γ(λ) is the Pochhammer symbol. Substituting this into equation (2.1),
we write

Bα;η;ξ(u, 1 − v; p; q) =
∫ 1

0
tu−1(1 − t)1−v−1

Φ

(
η; ξ;−p

t

)
Eα

(
− q

1 − t

)
dt.

=

∫ 1

0
tu−1(1 − t)−vΦ

(
η; ξ;−p

t

)
Eα

(
− q

1 − t

)
dt.

=

∫ 1

0
tu−1

[ ∞∑
k=0

(v)k
k!

tk

]
Φ

(
η; ξ;−p

t

)
Eα

(
− q

1 − t

)
dt.

=
∞∑
k=0

(v)k
k!

∫ 1

0
tu+k−1(1 − t)1−1

Φ

(
η; ξ;−p

t

)
Eα

(
− q

1 − t

)
dt.
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Simplifying, we obtain

Bα;η;ξ(u, 1 − v; p; q) =
∞∑
k=0

(v)k
k!

Bα;η;ξ(u+ k, 1; p; q),

which proves the stated result (2.29).

Theorem 2.14. The following summation formula is satisfied by the extended beta function
Bα;η;ξ(u, v; p; q):

Bα;η;ξ(u, v; p; q) =
∞∑
k=0

Bα;η;ξ(u+ k, v + 1; p; q), (2.31)

where p, q ∈ C> and α, η, ξ ∈ C>−.

Proof. By using the result, we write

(1 − w)v−1 = (1 − w)v
∞∑
k=0

wk, (|w| < 1). (2.32)

Substituting (2.32) into equation (2.1), we get

Bα;η;ξ(u, v; p; q) =
∫ 1

0
tu−1

[
(1 − t)v

∞∑
k=0

tk

]
Φ

(
η; ξ;−p

t

)
Eα

(
− q

1 − t

)
dt.

=
∞∑
k=0

∫ 1

0
tu+k−1(1 − t)v+1−1

Φ

(
η; ξ;−p

t

)
Eα

(
− q

1 − t

)
dt.

Simplifying, this becomes

Bα;η;ξ(u, v; p; q) =
∞∑
k=0

Bα;η;ξ(u+ k, v + 1; p; q),

which proves the stated result (2.31).

Theorem 2.15. For every extended beta functionBα;η;ξ(u, v; p; q), the following relation is valid:

Bα;η;ξ(u,−u−m; p; q) =
m∑
k=0

(
m

k

)
Bα;η;ξ(u+ k,−u− k; p; q), (m ∈ N0). (2.33)

Proof. Substituting v = −u−m into the known result given in equation (2.27) is

Bα;η;ξ(u, v; p; q) = Bα;η;ξ(u+ 1, v; p; q) +Bα;η;ξ(u, v + 1; p; q),

we obtain

Bα;η;ξ(u,−u−m; p; q) = Bα;η;ξ(u+ 1,−u−m; p; q) +Bα;η;ξ(u,−u−m+ 1; p; q).

Writing this formula recursively for m = 1, 2, 3, . . ., we get

Bα;η;ξ(u,−u− 1; p; q) = Bα;η;ξ(u,−u; p; q) +Bα;η;ξ(u+ 1,−u− 1; p; q),

Bα;η;ξ(u,−u− 2; p; q) = Bα;η;ξ(u,−u; p; q) + 2Bα;η;ξ(u+ 1,−u− 1; p; q)

+Bα;η;ξ(u+ 2,−u− 2; p; q),

and so on. Continuing this process and generalizing the pattern leads us to

Bα;η;ξ(u,−u−m; p; q) =
m∑
k=0

(
m

k

)
Bα;η;ξ(u+ k,−u− k; p; q),

which proves the stated result (2.33).
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2.4 Log-convexity and Turán- type inequality of extended beta function

This subsection focuses on the log-convexity properties and Turán-type inequalities associated
with Bα,η(µ, ν; p; q). Detailed analysis and results will be provided to explore the underlying
mathematical structure and its implications.

