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Abstract. In this work, we propose a non-linear reaction-diffusion model coupled with the
heat equation, modeling the action of antibiotics as well as quorum-sensing inhibitors on the vir-
ulence of bacterial biofilms in the presence of temperature effects. We prove the well-posedness
of the system using semigroup theory. Then, we approximate the system by a standard finite
element scheme in space and an implicit Euler method in time. Finally, numerical simulations
using MATLAB are presented to validate the obtained results.

1 Introduction

Biofilms are bacterial clumps that stick to wet surfaces, a self-produced polymeric matrix [11],
and they are essentially described as a community of microorganisms (bacteria, fungi, algae,
and protozoa) attached to surfaces. Biofilms are a phenomenon that we encounter in our daily
lives. There are two types of biofilms: beneficial biofilms, such as biological barriers that protect
soil from contamination and water purification systems, among others, and harmful biofilms
that cause many problems, such as hospital-acquired infections. The bacteria Pseudomonas
aeruginosa and Staphylococcus aureus are among the most prominent human pathogens.

We are interested in medical fields, where bacterial growth and virulence depend on nu-
trient availability and their ability to communicate with each other using chemical signaling
molecules[18]. This mechanism, known as quorum-sensing (QS), allows bacteria to activate cer-
tain genes only when a specific chemical signal reaches a specific concentration. Several studies
have focused on the complex quorum-sensing system in Pseudomonas aeruginosa, where signal-
ing molecules called N-Acylated Homoserine Lactones (AHLSs), such as 3-oxo-C12-HSL, bind
to gene-regulatory protein LasR to activate the expression of target genes. In the early stages
of infection, when bacterial density is low, they remain relatively unnoticed by the immune sys-
tem. However, when bacterial populations increase, they use the QS mechanism to rapidly and
synchronously activate virulence genes, leading to the production of virulence factors that can
overwhelm the body’s defenses. Bacteria such as Pseudomonas aeruginosa and Staphylococcus
aureus are increasingly resistant to antibiotics.

In [28], Williams proposed the idea of targeting the quorum-sensing system to treat bacte-
rial infections by disrupting bacterial-cell communication to prevent the activation of virulence
genes. In some studies, mathematical models have been built that simulate the effect of enzymes
that degrade AHLSs or drugs that degrade LasR, along with the use of antibiotics, to reduce the
virulence of these bacteria.

In [6], Blouza proposes a system of partial differential equations (PDEs) in a two-dimensional
environment to study the effect of quorum-sensing in Pseudomonas aeruginosa when combined
with antibiotics and presents numerical results. We are interested in this model and will review
below how he developed it.
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The proposed model is formulated as a coupled system of nonlinear reaction-diffusion equa-
tions [20], defined on Q x [0, 7] with T > 0, where Q C R? is a bounded domain whose
boundary is decomposed as 9Q = 'y UT'p, with Ty N IT'p = (). The substrate S is injected
through a part of its boundary I'p. The nutrient diffuses into and out of the bacterial cells at the
same rate and is consumed by the total biomass ) + ¢ following Monod kinetics. Hence, the
evolution of the nutrient is described as:

oS S
— =dsAS — k&
ot s 1k2+5

W+,

where S is the concentration of the nutrient, 1 the concentration of the down-regulated cells,
 the concentration of the up-regulated cells, k; the maximum consumption rate, k, the Monod
half-saturation constant, and dg the nutrient diffusion coefficient.

From the mass-balance principle, the evolution of the total biomass M is modeled by:

O =V (DY M) + G, M),

where G(u, M) expresses the growth of the biomass and D(M) ~ P’ (M) with P the un-
known biofilm pressure. Then, we assume that D (M) does not depend on M. This assumption
is not too restrictive since we are not concerned with the biofilm shape.

The up-regulated cells are converted to down-regulated cells at a constant rate. Hence, it
holds that:

P = A + ks S5y — ks A + ks — kg
57 = dAp + ks S5 + ksA™ Y — kst — kao

7

where k3 is the maximum growth rate, k4 the lysis rate, ks the quorum-sensing regulation
rate, and v the antibiotic concentration.
Thus, the biofilm is defined by the domain:

{z € Q¢ (z,t) + ¢ (x,t) > 0}.

