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Abstract In the present study, we aim to introduce a new generalization of the Leonardo
quaternions and related spinors. We define a new quaternion sequence called the unrestricted
generalized Leonardo quaternion sequence. Moreover, we investigate some properties of these
quaternions, such as the recurrence relations, Binet formula, several generating functions, and
Vajda’s identity. Then, we introduce a new spinor sequence called the unrestricted generalized
Leonardo spinor sequence and obtain some formulas involving these spinors.

1 Introduction

The Fibonacci sequence is a kind of second-order linear recursive integer sequence, where each
term is the sum of the two preceding ones. This sequence begins with O and 1. The Lucas
sequence is defined by the formula that the sum of the two preceding numbers generates the
succeeding Lucas number, and the Lucas sequence starts with 2 and 1. Obviously, the Lucas
sequence shares recursive similarity with the Fibonacci sequence, and this leads to them having
many similar identities. The reader may refer to references [14, 17, 23] for further information
concerning the Fibonacci and Lucas sequences.

The Leonardo sequence, an integer sequence that is closely related to the Fibonacci sequence,
has attracted attention from researchers in recent years. While both the Lucas and Leonardo se-
quences are closely related to the Fibonacci sequence, the Leonardo sequence differs from the
Lucas sequence because it is defined by a non-homogeneous extension of the Fibonacci se-
quence’s recurrence relation. Also, many properties of the Leonardo sequence have been given
in [1, 6]. To date, the generalizations of the integer sequences have been examined in many ways
by several authors. One of the generalizations examined for integer sequences is given by Kuha-
patanakul and Chobsorn in [18] for the Leonardo sequence. The authors of [18] introduced a
one-parameter generalization of the Leonardo sequence and obtained some significant formulas
for this newly generalized Leonardo sequence. Also, with a different approach from the study
of Kuhapatanakul and Chobsorn [18], a one-parameter generalization of the Leonardo sequence
was introduced by Gokbas in [9].

Quaternions, as 4-dimensional hyper-complex numbers, are important and useful mathemati-
cal tools and play an essential role in many fields, such as mathematics, physics, and engineering.
The development of quaternions is attributed to the Irish mathematician W.R. Hamilton [13] in
1843. In the literature, we have seen many interesting studies involving quaternions with integer
number components. For example, Horadam [15] defined the Fibonacci and Lucas quaternions
by taking Fibonacci and Lucas numbers as coefficients instead of real numbers in quaternions,
respectively. Then, Iyer [16] derived relations connecting the Fibonacci and Lucas quaternions.
After many years, Halici [10] studied the Fibonacci quaternions and obtained the Binet for-
mula for these numbers. Following that, the generalizations and properties of the Fibonacci
and Lucas quaternions have been examined by many authors, some of which can be found in
[11, 12, 20, 21, 22, 26]. More recently, Beites and Catarino defined and studied the Leonardo
quaternions in [2]. In addition, Kumari et al. [19] defined the generalized Leonardo quaternions
and investigated some of their algebraic properties.
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A characteristic that all of these above mentioned studies have in common is that the coeffi-
cients of the analyzed quaternion sequences are composed of successive terms from the chosen
integer sequences. However, there are also some studies in which the coefficients of quaternions
are randomly selected from integer sequences. For instance, Dagdemir and Bilgici [7] introduced
a generalization of the Fibonacci and Lucas quaternions by choosing arbitrary Fibonacci and Lu-
cas numbers as coefficients, respectively. The authors of [7] called these new quaternions as the
unrestricted Fibonacci and unrestricted Lucas quaternions, respectively. In [3], Bhati and Kumar
defined the unrestricted Fibonacci and Lucas octonions in a similar way to the study in [7].

Spinors emerged from the study of the French mathematician E. Cartan on the representations
of simple Lie algebra [4]. Furthermore, Vivarelli [24] defined a relationship between quaternions
and spinors. In 2020, Erisir and Giingor [8] introduced the Fibonacci and Lucas spinors, which
are spinor representations of the Fibonacci and Lucas quaternions. Then, Kumari et al. [19]
introduced the generalized Leonardo spinors.