Theorem 2.16 (Log-Convexity). The following inequalities hold:

Bα;η;ξ(λu1 + (1 − λ)u2, v; p; q) ≤ Bα;η;ξ(u1, v; p; q)λ ·Bα;η;ξ(u2, v; p; q)1−λ, (2.34)

where

(λ ∈ (0, 1);u1 < u2; v ∈ C, p, q ∈ C>;α, η, ξ ∈ C>−),

and

Bα;η;ξ(u, λv1 + (1 − λ)v2; p; q) ≤ Bα;η;ξ(u, v1; p; q)λ ·Bα;η;ξ(u, v2; p; q)1−λ, (2.35)

where

(λ ∈ (0, 1); v1 < v2; v ∈ C, p, q ∈ C>;α, η, ξ ∈ C>−).

Proof. For integrals, Hölder’s inequality asserts that∫ b

a

|f(t)h(t)| dt ≤

(∫ b

a

|f(t)|j dt

)1/j

·

(∫ b

a

|h(t)|k dt

)1/k

, (2.36)

where (1/j) + (1/k) = 1 with j, k > 1. Applying Hölder’s inequality (2.36) and substituting
u = λu1 + (1 − λ)u2 in equation (2.1), we obtain

Bα;η;ξ(λu1 + (1 − λ)u2, v; p; q) =
∫ 1

0
tλu1+(1−λ)u2−1(1 − t)v−1

Φ

(
η; ξ;−p

t

)
Eα

(
− q

1 − t

)
dt.

=

∫ 1

0

(
tu1−1(1 − t)v−1

Φ

(
η; ξ;−p

t

)
Eα

(
− q

1 − t

))λ
·
(
tu2−1(1 − t)v−1

Φ

(
η; ξ;−p

t

)
Eα

(
− q

1 − t

))1−λ

dt.

(2.37)

Let j = 1/λ and k = 1/(1 − λ). By applying Hölder’s inequality, we get

Bα;η;ξ(λu1 + (1 − λ)u2, v; p; q) ≤

(∫ 1

0
tu1−1(1 − t)v−1

Φ

(
η; ξ;−p

t

)
Eα

(
− q

1 − t

)
dt

)λ

·

(∫ 1

0
tu2−1(1 − t)v−1

Φ

(
η; ξ;−p

t

)
Eα

(
− q

1 − t

)
dt

)1−λ

.

Thus, we arrive at the result

Bα;η;ξ(λu1 + (1 − λ)u2, v; p; q) ≤ Bα;η;ξ(u1, v; p; q)λ ·Bα;η;ξ(u2, v; p; q)1−λ. (2.38)

This proves the inequality in equation (2.34). A similar argument with v = λv1 + (1 − λ)v2
in equation (2.1) proves the inequality in equation (2.35).

Corollary 2.17 (Turán- type inequality). The following inequalities hold true:

Bα;η;ξ

(
u1 + u2

2
, v; p; q

)2

−Bα;η;ξ(u1, v; p; q) ·Bα;η;ξ(u2, v; p; q) ≤ 0,

(u1 < u2; v ∈ C, p, q ∈ C>;α, η, ξ ∈ C>−), (2.39)
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and

Bα;η;ξ

(
u,
v1 + v2

2
; p; q

)2

−Bα;η;ξ(u, v1; p; q) ·Bα;η;ξ(u, v2; p; q) ≤ 0,

(v1 < v2; v ∈ C, p, q ∈ C>;α, η, ξ ∈ C>−). (2.40)

Proof. For λ = 1/2 in inequalities (2.34) and (2.35), the above equations (2.39) and (2.40) can
be obtained, respectively.

Remark 2.18. The particular case of α = 1 and ξ = η in equation (2.34) corresponds to the
result presented by Luo et al. [20, Eq. (15)]. Moreover, by taking p = 0 = q, the well-known
inequality

B(λµ1 + (1 − λ)µ2, ν) ≤ B(µ1, ν)
λ ·B(µ2, ν)

1−λ (2.41)

is obtained.