The AHL molecules diffuse through the domain. The AHL molecules decay abiotically at rate ~y.
Down-regulated cells produce the signaling molecule at rate, whereas up-regulated cells produce
it at the increased rate aw+ 3, where is one order of magnitude larger than. The signaling molecule
production rate of the up-regulated cells is higher than the abiotic decay rate, where o + 58 > 7,

0A RA RA
Br P At e a4 B) e g ¢

ot

The LasR protein is involved in the production of the LasR/3-ox0-C12-HSL (whose concen-

tration is proportional to RA, [2]), degrades naturally at a constant rate kg, and is blocked by the
QSB agent. Hence, we get:

OR RA X+Y
Y dpAR -k k —k
i~ ARAR = kRl kRt RA Pt X4V

R+ krRQ,

the antibiotic diffuses in the culture at rate d,,, degrades at rate [,,, and reacts with the down-
regulated cell at rate k,,. Thus, we obtain:

ou
i dyAv — v — kv,
Finally, we assume that the QS B agent diffuses in the culture at rate d¢, degrades at rate I,
and reacts with the down-regulated cell at rate kq:

% = doAQ — 16Q — k,RQ.

Then the system is given by:
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98 = dAs — ki 55 (W + )

% :dzAA77A+a&Rf’hw+(a+ﬂ)%cp

8% = A + ks 550 — ks A™ + ks — kat) : (1.1)
92 = dAp + ks 550 + ks A — kst — ko

1) A
7? =drAR — krR+ k3 kRIiRA — k3 kzij—(iYR

In this work, we propose a system of coupled reaction-diffusion equations incorporating quo-
rum sensing, antibiotic response, and temperature-dependent biofilm dynamics. The model in-
cludes bacterial populations, nutrient concentration, signal molecules, and temperature evolution
governed by a heat equation, where temperature affects bacterial growth, quorum sensing, and
biofilm development. The heat generated by bacterial metabolism provides feedback into the
temperature field. This has important applications such as simulating the behavior of bacteria
in environments with variable temperatures (such as infection sites, medical implants, or indus-
trial systems), and studying the effects of temperature modification (such as heat treatment) or
cooling strategies on bacterial biofilms.

The heat equation describes the evolution of temperature in space and time. It takes the form:

%—f = kAT + q,

where T'(z,t) is the temperature at spatial location = and time ¢, k is the thermal diffusivity,
and ¢ is the source term representing heat production or loss, such as due to the metabolic activity
of bacteria or external sources. In the case of modeling quorum sensing in a bacterial biofilm in
the presence of temperature, the temperature affects different components of the system, such as
the rates of reaction, diffusion, or growth. At the same time, the metabolic activities of bacteria
can affect ¢ in the heat equation, creating a two-way correlation.

The temperature-dependent parameters are the reaction rates (ky, k3, k4, ks, @, 8, v), follow-
ing an Arrhenius-like relationship:

~ Eq
kJ(T) = koe ™ »T,
where, ko Pre-exponential factor (rate at a reference temperature), £, Activation energy,
p Gas constant. For example, bacterial growth and quorum-sensing production rates can be
enhanced or suppressed depending on 7.

Heat Source ¢: Bacterial metabolism can act as a heat source, proportional to bacterial con-
centration (1), ) or their metabolic activity

q=qo(¢+ ¢),

where gy is a proportionality constant linking bacterial concentration to heat production. Then
the coupled system is given by:

at (w + )

98 = d,As — ki (T) 15
94 — ,AA —~(T) A+a(T )KL+RAw+( a(T)+B(T) w5 gay

gr =AM ks (T) st — bs (T) A0 ks (T) ¢~ 5 () 12
7 = dAp + k3 (T) 550+ ks (T )A’”z/) ks (T) ¢ —ka (T) ¢
98 = drAR — kg (T) R+ k3 (T) 1557 — ks (T) k;ﬁ;ﬁw}z
9L = kAT + qo(v + ¢)
we complete the system with the boundary and initial conditions given below:
VS(z,t)n = Vi(z,t)n=Ve(z,t).n=0,(z,t) € 0Q x (0,T), (1.3)
VA(z,t)n = VR(z,t)n=VT(z,t)n=0,(z,t) € 0Q x (0,T),
S(z,0) S0, ¥(z,0) = 1o, ¢ (2,0) = ¢, A(z,0) = Ao,
R(z,0) = Ry, T(2,0) =Ty, z € Q.
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The main contributions of this work are: We introduce a novel QS-heat model for bacterial
biofilms, including temperature-dependent reaction rates and metabolic heat production. We
prove the existence and uniqueness of solutions using semigroup theory. We propose a finite
element-Euler time discretization scheme and analyze its stability. We implement the numerical
method in MATLAB and present simulations showing the influence of temperature on biofilm
dynamics. The structure of this manuscript is as follows. In Section 1, we introduce the model
and state our assumptions. Section 2 establishes well-posedness of the coupled PDE system
using semigroup theory. In Section 3, we present a numerical scheme based on finite elements in
space and the backward Euler method in time, and provide error estimates [21]. Section 4 shows
numerical simulations in MATLAB that demonstrate how temperature variation affects quorum
sensing and biofilm formation.

