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Abstract. In this manuscript, the concept of bipolar fuzzy subsets is employed to analyze the
ideals of BE-algebras within the context of bipolar fuzzification. The notion of bipolar fuzzy ide-
als in a BE-algebra is introduced, and some of their useful properties are investigated. Character-
izations of bipolar fuzzy ideals are provided in terms of their level subsets. The homomorphism
of bipolar fuzzy ideals in a BE-algebra is discussed, leading to intriguing results. Furthermore,
the bipolar fuzzy ideals of a BE-algebra are studied in the context of Cartesian products, re-
vealing several substantial results. Finally, the relationship between the strongest bipolar fuzzy
relations in a BE-algebra and the bipolar fuzzy ideals in a BE-algebra is examined, yielding
significant findings.

1 Introduction

L.A. Zadeh [18] first introduced the notion of fuzzy subsets of sets in 1965 as a way to demon-
strate vagueness in real-life situations. Since then, the theory of fuzzy sets has evolved into a
dynamic field of research, with applications across diverse disciplines, including engineering,
computer science, economics and finance, natural language processing, image processing, con-
trol systems, decision-making, risk assessment, and so on. Various extensions of fuzzy sets
have been developed by different authors to handle imprecision and uncertainty. Among these,
bipolar-valued fuzzy sets stand out as one of the most notable extensions. W.R. Zhang [19, 20]
initiated the idea of bipolar fuzzy sets as an extension of ordinary fuzzy sets by enlarging the
range of their membership degree from the interval [0, 1] to [-1, 1]. A membership value of 0
indicates that the elements have no relevance to the corresponding property. Furthermore, mem-
bership values in the range (0, 1] imply that the elements partially fulfill the property, while
membership values in the interval [-1, 0) suggest that the elements partially meet the opposite or
contrary property.

K. Iseki and S. Tanaka [5] were the first to introduce the concept of BCK-algebras, while
K. Iseki [6] initiated BCI-algebras as an extension of BCK-algebras and explored several results
related to them. H. S. Kim et al. [7] introduced the notion of BE-algebras as a generalization
of BCK-algebras and explored various related results. S. S. Ahn et al. [1] defined the theory
of ideals in BE-algebras and subsequently provided detailed illustrations of these ideals. M. B.
Prabhakar et al. [13] introduced the concept of generalized lower sets in transitive BE-algebras
and examined their properties.

Many studies have been conducted on different algebraic structures based on fuzzy and bipo-
lar fuzzy sets. S. Z. Song et al. [16] introduced the fuzzification of ideals in BE-algebras and
discussed some of their properties. G. Muhiuddin et al. [11] applied linear Diophantine fuzzi-
fications to BCK/BCl-algebras and introduced the concepts of linear Diophantine fuzzy subal-
gebras, linear Diophantine fuzzy ideals, and linear Diophantine fuzzy commutative ideals of a
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BCK-algebra, exploring the relationships between them. M. Al-Tahan et al. [2] introduced the
concept of a linear Diophantine fuzzy n-fold weak subalgebra of a BE-algebra, investigated its
properties, and established its relationship with the notion of an n-fold weak subalgebra. A.
Fayazi et al. [4] introduced fuzzy multi-hyperrings and investigated their fundamental proper-
ties. The authors also explored homomorphic properties and as well as the direct product of
fuzzy multi-hyperrings. S. Dogra and M. Pal [3] introduced the concept of a picture fuzzy ideal
in a multiplicative semigroup, initiating the study of various types of ideals within a picture fuzzy
environment and establishing relationships between them. P. Uma Maheswari et al. [17] intro-
duced the concept of a bipolar-valued fuzzy subrings within a ring, explored the relationships
among such subrings, and established several characterization theorems related to bipolar-valued
fuzzy subrings of a ring. S. Sabarinathan et al. [14] introduced the concept of a bipolar-valued
fuzzy a-ideal in BF-algebras and investigated the relationship between bipolar-valued fuzzy ide-
als and bipolar-valued fuzzy a-ideals, deriving significant and insightful results. G. Muhiuddin et
al. [10] introduced the notions of bipolar fuzzy closed ideals, bipolar fuzzy positive implicative
ideals, and bipolar fuzzy implicative ideals in BCK-algebras and investigated their related prop-
erties. Furthermore, G. Muhiuddin et al. [12] explored the concepts of bipolar-valued fuzzy soft
hyper BCK ideals and investigated their related properties and relationships using the framework
of bipolar-valued fuzzy soft sets. J. G. Lee and K. Hur [8] introduced a bipolar fuzzy relation
between two sets and the composition of two bipolar fuzzy relations. Furthermore, they defined
the level set of a bipolar fuzzy relation and investigated some relationships between bipolar fuzzy
relations and their level sets. They also indicated that bipolar fuzzy relations generalize fuzzy
relations. However, to the best of our knowledge, no study has been conducted on the algebraic
structure of bipolar fuzzy ideals in BE-algebras. Inspired by recent works on bipolar fuzzy al-
gebraic structures and previous works related to fuzzy algebraic structures, we are motivated to
study bipolar fuzzy ideals in BE-algebras.

In this manuscript, we employ the theory of bipolar fuzzy sets to analyze ideals in BE-
algebras within the context of bipolar fuzzifications. We introduce bipolar fuzzy ideals in BE-
algebras and explore their important properties in detail. We provide characterizations of bipolar
fuzzy ideals in BE-algebras in terms of their level sets. Furthermore, we discuss the homomor-
phic image and inverse image of bipolar fuzzy ideals in a BE-algebra and examine the Cartesian
product of these ideals, highlighting several key results. Finally, we investigate the relationship
between the strongest bipolar fuzzy relations and bipolar fuzzy ideals in a BE-algebra.

2 Preliminaries

This section reviews key definitions and results essential for the development of this work.

Definition 2.1. [7] A nonempty set X, together with a binary operation ¢’ and a constant ele-
ment ’1’, is called a BE-algebra whenever it satisfies the following axioms:

1. zox=1

(ii). zo1 =1

(). lox ==

(iv). zo(yoz)=yo(yoz2),Vr,y,z2 € X

The binary relation < definedby z <y < zoy=1,Vz,y,z € X

Definition 2.2. [1] Let X be a BE-algebra. A nonempty subset I of X is said to be an ideal of X
if it satisfies the following axioms:

). zoyelLVe e X,Vy el
@. (zo(yoz)ozelVze X, Va,y €L

Definition 2.3. [1] A BE-algebra X is called transitive if the inequality y ¢ z < (z o y) ¢ (z ¢ 2)
holds forall z, y, z € X.

Definition 2.4. [15] A function f : X — Y is called a homomorphism of BE-algebras if
fzoy)=f(x)o fly),forall z,y € X. f is called an epimorphism of BE-algebras if it is
onto. Also, f(1) = 1/, where 1 and 1” are constant elements of X and Y respectively.



Bipolar Fuzzy Algebraic Structures on Ideals of BE-Algebras 753

Definition 2.5. [18] In a nonempty set X, a fuzzy subset A is characterized by a function
pa: X —[0,1], where j14(z) is the membership degree of an element.