3 Generalized extension of Gauss and confluent hypergeometric functions

Using Bα;η;ξ(u, v; p; q), we extend Gauss and confluent hypergeometric functions as outlined in
this section

Fα;η(δ, γ;β;x; p; q) =
∞∑
k=0

Bα;η;ξ(γ + k, β − γ; p; q)
B(γ, β − γ)

(δ)k
xk

k!
, (3.1)

(p, q ≥ 0; β, γ ∈ C>>; α, η, ξ ∈ C>−),

and

Φα;η(γ;β;x; p; q) =
∞∑
k=0

Bα;η;ξ(γ + k, β − γ; p; q)
B(γ, β − γ)

xk

k!
, (3.2)

(p, q ≥ 0, |x| < 1; β, γ ∈ C>>; α, η, ξ ∈ C>−).

The functions Fα;η(δ, γ;β;x; p; q) and Φα;η(γ;β;x; p; q) represent a further generalization
of the extended Gauss hypergeometric function and a further generalization of the extended
confluent hypergeometric function, respectively.

3.1 Integral representations of Gauss and confluent hypergeometric functions

Theorem 3.1. For p, q ≥ 0, the following integral formula holds:

Fα;η(δ, γ;β;x; p; q) =
1

B(γ, β − γ)[∫ 1

0
tγ−1(1 − t)β−γ−1(1 − xt)−δΦ

(
η; ξ;−p

t

)
Eα

(
− q

1 − t

)]
dt, (3.3)

where | arg(1 − x)| < π, β, γ ∈ C>>, and α, η, ξ ∈ C>−.

Proof. By using the definition of Bα;η;ξ(γ + k, β − γ; p; q) from (2.1) in place of Bα;η;ξ(γ +
k, β − γ; p; q) in (3.1), it is straightforward to derive the integral formula:

Fα;η(δ, γ;β;x; p; q) = (3.4)

1
B(γ, β − γ)

∫ 1

0
tγ−1(1 − t)β−γ−1

Φ

(
η; ξ;−p

t

)
Eα

(
− q

1 − t

)( ∞∑
k=0

(δ)k(xt)k

k!

)
dt,

where |x| < 1, β, γ ∈ C>>, and α, η, ξ ∈ C>−. Using the extended binomial expansion,
(1 − xt)−δ =

∑∞
k=0

(δ)k(xt)
k

k! , in (3.4), we obtain the integral in (3.3).
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Theorem 3.2. For p, q ≥ 0, the following integral formulae are valid:

Fα;η(δ, γ;β;x; p; q) =
1

B(γ, β − γ)

∫ ∞

0
ϖγ−1(1 +ϖ)δ−β[1 +ϖ(1 − x)]−δ

× Φ

(
η; ξ;−p(1 +ϖ)

ϖ

)
Eα[−q(1 +ϖ)]dϖ, (3.5)

where | arg(1 − x)| < π, β, γ ∈ C>>, and α, η, ξ ∈ C>−.

Fα;η(δ, γ;β;x; p; q) =
2

B(γ, β − γ)

∫ π/2

0
sin2γ−1 ϖ cos2β−2γ−1 ϖ(1 − x sin2 ϖ)−δ

× Φη,ξ(−p csc2 ϖ)Eα(−q sec2 ϖ)dϖ, (3.6)

where | arg(1 − x)| < π, β, γ ∈ C>>, and α, η, ξ ∈ C>−.

Fα;η(δ, γ;β;x; p; q) = 21−δ−β 1
B(γ, β − γ)

∫ 1

−1
(1 +ϖ)γ−1(1 −ϖ)β−γ−1[2 − x(1 +ϖ)]−δ

× Φ

(
η; ξ;− 2p

1 +ϖ

)
Eα

(
− 2q

1 −ϖ

)
dϖ, (3.7)

where | arg(1 − x)| < π, β, γ ∈ C>>, and α, η, ξ ∈ C>−.

Proof. Setting t = ϖ/(1 +ϖ), t = sin2 ϖ, and t = (1 +ϖ)/2 in (3.3), we derive the integrals
in (3.5), (3.6), and (3.7), respectively.