2 Preliminaries

In this study, we make use of the following assumptions:
(H;) The functions S(z,t), A(z,t), ¥(z,t), ¢(z,t), R(z,t), and T(x,t) are bounded; that
is, there exists a constant A/ > 0 such that

1S(z, 1), [A, )], [P(z,0)], [z, )], [R(x, t)], |T(2,t)] < M.
(H;) The functions ki (T), ko(T), k3(T'), ka(T), ks(T), a(T), B(T'), and v(T") are continu-
ously differentiable, and hence Lipschitz continuous on bounded intervals.
3 The well-posedness of the problem

In this section, we prove the existence and uniqueness for problem (1.2), we denote the vector
function ® = (5, A, ¢, ¢, R, T)T. Then, the system (1.2) can be written as:

{CIDt—AdH—F(CI)); t>0 3.1
®(0) = Py = (S0, Ao, o, 20, Ro, To) " '
where
dsAS
drAA
Ao | A |
dAp
drAR
kAT
and
Fi(®) —k1 (T) 555 (W + )
Fy(®) v (T) A+ a(T) 55z + ((T) + B (T ))mw
F@y = | B | ks (T) g5 — ks (T )Am¢+k5( ) — ks (T) 9
Fy(®) ks (T) 25 + ks (T) A™p — ( ) —ka (T) ¢ ’
Fs (@) —kg (T) R+ ks (T) 1572595 — k3 (T) 54552 R
Fe (®) 0¥+ ¢)

so the linear operator A : D(A) C H — H is defined by:

dsA 0 0 O 0
0 dA 0 O 0
0 dA 0 0
0 0 dA O
0 0 0 dgA
0o 0 O 0 kA

S O O O O

0
0
0
0
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where the space H is given by:

H = H)\Q) x H!(Q) x HN(Q) x H Q) x H!(Q) x H!(Q),

such that
Hy(Q) = {weH(Q),Vw/pq =0}
L3} (Q) = {we L*(Q);Vwyg =0}
X = I2(Q)x LX(Q) x [3(Q) x I2(Q)
HE(Q) = {wEHZ(Q),Vw/agzo},

we equip H with the inner product defined by:

for any ® = (S, A1, 0, R,T)" € H and &' = (S, 4,4,3, R, €H

T
(D, D) /SSd:IH—/AAd:c—l—/wwd$+/ap<pd:c—l—/RRdx+/Tde
Q Q

the associated norm ||-|| ;; is equivalent to the usual one.
The domain of A is given by:

D(A) = ®cH; Se H(Q)NHX(Q), Ae H(Q)NHXQ), v € H(Q) N H3(Q),
B o e H(Q)NH2Q), Re H(Q)NHXQ), T € H(Q) N HX(Q)

3.1 Existence of Solutions

Clearly, D(A) is dense in H.
We have:

(AD, D) = 7d3/|VS|2d;z:fd2/|VA|2da:fd/|V1/)\2da:fd/|Vgp\2da:
Q Q Q Q

—dR/ |VR[* dx — k/ VT dz < 0. (3.2)

As a result, the operator A is dissipative.
Then, we prove that the operator (I — A) is surjective:
let f = (f1, f2, f3, fas fs, fo) T € H, we prove that there exists a unique ® € D(A) such that:

(I- )@=,
that is:

S —dsAS = fi

A—dAA=f

b - dA = fs 33)
o —dAp = fu

R — drAR = f;5

T — kAT = f¢

Now, we define over V' x V', where

V= HI(Q) x H(Q) x H\(Q) x H!(Q) x H\(Q) x H)(Q),

*
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the following bilinear form:

b((S, A, 0, RT); (S A9l o' R\ TY) = /SSldx—l—dS/VSVSId:c

+/AA1dx + dz/VAVA‘da:
Q

+/wwldx + d/wwldx

Q Q

/gpgpldx + d/V(pV(pldx
+/RR d:z:—i—dR/VRVR da

Q
+/TT dx + k/VTVTldm,
Q

and the linear form:

L(Sh, AN RN T = /flsldx—l-/szldx—i—/ﬁwlda:
Q Q Q
+/f4901d:n+/f5R‘dx—|—/f6T]da:, (3.4)
Q Q Q

we equip V' with the norm:
15, 440, R = (ISl + VS| + [AI3 + VAl
+ 815+ 1Vl + el + Vel
+ RIS + IV RI; + IT15 + 975 -
By using the Cauchy-Schwarz inequality, we find:
1b((S, Ao, R T): (S, AL o BT < (1S [|SY], + lds| 981, - [ V']
+ 1Al - A, + 1 VAL, - [ A",
0l - 19", + a1l - ([ V'],
+lelly - [le'll, + 1al Vel - [[ Vo',
+RI, - [|Rl, + ldrl VR, . [ VR,
+ T, T, + [KIVT I, - [ VT, -
Let My > 0, so
[b((S, A, 4,0, R, T)5 (S, AL @ RET)) | < Mi(ISly + IVSIly + [l + 1941,
+ el + 1Vell, + llvll + 1Volly) x
(el + [[Vallly + 1", + V2],
+le"lly + 19, + [0, + [190]],),
by estimating the above inequality, and for M, > 0, we obtain:
0((S,A¢,0,R.T); (S A0 o', RLTY))| < MaI(S, A9, 0, R Ty,
I, A% ol ol RETH
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And we have:

(st AL g ! RN TY| = /flSld:rvL/szldx—i—/fﬂ/)lde
Q Q Q

+/f4g01dx + /stldx + /f6T1d:c .
Q Q Q
Again, by using the Cauchy-Schwarz inequality, we find:

1S, AL o RN TY | < AL 1S, + LAl [[AY], + 151 (1],
U Lally |0, + N5l 1R, + I fslly (|7

2’

then, for M3 > 0:
[1(S", AN vl o' R, T < My ||(S', AN 0! o' R T, (3.5)

As a result, the bilinear form b and the linear form [ are continuous.
Moreover, for: (S, A, v, ¢, R,T) € V:

(S, Ao, BT (S Ao RT)) = ds [ Sdotds [VPds
Q Q

+d, / A%dz + dy / V A%dx
Q Q

+d / Prde +d / Vi dx
Q Q

—l—d/gaza: + d/V(pzdx
Q Q

+dR/R2dx + dR/VRde
Q Q
+k / Tdx + k / VTdx,
Q Q

v

ds <||S||2Lg(g) + ||V5H2Lg(9))
+d, <||A||2Lg(9) + ||VA||2Lg(Q))
(106132 @) + V9132 @)
+a (1ol + 190l @)
+dg (||R\\2Lg(g> + ||VR||2Li(Q)>
1 (I @)+ IV T2 ) -

Then, for M4 > 0

v

2 2 2 2
b((S, A0, 0, R, T); (S, 4,9, ¢, R, T)) Ma(I1SN 5 @) + 1A @) + 1071 @) + 9115 ()

2
IR @ + 1T @) > Mall(S, A, 0, RT3, My >0.

Hence, b is coercive.
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So, by the Lax-Milgram theorem, there exists a unique solution ® € V/, satisfying:
b ((Sa A7¢7 QO, R7 T)’ (SI7A17 77[}1»%01’ R17T1))

L(SY Ay o' R\ TY);
V(SvAawaSD7Ra T)

V.

m

Regularity:

Once the weak solution @ € V' is established, we apply elliptic regularity theory for systems.
The operator I — A is elliptic, and the terms f € X. From elliptic regularity theory, we conclude

that @ € [HE(Q)}G, provided the domain Q is C? and the boundary conditions are smooth.
Then, the regularity result provides the estimate:

Hq)||[H3(Q)]4 <clflx,

where ¢ > 0 depends on Q and the coefficients d,,, d», d, dg, k.

As aresult, (I — A) is surjective. We conclude, using the Lumer-Phillips theorem, that A is
the infinitesimal generator of a linear Cy-semigroup on H.

Now, we prove that F/(®) is Lipschitz. We need to show that there exists a constant L > 0
such that for any ¢, x € X, where ¢ = (S, A,¢, ¢, R,T) and x = (5,4,¢,3, R, T),

170 = F )l x < LIIC=xllx
F(¢) — F(x) is given by:

RO -Fi() == [0 () s o) -k (1) 25 (5+9)].

k2+§ 7
BO-FBK) = —[y(@A-~y(T)A] + |af )KLJEFARAﬂ’ (T) KLﬁARﬁ’}
+ @D+ 8(0) e = (0 (1) 45 () 1w 779
() —F(x) = k3(T) ka_Sqﬁ*kB(T) 5

Fiy(€) = Fa(x)