Definition 2.6. [15] A fuzzy set (FS) A in a BE-algebra X with a membership function p4 :
X — [0, 1] is considered to be a fuzzy ideal in X if the following two conditions hold:

). pa(zoy) = paly),
(). pa((zo(yoz))oz)>min {pa(z), paly)},Vo,y,z € X.

Definition 2.7.[9, 19] A Bipolar Fuzzy Set (BFS) A in a nonempty set X is defined as an
expression of the type A = {(z, u} (), py(x))| = € X}, where py : X — [0,1] and p; :
X — [—1,0] are the positive and negative membership functions, respectively. The value 1} ()
represents the degree to which an element x satisfies the property corresponding to A, while
the negative membership degree 1., (z) represents the degree to which an element z satisfies an
implicit counter-property of A.

From now on, we will represent the BFS A = {(z, u} (z), py(z)) |[v € X} as A= (ufy, py) .

Definition 2.8. [8] The complement of a BES A in X, symbolized as A° = ((u})", (1)), is
a bipolar fuzzy set in X defined as (1;)“(z) = 1 — pjj(2) and (uy)" (z) = —1 — p,(2), for
every xz € X.
Definition 2.9. [8, 20] Let A = (u};, 1) and B = (u}, ) be any two BFSs in X, Therefore,
(). A C B & 15(x) < py(a) and iy () > ()
(ii).AﬂB:{min{ (), p ( )} maz{p,(z), pg(x)}

(1ii). AUB = {max{/LA( ), ( )} min{u,(x), (ac)}} for each z € X.

Definition 2.10. [19] Let A = (%, 1) be a BFS in X. Then for s € [0, 1] and ¢ € [-1,0] , the
sets P(ufy,s) = {x € X|uj(x) >s}and N(uy,t) = {z € X|u,(x) <t} are called positive
s-cut and negative ¢-cut respectively.

Definition 2.11. [9, 11] A BFS A = (u;, p;) in a nonempty set X satisfies Sup-Inf property if
there exists an element o €T such that u (xo) = sup p (¢) and p; (zo) = t1n£ w4 (t), for every
teT €

TCX.

Definition 2.12. [15, 14] Let f : X — Y be a homomorphism from with f(X) = Y. If A =
(uhy, py) and B = (uf, up) are any two bipolar fuzzy subsets of X and Y, respectively, then
the image of A under f is defined as f(A) = {{y, f(u}) (v), f(ua)(¥))|y €Y}, where

) () = {sup{um) to € f )Rl f () # 0

A 0 otherwise

and
) ) = {mf{uw) ta € [N ()i () # 0

0 otherwise

The invers image of B under f is a bipolar fuzzy set defined as
F1B) (@) = {(a, [~ (i) (@), [~ () (@) v € X},
where f~! (u}) (#) = i (f(z)) and f=1 (1) (z) = pu(f(z)), foreach z € X.
Definition 2.13. [17] The Cartesian product of the BFSs A = (pf;, u3) and B = (pf;, pp) in
a nonempty set X is defined as A x B={{(z,y), 1}y, 5@, v), paxp(®v))|(z,y) € X x X},
where pfy, 5 X x X — [0, 1]and p, 5 : X x X — [—1, 0], foreach (z, y) € X x X. with
tax (@, y) =min{u}(x), pp(y)} and py, p(z, y) = max {uz,(x% ﬂg,(y)} ,

Definition 2.14. [19] A bipolar fuzzy relation (BFR) R on a nonempty set X is an expression of
theform R = {{(z,y), ui(, v), pp(z, y)) |z, y € X}, where uf, : X xX — [0, 1] and pj;
X x X — [—1, 0] are positive and negative membership functions, respectively. For simplicity,
we denote the relation R = {((z,y), uf(z,y), pp(z.y)) v,y € X} as R = (uf, pup).
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Definition 2.15. [17] Let A = (u};, ;) be a BFS and R = (u},, 1) be a BFR on a nonempty

set X. The strongest BFR on X, associated with A , denoted by R4, is defined as
Ra={{(z,9), nf, (2, 9), ug, (x,9)) |2,y € X}},

where pf; (z,y) = min{p}(x), p}(y)} and pg (2,y) = min{uy(x), py(y)}.Va,y € X.

3 Bipolar Fuzzy Ideals in BE-algebra

This part of the paper presents the idea of bipolar fuzzy ideals (BFIs) in the context of a BE-
algebra and explores several important properties associated with them. Unless stated otherwise,
let X and Y represent BE-algebras. In this and subsequent sections, "BFS" refers to a bipolar

fuzzy set, while "BFI" refers to a bipolar fuzzy ideal.

Definition 3.1. . A BFS A = (u};, u3) in X is a BFI of X if the following conditions hold:

M. pi(xoy) > pa(y) and iy (zoy) < py(y)
(D). ph (xo(yoz))oz) > min{ul(z).ul(y)}
(ii). py ((zo(yoz))oz) <maz{pl(z).u}(y)}
Example 3.2. Let X = {1, a, b, ¢,d, 0} be a set with the following table.

* 1 @ I} y 1) o
1 1 « I} ~y ) o
@ 1 1 a y ~y 1)
p 1 1 1 Y gl Y
y 1 @ 15} 1 « B
§ 1 1 « 1 1 «
o 1 1 1 1 1 1
Table 1.

Clearly, (X; x, 1) is a BE-algebra and consequently I = {1, a, 3} is an ideal of X.

Suppose A = (u;, pu;) be a BFS in X defined by

08ifxe{l,ap —07ifxre{l,ap

) = O TTEL PN g ) = el
05if x € {y,6,0} —02if xz € {v,6,0}

Then by simple calculation we can verify that A = (,uj, HZ) is a BFI of X.

Lemma33./fA = (/‘X’ ,uz) is a BFI of X, then
(i). wa (1) > pj () and piy (1) < py (), Vo € X.
(ii). ki (zoy)oy) > ph (x) and p; (xoy) oy) < uy (x), forall x,y € X.

Proof. (i) By using definitions 2.1 (i) and 3.1 (¢), we have
ey (1) = pi(w o) > pj(x) and py (1) = py(zrox) < py(z)

Hence, (1) 2 14 (2)and 1) (o). i &
MA((IW)OZ/) uA(($<>(1<>1/)) y) > min{u} (), :U'A(l)} = pi((x)
pa((xoy)oy) = puy((wo(loy))oy) < max{uy(x), uy(1)} = py((2)

Therefore, py (zoy)oy) > puh () and py (zoy)oy) < py (z),Vz, y € X.

O

Theorem 3.4. Suppose A = (u, py) is a BFI of X. If v < y for x,y € X, then p}; order

preserving and i, (x) is order reversing

Proof. Let x <y, for x,y € X. Then by the definition of the binary relation ’

<
zoy = 1. Thus by Definition 2.1 (iii) and Lemma 3.3 (ii), p}(y) = pfy(loy) = uly

it follows that
a2z <>y)<>y)

phiz) and py(y) = pa(loy) = py (woy)oy) < py(z). Therefore, u(z) < ph(y) and

pa() > py(y).