Inspired by some of the above studies, in this paper, we propose a new generalization of
the Leonardo and generalized Leonardo quaternions, referred to as unrestricted generalized
Leonardo quaternions. The unrestricted generalized Leonardo quaternions will be formed by
choosing arbitrary generalized Leonardo numbers as the coefficients instead of real numbers in
quaternions. In addition, we investigate some of their properties. Then, we present unrestricted
generalized Leonardo spinors by establishing a relationship between the unrestricted generalized
Leonardo quaternions and spinors.

2 Preliminaries

In this section, some definitions and background information that we use in this paper are pre-
sented.

The Fibonacci sequence {F,},>0 [17], Lucas sequence {L, },>o [17], and Leonardo se-
quence {£L,, }»>0 [6] are defined, respectively, by the relations

F()ZO,F]:l; Fn+2:Fn+1+Fna
Lo=2,L;=1; Lyio=Lnyi1+ Ly,
Lo=1,L=1, Lynr=L,1+L,+1,

where F),, L,, and £,, denote the n-th Fibonacci, Lucas, and Leonardo numbers, respectively.
More recently, for fixed positive integer k£, Kuhapatanakul and Chobsorn defined the gener-
alized Leonardo sequence {Ly, ,, }»>0 in [18] by the relation

Lro=1Lr1 =1 Lin2=~Lrns1+ Lotk 2.1
The Binet formula for the generalized Leonardo numbers is given by Kumari et al. in [19] as

anJrl _ BnJrl
) -k

— 2.2)

ak,n_(kﬂ)(

where o = % and 8 = 1—7\6

A quaternion q is represented by
4 = qoco + qie1 + q2e2 + g3es,

where qo, q1, ¢2, and g3 are real numbers, and ey = 1, ej, ey, and e3 are the quaternionic units
that satisfy the rules

2 2 2
€1 = €y = €3 = €123 = _17 €1€2 = €3 = —€2€1, €263 = €] = —€3€2, €3€] = € = —e€1€3.

(2.3)

For detailed information about quaternions, we refer to [13, 25].
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In 1963, the n-th Fibonacci and Lucas quaternions are defined in [15] by Horadam, respec-
tively, as

QF, = Frheo + Friie1 + Frper + Foizes
and
QLy = Lpeg + Lyy1€1 + Lypy2ea + Lyyaes,

where eg, €1, e, and es are the quaternionic units defined as in (2.3).
Furthermore, in a similar manner, Beites and Catarino [2] defined the n-th Leonardo quater-
nion as

QLy = Lneo+ Lnyier + Lytaer + L1363
Then, in [19], Kumari et al. defined the n-th generalized Leonardo quaternion as
QLkn = Lrneo + Ly ntie1 + Linroes + Ly nizes.

On the other hand, in [7], Dagdemir and Bilgici defined the n-th unrestricted Fibonacci and
Lucas quaternions, respectively, by

QFy(lz"%z) = Fhep + Fn-‘rmel + Fn+y€2 + Fn+z63
and
QL%T’%Z) = Lpeo + Ln-‘racel + Ln+y62 + Ln+2637

where x, y, and z are arbitrary integers.

We now present the definition of the spinors that Cartan [4] mentioned.

For the vector space C3, assume that v = (vy,v,v3) € C? is an isotropic vector, that is,
v12 4+ 122 + v32 = 0. This vector can be related with two numbers V; and V, provided by

v =V =V i =i(Vi2+W?), and v; = -2V,

From the solutions of these above equations, it is obtained that

v — i’l}z —U1 — Z"Uz
and V, =4/ ——

-+
Vi 2 2

The 2-dimensional complex vectors described as

Vi
V=WV,V) = lV]

are referred to as spinors by Cartan [4].
Let H and S denote the set of quaternions and spinors, respectively. Vivarelli [24] presented

1
a relationship between any quaternion ¢ = qoeg + q1€1 + g2€2 + gze3 and spinor V = y by
2
the map f : H — S, where

g +iqo

f(qoeo + qrer + qex + qze3) = =V. (2.4)

g1 +ig

Let A = and V be the complex conjugate of V. Then, the conjugate of spinor V,

denoted by YV, is introduced by Cartan [4] as

VY =iAV.
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Furthermore, the mate of spinor V, denoted by V, is defined by Castillo [5] as
V=—AV.

In 2020, Erisir and Giingor introduced the Fibonacci spinor sequence in [8]. They gave the
correspondence between the set of Fibonacci quaternions F and the set of spinors S by the map
f:F — S, where

Fn+3+iFn

f(Fneo+ Frpier + Fpyoes + Fpyze3) = .
Fn+l + ZFnJrZ

=5,.