PO =B () = = [ke(T)R—kn ()R] + ks (1) 22 RA

= o~ . T - ~ ~

A b )kR+RA
+ o PP -
B ONE Lt SPGBl
ka+1+¢ ko +1+¢

F(Q)—Fs(x)=Qo[v+o—¢—¢].
For Fy(¢) — Fi (x), we have:

FO-A0 = (@) -k (1)
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Y+ )

RO-A0 < -0 @)

- S >
| P e (W
then, there exists a constant Ly, such that:
|kt (T) =k (T)] < Ly, T~ T},

we find the following estimations:

s 1]
s+ )~ g+ 9 < g — g P e )~ )
Also, on a bounded set, the function
S
9(5)_k2+5

is
k2 +S
Lipschitz in its variables when S 1, and ¢ remain bounded. Thus there exists a constant L;

such that:
- )<L - — )
k2+5(w+eo)_ 1(|S =8|+ v =2 +1e—¢l),

(Y +¢) -

k—I—S

Moreover, the term ;= + 5 (1 + ¢) is bounded by a constant C on the bounded set B.
Thus, we get:

R -F(x)| < Ly |T-T]
+Lu [k (T)] (IS = S+ [¢ = & + o = &) (3.6)
since on the bounded set the values of |k; (T')| and Cy are bounded, we can write:
1B - F ()] < Lp(|T-T[+|S- 5|
+]¢ =]+ o — 2l), 3.7)
for Ly > 0.

Then, following a similar procedure, we find:

B -FR0)| < Lp(T-T|+||A-A4],.
[ =P o + 0 = Bll 1) (3.8)

where Ly, is a positive constant depending on the Lipschitz constants of o(T), 5(T), and
RA
7(T), and the terms 7.
For F; (®), it is treated similarly to F> (®), we find:

P3¢ - F ()| < Lp(|T-T|+]A- A,
+ | = | e + o = Bll ), (3.9)
and

|Fa(C) — Fu (X))

IN

Ly(|T-T)+||A- leLm
+|v0 =P e + o = Bl o), (3.10)
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IF5(Q) - Fs () < Le(|T-T[+ A=A
+][¥ = 9| e + e = Bl 1) (3.11)
Finally, for Fs (®), we have:

Fs(Q)-Fs(x)=Qo(v+e—¢—9),

we find 3
[Fs(€) = Fs OO1 < Ly, ([ = &l o + e = Bl ) - (3.12)
As results, from (3.7), (3.8), (3.9), (3.14),(3.11) and (3.12), we find
17O = FOIllx < LIC=xlx (3.13)

where L is a constant that depends on the Lipschitz constants of the functions a(T), 8(T),
UT), ks(T), ka(T), ks(T), kr(T), and the terms A™, 5=, o0,

Then, F'is Lipschitz continuous on X.

As a result, the problem (1.2)-(1.3) has a unique mild solution ® given by

() = U(H)Py + / Ut — y)F(®(y))dy,
0

where U (t) is the Cp-semigroup generated by A.

We now need to prove the well-posedness of the second term, where we use the fixed-point
theorem.

We define the operator G as

T

G(3(t)) = U(H)®y + / Ut — y)F (3 (3))dy,
0

we show that G maps a suitable function space into itself.
The function space C ([0,77] ; X) is:

C ([0,7],X) ={ve [0,T] - X such that v(¢) continuous in ¢} ,
We want to show that if v € C' ([0,7'] , X), then G(v) € C ([0,T], X).
Boundedness of U (t):
The Cy-semigroup U (t) satisfies:
IOz @) 22 (@) < Me™", M > 0.
So the semigroup is bounded for ¢ > 0. From the earlier proof, F’ is Lipschitz continuous in

Boundedness of G(v): For C ([0,T], X), we have:

IU () ol < Me™" [[Do|x -

And
Jue-nrewia| < [106- vl IFCWI i
0 D¢ 0
I x < C 1+ 18)1x):
we have

1U(t = 9) Pk < Me ¥ (1+[16(y)]lx) »
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thus,

/ Ut —y)F (@ (9)dy| < MC / e t=) (1 + |16(y) | ) da
0 0

X
As aresult, G(0) is bounded in X.
We have that U (¢)® is continuous in ¢ since U (t) is strongly continuous, and the integral
term is also continuous due to the continuity of 6(y) and F.
Hence, G(6) € C ([0,T], X).
Secondly, we prove that GG is a contraction.
We consider 61,6, € C ([0, 7], X). We need to show that:

IG@) )~ GE) Oy < ML8) — 52l o 71,5 (3.14)

we have

IGE)#) =G Dlx < [ NUE=yIHEFE (y) = F(02 (y)l x dy

St~

T
< M [t FG () - PG ) do
0

However, since F' is Lipschitz, we find:

T
GO =GO < ML [ 61 (1) = 62 ()] du
0
T
< ML||6y = &l e x /e =9y,
0

where

T T '
/e“’(t*wdu: Ofldu:T,sz:0
0

e ifw#0
Thus;
1G(61)(#) = G(2) (D)l x < ML = &2l cfo7],x) -

For T > 0 sufficiently small such that M LT < 1, G is a contraction,
ensuring a unique fixed point by the Banach Fixed-Point Theorem.