O
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Theorem 3.5. Let A = (u}, py) be a BFI of X. If x o (y o 2) = 1, forall z, y, = € X then
1a(2) = min {3 (), wh(y)} and p(2) < max {uy (), pa(y)}
Proof. Since xo(yoz) =1, we have z =10z = (x ¢ (y ¢ z))oz, forall elements z, y, z € X.
Then, 1y (2) = p} ((z o (y 0 2)) 0 2) > min {pj(z), pji(y)} and

pa(z) = py ((wo(yoz))oz) <max {uy(w), nyy)}
Therefore, iy (z) > min {p (), pfi(y)} and p; () < max {py(z), py(y)}- O

Theorem 3.6. Suppose A = (,uii7 u;) is a BFS in X such that

Lo (1) > i (x) and 13 (1) < py ()
2. ph(zoz) > min{uj(zo(yoz)), wily)}
3. ph(zoz) < max{ph(zo(yoz)), phly)} forall z, y,z € X.

Then py is order preserving and i is order reversing.

Proof. Assume that x < y for z,y € X. Then z oy = 1. By Definition 2.1 (i, iii) and conditions
(1), (2) and (3), we have

ph(y) =phi(loy) >min{uf (1o (zoy)), ph(z)} =min{pi(1o1), ph(2)} = pufi(z) and
pa(y) = pa(loy) <max{uy (Lo(zoy)), pu(x)} = max {py(lol), uy()} = puy(x).
Hence 113 (y) > py () and piy (y) < puy(2) =
Theorem 3.7. If X is transitive, then a BFS A = (u}, ) in X is a BFI of X if and only if it
holds the conditions (1)-(3) given in Theorem 3.6 for all x,y, z € X.

Proof. Suppose A = (u}, py) is a BFI of X. By Lemma 3.3 (i), A = (p};, py) satisfies (1).
Since X is transitive, we have (yo z) 0z < (zo (yoz)) o (zoz), forall z, y, z € X.
= ((yoz)oz)o((xoyoz))oxoz)) = 1.
By Definition 2.1 (iii), Definition 3.1 and Lemma 3.3 (ii), we have
phleoz)=ph(lo(oz))=pi(((yoz)oz)o((zo(yoz))o(xoz)))o(xoz))
> minfu (3 o =) o 2), i (o (y 0 2))
> min{p(z 0 (4 o 2)), 1 ()} and
pa(zoz)=py(lo(zoz)) =p (((yoz)oz)o((zo(yoz))o(zez)))o(zoz))
<max{uy((yoz)oz), pa(zo(yoz))}
< max{py(zo(yoz)), na(y)}-
Hence A = (u}, py) satisfies (2)and (3).
Conversely suppose that A = (u}, py) satisfies the conditions (1), (2) and (3). By definitions
2.1(1, ii) and condition (1), (2) and (3), we have
ph(zoy) >min{u(z o (yoy)), p(y)} =min{ujs(xol),pmh(y)}

= man{p} (1), ui(y)} = ph(y) and
pa(zoy) <max{u(zo(yoy)), u(y)} =max{uy(zol), uy(y)}

=min{py (1), 14 (y)} = py(y)
Since X is a transitive BE-algebra, by the above theorem it follows that
Wi ((y o) 0 2) < (o (yo2) o (x02)) and w3 (y o) 0 2) > (o (yo2)) o (w0 2)).
So that from conditions (2) and (3) given in Theorem 3.6, we have
W (o (yo =) o2) = min{u; (o (y o 2) o (x 0 2)), uh(()}

> min{ pi((yoz)oz), ph((z)}

Al
> min{u}((x), ) ((y)},forallz, y, z € X.and
pal(zolyoz))oz) <max{uy((zo(yoz))o(wez)) ny(x)}
<max{py((yoz)oz),puy(z)}

<max{p,(z), p,(y)}, forall z,y, z € X.
Hence, A = (u}, p) is a bipolar fuzzy ideal of X. O
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Theorem 3.8. The intersection of any two BFIs of X is also a BFI.

Proof. Let A = (u};, py) and B = (uf, pup) be any two BFI of X. Let z,y,z € X. Then
thnp (@ oy) =min{p}(zoy), pp(eoy)} = min{u}(y), ppy)} = whnp(y) and
tang(xoy) =max {uy(zoy), pp(roy)} <max{uy(y), pp(y)} = tans)-

Also, phnp (zo(yoz))oz) =min{ul (xo(yoz))oz),u;((zo(yoz))oz)}

> min{min {p} (x).ph (y)},min {uj (@), ps(y) }}
min{min {p} (), g ()} min {14 (y). 5 (y) } }
mm{#sz(I)a PJXOB(?J)} and

max {y ((zo(yo2))oz),up((wo(yoz))oz)}
maz{maz {p;(x).pu5(y) }, max {up (@), ppy) 1}
= maz{mazx {1 (x), pp ()} max {15 (y), np ) b}

= maa:{uZnB(a:), NZmB(y)}-
Hence, AN B is a BFI of X. O

Hanp ((zo(yoz))oz)

IN

The above theorem can be generalized to any set of BFI X as follows.
Theorem 3.9. The intersection of any arbitrary set of BFIs of a BE-algebra X is also a BF1I.

Remark 3.10. The union of any two BFI in a BE-algebra X is not necessarily a BFI of X. This
fact is illustrated by the next Example.

Example 3.11. Let N be the set of positive integers and ‘o’ be the binary operation defined on N

by
roy — yl.fx:l
1if x #1

So, it is straightforward to verify that (N; o, 1) is a BE-algebra.
Define BFSs A = (u}, p;) and B = (u};, pyp) in N by

L fo7ifre2n—1:neN} . f-06ifr e{2n—1:neN}
MA(I)_{O.Sime{Zn:nEN} andMA(x)_{—OAifx€{2n:n€N}

and
08ifxisl _ —07ifxis 1
ph(z) = { and pz(z) = {

0.4 otherwise —0.3 otherwise

Clearly, A = (u}, p3) and B = (u};, pup) are BFIs of N. Now,

08ifz=1 —07ifx=1
phop(@) =107ifx € {2n+1:n €N} and py z(z) =< —0.6 if v € {2n+1:n € N}
0.5ifx € {2n:n e N} —04ifz € {2n:neN}

Letxz =1, y =3 and z = 2. Then
s (20 (502)) 02) = il (10(302) 02) = i ((101) 02) = lp(10D) =
pwhop(2) = 0.5 and min{py 5 (2), phop(y)} = min{ul 5(1), pfy 5(3)} = min{0.8, 0.7} =
0.7. = php((10(302))02)=0.5< 0.7 =min{ u} 5(1), uh,5(3)} This contradicts
Definition 3.1. Hence, A U B is not necessarily a BFI of X.

Theorem 3.12. A BFS A = (ply, ) of X is a BFI of X if and only if the fuzzy subsets p
and (u;l)c are both fuzzy ideals of X.

