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Abstract In this paper, we develop two results dealing with these objects. The first one proposes an identity for the
generalized Euler polynomials. The second result allows the deduction of similar identities for classical Euler numbers,
classical Euler polynomials, as well as for classical Genocchi polynomials and numbers.

1 Introduction

Recognizing the great importance of Euler numbers and Euler polynomials in various branches of mathematics, Roman [5]

defined generalized Euler polynomials E;a )(x) for every n € Nand a € C, where N and C are the set of positive integers
and the set of complex numbers, respectively.

2 a), Lt 2 o
S e = () o @
n=0

We let ¥, denote the automorphism of the vector space C[z] defined for any o € C by
Wo(2™) = B (x), n € N. (1.2)

Khaldi and Boumehdi [4] obtained some interesting expressions for classical Euler polynomials. This paper briefly reviews
some properties of generalized Euler polynomials, as well as two related lemmas that help to prove the second result presented
in the third section and the first one is an explicit formula for generalized Euler polynomials and the second result proposes an
identity for the generalized Euler polynomials, which leads to further generalizations for several relations involving classical
Euler numbers and Euler polynomials and also for classical Genocchi polynomials and numbers as we will see in the last
section of this article.

2 Some properties of the generalized Euler polynomials and lemmas

The identity operator I, the finite difference operator A, and the operator A are the operators that need to be examined. These
operators can be defined over any endomorphism of the vector space C[z]. These operators are defined, in turn, by

I(z™)=2", A(z™)=(x+1)" — 2", and A(z") = (z+ )" + 2", n € N. 2.1)
Along with
koL ‘
A =3 (i)(q)kﬂ(x i), 2.2)
i=0
furthermore
For k > n, AF(z™) = 0. (2.3)

Generalized Euler polynomials form a sequence of Appell polynomials [2], satisfying the following well-known properties

[S]:

B (@) =1, 2.4)
D(EY) (2)) = nE™ (2), n > 1, 2.5)
B @ +y) =Y () B @), 2.6)

k=0
AEY () = 2B (x), Q.7
Ef(a-a) = (-1)"E (@), 2.8)

AEY T (@) = 2B, (z) forn > 1. 2.9)
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Lemma 2.1. For every non-negative n and for all complex numbers o and ~y, we have
¥a((@ +7)") = B (@ +7).

Lemma 2.2. Given any o € C, we get
DoW¥Yy=WaoD,
WooA=2¥,_;.

Proof of Equation (2.11). Given that (Eﬁba) (x)) is an Appell polynomial in the sense that
(Do Wa)(@") = D(E( ())

= nEilajl (z)
= nWao(z" 1)
=¥, (nz" ")

Proof of Equation (2.12). 1t is simple to demonstrate that
E @+ 1)+ B (@) = 2BV (@).
It follows that
(PaoA)(z") =Pa((z+1)" +2™)
=B @+ 1)+ B (z)
= 2B V()
=2¥,_i(z").

3 Main result

3.1 Explicit formula for generalized Euler polynomials
Theorem 3.1. For every a € C, we get

2k k i

B @) = 30 EUE () S (Y Lo,
i=0

k=0

Proof. First, we give the following definition of the generalized Euler polynomials:

el +1
subsequently
o0 k
D
_.D_q_
A=e 1= kg l o

Observe that
(P —1)+2=A+2

(7) -(=) - (5

o
+
Il

So

Therefore

Conversely, though
oo
(I4+at)" = Z (;>aktk, a€C,reN.

