Palestine Journal of Mathematics

Vol 14(4)(2025) , 800-807 © Palestine Polytechnic University-PPU 2025

Triple higher Derivable maps on a class of nonassociative rings

Husain Alhazmi, Mohammad Ashraf and Aisha Jabeen

Communicated by Manoj Kumar Patel

MSC 2020 Classifications: Primary 16W25; Secondary 15A78.

Keywords and phrases: derivable map, Jordan derivable map, alternative rings, higher derivation.

The authors would like to thank the reviewers and editor for their constructive comments and valuable suggestions that
improved the quality of our paper.

Corresponding Author: Aisha Jabeen

Abstract. Let us assume R be an alternative ring (not necessarily with the identity element).
In the present paper, it is shown that if R admits a Jordan triple higher derivable mappings, then
under certain assumptions it is additive.

1 Introduction

The study of nonassociative rings has received fair amount of attention during the last few
decades. Many authors studied nonassociative algebras (see [12] and references therein), in
particular, alternative rings after the discovery of their connection with the theory of projec-
tive planes. Let R be an alternative ring unless otherwise mentioned. For any z,y € R,
x oy = zy + yx will denote the Jordan product on R. A ring R (not necessarily associative
or commutative) is called an alternative ring if R satisfies 2’y = z(zy) and y2> = (yx)x for
all z,y € R and flexible if z(yz) = (zy)z holds for all z,y € R. It can be easily seen that all
associative rings are alternative and any alternative ring is flexible. Hence the product zyx will
denote the product z(yzx) or (zy)x for all z,y € R. An alternative ring R is said to be k-torsion
free if k= = 0 implies that x = O for k¥ € N and for all z € R.

Remark 1.1. [5, Theorem 1.1] Let R be a 3-torsion free alternative ring. So R is a prime ring
ifandonly if 2R -y =0 (or z - Ry = 0) implies z =0 ory = 0 for z,y € R.

In the remaining part of the paper, let R be an alternative ring with a nontrivial idempotent
e; and formally set eg = 1 — e; (R need not have an identity element). It can be easily seen that
(e;x)e; = ei(zej), where 4,5 = 0, 1 for all z € R. By Pierce decomposition R = R; + Rio +
Ro1 + Roo, where R;; = e;Re; for i, j € {0, 1}. The notion z;; denote an arbitrary element of
Ri; and any element « € R can be expressed as © = x11 + 10+ o1 +2oo. Pierce decomposition
of alternative rings satisfy the following relations:

(Z) Rinjk g Rika when Z'ajv ke {Oa 1}7
(ZZ) Rinij Q Rji with I’gj = xl-jyij + yijxij = 0,
(iii) RijRu =0, (j # k), (i,5) # (k,1).

for all Tij,Yi5 € RU

A map d : R — R (not necessarily additive) is said to be a derivable map if d(zy) =
d(z)y + xd(y) holds for all z,y € R. Amap d : R — R (not necessarily additive) is said to be
a Jordan derivable (resp. Jordan triple derivable) map if d(2?) = d(z)x + xd(z)(resp. d(zyz) =
d(z)(yz) + zd(y)x + (zy)d(z)) for all z,y € R. If we consider d : R — R as an additive map
in the above definitions, then a derivable map (resp. Jordan (triple) derivable map) is called a
derivation (resp. Jordan (triple) derivation) of R.
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In recent years, characterizing the interrelation between the multiplicative and additive struc-
ture of a ring is an interesting topic and has received fair amount of attention of many mathe-
maticians (see for reference [4, 5, 10, 11] where further references can be found). It was Mar-
tindale [10], who first studied this problem and raised the question : When is a multiplicative
map additive? He answered this question for a multiplicative isomorphism of an associative ring
with a family of idempotents under certain assumptions. More precisely, he proved the following
result:

Theorem 1.2. [10, Theorem 1] Let R be a ring (not necessarily with identity element) containing
a family {e,, : o € A} of idempotents which satisfies :

(i) 2R = {0} implies x = 0,

(i1) ifea Rz = {0} for each o € A, then x = 0 (and hence Rz = {0} implies z = 0),
(i73) for each a € A, eqwe, R(1 — e,) = {0} implies eqxe, = {0}.
Then any multiplicative bijective map from R onto an arbitrary ring R’ is additive.