Proof. Assume that A = (p;, ;) be a BFI of X. By the definition of the BFI A = (pf;, 1)
in X, p}; is a fuzzy ideal of X. So, it remains to show that (u;)c is also a fuzzy ideal in X. Then
for each @,y,2 € X, (uy) (woy) = —1 — pa(woy) = —1 = ux(y) = (1a) (v)

= (1) (@oy) > (12) W)
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Also, (1) (o (yo2)) 02) = =1 = py ((wo (y©2) 0 2)
> —1 —max {p; (), 5 (y)}
=min{—1—p;(z), -1 - p;(y)}

= min { (1) (@), (42) ()}

= (1) (@ (yo2)) 0 2) = min { ()" (2), (12)(v)}
Therefore, 1y and (p,) are fuzzy ideals of X.
On the other hand, let both 7, and (ug)c be fuzzy ideals of X. By definition 2.6,
ph(zoy) > ph(y) and p (zo(yoz))oz) = min{uh(z), pfi(y)}, for all z,y,z € X,
Now we prove that i (z o y) pa(y) and py ((zo (yoz))oz) < max{uy(z), uy(y)}.
Then, —1 —pg(z 0 y) = (1) (z09) > (2) () = =1 = pix(y). = pi(zoy) < p3v)
Ao, ~ 1y (o (y o)) 02) = (1) (2o (yo2)) o2)

> min {(u;)c(m), (u;)c(y)} (" (p3)° is a fuzzy ideal of X))
=min{-1-p5(z), -1 - p;(y)}

= —1 —max {z (z), uA(y)

=ty ((zo(yoz))oz) < max{uy (), ny(y)}
Therefore, A = (u}, p11) is a BFI of X. O

Theorem 3.13. A BFS A = (u}, py) of X is a BFI of X if and only if A = ( p, (u})°) and
6A = ((u,), py) are BFIs in X.

Proof. Suppose A = (,ujg7 u;‘) be a BFI of X. Then by Theorem 3.12, 7 and (u;)c are both
fuzzy ideals of X. Next we have to show that (1) satisfies the condition
(1) (@ oy) < (uh)" () and (u})" ((wo(yoz))oz) < max(uy) (2), ()" (y)}, for all
z,y,2 € X. Now forall z,y,z € X, (u}) (zoy) =1 —ph(zoy) <1—pul(y) = (1) (v)
= (1) (woy) < (uh)" (v).
Also, (1) ((zo (yoz))o2) =1—pli (zo(yo2))oz)

< 1 —min {g}(2), ph(y) }
:max{l— alx), 1 — ( )}

= maz {(MA)° (), ()" ()}
= (1h)" ((wo (yo2) 02) < maaz {(uh)" (@), ()" (v)}
Therefore, A = ( 1y, (13)) and ©A = ((u3)", NA) are BFIs of X.
Conversely, suppose ®A = (uh, (1})) and ©A = ()", 114 ) are BFIs of X. Then by
Definition 3.1, it follows that A = ( %, ) is a BFL of X. O

Theorem 3.14. If A = (u}, i) is a BFI of X, then the set X,;» = {x € X : pjy(x) = pjy(1)}
and X~ = {ze X py(z) =p,(1)} are ideals of X.

Proof. Let A = (u}, ) be a BFL of X. Let 2,y € X withy € X, o and y € X —. Then

phizoy) > u;(y) = p}(1) and py(z oy) < pi(y) = pa(1) but by Lemma 3.3 (i), we

have py(1) > ph(zoy) and p; (1) < p,(zoy). This implies ph(z o y) = pfi(1) and
u:\(xoy):u;(l) Hence z oy € X« andxoyeX -
Also, Let z,y, z € X such that z,y € X 5 Then

pa(x) = pi(1) = ( )andMZ( ) = pall) = pa(y).

So, uA((M(yOZ))OZPmm{uA ), 14 (y) } = mln{uA(l), pi(1)} = ph(1) and
pa ((@o (yoz))oz) < max {py(x), my(y)} = max {u} (1), my (1)} = pi(1).
As (1) > ((zo(yoz))oz)and py (1) < py ((zo(yoz))oz) by Lemma 3.3 (i)

it follows that zy ((z o (yo2))o2) = ph(1) and p; ((z o (yo2)) o z) = py(1).

Thus, (z0 (yo2))oz € X 2 and (zo(yo2))oz € X
Therefore, X A and X L are ideals of X. O
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Theorem 3.15. If A = (uly, uy) is a BFI of X with p} (1) > s and p; (1) < t, then P(u}y, s)
and N (p,,t) are ideals of X.

Proof. Supposethat A = (p, p7;) isa BFLin X with py (1) > sand p (1) < ¢. Clearly, P(u};, s) #
@ and N(uy,t) # @ as both contain 1. Let z,y €X such thaty € P (u},s) and y € N(pj,t).
Then p(zoy) > ph(y) > sand py(zoy) < uy(y) <t
Hence z oy € P(uly,s) and x oy € N(uy,t).
Also, Let z,y, z € X such that z,y € P(u},s) and x,y € N(u,,t). Then

iz o (yoz))oz) > min{ul(z), uh(y)} > sand

pa((zo(yoz))oz) <maz{u)(@),1)(y)} <t
Hence, (zo (yoz))oz € P(uli,s)and (z o (yoz)) oz € N(uy,t).
Therefore, P(uy, s) and N(pu5,t) are ideals of X. i

Theorem 3.16. A BFS A = ( '}, p) in X is a BFI in X if and only if the nonempty level cuts
P(ul,s) and N(uy,t) are ideals in X, Vs € [0.1] and t € [—1.0].

Proof. Suppose that A = ( uy, p) isa BFlin X. Let P(u}, s) and N(uy,t) are nonempty

level cuts for all s € [0.1] and ¢ € [—1.0]. We claim that P(u;, s) and N(u5,t) are ideals of X.

Let z,y € Xsuch thaty € P(u,s) Then by Definition 2.10, u;(y) > s, and so by Definition

3.1 (i), ph(zoy) > ph(y) > s. This implies z oy € P(p}, s).

Also, let z,y,z € X such thatz, y € P (u}, s). Then, 'y () > s and ' (y) > s. By Definition

3.1 (i), it follows that py ((z o (y©z)) 02) > min{u}(x), p(y)} > s. This implies that

(zo(yoz))oze P(ul,s). Therefore, P(u}y, s) is an ideal in X.

Similarly, if we assume z,y € X such thaty € N(u,,t), we have p, (y) < t by Definition 2.9.

Also, by Definition 3.1 (i), p, (x 0o y) < p,(y) < t. This implies x oy € N(uy,,t).

Let z,y,z € X such that z,y € N(u,,t). Then p,(z) < tand p,(y) < t. By Definition 3.1

(i), we have that p, ((z o (y o 2)) ¢ z) < max{uy,(x), p,(y)} < t. This implies that (z o

(yoz))oz€ N(uy,t). Hence N(u7,t) is an ideal of X. Therefore, P(u}, s) and N(u7, ) are

ideals of X forall s € [0.1] and ¢t € [—1.0].

Conversely, assume that the nonempty level cuts P(u}, s) and N(u;,t) are ideals in X,V s €

[0.1] and ¢ € [—1.0]. Then we need to show thatA = (u};, ) is a BFl of X. Let z,y € X such

thaty € P(ul;, s). Assume that p (z o y) < pfi(y) for some z,y € X.

Take so = % (u}y (z 0 y) + ph(y)), where sy € [0, 1]. This implies pfy (z 0 y) < so < p ().
Hencey € P(u}, so) but x oy ¢ P(uk, so), which is a contradiction.

Assume that i ((z o (y ¢ 2)) ¢ 2) < min{ul(x),u}(y)} for some x,y,z € X such that

2y € P(uh,s). By akingso — 3(ui((z o (y o 2)) 0 2) + min{u(z), ws(y)}), where

so € [0, 1], we have i ((z o (yo 2)) o 2) < so < min{u}(x), uli(y)}. Then it follows that

z,y € P(pl, s0) and (z o (y o 2)) o2z ¢ P(uy, s0).This is a contradiction, since P(u};, so) is an

ideal of X.