Consequently, we have for any formal series (S(t))
r r
(+5)" =3 (7)s*®

Substituting —ca for  and %A for S(t), we obtain

(2.10)

.11
(2.12)

(3.1)
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Notice that

k k!
rafa+1).. . (a+k—1)
= (=1) -
Y a+k—1
= 1)( k )
Consequently
2 @ S jat+ k-1 (=DF
(1) 2 )T
k=0
Thus
el k
(o) _ a+k—1 (_]) k(.n
E (x)fkg( . ) AR ™).
Equations (2.2) and (2.3) enable us to swiftly determine (3.1). O

Numerical application

Forn =2,

= (" A + (el + (O e
:zzfa(f:v2+(x+l)2)+l “(2 2(x+1)2+(:p+2)2>
:xzfaxf%+a(1:a)

—a:z—aoc+a(a4_l)

2

When we replace o by 1, we have E,(z) = x* — x, where E»(z) = Eél) (x) is the second classical Euler polynomial.

3.2 Another result for generalized Euler polynomials

Theorem 3.2. For all complex numbers o, A\, and for all non-negative integers ¢, n, r, and s, we have

L amAT Lkt o
Z}\ + k(n . 7')( ; T)EL_L(J))
L+r
+ (7l)l+n+r+s+l Z)\Z+r—k (@ ;: ’I”) (n + f + T>Eilojr)k(a Cs—\— :D)
k=0
=29 I(E S(—l)k(x-i-k)“r(x-i-/\-i-k)””). (3.2)
=\ n —

Proof. Let us consider the polynomial Q(z) defined by

s—1

Q(z) = Qk(x),
k=0

where
»

D
Qk(x) = (=D)F = ((a: +E) (@ A+ k:)"”).
r!
In this context, it is important to note the equality Qx(z + 1) = —Qp1(x) and thus
s—1

s—1
Qlz+1)+Q(z) = Qi)=Y Qrn()
k=0 k=0

s—1

=Y Q) =) Qi)
k=0 pt

= QO(m) - Qs (x)
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‘We have

)

(=]

&
I

Dr

— (xﬁ+r(x + )\)n+'r)
T

Dr n+r

+r
= )\n+7‘—k (n ) L+Ek+r
" <§ k)"

n+r

- ; \ntr—k (n Jkr r) <f + ’: + T>xl+k

and
s

Qs(x) = (—1)3% (((z A48 =N @+ A+ s)"“)

SDT — l+r—k ltr n+k+r
— (=1 7(z:(#\) ( i )(CE+)\+3) )
k=0
_ (_1)£+n+r+s %/\Z%rfk (€+T) (’I’L+ k+r>(_])n+k(x A+ S)n+k
o k r
Equations (2.8) and (2.10) yield
n+r
mar—k (MET\ L+E+1r\ (o
Wo(Qo(z)) = > Am* k( ! )( . )EM(Q;) (3.3)
k=0
and
l+n+r+s s l+r—k L+rm\ym+k+r n+k p(a)
Yo (Qs(@) = (1) SN (T 0 A+ s)
k=0
L7
ety mEtk+r\ ()
_ (_1)Z+n+7‘+s Z)\€+T k E +k;(a S .Z‘) (3.4)
S (1) ()
So

Yo (Qz +1) + Q(z)) = Ya(AQ(2)))

n+r

= ; /\’ﬂ+r—k;<n -]: 7") (f + ﬁ + T)Eﬁ)k(x)

err
— (—1)lrmtrs i ATk (Z Z r) (n + f * T)Efffk(a “A—s—a).
k=0

Finally, by employing Equation (2.12) in Lemma 2.2, we have
Yo (AQ(2))) = 2¥a—1(Q())

s—1

= zwa,l(Z(_l)k%((z F BT (4 XA+ k)™

k=0
Dr = k L+ n+r
=2 (= D (-DF @+ R @+ A+ k)T,
r!
k=0
O
4 Applications
The following corollary arises when s = 0, according to Theorem 3.2:
Corollary 4.1. For all complex number o, we have
n+r
ntr—k (M7 C+k+r ()
et ()0 EGw)
k=0
o L+r\m+k+m_(a
_ (_1\{+n+r l+r—k « o
= (-1 ;x ( i )( . )En+k(oz z—y). @.1)
Then, in particular, for o = 1,7 = 0, and x = 1, we get
n+r n l+r Y,
030 () Bernw) = (<1 3 (| ) Enrnl-), (42)