Remark 3.3. By employing reasoning similar to that used in equation (3.2), the integral repre-
sentation of Φα;η can be obtained as follows:

Φα;η(γ; ξ;x; p; q) =
1

B(γ, ξ − γ)

∫ 1

0
tγ−1(1 − t)ξ−γ−1extΦ

(
η; ξ;−p

t

)
Eα

(
− q

1 − t

)
dt,

(3.8)

where p, q ≥ 0, ξ, γ ∈ C>>, and α, η ∈ C>−.

Remark 4.4. For the special case α = 1 and ξ = η, the integral representations in equations
(3.3)–(3.8) correspond to those presented by Choi et al. [10]. Also, by setting α = 1, ξ = η, and
p = q, the integral representations given in Chaudhry et al.[9] can be recovered. Furthermore,
when p = 0 = q, the integrals in equations (3.3)–(3.8) simplify to the corresponding special
cases discussed in [35].

Theorem 3.4. The following relation for Fα;η(δ, γ;β;x; p; q) holds true:

Fα;η(δ, γ;β;x; p; q) = Fα;η(δ, γ + 1;β;x; p; q) + Fα;η(δ, γ;β + 1;x; p; q), (3.9)

where p, q ≥ 0, |x| < 1, β, γ ∈ C>>, and α, η, ξ ∈ C>−.

Proof. From (3.3), we get Fα;η(δ, γ;β;x; p; q) =

1
B(γ, β − γ)

∫ 1

0
tγ−1(1 − t)β−γ−1(1 − xt)−δΦ

(
η; ξ;−p

t

)
Eα

(
− q

1 − t

)
dt,

where B(γ, β − γ) is the beta function.
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Now, consider the following decomposition.

Fα;η(δ, γ;β;x; p; q) =

1
B(γ, β − γ)

∫ 1

0
tγ(1 − t)β−γ−1(1 − xt)−δΦ

(
η; ξ;−p

t

)
Eα

(
− q

1 − t

)
dt.

+
1

B(γ, β − γ)

∫ 1

0
tγ−1(1 − t)β+1−γ−1(1 − xt)−δΦ

(
η; ξ;−p

t

)
Eα

(
− q

1 − t

)
dt.

= Fα;η(δ, γ + 1;β;x; p; q) + Fα;η(δ, γ;β + 1;x; p; q).

Thus, the result is established.

Remark 3.5. Similar reasoning can be applied to establish the following relation for Φα;η

Φα;η(γ;β;x; p; q) = Φα;η(γ + 1;β;x; p; q) + Φα;η(γ;β + 1;x; p; q), (3.10)

where p, q ≥ 0, β, γ ∈ C>>, and α, η ∈ C>−.

3.2 Mellin transforms

Theorem 3.6. For p, q ∈ C>, ϵ1 > 0, ϵ2 > 0, β, γ ∈ C>>, and α, η, ξ ∈ C>−, the Mellin-Barnes
integral formulae listed below are valid

Fα;η(δ, γ;β;x; p; q) =
1

(2πi)2B(γ, β − γ)

∫ ϵ1−i∞

ϵ1+i∞

∫ ϵ2−i∞

ϵ2+i∞[
Γ(φ)Γ(ξ)Γ(η − φ)

Γ(η)Γ(ξ − φ)

Γ(ψ)Γ(1 − ψ)

Γ(1 − αψ)

]
× B(γ + φ, β + ψ − γ)

B(γ, β − γ)
F (δ, γ + φ;β + φ+ ψ;x)p−φq−ψdφdψ,

(3.11)

Φα;η(γ;β;x; p; q) =
1

(2πi)2B(γ, β − γ)

∫ ϵ1−i∞

ϵ1+i∞

∫ ϵ2−i∞

ϵ2+i∞
(3.12)[

Γ(φ)Γ(ξ)Γ(η − φ)

Γ(η)Γ(ξ − φ)

Γ(ψ)Γ(1 − ψ)

Γ(1 − αψ)

]
×B(γ + φ, β + ψ − γ)Φ(γ + φ;β + φ+ ψ;x)p−φq−ψdφdψ.