Inspired by the above result due to Martindale [10], Daif [4] investigated this problem for
multiplicative derivations on associative rings and obtained the following result:

Theorem 1.3. [4, Theorem 1] Let R be an associative ring (not necessarily with identity ele-
ment) containing a nontrivial idempotent e which satisfies:

(i) #R = {0} implies x = 0,

(i3) eRx = {0} implies x = 0 (hence Rx = {0} implies x = 0),
(i4i) exeR(1 —e) = {0} implies exe = 0.
If d is a multiplicative derivation of R, then d is additive.

Very recently, Rodrigues et al. [11] initiated the study of this problem for nonassociative rings
named as alternative rings and obtained the result due to Daif [4] in this setting for derivable
maps. Further this problem was studied by Ferreira and Ferreira [5] for Jordan triple derivable
map on alternative rings.

The concept of derivation was extended to higher derivation by Hasse and Schmidt [9]. Let

N be the set of all non-negative integers and D = {d,, },en be a family of additive maps on a
ring R such that dy = Iz, the identity map on R. Then D is said to be a

(i) higher derivation if d,,(zy) = Y. d,(x)d,(y),

1+j=n
(ii) Jordan higher derivation if d,,(v?) = Y. d,(z)d,(x),
1+j=n
(iii) Jordan triple higher derivation if d,,(zyz) = >  d,(x)d,(y)d-(2)

ptrgt+r=n

on aring R for each n € N and holds for all 2,y € R. Further, several results for derivation were
extended for higher derivations (for reference see [2, 3, 6-8] and references therein).

Inspired by these works, Ashraf et al. [1,2] studied the notion of Jordan triple (higher) deriv-
able map on triangular algebras. Furthermore, they provided a sufficient condition on triangular
algebras under which a Jordan triple (higher) derivable map becomes a (higher) derivation. Mo-
tivated by these observations, in this article, we discuss the question raised by Martindale [10]
for alternative rings with Jordan triple higher derivable maps and prove that every Jordan triple
higher derivable map is additive under certain assumptions.

2 Jordan triple higher derivable maps

We will use the following result throughout the rest of paper whenever needed without specific
mention.

Theorem 2.1. [5, Theorem 2.1] Let R be an alternative ring containing a non-trivial idempotent
erand R = Ri1 ® Rio ® Ro1 @ Roo, the Peirce decomposition of R, relative to ey, satisfying:
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(7) If (eraer)z10 = O for all 19 € Rio, then (ejae;) = 0;
(1) If x10(epaey) = 0 for all x19 € Rio, then (epaey) = 0;
(i13) If xijax;; = 0 for all x;; € R;j;, then (ejae;) = 0 fori,j € {1,0}.

Ifd : R — R is a Jordan triple multiplicative derivation, then d is additive.

Throughout this section, We assume that the family D = {d,, },,en of mappings d,, : R - R
such that dy = I is a Jordan triple higher derivable map, i.e.,

n(TYyT) Z dy( d,(z) for all z,y € R. 2.1
p+qg+r=n

We may see that for n = 1, (2.1) reduces to di(zyz) = di(z)yx + zd(y)z + zyd;(z) for all
z,y € R. In view of Theorem 2.1, it is clear that d; is additive. At this moment, we extend
Theorem 2.1 for higher derivations by induction on n and obtained the following result:

Theorem 2.2. Let R be an alternative ring containing a non-trivial idempotent e; and R =
Ri1 @ Rio ® Ro1 D Roo, the Peirce decomposition of R, relative to ey, satisfying:

(1) If (eraer)z10 = O for all 19 € Rio, then (ejae;) = 0;
(i2) If z10(epaeo) = 0 for all 19 € Ry, then (epaey) = 0;
(i) If wijaz;; = 0 for all x;; € R;j, then (ejae;) = 0 fori,j € {1,0}.

If a family D = {d,,} nen of mappings d,, : R — R such that dy = I satisfies

n(TyT) Z dp( d,(z)

ptqt+r=n

forall x,y € R, then d, is additive for each n € N and hence D = {d,, }nen is a Jordan triple
higher derivation on R.