Remark 3.1 (Continuation beyond small time). Let 7 > 0 be the small time for which the
contraction M LT < 1 holds. Denote by ®(t) the unique solution on [0, 7. Since ®(7) lies
in the same Banach space, one may restart the contraction argument on [T, 27| with initial data
®(T). By iterating this stepwise continuation, the solution extends uniquely to any finite time
interval [0, Tpal]-

3.2 Regularity of the solution:
If the initial condition ®, € D(A), the solution satisfies:

%EX @(t) € D(A).

making ®(¢) a strong solution.
If &) € H*(Q) and F is smooth, the solution ®(¢) inherits higher regularity.

®(t) € H (Q), fort>0.
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3.3 Uniqueness

Uniqueness of the solution follows directly from the contraction mapping argument.
If there were two solutions @4 (¢) and ®,(t) that satisfy:

d

T (D) —DPy) = A(P) —Dy) + F(P) — F(P2),

Using the Lipschitz property of F, this leads to:
191 (2) = @2 (1)l x < LT (|1®1 = P2l o,7),x) »

where T'L < 1, hence ®; (t) = D, (t).
This completes the proof of existence, uniqueness, and regularity of the solution of (1.2)-
(1.3).

4 Numerical Approximation

In this section, we propose a numerical approximation of the nonlinear system of partial differ-
ential equations described in the previous section. We discretize the system in space using finite
elements and in time using an implicit Euler scheme.

Start with the weak formulation. Multiply equations (1.2)1, (1.2),, (1.2)3, (1.2)4, (1.2)s, (1.2)¢
by v%,v4, v¥, v¥, v, and vT respectively, then integrate over Q, and using integration by parts,
we get the following weak formulation:

find (S, A, v, ¢,R,T) € (H] (Q))6, such that v (US,UA,Uw,U“",vR,vT) € (H} (Q))6,

f S vSdx + d, f VSVvSdr = f ki (T) g(S,v + p)vda

f aA Adx—l—dz f VAVvAdx+ f Y (T) Avddz = [ o(T) o +RA1/)vAdx+

Qr
Qf( a(T)+B(T ))m@v dx

.Q.T QT
QT Q.T QT

[ Zoldr +dg f VRVdex—i— f kr (T) RvRdz + f k3 (T) g(¢ + ¢, R)vfdx
Qp

= fk‘z k +RAdea:

f f’T vldr + k f VTVoldr = f Qo(t + p)vTdx

4.1

Then, let 0 =ty < ¢; < ... < ty—j < ty be a partitioning of [0; 7] into variable time steps

Tp =tn—tn—1,n =1,..., N. We set 7 = max;<,<n. Weintroduce (\;), a shape-regular family

of triangulations of Q. For a triangle & € A, let by be its diameter and set h = maxger, hi -

For any subdomain w of Q we define by P! (w) the space of polynomials on w with degree < 1.

We denote by (.,.),, the usual L? product on w and by ||.||,, the associated norm. Furthermore,

we denote by .|, ,, the semi-norm on H !'(w). For ease of notation, when w = Q we drop the
subscript,

P'(\) = {vn € C°(Q),Vk € A\, v /k € PY(K)},

Pﬁ )\h {UhQPl()\h) 'Uh>0}
Py sp(Th) = {vn € Pi(Th) : vp|r, = 0},

and we set

wy, = {vn € P' (A) ,vn >0},

[ %vtde +d f VyVo¥ds + f ks (T)|A|™ pv¥de = [ (k3 (T) g (S,¢) + ks (T) p)v¥dzx

[ 22v¢dx +d f VoVu? + f k4 )+ ks (T))pv¥ede = [ (k3 (T)g(S, ) + ks (T) |A]™

) vPdx
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and
wh = {’Uh e P! ()\h) Vp > O}

we consider the problem: For (Sy, A7, ¢y, o, Ry, Ti) € P (A) x P& (An) X
P' () x PY (M) x PY(\n) x P'(\y), we seek