Proof. Multiplying both sides in (3.3) by pφ−1qψ−1, then integrating the resultant identity from
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0 to ∞ with respect to p and q, we obtain

M{Fα;η(δ, γ;β;x; p; q);φ,ψ} =

∫ ∞

0

∫ ∞

0
pφ−1qψ−1Fα;η(δ, γ;β;x; p; q)dpdq

=
1

B(γ, β − γ)

∫ 1

0
tγ−1(1 − t)β−γ−1(1 − xt)−δ

×
[∫ ∞

0
pφ−1

Φ

(
η; ξ;−p

t

)
dp

∫ ∞

0
qψ−1Eα

(
− q

1 − t

)
dq

]
dt,

(3.13)

M{Fα;η(δ, γ;β;x; p; q);φ,ψ} =
Γ(φ)Γ(ξ)Γ(η − φ)

Γ(η)Γ(ξ − φ)

Γ(ψ)Γ(1 − ψ)

Γ(1 − αψ)

× 1
B(γ, β − γ)

∫ 1

0
tγ+φ−1(1 − t)β+ψ−γ−1(1 − xt)−δdt,

(3.14)

M{Fα;η(δ, γ;β;x; p; q);φ,ψ} =
Γ(φ)Γ(ξ)Γ(η − φ)

Γ(η)Γ(ξ − φ)

Γ(ψ)Γ(1 − ψ)

Γ(1 − αψ)
(3.15)

× B(γ + φ, β + ψ − γ)

B(γ, β − γ)
F (δ, γ + φ;β + φ+ ψ;x).

Now, (3.11) is proved by obtaining the inverse Mellin transforms of each side of (3.15). An
analogous argument will prove (3.12).

Remark 3.7. For the particular case α = 1 and ξ = η, the results in the equations (3.11) and
(3.12) are reduced to the results presented by Choi et al. (see[10, Eq. (10.1) and (10.2)] ).

3.3 Differentiation formulae

Differentiating equations (3.1) and (3.2) for x and using the following formulae will provide the
differentiation formulae for generalized extended hypergeometric functions

B(γ, β − γ) =
β

γ
B(γ + 1, β − γ) and (χ)k+1 = χ(χ+ 1)k.

Theorem 3.8. The differentiation formulae listed below are valid

d

dx
Fα;η(δ, γ;β;x; p; q) =

δγ

β
Fα;η(δ + 1, γ + 1;β + 1;x; p; q), (3.16)

dk

dxk
Fα;η(δ, γ;β;x; p; q) =

(δ)k(γ)k
(β)k

Fα;η(δ + k, γ + k;β + k;x; p; q) (k ∈ N0), (3.17)

dk

dxk
Φα;η(γ;β;x; p; q) =

(γ)k
(β)k

Φα;η(γ + k;β + k;x; p; q) (k ∈ N0). (3.18)

Proof. When we differentiate (3.1) with regard to x, we obtain

d

dx
Fα;η(δ, γ;β;x; p; q) =

∞∑
k=1

Bα;η;ξ(γ + k, β − γ; p; q)
B(γ, β − γ)

(δ)kxk−1

(k − 1)!
.

This demonstrates (3.16) after substituting k by k + 1 along with (3.3). This procedure re-
peatedly results from the generic form (3.17). An analogous argument demonstrates (3.18) for
Φα;η(γ;β;x; p; q).

