Palestine Journal of Mathematics

Vol 14(4)(2025) , 525-536 © Palestine Polytechnic University-PPU 2025

ON MATRIX SOLUTIONS OF NATHANSON’S
DIOPHANTINE EQUATIONS

Kolo F. Soro and Eric D. Akéké

Communicated by: Ayman Badawi

MSC 2020 Classifications: Primary 15B36; Secondary 11D72, 11D61.

Keywords and phrases: Diophantine equations of Nathanson, Rare matrices.
Corresponding Author: Kolo F. Soro

Abstract. Let m and p be two non-zero positive integers. We show that for all integer k£ such
that k > —m, the Diophantine equation X™ — Y™ = Z™*F admits an infinite number of matrix
solutions from the set of inversible matrices of order ¢p with positive integer coefficients, where
{ is the lowest common multiple of m and m + k.

1 Introduction

In 2016, Karama studied the Diophantine equation 2> — y?> = 2> and predicted that there are no
positive integers solution of the equation z*> — > = 2* (see [7]). In 2017, Nathanson solved this
last equation and gave the positive integers solutions for = < 5000 (see [11]). He proposed to
study the Diophantine equation

™ —y™ =" m > 2 k> 2. (1.1)

In 2018, Leung initiated the study of the Diophantine equation (1.1) (see [4]). He showed that
for every two positive integers k; and k», there is no positive integral solution for the Diophan-
tine equation z**1 — y**1 = 22k However, several authors have been interested in the matrix
solutions of Diophantine equations. Indeed, in 1966, Domiaty published a work which explores
the solutions to the Diophantine equation X*+Y* = Z* using matrices with integer coefficients
(see [3]). One can also see [1], [2], for more details. Moreover, in 2021, Mouanda introduced the
"Galaxies Number Theory", which allows us to understand the laws and structures of different
universes (multiverses). He used Rare matrices to construct some matrix solutions of some Dio-
phantine equations, including Fermat’s equation X™ + Y™ = Z", n € N (see [5], [8], [9], [10]).
In this paper, we study the matrix solutions of the Diophantine equation

Xm_ym = gmtk (1.2)

where m € N and k € Z. We show that for £ > —m and for all non-zero positive integer p,
the Diophantine equation (1.2) admits an infinite number of matrix solutions from the set of
inversible matrices of order ¢p with positive integer coefficients, where ¢ designates the lowest
common multiple of m and m + k. Our work is organized as follow. In section 2, we recall some
important notions concerning the Rare matrices. In section 3, we show that the Diophantine
equation (1.2) admits a finite number of construction structures (matrix geometry) of matrix
solutions and every construction structure allows us to construct an infinite number of matrix
solutions.

2 Preliminaries

Let n be an integer such that n > 2. We have the following definitions.

Definition 2.1. (see [6]) A matrix B € M,, (N) is a construction structure of matrix solutions of
Diophantine equations if there exists two positive integers m, /3 such that B™ — g x I,, = 0.
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Let us denote
D,(N)={BeM,(N):B" - x1I,=0,m,5eN"}
the set of all construction structures of matrix solutions of Diophantine equations from A7, (N).
It is obvious that D,, (N) € GL,, (N), where GL,,(N) = {B € M, (N) : det(B) # 0}.

In [9], Mouanda used Rare matrices as construction structures of matrix solutions of Dio-
phantine equations.

Definition 2.2. (see [9]) Let a, b, ¢c € C*. The n x n-matrices of the form

010 --000 000 - 00
001 --000 100 -+ 00
000 :--000 010 --000
o B e S T A
000 --010 000 --000
00 - 001 000 --100
00 - 000 000 --010

are called Rare matrices of order n and index 1. The index designates the number of complex
coefficients different from 0 and 1.

Note that every Rare matrix of order n is an element of the set D,, (N). There are some
interesting properties of Rare matrices.