(S}TZ+1,AZ+1, n+1a§0h+l Rn+1 Tn-H) c Pl (>\h) % PéD ()\h)
Xpl ()\h) X Pl ()\h) X pl ()\h) X Pl ()\h)

such that, for all (vh o ol of ol ,vh) € P} (\n) x P (\n) x P'(\p)
x P (\n) x Pt (A\n) x P (\p)

n+l_gn
[ e+ [ d TSPV 4 (1) (S} w4 eh)or] de = 0
T

Qr
Al _gqn n N An +1
e bofde + [ [ VAR 'Voitde 4+ 4 (TF) At de = [ o (T]) A RJ:R"A”“ Yrotd
Q.T QT " QT
R A
+ f a (T}) +ﬂ(Th))W@hvhdm

f W “Vhyldz + j {de”HVvd’dx—l—ks Tp) |Ap " gt }dngf (k3 (T7) g (Spt o)
+k5(Th)<Ph) e

J il —eh e + J VLTIV (ka (T) + s (Ti)) ey, of] da

‘Qf (ks TSP + ks (1) AR ) o
T

n+l_
[ Ao fda + f [drV RVl + kp (T3) Ry oft + ks () g (o™ + @it Rpoff] da
Qr

. +1 RIL+1AIL+1
= [ ks (i) gt b de
Q

e
f Ty _Th

—toldz + f (VT Vol] do = f Qo(vi ™ + il da
Qr

4.2)

Theorem 4.1. Let (S, A7 47, of, RE,T) € wyP X wy, X wp, X Wy X Wh, X W

Then for all h, T, > 0, there exists a unique solution
q
(Sptt, Aptt, n+17¢;;+1 R T € wi® X wy, x wy, X wy X wp, X wp,.

Proof. We denote by {~;}, ., the usual basis functions of P} (Ty,). For any

j=N
w=">> w;v; € Py (An),

J=1

we define @ = (wy, ws,

wy)" € RN, We then set F : RN x RN — RV
we define by:

[Fy' (ﬁ),f)]j = (w, 7)) + Tad (Vw, V) + 7 (f(w)2,75), §=1,..N.

For S™ and 4™ given in W), and W,? respectively, we write the first equation of (P,), where
d =dg, as:

an (Sn+l7,l;n + ¢n) = G? c ]R]ZVO’
with [C:’;’]] = (8™, ;). One can prove that, for every fixed z € RY, we have that F"" (.,
RY — R¥ is an isotone homeomorphism. We refer to [15] for more details, and from F? (0 1/7
0, we deduce the existence and uniqueness solution S} in W}, solving the ferst equation of (\

2)
n)-

)_
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In the same way we prove the existence and uniqueness of (A7, 97, o R, TP) € (wy,)>. For
any 27! € W, we set

N
n+l § :Tn

n=1

2

TL

N
+ max |z"+l|? + ZTn ’z”“ — z”ﬁ
n

n=1

O

Lemma 4.2. For all h > 0 and for all time paratitions {1y}, , the solution (S}, A}, ), o), R, T})
of (Py) satisfies

(Sn+1)+F(An+l)+F< n+1)+F( n+l)+F<Rz+1)
+F(Ti?+l> < C ’Sh’1+’A |1+|wh|1
+|‘ph|1+|Rh|1+|T}?|1+O)'

The above bound is obtained by using 2"*! — 2™ as test function in each equation of (P,).
Here z;’ denotes arbitrarily S}, AZ, Vi, o, Ry or vﬁ. .
Let us now state that the solution of the numerical scheme converges to a weak solution of
(Pp) . We set Qr = Q x (0,T) and we introduce the following notation
t— tn t7L+1 —t
Z(t) — 7Zn+l L

Z”, te [t”7tn+1] .n > 17
Tn Tn

and

) =2 (t) =2 te [t ] n > 1
Using this notation the problem (P;,) reads as: Seek

(Sit, At 0k it BiL T € [C° (10, 7) x W),
such that
f On v da + d, f VS Vuide = f ki (Th) 9(Sh, thn + on)vy da

] aglthvh dr + dp f VAth;?dz—i- f v (Th) Av,ﬁ?da:—af a(Ty) &ihimlwhv,‘?dx—i-
T T

Qf (a(Th) + B (Th)) Kﬁ"ff%@h% dﬂ?