Then, Kumari et al. [19] gave the correspondence between the set of generalized Leonardo
quaternions IL and the set of spinors S by the map f : . — S, where

Ek,n+3 + i£k7n _

f(Lineo+ Linir€1 + Lini2es + Ly nizes) =

= mn-.

L1 + 1Lk 2

3 The Unrestricted Generalized Leonardo Quaternions

In this section, we begin with the following necessary definition that describes the general term
of the unrestricted generalized Leonardo quaternions.

Definition 3.1. Let n be a non-negative integer. For any integers z, y, and z, the n-th unrestricted
generalized Leonardo quaternion is

QE @9:7) Ek,neo + Ek’,nJr.'cel + Ek,ner@Z + £k7n+263a (3.1

where Ly, ,, is the n-th generalized Leonardo number, and ey, ey, e>, and e3 are the quaternionic
units defined as in (2.3).

Therefore, {Q/.Z N }nZO is the sequence of quaternions called unrestricted generalized
Leonardo quaternion sequence.

Remark 3.2. If we take x = 1, y = 2, and z = 3 in (3.1), we get the n-th generalized Leonardo
quaternion in [19]. If wetake k = 1,2 = 1, y = 2, and z = 3 in (3.1), we get the n-th Leonardo
quaternion in [2].

From (2.1) and (3.1), for n > 0, the non-homogeneous recurrence relation of the unrestricted
generalized Leonardo quaternions can be obtained as

Qﬁk ;:/4;2 Qﬁk ;ly-&,-l + Qﬁ L +9, (3.2)
where § := k(eg + e1 + ez + €3).
Moreover, from (3.2), the homogeneous recurrence relation of the unrestricted generalized
Leonardo quaternions can be derived as
Q£ @:92) ZQﬁ”’Z Q,C“’Z. (3.3)

k,n+3 k,n+2

*

From now on, throughout this paper, let § := k(ep+e;+e2+€3),
with o = #, and 5* = ey + B%e; + fYer + ez with § = 1_2\/5.

= egta’e;+aYer+ae;

Theorem 3.3. The Binet formula of the unrestricted generalized Leonardo quaternions is

n+1 ot n-+1 Q%
-8 6)_5_

(3.4)

my,
QL (k+1)< —
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Proof. By virtue of (2.2) and (3.1), we have

QLY = Lyneo + Lipraet + Linsyer + Linszes

k,n
n+l n+1 n+z+1 _ gntz+1
—<(k+1)(_g )—k)eo—i-((k—l-l)(a a_g )-k)a
an+y+1 _ ﬁn+y+1 an+z+1 _ 5n+z+1
+((k+1)< — >—k>ez+<(k+l)( — )—k)es

a™eg + a®er + a¥es + afe3) — B (eg + BTer + [Yer + BFes)
(k+1) P

7]{(604-61 +62+63)

n+l * ﬂnJrl,B*)
b (]

Example 3.4. Forn =3,z =2,y =1,and 2 = —1in (3.1), we get

Qﬁﬁf‘,g"*” =Lrzeo+ Lrser + Ly aer + Ly 2e3
= (34+2k)eg + (8 + Tk)er + (5 +4k)ea + (2 + k)es

On the other hand, forn =3, =2,y = 1,and z = —1 in (3.4), we get

o 31 k) <a4(eo + e +aey + oflezo)é - ?(60 + B%e1 + Bes + B163)>

—k(€0+€1 +€2+63)

=(k+1) <(a4 =B+ (of - 56)6; 4_’ (ﬁaS — ez + (o — 53)63)

—k(eo+er+ex+e3)

= (k+ 1)(®+ %) (a+ B)eo + (k+1)(a® + B°)(? + aB + e
+ (k+1)((a = B) +5a8(a” —af + 7))es + (k+1)(a® + af + 5%)es
—k(eg+er+er+e3)

= (k+1)(3e0 + 8es + Sex + 2e3) — k(e + €1 + €2 + €3)

= (2k +3)eq + (7Tk + 8)er + (4k + 5)ex + (k + 2)es,

S

by virtue of a = # and g = =

Theorem 3.5. The ordinary generating function of the unrestricted generalized Leonardo quater-
nions is

