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Abstract. In this paper, we present some examples of representation of integers by a positive-
definite, integral, non-diagonal quaternary quadratic form of level 28 whose representation num-
bers can be determined explicitly using the theory of modular forms.

1 Introduction

Research on quadratic and quaternary forms has been active in recent years, with many contri-
butions appearing in the literature. For example, problems concerning primitive elements and
quadratic forms have been studied using analytic tools such as Kloosterman sums [8]. On the
other hand, related investigations into sums of special sequences, like bi-periodic Fibonacci and
Lucas numbers, have also been pursued with number-theoretic techniques [20]. These works
illustrate the variety of approaches in modern number theory, from analytic to combinatorial,
and provide context for our present study on explicit formulas for the representation numbers of
certain positive-definite integral quaternary quadratic forms.

Let N,N0,Z,C, and H := {z ∈ C / ℑ(z) > 0}, denote the sets of positive integers, nonneg-
ative integers, integers, complex numbers and the Poincaré upper-half plan, respectively. The
modular group SL2(Z) is defined as follows:

SL2(Z) :=

{(
a b

c d

)
∈ SL2(Z) | a, b, c, d ∈ Z, ad− bc = 1

}
.

For N ∈ N, the modular congruence subgroup Γ0(N) of SL2(Z) is defined by

Γ0(N) :=

{(
a b

c d

)
∈ SL2(Z) | c ≡ 0 (mod N)

}
.

The index of Γ0(N) in SL2(Z) is given by

[SL2(Z) : Γ0(N)] = N
∏
p|N

(
1 +

1
p

)
,

where p runs through the prime dividing N , see [10].
Let n ∈ N, we define as :

σ(n) =
∑
d|n

d,

where d runs through the positive divisors of n. If n /∈ N, we set σ(n) = 0. Let χ and ψ be a
Dirichlet characters of modulus dividing N . For n ∈ N, the generalized divisor sum σχ,ψ(n) is
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defined as:
σχ,ψ(n) :=

∑
1≤d|n

χ(n)ψ
(n
d

)
d.

If n /∈ N, we set σχ,ψ(n) = 0. If χ = ψ = 1, then σχ,ψ(n) = σ(n).
For positive integers k and N such that (−1)kN ≡ 0 or 1 (mod 4), let χ((−1)kN) be the
Dirichlet character defined by the Kronecker symbol :

χ(−1)kN (∗) =
(
(−1)kN

∗

)
.

Then (−1)kN is a fundamental discriminant if and only if χ((−1)kN) is a primitive Dirichlet
character modulo N (see [18, Theorem 9.13]).

Let k ∈ Z and χ be a Dirichlet character of modulus dividing N . Let Mk(Γ0(N), χ) denote
the space of modular forms of weight k with multiplier system χ for Γ0(N), and Ek(Γ0(N), χ)
and Sk(Γ0(N), χ) denote the subspaces of Eisenstein forms and cusp forms of Mk(Γ0(N), χ),
respectively. It is known that

Mk(Γ0(N), χ) = Ek(Γ0(N), χ)⊕ Sk(Γ0(N), χ).

For z ∈ H, let q := e2πiz so that |q| < 1. The Dedekind eta function η(z) is defined by

η(z) = q
1
24

∞∏
n=1

(1 − qn).

An eta quotient f(z) is a function of the form

f(z) :=
∏
δ∈I

ηrδ(δz), (1.1)

where I is a finite set of positive integers and rδ > 0 for all δ ∈ I .
For (x, y, z, t) ∈ Z4, let Q := Q(x, y, z, t) a positive-definite integral quadratic form and let

n ∈ N0. We define

N(Q(x, y, z, t) = n) := Card
{
(x, y, z, t) ∈ Z4 | Q(x, y, z, t) = n

}
The theta function of f is defined by

θQ(z) =
∑

(x,y,z,t)∈Z4

qQ(x,y,z,t) = 1 +
∞∑
n=1

N (Q(x, y, z, t) = n) qn, z ∈ H.

If Q(x, y, z, t) = ax2 + by2 + cz2 + dt2. A formula for N (Q(x, y, z, t) = n) for the diagonal
quaternary quadratic forms

(a, b, c, d) ∈ {(1, 1, 1, 1) , (1, 1, 1, 2) , (1, 2, 2, 2) , (1, 1, 5, 5) , (1, 1, 5, 5) , (1, 5, 5, 5)} ,

are in the literature see ( [7, 5, 3, 4, 1, 2, 9, 11, 12, 13, 14, 15, 16]).
For positive-definite integral nondiagonal quaternary quadratic forms of the type

ax2 + by2 + cz2 + dt2 + exy + fxz + gxt+ hyz + jyt+ kzt.

Alaca et al. [6] explicitly determined the representation numbers for forms belonging to a genus
containing exactly two classes.