In order to prove the above result, we start with the following sequence of facts :
Fact 2.1. d,,(0) = 0.
Proof. For any z € R, we find that

d,(0) = d,, (020)

d,(0)(20) + 0dy ()0 + (02)dn (0) + > dp(0)dy(2)d,(0)

ptgtr=n
0<p,q,r<n

Fact 2.2. For any zgo € Roo, Y01 € Rot, 210 € Rio and w11 € Ri1,

dn (200 + yo1 + 210 + win) = dn(z00) + dn(yo1) + dn(210) + dpn(wir).
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Proof. For any t;; € R;;, where i, j = 0, 1, we have

tij[dn(zoo + yo1 + 210 + wi1) — dn(200) — dn(yo1) — dn(210) — dn(wi1)]ts;
= dn(tij(zoo + yor + 210 + win)tij) — dn(tijzootij) — dultijyortij) — dn(tijziotis)
—dp (tijwiit;) — dn(ti;) (oo + yor1 + 210 + wi1)ti;) + dn(ti;) (zootis)

+dn( zg)(zlotu) + d ( )(wlltm) (tlj (-TOO + Yo1 + z10 + wll))dn(tz])
+(tiio0)dn(tij) + (tijyor)dn(tij) + (tijzi0)dn (ti) + (tijwin)dy (ti;
— > dy(tij)dg(zoo + yor + 210 + win)dr(ti5) + dn(ti;) (Yorti;)

ptg+r=n

0<p,q,r<n

+ Y dp(ti)dg(moo)dn(tis) + D dp(ti;)dg(yor)dr (t;)
ptgtr=n ptqt+r=n

0<p,q,r<n 0<p,q,r<n

+ D dp(ty)dg(z0)de(tiy) + Y dy(ty)dg(wn)d,(t;)
prgtr=n ptq+r=n

0<p,q,r<n 0<p,q,r<n

In view of our assumption the above relation yields

eoldn (zoo + yo1 + 210 + wi1) — dn(x00) — dn(yo1) — dn(210) — dn(wir)leo = 0,
eo[dn (200 + yo1 + z10 +wi1) — dn(200) — dn(yo1) — dn(210) — dn(wir)]er 0,
e1]dn (oo + yo1 + 210 + wi1) — dn(z00) — dn(yo1) — dn(210) — dn(wi1)]eo 0,
e1]dn (oo + yo1 + 210 + wi1) — dn(z00) — dn(yo1) — dn(210) — dn(wir)ler = 0.

Therefore, we have

dn (200 + yo1 + 210 + wi1) = dn(z00) + dn(yo1) + dn(210) + dpn(wi1).

Fact 2.3. For any x9, y10 € R10; Zo1, 201 € Ro1 and 4o, 200 € Roo,
(1) dn(x10 + Y10200) = dn(210) + dn(y10200),

(1) dy(zo1 + yoozo1) = dn(201) + dn(Yoozo1)-

Proof. (i) For any 19, y10 € Rio and zp0 € Roo,

dn(e1) + dn(z10 + Y10200)
= dn(er + 10 + Y10200)
= dn((e1 + x10+ 200) (€1 + y10) (€1 + 210 + 200))
= dy(er + z10+ 200) ((e1 4+ y10)(e1 + 10 + 200))
+(e1 + w10 + 200)dn (e1 + y10)(e1 + 210 + 200)
+((er + @10 + 200) (€1 + y10) ) dn (€1 + 210 + 200)

+ Z dp(e1 + 10 + 200)dq(e1 + y10)dr-(e1 + 10 + 200)

prqtr=n
0<p,q,r<n
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dn(e1) + dn(z10 + Y10200)
= [dn(er) + dn(z10) + dn(200)] ((e1 4+ y10) (€1 + 10 + 200))
+(e1 + z10 + 200)[dn(e1) + dn(y10)](e1 + 10 + 200)
+((e1r 4+ x10 + 200) (e1 + y10)) [dnler) + dn(210) + dn(200)]

+ > [dp(er) + dy(@10) + dp(200)][dg(e1) + dg(y10)][dr (e1) + dr(10) + dr(200)]

pt+gt+r=n
0<p,q,r<n

= dy((er + 10+ 200)e1(er + x10 + 200)) + dn ((€1 + 10 + 200)y10(€1 + 210 + 200))
dn(e1 + z10) + dn(y10200)
= dp(er) + dp(z10) + dn(y10200)-

This implies that d,, (210 + y10200) = dn(210) + dn(y10200)-
(#4) Similar to ().