Remark 2.3. (see [9]) Let n € N such that n > 2 and

01 00 0 00O
0 010 0 00O
0 0 01 00 0O
0 000 0 00O
Aa=|[: o 0 o0 0 i [eM(C), a#0
0 0 00 01 00
0 00O 0010
0 0 00 0 0 0 1
a 0 0 0 0 00O
be a Rare matrix of order n and index 1. Then
a 0 0 0 0 0 0 O 0 0 0O OOO%
0 o 0 O 0 0 0 O 1 000 00 0 O
0 0 a O 0 0 0 O 01 00 00 0 O
0 0 0 « 0 0 0 O 0010 00 0 O
A =1: Do : , Ayt = Do SR
0 0 0 O a 0 0 0 0 00O 00 0 O
0O 0 0 0 - 0 a« 0 O 0 0 0O 1 0 0 O
0 0 0 0 - 0 0 a O 0 00O 01 0 O
0 0 0 O 0 0 0 « 0 0 0O 001 0
AT = AT A = aL,, (342)7 = 5475 £0,

In section 3, we use the Kronecker product of matrices.
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Definition 2.4. (see [5]) Let n,m € N*, A = (ai5),<; ;<,, € Mn (C) and B € M, (C). The
Kronecker product of A and B is the matrix denoted A ® B and defined by

anB apB - B
a1 B anpB -+ ayB

A®B= . ] . € Mpyn(C).
anlB anZB e annB

It is well known that for all A € M,, (C) and all B € M,, (C), the Kronecker product A ® B
is not always equal to B ® A. However, we have

3 Construction structures of matrix solutions of the Diophantine equation
XM Y™ = Zmtk,

Let m € N*, k € Z such that & > —m. Let ¢ be the lowest common multiple of m and m + &,
and

0100 0000
0010 0000
0001 0000
0000 0000
Aa= 0 1 0 b eM(N), a#0
0000 0100
0000 0010
0000 0 00 1
a 000 0000

be a Rare matrix of order ¢ and index 1. We have the following result.
Proposition 3.1. For all non-zero positive integers x and y, the matrix triple

(A, AL, A3) € M, (N)®

T+y?
. . . . . Tk m+k
is a solution of the Diophantine equation X™ — Y™ = Z™% where r = ———  and
ged (m, k)
m
§= ——.
gcd (m, k)
Proof. By noticing that ged (m, k) = ged (m, m + k) , it follows that
m-+k m
=——€cNands=————~ € N".
" ged (m, k) € ands ged (m, k) <
So, we have
m(m + k)
= k = — = E.
rm = s(m + k) ocd (. )

Since for all z,y € N, one has A} + AL = AL, then A7T, = Ar™ + AR which s
equivalent to say that (A7,,)" = (A7)" + (AZ)erk . So, one has

(43

z+y

)" - (A = (A"

Consequently, the matrix triple (AT

ey Al AZ) is a solution of the Diophantine equation

XxXm_ym— Zm+k.
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It follows from Proposition 3.1 that the set {(A; sy AT AZ) ,T,Y € N*} is an infinite set of
matrix triple solutions of the Diophantine equation X™ — Y™ = Z™** from the set M,(N).
Moreover, it is well known that from A,, we deduce ¢ matrices A, ;,j € {l1,...,¢}, by the

permutations of « and 1 between the columns, which are A, = A, and
0 a O 0 0O o1 0 --- 0 0O
0 0 1 0 0O 00 aa -~ 0 0 O
0 0 O 0 0O o0 o0 --- 000
AQ,Z - ) Aa 3 = 3
0 0 O 010 0 0 O 010
0 0 O 0 0 1 0 0 O 0 0 1
1 0 O 0 0O 1 0 0 0 00
01 0 0 0 O 01 0 0 0 O
0 0 1 0O 0 O 0 0 1 0 0 O
0 0 0 0O 0 O 0 0 0 0 0 O
N P I IV ES
00 0 0 o« O 00 0 01 0
0 0 0 0 0 1 0 0 0 0 0 «
1 0 0 0 0 O 1 0 0 0 0 O
Let denote by

CS (Aa) = {Aaj AT j = 1,..., 0} .

We can see that every element in CS (4,) is a construction structure of matrix solutions of
the Diophantine equation X™ — Y™ = Z™*k_ that means CS (4,) C D¢(N). So, there are
at least (2¢)> = 83 construction structures of matrix solutions of the Diophantine equation
Xm —ym = zm*k from the set M,(N).

Proposition 3.2. Let a,n,p € N* such that n > 2 and

oOo10 --- 00O

oOoo0t1 -+ 000

0O 00 --- 00O
Aa=|0 0 0 o e M)

000 --- 010

0 00 0 0 1

a 00 --- 000

be a Rare matrix of order n and index 1. Then

(Aa @ 1)" = (I, ® An)" = aly.
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Proof.
a) Let us show that (I, ® A,)" = al,,. We have