[ o vide +d [ Vi Vol de + f ks (Ty) | An|™ vy dae = [ (ks (Th) g (S, n)
Q QT QT
+ks (Tr) goh)vh dx

f agth Uhdx+d f vsphvvh + f k4 T}L +k5 (Th))whvhdx
Qr

ZQf (k3 (Th) g (Sh,wh)Jrks (Th)|Ah| Yn) vy da

T

f Bz +dp [ VRyVolldz + [ kg (Th) Rpofide + [ ks (Th) g(vn + on, Ry )vfide =

Qr Qr Qr
f ks (Th) i vivde
aaTth vldr + k f VT, Voldr = f Qo(tn + pn)vidz

Qr

On introducing

_ )
7! HZ+ -z ||L2(0,T,H1(Q)) J

2 2 z
X = [ gy + 15 momarian * | 5

where 2% is an abbreviation for “with” and “without” corresponding to the superscripts “+”

and “-”, the lemma yields that:

X (Sn) + x (An) + x (¥n) + x (n) + x (Rn) + x (Th) < C(T).

In the following zp, = Si,, Ap, ¥n, on, R or Ty, and z = S, A, ¢, o, Ror T.
From the last inequality, we infer the convergence result stated in the lemma below:
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Lemma 4.3. Let us assume that there is a constant C' > 0 such that Th < C. Then, there exists
a subsequence {z}, and a function z € L*> (Qr) N H' (0,T, L* (Q)) such that as h — 0

2,2t = 2z weak-in L™ (Qr),
0z 0z 2
% B weakly L* (Qr),
z,2Y = zweak- in L™ (0,7, H' (Q)),

2t = zstrongly in L (Qr) and in Qr.

Theorem 4.4. Under the assumption of last lemma, and zy € H* (Q), the solution of (4.2)
converges to the solution of the weak form (4.1) of the system (1.2)-(1.3).

4.1 Numerical Results

We consider the computational domain Q. = [0, 1] x [0,0.5] x [0, 20]. The boundary I'p; is the
part on which the substrate and the antibiotics are applied.

Att = 0 the biofilm domain is defined by Q;, (0) = {(z1,22) € Q25 > 0,27 + 23 = 0.01}
and contained down-regulated biomass only.

Dimensionless model parameters used in the system (1.2)-(1.3), adapted from [19]. We take
the values of the constants as follows:

m=25 d=1e—7, dg=1.67,
dRZO.l, d2:129 Q()Zo.l,
k=0.1.

In Figurel we show the spatial distribution of down-regulated and up-regulated cells at times
t = 10 and t = 15. The top row shows the case with no antibiotic or QSB agent applied,
the middle row the case where only antibiotic is applied, and the bottom row the case where
both antibiotic and QSB agent act. One observes how the antibiotic and QSB agent reduce the
quantity of bacteria and modify their spatial expansion in the presence of heat effects.

The numerical results we present below concern the evolution of each variable with respect
to time. We set:

1 1
wTotul (t) = @/¢($7t)d$7 PTotal (t) = @/(p('xa t)dl‘,
Q Q
1 1
ATotal (t) = @/A(:C,t)da:, RTotal (t) = @/R(x,t)d:v,
Q Q

1
TTotal (t) - |Q|/T<x’ t)d:E
Q

The quantity of antibiotic applied at the top of the domain is Vp = 10, and the quantity of
QSB agent applied at the top of the domain, I'p, is Qp = 10.

In Figure2, we plot the evolution of the down-regulated and up-regulated cells with respect
to time. Then Figure3 presents the total amounts of ¢ and ¢ with respect to time: without
antibiotic and QSB, with antibiotic, with QSB, and with antibiotic and QSB. Finally, Figure4
shows Temperature distribution at t = 15 h under antibiotic + QSB treatment.
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Figure 1: Spatial Representation of Down-Regulated (color) and Up-Regulated (contours) Cells
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No Antibiotic/QSB, t =15

Figure 2. Total amounts of down-regulated and up-regulated cells with respect to time.

Figure 3: Evolution of Total AHL Molecule
T
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Figure 3. Evolution of total AHL molecule and LasR protein.
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Figure 4: Temperature distribution at t = 15 h under antibiotic + QSB treatment
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Figure 4. Temperature distribution at t = 15 h under antibiotic + QSB treatment.
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5 Conclusion

We proposed and analyzed a nonlinear reaction-diffusion model that couples quorum sensing dy-
namics with heat transfer in bacterial biofilms. The model incorporates temperature-dependent
reaction rates and metabolic heat generation, reflecting realistic biological behavior. We es-
tablished the existence and uniqueness of solutions using semigroup theory and developed a
finite element scheme to approximate the system numerically. The results of our simulations
demonstrate the significant impact of temperature on quorum sensing activation, antibiotic ef-
fectiveness, and overall biofilm growth. These findings highlight the importance of considering
thermal effects in the design and evaluation of bacterial treatment strategies.
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