Therefore, pu (zoy) > p(y) and pf ((zo(yoz))oz) > min{u’(z), ph(y)}, forallz,y, z € X.

Similarly, we can also prove that 1, (zoy) < p, (y) and gy ((zo(yoz))oz) < max{p,(z), p4(y)}

forall z,y, z € X. Therefore, A = (u};, ) is a BFL of X. o

Theorem 3.17. Each ideal in a BE-algebra X is a level ideal of some BFI of X.
Proof. Consider an ideal I of X and a BFS A = (uf;, ;) of X defined by

sifxel tifexel
it () = {O fothfrwise and 7 (z) = {0 O{ 2 whete s € [0, 1] and ¢ € [1,0].
Clearly, P(p;, s) = N (1, t) . Now, let’s examine the following cases:

Case (i) Ifz € X,y €I, thenxz oy €1 as I is an ideal X. Therefore p}(zoy) =s = p(y)
and py(xoy) =t = p,(y). Also, if z,y,z € X such thatz,y € I then (zo(yoz))ozel.
So, iy ((z o (yoz))o 2) =s=min{s,s} = min {p}(2), 1} (y) } and piy (0 (yo2)) 0 2) =
t = max {t,t} = max {p;(z), n1(y)} .

Case (ii) Ifz,y € X suchthaty ¢ I, then pfi(zoy) > 0= ph(y) and p,(zoy) <0 = p,(y).
Also, if z,y, z €X suchthatz ¢ Tory ¢ I, then py(z) =0 or u’(y) = 0.

Therefore, 11y ((z o (y©2))©2) > 0=min{0,0} = min {x; (), n}(y)} and

pa ((@o(yoz))oz) <0=max{0,0} = max {y (), nx(y)} -
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Thus, i (zoy) > i (y) and py(woy) < py(y), py ((wo (yo2)) 0 2) > min {py(x), wi(y) }
and p; ((zo (yo2))oz) <max {uy(z),us(y)}. Therefore A = (p}, puy) is a BFI of X and
thus I is a level ideal of X corresponding to BFIT A of X. O

Theorem 3.18. If A = (uly, p) is a BFS of X, then the two level cuts P (p},s1) = P (u}, s2)
and N (p,t1) = N(uy,t2) if and only if there is no x €X such that sy < p(x) < s and
t; > ‘LLZ((B) > 1.

Proof. Let P (uh,s1) = P (uf,s2) and N (uy,t1) = N (u5,t2). Assume that there exist z €
Xsuchthat s; < p(z) < spandty > p,(x) > to. If pli(x) > sy and p (x) < ¢y, then we have
z € P(uk,s1) =P(uli,s2)andz € N (uLh) =N (/i;‘,tz) if py (x) < ty. Thus, pfy(x) > s2
and p; (z) < t,. This is a contradiction to the assumption that ., (z) < s and pu; (x) > t5. Thus
there is no z € X such that s; < pfi(2) < sy and t; > p, (x) > to.
Conversely, suppose that there is no € X such that s; S uj;(a:
Assume that P (u},s1) # P(uh,s2) and N (uy,t1) # N (u
P (ul,s1) butz ¢ P(uly,s;) and also there exist z € N (uy,
>
A

) < spand t1 > py(x) > to.
2.t2). Then there exist z €
t1) but z ¢ N (uy,t2). This
implies pfi(x) > s1, ph(z) < s, py(x) <ty and p,(x) > t. So thats; < uh(z) < s
and t; > p; () > tp. Thus, P (u}, s1) # P (uh,s2) and N (uy,t1) # N (uy, t2) implies there
exists z € X such that s; < pfi(x) < s and t; > pu(x) > t,. Therefore, by contrapositive it
follows that P (u,s1) = P (ph,s2) and N (py,t1) = N (uy,t2). o

Theorem 3.19. Let A = ( py, py) be a BFI of X. Then P, s) C P (p},u) and N (p;,t) C
N(py,v)ifs >uwandt < v, where s,u € 0,1l and t,v € [—1, 0].

Proof. Letx € P(pl,s). Then,phi(z) > s >u=z € P(u},u).

Hence, P(uk,s) C P (uf,u).
Similarly, let x € N (M;‘, t). Then, py(z) <t<v=z€N (,u;‘,v).

So, N(/,L;‘,t) QN(,uZ,v). O
Theorem 3.20. Let A = ( ply, p,) and B = (g, pg) be BFIs of X. P(uly,s) C P (u},s) and
N (p4,t) C N (up.t),forse€ (0,1 andt € [-1, 0 onlyif AC B

Proof. Letx € P(ul,s). Then p’y(x) > s. Since A C B, we have 5 (z) > pfi(x) > s.

This implies z € P (i}, s). Thus, P(u},s) C P (uf,s). Similarly, if weletz € N (uy,t), w
have, 1, (z) < t. As A C B, we also have pug(z) < p,(x) < t. This implies z € N (/LB, )
Hence N (u3,t) € N (up,t) . O

Theorem 3.21. Let A = (u, u,y) and B = (u};, pg) be any two BFIs of X. Then, P (i 5, 5) =
P (uh,s) NP (uf,s)and N (pynp,t) = N (ua,t) NN (up,t), for s € [0,1] and t € [-1,0].

Proof. By Definition 2.10, we have P (5. 8) = {z € X : pfip(2) > s} and N (pp.t) =
{z € X :pynp(x) <t}. Now,
v € P (Wanp:s) < ihap(®) > s
e min {y4 () ip ()} > 5
o () > s and p(a) > s
<z € P(u},s) andz € P (ug,s)

<z € P(u},s) N P(uh,s)
Therefore, P (5, 5) = P (1, s) NP (uk,s)
Similarly, z € N (pynp.t) <= panp(®) <t

= max {41 (2), pup(z)} <t
= p,(z) <tand pg(x) <t
<z €N (uy,t)and z € N (up,t)

<z €N (uy,t) NN (up,t)
Therefore, P (ply g, 5) = P (ph,s) NP (ug,s). ]
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Theorem 3.22. Suppose A = (u', p) and B = (u}, pug) be any two BFIs of X. Then,
P(phupss) = P (14, 8) U P (1, 8) and N (iaupst) = N (n,t) UN (up,t), fors € [0, 1]
andt € [—1, 0].
Proof. Since A C AU B and B C AU B, by the theorem 3.20 P (uf;,s) C P (u} 5. $) and
P () C P (hysp.9). Therefore, P (1%, 8) U P (15, ) € P (15 5).
Letz € P(uh,p,s). Then, pfy p(x) > s. This implies that max {x (z), uf;(z)} > s. Thus,
W) 2 sor i) > 5 = 2 € P (h,5) ora € P(uh,9)
=z € P(u},s)UP(ug,s).
Therefore, P (py 5, s) C P (1}, 5) UP (ug,s).
Consequently, we have P (uh 5,5) = P (1}, ) UP (uh,s).
And also by the theorem 3.20, we have, N (u;,t) € N (uy p,t) and
N (p,t) © N (paup:t) - Thus, N (uy, t) UN (up,t) © N (pp,t)
Let z € N (pyp5.t). Then, i p(2) < t. This implies that min {z; (z), up(2)} < ¢. Thus
pa(x) <t orpp(x) <t=ax€ N (uy,t) orzeN (ug,t)
=z € N (uy,t) UN (up,t).
Therefore, N (u3,5.t) € N (p4,t) UN (ug,t).
Consequently, we have N (p 5,t) = N (u4,t) UN (ug,t).
Hence, P (15, ) = P (i) U P (1. 5) and N (g 6) = N (43,) U N (i), for
se[0, 1Jand ¢t € [-1, 0]. o

4 Homomorphism of Bipolar Fuzzy ideals in BE-Algebras

In this section, we explore the effect of homomorphism on the bipolar fuzzy ideals of a BE-
algebra. We demonstrate that both the homomorphic image and the homomorphic pre-image of
bipolar fuzzy ideals in a BE-algebra are themselves bipolar fuzzy ideals.