Remark 3.9. The specific cases α = 1 and ξ = η in equations (3.17) and (3.18) yield results that
are documented by Choi et al. [10]. In [9], the authors presented the corresponding results for
the special case p = q in equations (3.17) and (3.18), after setting α = 1 and ξ = η. Moreover,
it is evident that the equivalent formulas for hypergeometric functions, as described in [35], are
recovered in the particular case p = 0 = q of equations (3.17) and (3.18).
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3.4 Transformation formulae

Theorem 3.10. The transformation formulae shown below are valid:

Fα;η(δ, γ;β;x; p; q) = (1 − x)−δFα;η

(
δ, β − γ;β;

−x
1 − x

; q; p
)

(p, q ≥ 0; | arg(1 − x)| < π; β, γ ∈ C>; α, η, ξ ∈ C>−), (3.19)

and

Φα;η(γ;β;x; p; q) = exΦα;η(β − γ;β;−x; q; p)

(p, q ≥ 0; β, γ ∈ C>; α, η, ξ ∈ C>−). (3.20)

Proof. After substituting t by (1 − t) in (3.3) and using

[1 − x(1 − t)]−δ = (1 − x)−δ
(

1 +
x

1 − x
t

)−δ

,

we get

Fα;η(δ, γ;β;x; p; q) =
(1 − x)−δ

B(γ, β − γ)

∫ 1

0
tβ−γ−1(1 − t)γ−1

(
1 +

x

1 − x
t

)−δ

× Φ

(
η; ξ;− p

1 − t

)
Eα

(
−q
t

)
dt. (3.21)

Thus,

Fα;η(δ, γ;β;x; p; q) = (1 − x)−δFα;η

(
δ, β − γ;β;

−x
1 − x

; q; p
)
. (3.22)

We also establish (3.20) similarly.

Theorem 3.11. For Fα;η(δ, γ;β;x; p; q), the following generating function is valid

∞∑
m=0

(δ)mFα;η(δ +m, γ;β;x; p; q)wm

m!
= (1 − w)−δFα;η

(
δ, γ;β;

x

1 − w
; p; q

)
. (3.23)

Proof. Assume that the left-hand side of (3.23) is Ψ. Because of (3.1), we get:

Ψ =
∞∑
m=0

(δ)m

[ ∞∑
k=0

(δ +m)kBα;η;ξ(γ + k, β − γ; p; q)
B(γ, β − γ)

xk

k!

]
wm

m!
. (3.24)

In the foregoing formula, we can now obtain using the identity (a)m(a+m)k = (a)k(a+ k)m
as:

Ψ =
∞∑
k=0

(δ)kBα;η;ξ(γ + k, β − γ; p; q)
B(γ, β − γ)

[ ∞∑
m=0

(δ + k)mwm

m!

]
xk

k!
. (3.25)

On employing the binomial theorem to the inner summation, we obtain

Ψ =
∞∑
k=0

(δ)kBα;η;ξ(γ + k, β − γ; p; q)
B(γ, β − γ)

(1 − w)−δ−kxk

k!
. (3.26)

Simplifying further

Ψ = (1 − w)−δ
∞∑
k=0

(δ)kBα;η;ξ(γ + k, β − γ; p; q)
B(γ, β − γ)

1
k!

(
x

1 − w

)k
. (3.27)



On extended beta and hypergeometric functions involving... 481

Thus

Ψ = (1 − w)−δFα;η

(
δ, γ;β;

x

1 − w
; p; q

)
, (3.28)

which is the right-hand side of (3.23). Therefore,

Ψ = (1 − w)−δFα;η

(
δ, γ;β;

x

1 − w
; p; q

)
, (3.29)

where (p, q ≥ 0; β, γ ∈ C>; α, η, ξ ∈ C>−; |w| < 1).

Theorem 3.12. The transformation formulae shown below are valid

Fα;η

(
δ, γ;β; 1 − 1

x
; p; q

)
= xδFα;η (δ, β − γ;β; 1 − x; q; p) , (3.30)

Fα;η

(
δ, γ;β;

x

1 + x
; p; q

)
= (1 + x)δFα;η (δ, β − γ;β;−x; q; p) , (3.31)

where p, q ≥ 0; | arg(1 − x)| < π; β, γ ∈ C>; α, η, ξ ∈ C>−.

Proof. Replacing x with 1− (1/x) and x/(1+ x) in (3.19) gives (3.30) and (3.31), respectively.