Fact 2.4. For any x9, y10 € R1o and xo1, yo1 € Ro1,

(i) dn(z10 + y10) = dn(210) + dn(Y10),
(id) dn(2o1 + yor) = dn(wo1) + dn(yor)-
Proof. (i) For any x19,y19 € R10, using Fact 2.3, we obtain
tijldn(z10 + y10) — dn(z10) — dn(Y10)]ti;
= dy (tij (z10 + yIO)tij) — dn(tijzioti;) — dn(tijyioti;) — dn(tz‘j)((fﬁo + ylo)tij)
Fdn(tij)(@10tiy) + du(ti;) (r0ti) — (tij (@10 +y10)) dn(tis) + (tijz10)dn(tis)
H(tiyi0)dn(ti) — D dy(tis)dg(w10 + yr0)dy(ti;)

ptqgtr=n
0<p,q,r<n
+ Y dp(ty)dg(mo)dr(ti) + Y dp(tiy)dg(yio)dn(ti;)
ptqtr=n ptrqtr=n
0<p,q,r<n 0<p,q,r<n

= 0

By our assumption the above relation yields that

e1ldn(z10 +y10) = dn(z10) = dn(y10)]eo = 0,
eoldn (10 + y10) — dn(x10) — dn(y10)]eo 0,
e1[dn(z10 + y10) — dn(x10) — dn(y10)]eo 0,
et[dn(z10 +y10) — dn(z10) — dn(y10)ler = 0.

Therefore,
dn (10 + y10) = dn(x10) + dn(y10)-

(¢4) Similar to ().
Fact 2.5. For any 719 € R10;%01 € Ro1 and zoo, yoo € Roo,

(i) dn(z11y10) = dn(er)(zn1yi0) + dn(yi0)z11 + e1dy (z11)y10 + yiodn (z11)e
+ainda(yio) + Y. dp(en)dg(zin)dr(yio) + > dp(yio)dg(zii)dy(er),

ptqtr=n ptqt+r=n
0<p,q,r<n 0<p,q,r<n

(i1) dn (zooyo1) = dn(eo)(zooyor) + dn(yo1)zoo + eodn (z00)yo1 + Yoidn (zoo)eo
+x00dn(yo1) + > dp(eo)dg(zoo)dr(yor) + > dp(yor)dg(zoo)dy(eo)-

ptqtr=n ptqtr=n
0<p,q,r<n 0<p,q,r<n
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Proof. (i) For any yo1 € R0 and zgo € Roo, we find that

dn(211) + dn(211910)

= dn(z11 + z11910)

= dn((e1 + y10)z11(er + y10))

= dn(er +y10)(z11(er +y10)) + (e1 + y10)dn (z11) (€1 + y10)

+((e1 + yi0)z11)dn(er + yi0) + Z dp(er 4+ y10)dg(z11)dr(e1 + y10)
ptqgt+r=n
0<p,q,r<n

= [dn(er) + dn(y10)](z11(e1 +y10)) + (e1 + y10)dn(x11)(e1 + y10)
+((e1 4+ y10)zn)[dn(er) + dnlyo)]

+ Z [dy(e1) + dp(y10)ldq(z11)[dr(e1) + dr(y10)]

ptqg+r=n
0<p,q,r<n

= dp(erzner) + dn(yioz1yio) + dn(er)(znyio) + erdn(z11)yio
+yiody (z11)er + dn(yio)z + z11dn(y10)

+ Y dyle)dg(@n)di(yio) + Y dp(yi0)dg(zin)di(en)

prqt+r=n ptrgt+r=n
0<p,q,r<n 0<p,q,r<n

= dp(zn) +dnler)(@nyio) + dn(yio)zi + erdn(z11)y10 + yiodn(x11)er
+ruda(yo) + Y dylen)dg(en)de(yio) + D dp(yi0)dg(z11)dy(er).