ZQﬁryz

n=0
QL' e (QE ot ZQL' ’yz)t+(Q£ Yz 2Q£ YE )
1—2t+t3
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Proof. From (3.3), we get

fQﬁ“’Z +Q£”’2t+Q£ ’“t%LZQL N
= Qep? Qe Qe e + Y (206 - aed) v

= QLYY + QL+ QL ’“t2+2tZQ£kfﬁt” ! t3ZQ£,fny§t” 3
n=3 n=3

= QLYY + Qe — 2Ly + QL) - 20e e
+2tZQ£§j;§”Z> t3ZQ£ "
n=0
Thus, we obtain
g1 =2t + ) = QLYY + QLYY — 2L )t + QL — 2Ly ™)
which is the desired result. O

Theorem 3.6. The exponential generating function of the unrestricted generalized Leonardo
quaternions is

2.2) N | aa*eat—ﬁﬁ*eﬁt)_at‘
;]QE = (k+ )( - e

Proof. By virtue of (3.4), we have

> i Z(ml)( *_g”*‘ﬂ*) ).

n=0
of S0ty (Kt DBE SN (B
N a—ﬁ Z 04—6 HZ:;) n! 767;)5
:(k+ Jaar* at_( )6ﬁ*eﬁt—5et

a—pf c a—p

— k1) (aa*ej_gﬂ*eﬁt) _ st

O

Corollary 3.7. The Poisson generating function of the unrestricted generalized Leonardo quater-
nions is

x,B(t—1)
ZQ xyz t:(k+1)<aae — Bp"e )_5.
Theorem 3.8. (Vajda’s Identity) For non-negative integers m, n, and r, we have
QL X QLY - QLYY < QL

e gy (@ et
—<k+1><1>+Fm( .

Qe —eerin) s+ o (s, —ely).

where I, is the m-th Fibonacci number.
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Proof. Using (3.4) to the left-hand side (LHS), we get

LHS = ((k N 1) (an+m+la; : §n+m+1ﬁ*> B 5) <(k N 1) (an+r+la; : gn+r+16*> B 5)

n+1 * Bn-HB* an+m+r+1a* _ ﬁn+m+r+lﬁ*
(e (=) o) (e a— 5 )-o)

2 2
- <(§ : /13))2 (ap)™ a5 (5™ — a™) + <(fi : 32 (o)™ B0’ (@™ — ™)
Q‘Ck ;Ly+jn(5 5Q£k ;Ly+j‘ + Q£ SR 5Q£k ;LerinJrr
_ (k1 >

( (aﬁ)nJrl( m Brn)(arﬂ*a* _ BTQ*B*)

+ (Qﬁ v Qo) o e (e, - o)
_ 2 qyntl o' Brar — frarpr
_(k+1)(_1)+Fm( -~ )

+ Qe —eonin) o+ (e, — aity)

Here, we use the Binet formula F,,, = “;%g (see [17]). O

Corollary 3.9. (Catalan’s Identity) For m — —r in Theorem 3.8, we have
T,y,% z,y,2 zy,2)\" _ 20 1\ntr o' frar — pra’pr
Q‘Cknr Qﬁknntr <Q£ ) _(k+1)( 1) Fr( Ot—ﬂ
Qe —aenr)) oo (Qepr? - agn).

Here, we use the formula F_,. = (—1)"*!'F,. in [17].
Corollary 3.10. (Cassini’s Identity) For m — —r, r = 1 in Theorem 3.8, we have

s z .’,C'l, T,Y,2 2 n aﬂ*a*_ﬁa*ﬁ*
QL 1 X QL nJ+l <Q£§WJ )> = (k+ 1)?*(=1)"*! (a—ﬁ)

+(Qelr? —aeyr) o+ s (Qey™ - aelniy).
Corollary 3.11. (d’Ocagne’s Identity) Forr — s —n, m =1 in Theorem 3.8, we have
Q'Ck ';Z/+’] X Qﬁ S Qﬁgjhy’ X Q[’k :il
_ k 1 5 _1 el asfnﬂ*a*iﬂs na*ﬂ*
(s 1oy (S0

+ (Q'Cg;f’ ] Qﬁkﬂcny:l ) S+6 (Qﬁljsilz Qﬁ . )

4 The Unrestricted Generalized Leonardo Spinors

In this section, we give the definition of the unrestricted generalized Leonardo spinors and ex-
amine some fundamental properties of them.