k=0 k=0



638 Redha Chellal

and fora = 1,7 = 1, and x = 1, we obtain

n+l £+1

S (TN ek 0B + 0P (T ok ket DBy =0, 43
k=0 k=0

Equation (4.3) can be expressed as follows:
" om+1
0> (M) )R+ D)
k=0

4
S (TN etk DB ()

k=0 k
= (=D)™12n + £+ 14 2)(Eppeni(y) —y™ ). (4.4)
In 2004, Wu, Sun, and Pan [8] discovered Equations (4.2) and (4.4). For » = 0 and o = 1, Equation (4.1) rewritten as
n ¢
0D () Brel) = () D2 (1) Bkt — 2 - ). “5)
k=0 k=0

In 2003, Sun [7, Theorem. 1.2, Equation. (iii)] obtained Equation (4.5).

Corollary 4.2. For every non-negative integers k, q, m, and n, we have

(=nm™ nf:qamqu (m + q) (n +IZ " Z) Eilofq”—k(x)
=0

7

n+q

_imt+q\ m+q+i\ (o)
4 (=R P e (7 , E - (—x)=0. (4.6)
S oo () (e
Proof. For s = 0and A = «, Theorem 3.2 leads us to
n+nr
n+r—k n+r L+k+r (e)
S (1) (e

O+r o+ +k+ o
+ (_1)Z+n+7“+l Z a[+r k:( L T) (n . T) EiLJr)k(_LB) =0.

Changing n to m+q —k, £ to n+q — k, and r to k, we obtain Equation (4.6). This completes the proof of Corollary 4.2. O

Su Hu and Min-Soo Kim [3, Theorem. 1.1, p. 3] proved an equation using Corollary 4.2 for « = 1 and k odd,

+q

(=n™ mz: <m :r q) (n +;Z * Z) Epiqri—n(z)

47

NETS S G [ S @)
7=0

Corollary 4.3. For every non-negative integers k,r,n, and ¢, we have

T

(— 1) nir: (n Z r) <€+ i + T)2"+T_]_kE4+k
k=0

Lt

EED (Z Z T) (n +f + T)zurflkamk

T

_ (_l)j(n-&ir)<€+r). (4.8)

= g lNr=g

We obtain exactly [1, Equation. (4.3)(ii), p. 210].
The following equality can be deduced when r is an even integer.

T

S - (1), w
k=0 2

as shown in [1, Equation. (4.4)(ii), p. 210].
Exploiting the relation G, (z) = nE,,_;(z), for n > 1, where Gy, (z) is a classical Genocchi polynomial defined by

tm 2t
Gl = te, 4.10
Z () n! et 4+ 1€ (4.10)
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The classical Genocchi numbers form the sequence of numbers (Gn, ), >1 verify
Gn =Gn(0), n e N.

Therefore, they are mtegers and appear in the OEIS (On-Line Encyclopedia of Integer Sequences) [6] as A036968. Knowing
that £, = 2" Ey, ( ) with (Ep)nen is the sequence of Euler numbers appear in the OEIS as A000364. So, Corollary 4.3
implies the followmg corollary:

Corollary 4.4. For every non-negative integers k,r,n, and ¢, we have

S (e
k

“Z (g + r) (n +k+ T’) b=k
k=

r—1
a imtr\ L+
=rp) (=07 . ). 4.11)
v ()
By applying Equality (4.9), we obtain the following equality:
n+r
n+r\/m+r+k _ rm4r
Z( i )( )2”“ Gkt :7“(71)7”2( ! ) (4.12)
s r—1 3

Alternatively, substituting g with 0 in Corollary 4.2 yields the following equality:

i( )Gerrl@) + (-1 “”i ( ) Gin(—a) = 0. 4.13)
=0 k=0

5 Conclusion

This paper presents a crucial theorem on generalized Euler polynomials using composition operators, promising for analogous
theorems for specific Appell polynomial sequences.
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