Ao 0 O 0O 0 O
0 A, O -0 0 0
o 0 A4, --- 0 0 O
(I, ® Aa)" = f S
0O 0 O Ao 0 O
0 0 0 0 A, O
0O 0 O 0 0 A,
al, 0 o - 0 0 0
0 af, O 0 0 0
0 0 oal, 0 0 0
0 0 0 al, 0 0
0 0 0 0 af, O
0 0 0 0 0 ol,
=al, ®1, = aly),.
b) Let us show that (A, ® I,)" = al,,.
0 I, 0 -0 0 0
0 0 I, 00 0
0 0 O 0 0 O
Ap® I, = : Do
0 0 0 - 01 0
0 0 0 -0 0 I
al, 0 0 - 0 0 0
0 O 0O 0 1 O 0 O
0 O 0 0 0 1 0
0 0 0 0 0 O 1 0
0 O 0 0 0 O 0 1
= € M,, (N).
a 0 0 0 0 O 0 0
0 « 0 0 0 O 0 O
0 “.oa 0 0 O 0 0
o o0 -~ 0 o O 0 --- 0 O

Aq ® Ip is a Rare matrix of order np and index p. So, A, ® I, is the p'" power of a Rare
matrix R, of order np and index 1. Therefore,

Ay @ L))" = (RP)" = R"™ = al,,.
( p @ @ P
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Remark 3.3. Let m € N*, k € Z such that k > —m. Let £ be the lowest common multiple of m
and m + k, and A,, be a Rare matrix of order ¢ and index 1. For all j € {1,...,¢} and all p € N*,
we have

(Ao ® Ip)z = AL, ® 1, = alyand (I, ® Aa’j)é =1, ® A, ; = aly.
Let us denote by
Ba,j (p) = Ip X Aa7j and Ca,j (p) = Aa,j ® Ip,Vj = 1, ,f

From the permutations of « and 1 between the columns of

Ao | O -+ 0 0
0 | Ay | - 0

Baa(p)=| + . . o1 [ €Mp(N),

0 Ll AL ] O

0 o - 0 | A,

the associated matrices for which the operations are made in the blocks A, are construction
structures of matrix solutions of Diophantine equations. The number of such matrices is /7.

Example 3.4.
1) Let ¢ =2 and p = 3. We have

Ao
B,1(3) =

0 0
7 0 A, 0
0 0 4

(6%

From the permutations of « and 1 in the same block A, we obtain

AT 0 0
Ba,l,l (3) - Ba 1 (3) ) Ba,l,2 (3) - 0 Aa 0 )
0 0 A,
Ao 00 Ao 0 0
Baig@B)=|0 AL 0|, Baua(3)=|0 A4, 0 |,
0 A, 0 0 AT
AT 0 0 AT 0 0
Baas(3)=| 0 AT 0 |, Baus(3)=| 0 A, 0 |,
0 0 A, 0 0 A7
A, 0 0 AT 0 0
Baig3B)=|0 AL 0 |, Baig(3) =10 AL 0
0 0 AT 0 o0 Al
For every j = 1, ..., 8, a simple calculation show that B, ; ; (3) € D¢ (N).
2) Let ¢ =3 and p = 2. We have
01 0000
1
010 b o) _|wo0o0000
Ao=10 0 1] andB, (2)=("" = ¢
0 0 ’ 0 A, 000010
a
0 00 0 01
000 « 00
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From the permutations of « and 1 in the same block A,, we obtain B, 1,1 (2) = Bq,1 (2)

and
00 a 0000 010000
001000 00 a 000
1 00000 1 00 000
Ba 2) = 7Ba 2) = ’
12@)=10 60001 0 13@=10 0001 0
000001 0000 0 1
000 a 00 000 a 00
010000 010000
001000 001000
a 00000 @« 0000 0
Ba 2) = ,Ba 2) = 3
142 =10 000 a0 135@=10 0001 0
00000 1 00000 a
0007100 000100
00 a 0000 0 a 000 0
001000 00100 0
10000 0 10000 0
Ba 2) = ,Ba 2) = 3
162 =10 6000 a0 17@=10 0001 0
00000 1 00000 a
000100 000100
010000 01000 0
00 a 000 00 a 00 0
10000 0 10000 0
B(I 2: 7B01 2:
132 =10 0 0 0 a0 19@=10 0001 0
0000 0 1 00000 a
000100 000100

For every j = 1, ...,9, a simple calculation show that B, ; ; (2) € D¢ (N).

Remark 3.5. Let «, ¢, p € N* such that p > 2 and ¢ > 2. All matrices obtained from

Ao 0 0 0 0 0
0 A, 0 0 0 0
0 0 A, 0 0 0
Baa(p)=| & o oo b €My (N),
0 0 0 . A 0 0
0 0 0 -~ 0 A4, O
0 0 0 -~ 0 0 A,

by the permutations of o and 1 between the columns but not in the same block, are not construc-
tion structures of matrix solutions. Indeed, one block will have at least two « and for this, we
have AY = o?I,.