In the present paper, we explicitly compute the representation numbers for the following
positive-definite, integral quaternary quadratic forms

x2 + y2 + z2 + 2t2 + xt,

x2 + y2 + z2 + 4t2 + xy + xz + xt,

and
x2 + y2 + 2z2 + 2t2 + xy + xz + yt+ zt

These quadratic forms were selected because they belong to the same genus (see [19]), allowing
their representation numbers to be derived from one another.

Now, we proceed to state our main theorem.
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Theorem 1.1. Let n ∈ N. Then

N(x2 + y2 + z2 + 2t2 + xt = n) = −1
4
σ(χ1,χ28)(n)−

3
2
σ(χ4,χ7)(n) +

7
4
σ(χ7,χ4)(n)

+
13
4
σ(χ28,χ1)(n)−

5
2
af1(n) + 2af2(n).

N(x2 + y2 + z2 + 4t2 + xy + xz + xt = n) = −1
4
σ(χ1,χ28)(n) +

1
2
σ(χ4,χ7)(n) +

7
4
σ(χ7,χ4)(n)

+
17
2
σ(χ28,χ1)(n) +

15
2
af1(n)− 6af2(n).

and

N(x2 + y2 + 2z2 + 2t2 + xy + xz + yt+ zt = n) = −1
4
σ(χ1,χ28)(n) + σ(χ4,χ7)(n)−

7
4
σ(χ7,χ4)(n)

+ 7σ(χ28,χ1)(n).

where the integers afi(n) with 1 ≤ i ≤ 2 are given by

f1(z) :=
η(z)η(4z)η(14z)9

η(2z)η(7z)3η(28z)3 =
∞∑
n=1

af1(n)q
n,

f2(z) :=
η(2z)2η(14z)12

η(z)η(7z)5η(28z)4 =
∞∑
n=1

af2(n)q
n.

2 Preliminaries

Let χ and ψ be primitive Dirichlet characters with conductors L and R, respectively. The Eisen-
stein series Ek,χ,ψ(q) is defined as :

Ek,χ,ψ(q) = b0 +
∑
m≥1

∑
n|m

ψ(n)χ
(m
n

)
nk−1

 qm ∈ Q(χ, ψ)[[q]],

where

b0 =

{
0 if L > 1,
−Bk,ψ

2k if L = 1.

with Bk,ψ denoting the k-th generalized Bernoulli number associated with ψ.
Note that if χ = ψ = 1 and k ≥ 4, then Ek,χ,ψ = Ek, where Ek is the classical Esienstien series.

Miyake prove statements that imply the following in [17].

Theorem 2.1. Suppose t is a positive integer and χ, ψ be as above and that k is a positive
integer such that χ(−1)ψ(−1) = (−1)k. Except when k = 2 and χ = ψ = 1, the power
series Ek,χ,ψ(qt) defines an element of Mk(RLt, χψ). If χ = ψ = 1, k = 2, t > 1 and
E2(q) = Ek,χ,ψ(q), then E2(q)− tE2(qt) is a modular form in M2(Γ0(t)).

Theorem 2.2. The Eisenstein series inMk(N, ε) coming from [21, Theorem 5.8] withRLt divide
N and χψ = ε form a basis for the Eisenstein subspace Ek(N, ε).

For the space M2(Γ0(28),
( 28

∗
)
) the dimension is 12. To compute a basis for this space,

we first determine a basis for the Eisenstein subspace E2(Γ0(28),
( 28

∗
)
) and the cusp subspace

S2(Γ0(28),
( 28

∗
)
). Let’s calculate a basis for the spaceE2(Γ0(28),

( 28
∗
)
). For the spaceE2(Γ0(28),

( 28
∗
)
)

the dimension is 4. Hence,

Proposition 2.3. A basis of the space E2(Γ0(28),
( 28

∗
)
) is given by :

{Eχ1,χ28(q), Eχ4,χ7(q), Eχ7,χ4(q), Eχ28,χ1(q)}
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Proof. See 2.1 and 2.2.

The first twenty-five coefficients of the Eisenstien subspace is given as:

Eχ1,χ28(q) := −4 + q + q2 + 4q3 + q4 − 4q5 + 4q6 + q7 + q8 +O(q9)

Eχ4,χ7(q) := q + 2q2 − 4q3 + 4q4 − 4q5 − 8q6 − q7 + 8q8 +O(q9)

Eχ7,χ4(q) := q + q2 − 4q3 + q4 + 4q5 − 4q6 − 7q7 + q8 +O(q9)

Eχ28,χ1(q) := q + 2q2 + 4q3 + 4q4 + 4q5 + 8q6 + 7q7 + 8q8 +O(q9)

We use the Sturm bound given in Theorem 2.4 to determine when two modular forms are equal.