ptgt+r=n ptgt+r=n
0<p,q,r<n 0<p,q,r<n
Hence
dn(ziiyi0) = du(er)(ziiyio) + dn(yio)zi + erdn(xi1)yio + yiodn(z11)er + z11dn(Y10)
+ Y dylen)dg(zin)de(yio) + D dp(yi0)dg(ir)dy(er).
pt+q+r=n ptqtr=n
0<p,q,r<n 0<p,q,r<n
(¢4) Similar to (). i

Fact 2.6. For any x¢, yoo € Roo and z11,y11 € Ru1,
(1) dn(zi1 +y11) = dn(z11) + dn(yi1),
(i1) dp(zo0 + y00) = dn(w00) + dn(yoo)-
Proof. (i) For any t;; € R;; where i,j = 0,1 but (¢, j) # (1, 1), we have
tijldn(z11 +y11) — du(211) — dnlyn)ti;
= dn(tij(@n +yn)tiy) — dultionty) — do(tijynti;) — dalti;) (@ 4 yin)ts)

+(tijyi)dn(tiy) + dnltiy)(@iiti;) + (tigzn)dn(tiz) + dn(ti;) (yiiti;)
— (g +y))dnty) — Y dyp(tiy)dg(@in +yn)de(ti;)

ptqgt+r=n
0<p,q,r<n
+ > dlty)dg(wn)de(tis) + D dy(tis)dg(yin)de(ti;)
ptqtr=n ptqt+r=n
0<p,q,r<n 0<p,q,r<n

= 0
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By assumption this gives that

eildn(zi +y11) — dp(z1) — dn(yi)ler = 0,
eoldn(z11 +y11) — dn(z11) — dp(ynn)ler = 0,
eildn (i +yn) — dn(z11) — dn(yin)leo =

Also, for any t19 € Ryp and z11,y11 € R11, we have

dn ((z11 + y11)t10)
= dy(er)((@i1 +y11)ti) + du(tio)(zn +yn) + erdn(@i +y11)to
+tiodn (z11 + yi1)er + (211 + yi1)dn(t10)

+ Z dp(er)dg(z11 + yi1)dy(to) + Z dy(ti0)dg (11 + y11)d,(er).

prqtr=n prqt+r=n
0<p,q,r<n 0<p,q,r<n

On the other hand,

dn ((z11 + y11)t10)
= dn(z11ti0 + y11ti0)
dn(x11t10) + dn(y11t10)
= du(er)(zitio) + dn(tio)zn + erdn(z11)t10 + tiodn(z11)e1 + z11dn (t10)

+ > dylen)dg(@n)de(tio) + D dy(tio)dg(z11)dy(er)

prq+r=n pt+gt+r=n
0<p,q,r<n 0<p,q,r<n

+dn(e1)(yiitio) + dn(ti0)yin + erdn (yi1)tio + tiodn (yi1)er + yiidn(tio)
+ Y dy(e)dg(yn)de(tio) + Y dp(tio)dg(yin)dr(er).

ptqtr=n ptqt+r=n
0<p,q,r<n 0<p,q,r<n

Now comparing the above two expressions, we find that

er[dn(zi1 +y11) — dp(z11) — dn(y11)]er = 0.
Therefore,
dn(z11 +y11) = dn(z11) + dn(y11)-
(44) Similar to (). o
Proof of Theorem 2.2. Forany x,y € R,letz = z11+x10+x01+200 and y = y11+y10+Yo1 +Yoo
for all z;;,v;; € R;; where i, j € {0, 1}. Using Facts 2.2, 2.4, 2.6, we have

do(z+y) = dp(xi1 + 210 + z01 + oo + Y11 + Y10 + Yo1 + Yoo)

dn(z11 + y11) + dn(xo1 + yo1) + dn(zo1 + yo1) + dn(xoo + yoo)

= dn(z11) + dn(yn) + dn(zo1) + dn(yor) + dn(zo1) + dn(yor)
+dn(z00) + dn(yoo)

= dn(x11 + 10 + o1 + w00) + dn(y11 + Y10 + Yo1 + Yoo)

= dp(z) + dn(y).

This implies that D = {d, }nen is additive on R and hence D = {d, },cn is a Jordan triple
higher derivation on R. O

Immediately in view of Remark 1.1, we can obtain the following result:

Corollary 2.3. Let R be a 3-torsion free prime unital alternative ring with a nontrivial idempo-
tent. Then every Jordan triple higher derivable map is additive.
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