Definition 4.1. Let Q[, 22 _ €0+ L ntz€1+ Lk niy€s+ Ly ns €3 be the n-th unrestricted
generalized Leonardo quatemlon and L denotes the set of unrestricted generalized Leonardo
quaternions. Considering the linear transformation between the spinors and quaternions in (2.4),
the following linear transformation occurs:

f:L — S, where
£k7n+z + Z‘Ck,n

»Ck,nJrz + Z'»Ck,ner

kn-

f(£k771,60 + Ek,nwtxel + Ek,n+y62 + Ek,n+ze3> =
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Therefore, { £ » }n>0 is the sequence of spinors associated with the unrestricted generalized
Leonardo quaternions, which we call the unrestricted generalized Leonardo spinor sequence.

Moreover, for n > 0, considering the recurrence relation (2.1), we have
Lrni2 = L1 + L + kA, 4.1)

1+

1+i|
From the relation (4.1), we can obtain the following:

where A =

Lint3 =28k 2 — L
Let £, be the n-th unrestricted generalized Leonardo spinor. Then, we have

_ £k,n+z - iﬂk,n
'gk,n =

. (Complex Conjugate),
Ek,n+gc - Zﬁk,ner

- Ly, + 1Ly,
Lin = m ) e (Spinor Conjugate),
_‘ck,n - Zﬁk),n-&-z
o —Ly + 1Ly,
ko = e ”n+y (Mate of Spinor).
Ck,nJrz - ch,n

. Forn > 0, the Binet-like formula of the unrestricted generalized
+1

1+
Theorem4.2. Let A = |

Leonardo spinors is

1 o +i
Sk,n _ k + <an+l

a” +iaY

B+
B +if"

n+1

a—p

> — kA, 4.2)

Proof. By virtue of (2.2), we get

‘Ck,n+z + Z‘Ck,n

_Lk,n+z + Z‘Lk,n+y

(k N 1) (an+z+1 _ ﬂn+z+1> et ((k N 1) <an+1 _ 5n+1> B k)

'Sk,n =

a—p a—pf
= an+a:+1 _ Bn-&-x-&-l an+y+1 _ 5n+y+1
k+1 —k+il(k+1 —k
e (o) e (e (=) )
k + 1 an+z+1 o Bn+z+l iy (an+l o 6n+1) 1 44
- o — ,3 an+x+l _ 6n+x+l 4 (anerH _ ﬁnerH) —k 144
:k+1 an+1 o+ n+1 ﬁz—'—z — kA
a—p a” +iaY B* +1ipY

O

Theorem 4.3. The ordinary generating function of the unrestricted generalized Leonardo spinors
is
Sk,O + (Sk,l — 2£k70)t + (S[mz — 2£k71)t2

1 —2t+¢3 '

G(t) = i Lot =

n=0
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Proof. Similar to the proof of Theorem 3.5. O

Theorem 4.4. The exponential generating function of the unrestricted generalized Leonardo
SpInors is

o +1

o + 1Y

p*+i
B +ip?

at

> o k41

n=0

65t> — kAet.

Proof. Using the Binet-like formula in (4.2), the proof can be done in a similar way to Theo-
rem 3.6. O

Corollary 4.5. The Poisson generating function of the unrestricted generalized Leonardo spinors
is

o +1

a” + 1Y

B +i
B + i

pla—Dt _

= " 1
Zfﬁk,njeft = kL (a €(Bl)t> —kA.
ot n! a—p

5 Conclusions

In this study, the unrestricted generalized Leonardo quaternion sequence is defined and studied.
This sequence generalizes previously introduced quaternion sequences given in [2] and [19].
Subsequently, by establishing a correspondence between any unrestricted generalized Leonardo
quaternion and spinor, the unrestricted generalized Leonardo spinor sequence is introduced. Fur-
thermore, several identities involving the unrestricted generalized Leonardo quaternions and re-
lated spinors are presented.

References

[1] Y. Alp and E.G. Kocger, Some properties of Leonardo numbers, Konuralp J. Math., 9(1), 183-189, (2021).

[2] P.D. Beites and P. Catarino, On the Leonardo quaternions sequence, Hacet. J. Math. Stat., 53(4), 1001-
1023, (2024).