From the permutations of « and 1 between the columns of C, ; (p), when the o's are in
consecutive columns, the associated matrices are construction structures of matrix solutions of
Diophantine equations. This is also true when the s are in the first  columns (1 < n < p¢) and
the other in the last p¢ — n columns. The number of such matrices is p¥.
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Example 3.6. Let { = 3, p = 2 and o € N*. Then,

001000
1
0 10 000010
Ao=10 0 1|andC,,;(2)=
’ 000001
@ 00 a 00000
0 a 0000

When the o’s are in consecutive columns, the associated matrices to C, ; (2) are

00 aa 000
000100
00 0O0T10
Con1(2) =Can (2), Can2(2)= ’
1,1(2) 1(2) 12(2) 00 00 01
1 00000
0 a 0000
00 a 000 0010 00
000 a 00 000 a 00
000010 0000 a0
Ca 2: ’Ca-zz ’
13(2) 0000 0 1 14(2) 00 0 0 0 1
100000 1000 00
01 0000 0100 00
00100 0 001000
00010 0 00010 0
0000 a 0 00001 0
Ca 2: 700‘-2:
@=100000 a ©@=16 0000 a
100000 «a 0000 0
01 000 0 01000 0

By a simple calculation, we have C,, ; ; (2) € D¢ (N) forevery j = 1,...,6.

Let us denote all these construction structures of matrix solutions obtained from B,, ; (p) and

Ca,1 (p) by
Ka, i (p),i€{l,...,pl + P}

and let us set

It should be noted that the matrices B, ; (p) and C, ; (p), j = 2, ..., ¢, are obtained by certain
permutations of « and 1 respectively in B, (p) and Cy 1 (p).

There are many other construction structures of matrix solutions obtained by the permutations
of and 1in C, 1 (p). We can also notice that these construction structures do not necessarily
have the same geometry for all p.

Example 3.7. Let / = 3, p = 2 and o € N*. The following matrices obtained from

0 01000

0 00100

Cor (2) = 0 00 O0T10P0
' 0 0 00 01
a 0 0 0 0O

0 a 00 00O
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by some permutations of « and 1 between the columns such that the «’s are not in consecutive
columns, are construction structures of matrix solutions. These are

0 01 0 0O 0 01 0 0O 0 0o 00O
0 00 o« 00 0 001 0O 00 01 00
o = 0 00010 Oy = 0 000 a O o 00 0010
0 00 0 01 0 0 00 01 0 0000 «a
a 00 0 0O 1 000 OO 1 000 0O
01 00 00O 0O a 00 0O 01 0 00O

The number of these matrices is large when p is large enough.

Proposition 3.8. Let m, p be two positive integers and let k be an integer such that k > —m and
p > 2. Let £ be the lowest common multiple of m and m + k. Let A, be a Rare matrix of order ¢
and index 1. For all non-zero positive integers x,y and for all P,,Qq, Ry € CS* (Aq (p)), the
triple ( iy Qi RS) € My,(N)? is a matrix solution of the Diophantine equatwn

XM _ym — ZTrLJrk7

where r = Mands— _m
~ ged (ms, k) ~ ged (m, k)’

Proof. Let Py, Qa, Ro € CS* (Aq (p)) and let z,y € N*. We have
(Pr)" = (@)™ = P — QU™ = (3 + y)Iop — w1y = yliy
= RY = R3m*K) — (R )m+k:
Therefore,
(PL,)" = (@)™ = (Ry)™™.

Finally, we can see that the triple ( oty Qs RS) is a matrix solution of the Diophantine equation
Xm_ym — Zerk_ O

Consequently, since C'S* (A, (p)) has £(p+ ¢P~!) elements for every p > 2, there are at least

3 . . . . .
63 (p+ ¢r=")” construction structures of matrix solutions, every construction structure allowing
us to construct an infinite number of matrix solutions of the Diophantine equation

Xm_ym — Zm-Hc7

from the set My, (N).
Now, we can state our main result.

Theorem 3.9. Let m and p be two non-zero positive integers and let k be an integer such that
k > —m. Let { be the lowest common multiple of m and m + k. Then, the Diophantine equation
X™m —ym = Zm*k has an infinite number of matrix triple solutions from the set G Ly, (N).