3.5 Differential and difference relations

Theorem 3.13. The subsequent relations are valid

∆aFα;η(δ, γ;β;x; p; q) =
γx

β
Fα;η(δ + 1, γ + 1;β + 1;x; p; q), (3.32)

and

d

dx
Fα;η(δ, γ;β;x; p; q) =

δ

x
∆δFα;η(δ, γ;β;x; p; q). (3.33)

The difference operator defined by ∆θ is indicated here as

∆θf(θ, . . . ) = f(θ + 1, . . . )− f(θ, . . . ).

Proof. The difference operator that is obtained from (3.3) gives

∆aFα;η(δ, γ;β;x; p; q) = Fα;η(β + 1, γ;β;x; p; q)− Fα;η(δ, γ;β;x; p; q)

=
x

B(γ, β − γ)

∫ 1

0
tγ(1 − t)β−γ−1(1 − xt)−δ−1

·
[

Φ

(
η; ξ;−p

t

)
Eα

(
− q

1 − t

)]
dt. (3.34)

By substituting δ + 1, γ + 1, and β + 1 for the parameters δ, γ, and β in (3.3), respectively, we
obtain

Fα;η(δ + 1, γ + 1;β + 1;x; p; q) =
β

γ

1
B(γ, β − γ)

∫ 1

0
tγ(1 − t)β−γ−1(1 − xt)−δ−1 (3.35)

· Φ

(
η; ξ;−p

t

)
Eα

(
− q

1 − t

)
dt.

Now, using (3.35) in (3.34) seems to yield (3.32). Subsequently, (3.33) is proved by applying
the differentiation formula (3.16) in (3.32).
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Remark 3.14. By applying an argument similar to that used in Theorem 3.13, the following
relations are obtained

γ∆γΦα;η(γ;β + 1;x; p; q) + β∆βΦα;η(γ;β;x; p; q) = 0, (3.36)

d

dx
Φα;η(γ;β;x; p; q) =

γ

β
Φα;η(γ;β + 1;x; p; q)− ∆βΦα;η(γ;β;x; p; q). (3.37)

Remark 3.15. The special case α = 1 and ξ = η in the equations from Theorem 3.13 and Note
3.14 corresponds to the results presented by Choi et al. [10]. Solving these equations for α = 1
and ξ = η, with the additional condition p = q, leads to the results reported by Chaudhry et al.
[9].

3.6 Summation formula

Gauss formulated the following summation formula (see [10, Eq. 13.1]):

2F1(δ, γ;β; 1) =
Γ(β)Γ(β − δ − γ)

Γ(β − δ)Γ(β − δ)
=
B(γ, β − δ − γ)

B(γ, β − γ)
, (3.38)

where (β − δ − γ) ∈ C>.
In 2014, Choi et al. (see[10, Eq. 13.2] ) obtained the following summation formula

Fp,q(δ, γ;β; 1) =
B(γ, β − δ − γ; p, q)

B(γ, β − γ)
, (3.39)

where (p, q ≥ 0; (β − δ − γ) ∈ C>).

Theorem 3.16. The summation formula shown below is valid

Fα;η(δ, γ;β; 1; p; q) =
Bα;η;ξ(γ, β − δ − γ; p; q)

B(γ, β − γ)
, (3.40)

where (p, q ≥ 0; (β − δ − γ) ∈ C>>; α, η, ξ ∈ C>>).

Proof. The summation formula (3.40) is produced by taking x = 1 in (3.3) and applying (2.1).

Remark 3.17. To derive equation (3.39), consider the specific case α = 1 and ξ = η in equation
(3.40). After setting α = 1 and ξ = η, the particular case p = q in equation (3.40) results
in a corresponding outcome reported in Chaudhry et al. [9]. Furthermore, it is evident that
equation (3.40), under the condition p = 0 = q, reduces equation (3.38), which represents
Gauss’ summation formula.