Theorem 4.1. Let f be an epimorphism of BE-algebras. The homomorphic image of A under f
isaBFlinY onlyif A= (p}, uy) is a BFI in X that satisfies sup-inf property.

Proof. Let A = (uy, p) be a BFLin X that satisfies the condition of sup-inf property. Let
a,bc €Y withzg € f~'(a), yo € f~1(b) and 29 € f~!(c) such that
pa(zo) = sup pj(t), wh(yo) = sup pa(t), ph(z0) = sup pj(t), and

tef~1(a) tef=1(b) tef=(c)
" = inf a(t), uy = inf a(t), uy = inf 2(1),
piy (o) te;@,(u)ﬁm() 14 (o) te}g(wm() 1 (20) te}fgl<c)uA()
"Ehen, by definitions 2.11 and 2.12, we have
flua)aob) = sup  pi(t) = ph(zooy) > ph(vo) = sup ph(t) = f(uy)(b) and
tef—1(aob) tef='(b)
1 b)= inf 1) = <y = inf p,(t) = f(u,)(b
fluy)(aob) tef513<aob>“*“() 1y (o o yo) < pa (o) te)lggl(b)uA() f(ua) ()
L= Fpa)(aob) > f(uy)(b) and f(uy)(aob) < fuy)(b).
fua) ((ao(boc))oc) = sup 14 (t)

tef~1((ao(boc))oc)
= iy (w0 (30 © 20)) © 20)
> min {u} (z0), uh (vo)}

=min{ sup pk(t), sup wph(t)}
tef=1(a) tef=(b)

= min { f(u)(@). (1) (0)}
— F)((@o (boe)) o) = min { f(u}) (@), f(})(b)} and

D(ao(boc))oc) = inf (¢
f(uy) ((ao(boc))oc) teffl((ao(boc))%)m()

= i ((wo o (yo © 20)) © 20)

< maz {7 (x0) , 17 (o)}
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= maz{_inf )M,Z(t) it (1)

I

:max{ b)}

— F(13) (a0 (boe)) o) < maz { f(u )( > ( D0}

Therefore, f(A) isa BFLof Y. i

Theorem 4.2. Let f : X — Y be an epimorphism and A = (u'y, p,) is a BFS in Y. Then,
A= (u}, uy)isaBFlinY ifand only if f~'(A) is a BFI in X.

Proof. Suppose that f : X — Y is an epimorphism of BE-algebras and A = (u;, u7;) is a BFI
of Y. Then for x,y,z € Y , we have

FH(ph) (woy) = wh(f(xoy) = ui(f(x) o f(y) > wh(f(y) = f~ (uh)(y) and
M (a) (woy) = pu (flzoy) = py (/ (2) o f(0) < i3 (F()) = “(uz) (v)
= [ (uh) (zoy) > F7 (uh) () and f71 (uy) (zoy) < f71 (na) ()

Also, f~" (h) ((zo (yoz))oz) = ph (f((xo(yoz))ez))
=15 (f((zo(yoz))of(2))
=k (f(z) o flyoz)) o f(2)
= uX((f(w)O(f(y)Of z))) o f(2))
in{ps (F (), 1k (f()}
:mm{f (1) (@), £~ (uh) ()}
= [ (ph) ((mo(yoz))oz) = min {f~" (u}) (x), f~' (14) (v)} and
ua) ((o(yoz))oz) =puy (f((xo(yoz)oz)
= (f((wo(yoz))o f(2))
=py (f(z)o flyo2) o f(2)
) ¢ f(2))

=maz {{~! (u3) (@), F~" (13) )}
!

= [~ (uz) (wo (yoz))oz) <max {f~" (uz) (@), f~" (12) W)}
Therefore, f~!(A) is a bipolar fuzzy ideal of X.
Conversely, suppose that f~!(A) is a BFI of X. Now we need to show that A = (uy, py)isa
BFI of Y. Since f is an epimorphism of BE-algebras for any z,y, z € Y, there exist a,b,c € X
such that f(a) = =z, f(b) = y and f(c) = z. Then,
Wi oy) = 15 (F(a) o £() = 1§ (Fla o))
=17 (sd) (o)
> 1 (14) (@) = p} (£(a)) = 4 (y) and
pa(zoy) =py (fla)o f(b) = py (flaob))

=" (uz) (aob)

< 7 (wa) (a) = py (f(a)) = pa(y)
= ph(zoy) > phi(y) and py(zoy) < pz(y).
Also, 1 ((zo(yoz))o )=u11((f( )o (f(b)o f(c)) o f(c))
=i ((f(a)o (f(boc))) o f(c))
=14 ((flao(boc))o f(c))
=14 ((f(ao(boc))oc))
=71 (uh) (a0 (boc))oc)
>min { [~ (1h) (@), £~ (1) (0)}
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= min {1 (f(a)), 1k (f(b))}
= min {}(2), 14 (y) }
— 1 (o (yoz))oz) > min {ﬂA(I>7U (y)} and
o (f(b)o f(e))) e f(c))
( )<>(f(b c))) o f(e))
(flao(boe))o f(c)
(f(ao(boc))oc))
(12) ((ao (boc))oc)
<max {f~" (uy) (a), f' (uz) (0)}
— maz {3 (F(@) 13 (FO)}
=max {p;(z), n5(y)}

= iy (w0 (yo2))o2) < maw {py(2), nx(y)}-
Therefore,A = (%, pu,)isaBFlof Y. O
Theorem 4.3. Let A = (uly, p) bea BFI of Y and f : X — Y is an isomorphism in BE-

algebras. Then Aof = (uy o f, i, o f) is a BFI of X, where '’ is composition of functions.
Proof. Letx,y,z € X. Then,

(a0 f)@oy) = wh (flzoy) =l (f () o f(y) = uh (f(y)) = (14 0 f)(y) and
(naofwoy) =py (flwoy)) =py (f (@) o fy)) < nx(F(y) = (g0 )
= (i 0 f)(@oy) > (ka0 f)(y) and (uy o f)(xoy) < (uy o f)(y)-
(o f)((wolyoz)oz)=pi(f((xo(yoz))oz)
=py (f((zo(yoz)) o f(2)

=y (f(@) o flyoz2)) o f(2))

= pi ((f(@) o (f(y) o f(2))) o £(2))

> min { ) (f(x)), ( ()}

(z

)
(g0 f)(zo(yoz))oz)=p, (f((xo(yoz))oz)
= pa (f((zo(yoz))o f(z))
=y ((f(2) o flyo2))o f(2))
=y (f() o (f(y) o f(2))) < f(2))

IN
3
IS
S
—_—
=
o |
=

= (s ° £)((wo (yoz)) =) < max { (o £)(@). (e 0 H)(w) }
Therefore, Aof = (' o f,u, o f)is a BFI of X. ]

5 Cartesian Products of Bipolar Fuzzy BE-ideals in BE-Algebra

In this part of the manuscript, we address the Cartesian product of BFIs in BE-algebras and
demonstrate that the Cartesian product of BFIs is a BFI, along with some other interesting results.