Proof. From Proposition 3.1 and Proposition 3.8, the set
{(P;+yaQ£aRZ)ax7y€N Pchoc;R(XEOS*( } CM@[)(N)

is an infinite set of matrix triple solutions of the Diophantine equation X™ — Y™ = Z™+k ¢

4 Applications to some Diophantine equations

In [4], Leung showed that there is no positive integers solution for the Diophantine equation
¥k gtk = 22k L By € N*. He conjectured that there is no positive integral solution for the
Diophantine equations ¢ — y® = 2? and z* — y* = 27. In this section we investigate for matrix
solutions of these equations.



534 Kolo F. Soro and Eric D. Akéké

4.1 Matrix solutions of the equation X**' — Y*' = 72k L, Lk, € N*
Let d = ged(2ky, k,). Here we have

4k ks ky 2k
T = .
d ’ d
Let p € N* and let A, be a Rare matrix of order ¢ and index 1. By taking

m =4k, m+k =2k, (=

PaaQaaRa e CS* (A(X(p>) )

we have

* r 4k T s\ 2k
Va,y € N7, (P:chy) I _(Qx)4k] :Pa{er_Qi = (ac—i—y—x)fpg:yfpz:Ri: (Ry) i

Therefore, the equality follows and the triple (P; 4y Qs RZ) € My, (N)3 is a matrix solution
of the Diophantine equation X*1 — Y41 = 72k2_ for all non-zero positive integers = and y.

Consequently, this equation admits an infinite number of matrix solutions.

4.2 Matrix solutions of the equation X¢ — Y°® = Z?

In this case, one has m = 6 and kK = —4. It is very easy to see that the lowest common multiple
of mand m+kis £ = 6. For p > 2, there are at least N,,;,, = (6p + 67 )3 construction structures
of matrix triple solutions of the Diophantine equation X® — Y% = Z?2 from the set Mg,. Let us
take

7Qa

SO L OO O OO oo oo oo
D OO OO oo oo o oo
O O OO O = O O o o o 0o
O O OO R OO0 O o o oo
O O O = O OO0 O o o oo
O O = O O OO O o o oo
O R O O O OO O o o oo
O O OO O oo oo o o oo
SO O O O O OO0 o o o~ 0o
=l eleoleNeol el = el =]
SO O O O O O o o~ 0o o 0o
= eleolNeolol el ==l w]
SO O OO OO~ O O o o 0o
O O OO O = O O o o oo

O O O OO OO OO oo -
SO O O O O OO o o o~ 0o
O O O OO OO0 oo~ O 0o
SO O OO O O o o~ 0o o 0o
=l elBeoleolollc el ==l
SO O OO OO~ O O o o 0o
eNeleNoNeoNoloBole Nl

and

S O OO O O O o oo -
= elBoNecRolcRoho el =
S O OO O O oo~ OO0
SO OO OO O L OO0 oo
S O OO O L OO0 o oo
S O OO = O O O O o O
S O O = O O O O O o O

0
0
0
0
0
0
0
0
0
0
1
0

—_ O O O O O O O o o o o
SO O O = O O O O O o o o
S = O O O O O O o oo

=N eoleolNeolol el = ==

=)
)
)
=)
)
=)
=)
=}

three elements in C'S* (A, (2)) . For every two non-zero positive integers z and y, a simple
calculation shows that
P6 _ Q6 _ ( R3)2

z+y

=l el el ol =l =l ellohlehlele)
=l ol el = =l el ehlehielle )
O O = OO oo oo o oo
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4.3

Matrix solutions of the equation X* — Y* = Z’

In this case, we have m = 4 and k = 3. The lowest common multiple of m and m + k is
¢ = 28. For all p > 2, there are at least Ny,,;,, = (28p + 281’)3 construction structures of
matrix triple solutions of the equation X* — Y* = Z7. As shown above, for p = 1, we have
Npin = 8 x 28% = 175616. For example, let

010 --000 0 a0 -~ 000
001 --000 00 1 00 0
000 -~ 000 000 - 000

P, = Qo= | ;
0 00 01 0 0 0 0 01 0
0 00 00 1 0 0 0 00 1
a 0 0 000 1 00 00 0
010 00 0
0 0 a 00 0
000 00 0

Ro=|: : t ...t ¢ | eCS(Aa(1))=CS(A,) C Dy (N).
000 -0 10
000 - 00 1
100 - 000

7

For every non-zero positive integers z and y, the matrix triple (P/, ,, Q7, Ry ) is a solution of the
Diophantine equation X* — Y* = Z7.
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