4 Application of extended beta distribution in statistics

The generalized extended beta distribution is introduced within the framework of statistical dis-
tribution theory. Its probability density function is expressed as follows

f(v) =

{
1

Bα;η;ξ(u,v;p;q) t
u−1(1 − t)v−1Φ

(
η; ξ;−p

t

)
Eα

(
− q

1−t

)
, if 0 < t < 1,

0, otherwise,
(4.1)

where p, q > 0;−∞ < u, v < ∞;α, η, ξ ∈ C>−. In the following sections, we explore var-
ious fundamental properties of this distribution, as defined by (4.1). The k-th moment, denoted
as E(Xk), for any real k, can be obtained as

E(Xk) =
Bα;η;ξ(u+ k, v; p; q)
Bα;η;ξ(u, v; p; q)

,
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where the parameters u, v ∈ R, p, q ∈ R+, and α, η, ξ ∈ C>−. For k = 1, the mean is obtained
as

E(X) =
Bα;η;ξ(u+ 1, v; p; q)
Bα;η;ξ(u, v; p; q)

.

The variance is expressed as

Var(X) = Var(X) = E(X2)− [E(X)]2 = E[(X − E(X))2]

=
Bα;η;ξ(u+ 2, v; p; q)Bα;η;ξ(u, v; p; q)− [Bα;η;ξ(u+ 1, v; p; q)]2

[Bα;η;ξ(u, v; p; q)]2
.

The coefficient of variation, which quantifies the ratio of the standard deviation to the mean, is
given as

C.V. =

√
Bα;η;ξ(u+ 2, v; p; q)Bα;η;ξ(u, v; p; q)

Bα;η;ξ(u+ 1, v; p; q)
− 1.

Additional characteristics include the moment generating function (m.g.f.), computed as

MX(t) =
∞∑
k=0

tk

k!
E(Xk) =

1
Bα;η;ξ(u, v; p; q)

∞∑
k=0

Bα;η;ξ(u+ k, v; p; q)
k!

tk.

The characteristic function of the proposed distribution can be computed as follows

E(eitµ) =
∞∑
k=0

(it)k

k!
E(Xk),

E(eitµ) =
1

Bα;η(µ, ν; p, q)

∞∑
k=0

Bα;η(µ+ k, ν; p, q)
k!

(it)k.

The cumulative distribution function (CDF) of the extended beta distribution is defined as

F (a) = P (X < a) =

∫ a

0
f(t) dt,

F (a) =
Bα;η;a(µ, ν; p, q)
Bα;η(µ, ν; p, q)

,

where Bα;η;a(µ, ν; p, q) is the incomplete extended beta function expressed as

Bα;η;a(µ, ν; p, q) =
∫ a

0
tµ−1(1 − t)ν−1

Φ

(
η; ξ;−p

t

)
Eα

(
− q

1 − t

)
dt,

with the conditions p, q ∈ C>, −∞ < µ, ν <∞, and α, η, ξ ∈ C>−.
The reliability function, which complements the cumulative distribution function, is given by

R(a) = P (X ≥ a) = 1 − F (a) =

∫ ∞

a

f(t) dt,

R(a) =
B̂α;η;a(µ, ν; p, q)
Bα;η(µ, ν; p, q)

.

Here, the upper incomplete extended beta function B̂α;η;a(µ, ν; p, q) is defined as

B̂α;η;a(µ, ν; p, q) =
∫ ∞

a

tµ−1(1 − t)ν−1
Φ

(
η; ξ;−p

t

)
Eα

(
− q

1 − t

)
dt,

with the parameters p, q > 0, −∞ < µ, ν <∞, and α, η, ξ ∈ C>−.
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5 Conclusion remarks

This work extends generalized beta and hypergeometric functions utilizing Kummer’s and Mittag-
Leffler’s functions. Provides integral representations, summation formulas, Mellin transforma-
tions, and recurrence relations for the extended beta function. It also establishes features such as
log-convexity and Turán -type inequality. In addition, we provide transformation, differentiation,
and difference correlations for the extended hypergeometric functions. A statistical application
defines a generalized extended beta distribution, methodically obtaining essential features such
as variance, coefficient of variation, moment-generating function, characteristic function, cumu-
lative distribution function (CDF), and complementary CDF.
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