Lemma 5.1. If A = (u};, py) and B = (uk, up) are any two BFIs of X, then yiy, 5(1,1) >
phyp(@a) and py, 5(1,1) < py, gz, 22), for all xi,z, € X.
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Proof. Let (z,,x,) € X x X. Then by using Definition 2.13 and Lemma 3.3, we have
lquB( vl) min {NJE(UME(I)} Zmzn {/J“X(xl)ﬁlg(‘%é)} :/j‘sz(xhxz) and
paxp (1) =maz {p (1), np(1)} < maw {py (@), pp(2,)} = 14, (21, 22)

Therefore, py, 5(1,1) > ph, g(z,,22) and py, 5(1,1) < py, gz, 22),VX1,20 € X. O

Theorem 5.2. If A = (uy, uy) and B = (uf, pg) are any two BFIs of X, then A x B is a BFI
of X x X.

Proof. Let (zy,22), (y1, ¥2), (21, 22) € X x X. Then

s p((@,22) 0 (y1, 12)) = why g oy, (z2012)
= min{p}h (z10y1), ph (v2%2)}
> min{py (v1), 1h (v2)}
= taxp(y1,92) and

taxp((@r22) o (y1, 12)) = (@1 oy, (220 2)
= maz{py (z1 o), pp (r2092)}
<max{p,(y1), pgp(y2)}

= :u;le(ylyy2)
= MXXB((‘TIP%?)O(yla y2)) > M;XB(yh yZ) and /szB((l‘l,xz)O(yh y2)) < lu,:le(yl, y2)'
1y s (((z1,22) o (11, 12) © (21, 22))) © (21, 22)) = phy (21, 22) © (1 © 21,42 0 22)) © (21, 22))

= i (@10 (yy 0 21), (220 (3,0 22)) o (
ZMXXg((l"l0(@/1021))021,(%20(3/2022)
=min{p}((z10 (y; 021)) ¢ 21), p (220 (Y, © 22)
Zmin{min{px (z1), 1l (w1 } mm{uB (22
= min {min {y}; (z1),p} (x2)} ,min {p} (v

= mn {IU'ZXB (x1,x2) 7/LA><B (y1,yz)}
= 1l g (1, 22) o ((y1,92) © (21, 22))) © (21, 22)) = min{ply, (21, 22), il p(y1,92)} and
tiasxp (((x1,22) o (41, 2) © (21, 22))) © (21, 22)) = bg g (21, 22) © (Y10 21,92 0 22)) © (21, 22))

= paxp (10 (y; 0 21), (220 (Y, 22)) © (21, 22)
)

(
= taxp ((F1o(y;021)) 021, (120 (Y, 0 2)) 0 2
o ( 1)) oz1),pp((z20 (y, 0 22)) © 22)}
Y1 } max {MB (z2), Kp (yz)}}

(22)} ,max {py (1), pp (12)}}

~— ~— IS
=

)

= maa {3 (@

< maz {max {p,

Yy oz
:El)
1)

X

o~ o~

pa(
= maz {max {u wh (
= max {/u/_le (zlvxZ) s HAxB (ylayz)}

= 1oy ((1,22) 0 (Y1, 12) © (21,22))) © (21, 22)) < maz {psy g (T1,22) , wasp (W1, 92) }
Therefore, A x BisaBFlof X x X. O

Lemma 5.3. Let A = (pf;, py) and B = (u},, pp) be any two bipolar fuzzy subsets in X. If
A X BisaBFlof X x X, then

(1) pi (1) > pp(a2) and pp(1) > ph(z1)

(ii). piy (1) < p(a2) and (1) < py (1), Var, @2 € X,

Proof. Suppose A x BbeaBFlof X x X and z,2; € X.
(4). Assume that 1y (1) < pk(22) and pj;(1) < pfi(x1). Then,
lujle (Il,l’z) = min {M;(fﬂl),/fé (xz)} > min {MX(I)MU'E(I)} = HXXB(I? 1)
= whyp (z1,22) > pl, 5(1,1), which contradicts Lemma 5.1.
(ii). Assume that pu, (1) > pp(az) and pg(1) > p, (21). Then
P (@1, 32) = maz {py (@), g (v2)} < min {pi (1), pp (1)} = p, p(1,1)
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= whyp (z1,22) < pl, 5(1,1), which contradicts Lemma 5.1.
Hence, conditions (7) and (i7) hold true for all z,x, € X. O

Theorem 5.4. Let A and B be any two BFSs in X. If A x Bisa BFlin X x X , then either A
or Bis a BFI of X.

Proof. Let A x Bbe a BFIof X x X. Let (x,,22), (y1, ¥2), (21, 22) € X x X. Then
Nsz((mlv@) o (y1, ¥2)) > :usz(ylv y2) and py 5 (21, 22) © (Y1, 92) < pax sy, v2)
= (W p (T10Y1,220) = g (y1s v2) and py, g (21 0y, 220 92) < figyp (v1, 92)
= min {p}(z, o 91), pp () 0y2) } = min{py(y1), pj(y2)} and

max {py () oy1), up(, o y2)} < max {uy(y1), pp(y2)} (i)
If weputaz, =1 =y, (orresp. x; = 1 =), in (i) we have
min {4 (z; o 1), pp(lo1)} > mm{ﬂA(yl) p5(1)} and

max {1y (z; o y1), pp (1o 1)} <max{uy (1), pp(1)}
= ph(z 0oy) > ph(y1) and py (z,0y1) < py(y1). (By Lemma 5.3) (i7)

Or
min {gf (1o 1), uf(z,012)} > mm{,uA(l)7 w5 (y2)} and
maX{uA (Lo1),up(w,0y2)} < max {u,(1), np(y2)}.
= puh(x,y0u2) > pi(y2) and g (2, 012) < pp(y2). (By Lemma 5.3) (i17)
So, from (i7) and (ii7) we have pfy (x, o y1) > ph(y1) and py (z, 0 y1) < py(y1) or
pp(zy 0 92) = pp(y2) and pp(z, 0 y2) < pp(yo
Also, as A x B be a BFI of X x X, we have
,uij (((.7;1, C52) < ((yl, yZ) < (21,22))) < (217 22)) > min {MXXB (1‘1,1‘2) 7/’Lz><B (.7;1,332)} and
tas g (((21,22) o ((y1, 92) © (21, 22))) © (21, 22)) < maz {pa,p (21, 22) a5 (W15 92) }
= php (1o (y,021)) 021, (120 (Y, 0 2)) 0 22) = min{ph, g (x1,22), why 5 (x1,22)}
and p1, . 5 ((x10 (y;021)) 021, (220 (Y, 0 22)) © 22) < max {,u;le (T1,22) , A (ml,xz)}
= min {p} ((z1o(y,0z1))0z1),up (120 (y,022)) 0 2)}
> min {min {p} (z1), 15 (z2)}, min {p} (y1), 1} (v2)}} and
max {pu, (z)1 0 (y1 0 21)) 0 21), up (220 (Y, 0 22)) © 22) }
< max {max {py (z1), g (¥2)}, maz {uy (1), pp (12)}} (iv)
If weputz, = yp = 2 = 1 (orresp. z1 = y; = 21 = 1) in (iv), by Lemma 5.3 we get
wh ((zy 0 (y, 0 21)) 0 z1) = min {gh (21) , sy (1) } and