Theorem 2.4 ([10]). Let n ∈ N. If f(z) =
∑∞
n=0 af (n)q

n ∈ Mk(Γ0(N), χ) and g(z) =∑∞
n=0 ag(n)q

n ∈ Mk(Γ0(N), χ) with af (n) = ag(n) for all n = 0, 1, . . . , k12 [SL2(Z) : Γ0(N)].
Then

f = g.

We use the following lemma to determine if certain eta- quotients are modular forms.

Lemma 2.5 ([10]). Let f(z) be an eta quotient given by (1.1), k = 1
2
∑
δ∈I rδ and s =

∏
δ∈I δ

rδ .
Suppose that the following conditions are satisfied:

(i)
∑
δ∈I δrδ ≡ 0 (mod 24),

(ii)
∑
δ∈I

N
δ rδ ≡ 0 (mod 24),

(iii)
∑
δ∈I

gcd(d,δ)2

δ rδ ≥ 0 for each positive integers d ∈ I ,

(iv) k is an integer.

Then f(z) ∈Mk (Γ0(N), χ), where the Dirichlet character χ is given by

χ(m) =

(
(−1)ks
m

)
.

Next, the following theorem identifies the modular space to which the theta function of a
positive-definite integral quadratic form belongs, (see [22, Theorem 10.1]).

Theorem 2.6. Let f := f(x1, . . . , xk) be a positive-definite integral quadratic form in k vari-
ables and M(f) be the matrix of f(x1, . . . , xk). Let N be the level of f(x1, . . . , xk), that is, the
least positive integer such that NM(f)−1 is an integral matrix with even diagonal entries. Then

θf (z) ∈M k
2
(Γ0(N), χ) ,

where the character χ is given by
(

2 det(M(f))
∗

)
if k is odd,(

(−1)k/2 det(M(f))
∗

)
if k is even.

The following theorem identifies a difference of theta functions as a cusp form

Theorem 2.7 ([22]). Let f := f(x1, . . . , xk) and g := g(x1, . . . , xk) be two positive-definite
integral quadratic forms in k variables which belong to the same genus. Also, let θf (z) and
θg(z) be the theta functions of f and g, respectively. Then θf (z)− θg(z) is a cusp form.

Let’s calculate a basis for the space S2(Γ0(28),
( 28

∗
)
). Since dimS2(Γ0(28),

( 28
∗
)
) = 2. Thus,

Proposition 2.8. A basis of the space S2(Γ0(28),
( 28

∗
)
) space is given by

f1(z) :=
η(z)η(4z)η(14z)9

η(2z)η(7z)3η(28z)3 =
∞∑
n=1

af1(n)q
n,

f2(z) :=
η(2z)2η(14z)12

η(z)η(7z)5η(28z)4 =
∞∑
n=1

af2(n)q
n.

Proof. To prove this result, we employ Lemma 2.5 to identify all eta-quotients in the space
S2(Γ0(28),

( 28
∗
)
). Subsequently, we consider the family of functions above and verify their

linear independence.



600 A. Bouchikhi and S. Mezroui

3 Proof of the main theorem

Proof. Let
Q1 := Q1(x, y, z, t) = x2 + y2 + z2 + 2t2 + xt.

The matrix M(Q1) of Q1 is 
2 0 0 1
0 2 0 0
0 0 2 0
1 0 0 4


so det(M(Q1)) = 28 and

28M(Q1)
−1 =


16 0 0 −4
0 14 0 0
0 0 14 0
0 0 0 8

 .
Thus, the level of Q1 is 28 and the character associated with Q1 is given by(

det(M(Q1))

∗

)
=

(
28
∗

)
So by Theorem 2.6 we have

θQ1(z) ∈M2

(
Γ0(28),

(
28
∗

))
.

The Hecke bound of Theorem 2.4 for M2
(
Γ0(28),

( 28
∗
))

is2 · 28
12

∏
p|28

(
1 +

1
p

) = 8,

The first nine terms of θQ1 are given by

θQ1(z) = 1 + 6q + 16q2 + 24q3 + 26q4 + 40q5 + 56q6 + 34q7 + 44q8 +O(q9) (3.1)

By Lemma 2.5, for all 1 ≤ i ≤ 2, we have

fi(z) =
∞∑
n=1

afi(n)q
n ∈M2

(
Γ0(28),

(
28
∗

))
.

Using Pari/GP [24], we compute the first nine coefficients of fi(z)

f1(z) = q − q2 − q4 + q7 + 3q8 +O(q9),

f2(z) = q + q2 + q4 + q7 + 5q8 +O(q9).
(3.2)

In identifying the coefficients using a SageMath program, agree up to the Sturm bound. Hence,
by using Proposition 2.3, 2.8 and Theorem 2.4 with (3.2) and 3.1, we obtain that

θQ1(q) =− 1
4
E(χ1,χ28)(q)−

3
2
E(χ4,χ7)(q) +

7
4
E(χ7,χ4)(q) +

13
2
E(χ28,χ1)(q)−

5
2
f1(q) + 2f2(q).