[3] J.Bhati and S.D. Kumar, Unrestricted Fibonacci and Lucas octonions, Palestine Journal of Mathematics,
14(2), 392-402, (2025).

[4] E. Cartan, The Theory of Spinors, Dover Publications, New York, (1981).

[5S] G.ET. del Castillo, 3-D Spinors, Spin-Weighted Functions and their Applications, Birkhduser, Boston,
(2003).

[6] P. Catarino and A. Borges, On Leonardo numbers, Acta Math. Univ. Comenianae, 89(1), 75-86, (2020).

[7] A. Dagdemir and G. Bilgici, Unrestricted Fibonacci and Lucas quaternions, Fundamental Journal of
Mathematics and Applications, 4(1), 1-9, (2021).

[8] T. Erisir and M.A. Giing6r, On Fibonacci spinors, Int. J. Geom. Methods Mod. Phys., 17(4), 2050065,
(2020).

[9]1 H. Gokbas, k-Leonardo numbers, Palestine Journal of Mathematics, 13(4), 1427-1435, (2024).
[10] S. Halici, On Fibonacci quaternions, Adv. Appl. Clifford Algebras, 22, 321-327, (2012).

[11] S. Halici and A. Karatas, On a generalization for Fibonacci quaternions, Chaos, Solitons and Fractals,
98, 178-182, (2017).

[12] S. Halici and G. Cerda-Morales, On Quaternion-Gaussian Fibonacci numbers and their properties, An.
St. Univ. Ovidius Constanta, Ser. Mat., 29(1), 71-82, (2021).

[13] W.R. Hamilton, Lectures on Quaternions, Hodges and Smith, Dublin, (1853).
[14] V.E. Hoggatt Jr., Fibonacci and Lucas Numbers, Houghton Mifflin Company, Boston, (1969).

[15] A.F. Horadam, Complex Fibonacci numbers and Fibonacci quaternions, Amer. Math. Monthly, 70(3),
289-291, (1963).

[16] M.R. Iyer, A note on Fibonacci quaternions, Fibonacci Quart., 7(3), 225-229, (1969).
[17] T. Koshy, Fibonacci and Lucas Numbers with Applications , John Wiley and Sons, New York, (2001).
[18] K. Kuhapatanakul and J. Chobsorn, On the generalized Leonardo numbers, Integers, 22, #A48, (2022).



UNRESTRICTED LEONARDO QUATERNIONS AND SPINORS 495

[19]

[20]

[21]
[22]

[23]

[24]

[25]
[26]

M. Kumari, K. Prasad, H. Mahato and PM.M.C. Catarino, On the generalized Leonardo quaternions and
associated spinors, Kragujevac Journal of Mathematics, 50(3), 425-438, (2026).

E. Polatli, A generalization of Fibonacci and Lucas quaternions, Adv. Appl. Clifford Algebras, 26, 719—
730, (2016).

M.N.S. Swamy, On generalized Fibonacci quaternions, Fibonacci Quart., 11(5), 547-549, (1973).

E. Tan, S. Yilmaz and M. Sahin, On a new generalization of Fibonacci quaternions, Chaos, Solitons and
Fractals, 82, 1-4, (2016).

S. Vajda, Fibonacci and Lucas Numbers, and the Golden Section: Theory and Applications, Ellis Hor-
wood Limited, Chichester, (1989).

M.D. Vivarelli, Development of spinor descriptions of rotational mechanics from Euler’s rigid body
displacement theorem, Celestial Mechanics, 32, 193-207, (1984).

J.P. Ward, Quaternions and Cayley Numbers: Algebra and Applications, Kluwer, London, (1997).

T. Yagmur, On Quaternion-Gaussian Fibonacci polynomials, Miskolc Mathematical Notes, 24(1), 505—
513, (2023).

Author information

Tilay Yagmur, Department of Mathematics, Aksaray University, Aksaray 68100, Tiirkiye.
E-mail: tulayyagmurr@gmail.com; tulayyagmur@aksaray.edu.tr

Received: 2025-01-24
Accepted: 2025-06-26



	1 Introduction
	2 Preliminaries
	3 The Unrestricted Generalized Leonardo Quaternions
	4 The Unrestricted Generalized Leonardo Spinors
	5 Conclusions