)
(y
) a
)-

pa (@0 (yy 0 21)) 0 z1) <max {py (1), 44 (1) } (v)
or
i (250 ) ©22) = min{uj (22) , 1 (92) } and
pp (30 (y,022)) 0 22) <max{ug (), 1y (2) } (vi)
Hence From ( ) (#4), (v) and (vi) we conclude that either A or B is a BFI of X. O

Theorem 5.5. Let A = (u;, HZ) be a BFS of X and, let R4 be the strongest BFR on X. A is a
BFlin X ifand only if Ry isa BFlin X x X.

Proof. Assume that A is a BFI of X. Let (z,,22), (y1, y2) € X x X. Then,
u}A((m,xz) o (y1,12)) = MEA (z10y1, 12 092)
=min {u} (z10y1), 14 (22092)}
>min{yh (y1), 1 ()} = wg, (y1.42) and
tg, ((x1,22) 0 (y1,92)) = pg, (T1oy1, 22 092)
= max {1, (z10y1), 415 (xzoyz)}

<min{py (y1), 4 (v2)} = pg, (Y1,92)

= ufy ((z1,22) o (Y1, 12)) > pfr, (y1,42) and uRA((:rl,wz) oy, 1)) < g, (W1,92).
Also, let (z,,22), (Y1, ¥2), (21, 22) € X x X. Then
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g, (1, 22) o (91, 2) © (21, 22)))0(21, 22)) = pigr, (@1 0 (y; 0 21)) © 21, (220 (3, © 22)) © 22)
=min{u; ((z10(y, 021)) 021 ), phy (220 (y,022)) © 22)}
> man{min{p} (1), ph (yi)}, min{plh (22), uh (v2 )3}
= min{min{p} (x1), gy (x2)}, min{ph (y1), wa (2 )}}

= min {ug, (r1,22), pug, Y1, ¥2)}
= g, (((z1,22) o (41, 2) © (21, 22))) O(fzhzz)) > min {yig, (v1,22), g, (Y1, y2)}
g, (((1,22) © (1, ¥2) © (21,22)))0(21,22)) = pg, (210 (y, ¢ 21)) © 21, (220 (Y2 © 22)) © 22)

=maz{py ((z10(y,021)) 021 ),y (220 (y,022)) 0 22)}
< maz{maz{py(z1), py (1)}, maz{py (x2), 1y (v2)}}
= maz{maz{p,(z1), py (x2)}, maz{py (Y1), pwa (v2)}}

= maz {pg, (z1,12), pg, (Y1, ¥2)}
= pg, ((z1,22) o (41, 12) © (21, 22))) © (21, 22)) < maz{pp, (1,22), pg, (Y1, ¥2)}
Therefore R 4 is a bipolar fuzzy ideal of X x X.
Conversely, Let R4 is a BFI ofX x X. Then for all (x1,22), (y1,12) € X x X,
t, (@ @) o (1, 12)) 2wy, (1,02) = i, (xl oy, @2 0y2) = min{uy (yy), 14 (12)}
= min {p}; (z1 oy1), ph (w2 0m2)} = min{ph (y1), 1k (v2)}
and i ((z1,22)0(y1, 92)) < pg, (Y1,%2) = pg, (T1oy1, T20y2) < max{py (1), 1y (v2)}
= max {1y (w1091, py (22012)} < maz{py (1), 1y (v2)}
If we put z, =y, = 1 in (¢) and (i7), we get
ph (zroyn) > ph (1) and gy (21 0y1) < py (1)

Also, for all (z,,22), (y1, ¥2)), (21,22) € X x X , we have
g, (((@,22) 0 ((y15 92) © (21,22))) © (21, 22)) > min {p (21, 22), pg, (Y1, ¥2)}
= pf, (1o (yy021)) 021, (220 (50 22)) © 22)

> min{min{p (1), @y (22)}, min{py (y1), 14 (y2 )3}
= min{z} ((z1 0 (y;021)) 021 ), 1) ((z20 (y,022)) 0 2)}
> min{min{} (1), i (y1)}min{py (22), iy (yz )}}

If we put 2, = yp = 1,we get py ((z1 ¢ (y; 0 21)) 0 z1) > min{p (x1), 15 (n1)}
Similarly, pi , (((21,22) © ((y1,42) © (21, 22))) © (21, 22)) < maa{pp, (3317372) fr, (W1, y2)}
= g, ((x1o(y,021)) 021, (120 (y, 0 22)) © 22)

< maz{maz{py (x1), py (22)} maax{py (), oy (v2 )}
= max{uy ((z10(y;021)) 021 ), 1y (220 (y,02)) 0 2)}
< max{maz{py (x1), (1)} maz{py (22), py (92 )1}
If we put 2, =y = L,we get u, (@1 0 (y; ¢ 21)) 0 z1) <max{py (z1), 1, (1)}
Hence A is a bipolar fuzzy ideal of a BE-algebra X. O

6 Conclusion

In this manuscript, we applied the theory of bipolar fuzzy sets (BFS) to the ideals of BE-algebras.
We introduced the concept of bipolar fuzzy ideals (BFIs) in BE-algebras and explored several of
their fundamental properties. We also provided characterizations of BFIs in BE-algebras through
their level subsets. Furthermore, we demonstrated that both the homomorphic image and the in-
verse image of bipolar fuzzy ideals in a BE-algebra are again bipolar fuzzy ideals. Moreover,
we studied the Cartesian products of BFIs in BE-algebras and investigated some important re-
sults. Finally, we discussed the relationship between the strongest bipolar fuzzy relations in
BE-algebras and the bipolar fuzzy ideals in BE-algebras. The main results of this study are
presented in Sections 3, 4 and 5. Since every fuzzy set can be viewed as a bipolar fuzzy set, it
follows that our results on bipolar fuzzy ideals of BE-algebras are generalizations of fuzzy ideals
of BE-algebras.

We believe that the results of this work will provide the groundwork for future research in the
theory of bipolar fuzzy BE-algebras and offer more dimensions to the structure of bipolar fuzzy
ideals in BE-algebras based on bipolar fuzzy sets. In our future work, we will extend this con-
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cept to bipolar fuzzy filters, bipolar pseudo-fuzzy ideals, bipolar pseudo-fuzzy filters, and bipolar
anti-fuzzy ideals in BE-algebras and other algebraic structures to obtain additional novel results.
Furthermore, we will study the applications of bipolar fuzzy ideals in BE-algebras, particularly
in dealing with preference relations and decision-making.
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