(3.3)

By equating coefficients of qn (n ∈ N) in 3.3, we derive

N(x2 + y2 + z2 + 2t2 + xt = n) = −1
4
σ(χ1,χ28)(n)−

3
2
σ(χ4,χ7)(n) +

7
4
σ(χ7,χ4)(n)

+
13
4
σ(χ28,χ1)(n)−

5
2
af1(n) + 2af2(n).
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Let
Q2 := Q2(x, y, z, t) = x2 + y2 + z2 + 4t2 + xy + xz + xt.

The matrix M(Q2) of Q2 is 
2 1 1 1
1 2 0 0
1 0 2 0
1 0 0 8


so det(M(Q2)) = 28 and

28M(Q2)
−1 =


32 −16 −16 −4
−16 22 8 2
−16 8 22 2
−4 2 2 4


Hence, the level of Q2 is 28 and the character associated with Q2 is(

det(M(Q2))

∗

)
=

(
28
∗

)
.

Thus by Theorem 2.6 we have

θQ2(z) ∈M2

(
Γ0(28),

(
28
∗

))
.

The first nine terms of θQ2 are given by

θQ2(z) = 1 + 12q + 6q2 + 24q3 + 24q4 + 40q5 + 56q6 + 48q7 + 66q8 +O(q9) (3.4)

In identifying the coefficients using a SageMath program, agree up to the Sturm bound. Hence,
by using Proposition 2.3, 2.8 and Theorem 2.4 with (3.2) and 3.4, we obtain that

θQ2(q) =− 1
4
E(χ1,χ28)(q) +

1
2
E(χ4,χ7)(q) +

7
4
E(χ7,χ4)(q) +

17
2
E(χ28,χ1)(q) +

15
2
f1(q)− 6f2(q).

(3.5)

Equating coefficients of qn for n ∈ N in (3.5), we obtain

N(x2 + y2 + z2 + 4t2 + xy + xz + xt = n) = −1
4
σ(χ1,χ28)(n) +

1
2
σ(χ4,χ7)(n) +

7
4
σ(χ7,χ4)(n)

+
17
2
σ(χ28,χ1)(n) +

15
2
af1(n)− 6af2(n).

Let
Q3 := Q3(x, y, z, t) = x2 + y2 + z2 + 4t2 + xy + xz + xt.

The matrix M(Q3) of Q3 is 
2 1 1 0
1 2 0 1
1 0 4 1
0 1 1 4


so det(M(Q3)) = 28 and

28M(Q3)
−1 =


26 −16 −8 6
−16 26 6 −8
−8 6 10 −4
6 −8 −4 10

 .
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Therefore, the level of Q3 is 28 and the character associated with Q3 is(
det(M(Q3))

∗

)
=

(
28
∗

)
.

So by Theorem 2.6 we have

θQ3(z) ∈M2

(
Γ0(28),

(
28
∗

))
.

The first nine terms of θQ3 are given by

θQ3(z) = 1 + 6q + 14q2 + 30q3 + 30q4 + 18q5 + 54q6 + 60q7 + 62q8 +O(q9) (3.6)

In identifying the coefficients using a SageMath program, agree up to the Sturm bound. Hence,
by using Proposition 2.3, 2.8 and Theorem 2.4 with (3.6), we obtain that

θQ1(q) =− 1
4
E(χ1,χ28)(q) +E(χ4,χ7)(q)−

7
4
E(χ7,χ4)(q) + 7E(χ28,χ1)(q). (3.7)

Equating coefficients of qn for n ∈ N in (3.7), we get

N(x2 + y2 + 2z2 + 2t2 + xy + xz + yt+ zt = n) = −1
4
σ(χ1,χ28)(n) + σ(χ4,χ7)(n)−

7
4
σ(χ7,χ4)(n)

+ 7σ(χ28,χ1)(n).

4 Conclusion remarks

In this paper, we have explicitly determined the representation numbers for three positive-definite,
integral, non-diagonal quaternary quadratic forms of level 28:

Q1 = x2 + y2 + z2 + 2t2 + xt,

Q2 = x2 + y2 + z2 + 4t2 + xy + xz + xt,

Q3 = x2 + y2 + 2z2 + 2t2 + xy + xz + yt+ zt.

Using the theory of modular forms, we expressed the theta functions associated with these forms
in terms of Eisenstein series and cusp forms in the space M2

(
Γ0(28),

( 28
∗
))

. The formulas for
N(Qi = n) (i = 1, 2, 3) involve generalized divisor sums σχ,ψ(n) and Fourier coefficients of
specific eta quotients f1(z) and f2(z). The results demonstrate the power of modular forms in
solving classical representation problems for quadratic forms.
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