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Abstract. This article addresses the ill-posed Cauchy problem for the system of equations
arising in the moment theory of elasticity. It explores the analytical continuation of solutions
within a three-dimensional domain, utilizing data specified only on a portion of the boundary.
To resolve the instability inherent in such problems, the authors develop solvability criteria and
construct a Carleman matrix, enabling a stable and constructive approach to the problem. The
study introduces integral representations and expansion techniques using fundamental solutions
and harmonic function bases with double orthogonality. These methods lead to practical criteria
and explicit formulas for solution reconstruction, which are of significant value in applications
involving elasticity, inverse problems, and engineering diagnostics.

1 Introduction

The Cauchy problem for systems of partial differential equations, particularly those arising in
the theory of elasticity, has long posed challenges due to its inherent ill-posed nature. This ar-
ticle focuses on the Cauchy problem within the framework of the moment theory of elasticity -
a model that more accurately captures the behavior of elastic media under rotational and trans-
lational stresses. The primary difficulty in such problems lies in extending known values of the
solution and its stresses from a part of the boundary into the entire spatial domain, where even
small data errors can lead to significant deviations in the solution. Building upon foundational
work by researchers such as Tikhonov, Lavrent’ev, and Yarmukhamedov, the authors develop a
constructive method for solving this problem. They introduce a Carleman matrix tailored for the
moment theory system, allowing for an explicit representation of solutions and a rigorous solv-
ability criterion. The work also incorporates the use of fundamental solutions and Green-type
integral formulas to represent the unknown functions in terms of boundary data. To ensure the
analytic continuation of the solution, the authors derive a condition involving the convergence
of a series based on harmonic functions with double orthogonality. The novelty of the article
lies in the extension of classical Carleman-type techniques to a more complex elasticity system
involving additional degrees of freedom. This leads to a new integral formula for solution recon-
struction and stability estimates, making the proposed methods valuable not only in theoretical
studies but also in applied fields such as geomechanics, materials science, and structural diagnos-
tics. By addressing both the theoretical underpinnings and practical aspects of the problem, the
article makes a meaningful contribution to the ongoing development of regularization techniques
for ill-posed problems.

The present study builds upon the foundational concepts introduced by A. N. Tikhonov [1]
and M.M. Lavrent’ev [2], who pioneered methods for addressing ill-posed problems through
conditional well-posedness and regularization. These classical approaches serve as the theoret-
ical basis for the stability analysis and approximation strategies developed in this paper. The
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techniques used for analytic continuation and solvability criteria draw from the ideas of V. A.
Fock and F. M. Kuni [3], who established important conditions for reconstructing analytic func-
tions from boundary data. In addition, the methods applied here reflect the analytical advance-
ments of Lurie [4] in elasticity theory and the role of fundamental solutions discussed in the
comprehensive framework presented in [5]. The article also benefits from the spectral and har-
monic function expansions found in the works of Vekua [6], where boundary value problems
for elliptic systems were systematically analyzed. The use of Carleman functions and integral
representations is inspired by the ideas of Lavrent’ev and Romanov [7], as well as Mergelyan’s
approximation theorems [8], which support the construction of special kernel functions. Fur-
thermore, the generalized potential theory methods and integral equation techniques are influ-
enced by S.G. Mikhlin [9] and S.M. Nikol’skii [10], whose contributions to functional analysis
and approximation in mathematical physics have been instrumental in shaping the mathematical
tools employed in this paper. Altogether, these references form the theoretical backbone of the
study and guide the development of new solvability criteria and regularization approaches for
the Cauchy problem in the context of the moment theory of elasticity. The methodology de-
veloped in this article is strongly grounded in classical and modern approaches to the Cauchy
problem for elliptic equations. The work of Holmgren [11] laid the theoretical foundation by es-
tablishing uniqueness theorems, which are crucial for understanding the conditions under which
analytic continuation is feasible. Hadamard’s contributions [12] introduced the concept of ill-
posedness, highlighting the instability of solutions under small perturbations of boundary data -
a key challenge addressed in the present research. Lavrent’ev’s studies [13] provided powerful
tools through the construction of Carleman-type functions, enabling the development of integral
representations that are central to this work. Furthermore, the article incorporates approximation
theory based on the results of Mergelyan [14], whose theorems support the analytic continua-
tion of functions in complex domains. The concept of double orthogonal bases, introduced by
Bergman [15], plays a fundamental role in the expansion of solutions in harmonic series, en-
suring convergence and accuracy in bounded domains. Lastly, the spectral methods and orthog-
onal function systems described by Nikol’skii [16] support the formulation of solution criteria
and regularization techniques that are both stable and computationally feasible. Together, these
works underpin the theoretical structure of the article and guide the development of new criteria
and representations for solving the Cauchy problem in elasticity systems.

The study presented in this article is strongly supported by the established literature on ill-
posed problems and continuation methods in mathematical physics. In particular, the founda-
tional understanding of the nature of ill-posedness and the need for regularization, as discussed
in [17], provides the theoretical motivation for addressing the instability of the Cauchy problem
in elasticity theory. The approaches developed in [18] contribute essential techniques for ensur-
ing the uniqueness and conditional stability of solutions, which are central to the present work’s
analysis. In [19], practical aspects of solving boundary value problems in complex domains are
examined, laying the groundwork for the integral representations and kernel-based continuation
methods used in this article. The stability estimates and analytical continuation strategies found
in [20] further reinforce the necessity of constructing solutions through controlled boundary data,
aligning closely with the methodology developed here. The article also draws from [21], where
functional analytic tools and operator theory are applied to inverse problems. These concepts are
essential for justifying the integral identities and convergence properties employed in the paper.
Reference [22] offers insights into computational aspects and numerical schemes for ill-posed
problems, which relate to the article’s potential for real-world implementation and simulation. In
[23] addresses multidimensional continuation and Carleman-type techniques, providing the nec-
essary framework for extending solutions from a portion of the boundary into the full domain,
a central focus of this article. In [24], the authors investigated continuation and reconstruction
problems where only partial boundary data are available, offering explicit strategies for extend-
ing solutions into the interior of a domain under conditions of incomplete information. These
results are directly applicable to the Cauchy problem in the moment theory of elasticity, where
boundary data are often restricted to a limited surface segment. The theoretical framework in
[25] provided a formal justification for the use of regularized solution approaches in contexts
where problems fail to satisfy the classical criteria of well-posedness. This perspective is cen-
tral to ensuring that the proposed methods maintain stability and accuracy despite the inherent
sensitivity to data perturbations. Complementing these ideas, [26] explored the properties and
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approximation capabilities of fundamental solutions, enabling the construction of integral repre-
sentations and kernel functions that serve as the backbone of the analytic continuation process
used in this paper. This synthesis not only extends the applicability of classical methods to more
complex elasticity systems but also enhances computational feasibility, offering clear advantages
for real-world applications where boundary measurements are limited or noisy. The combined
influence of these works ensures that the solvability criteria and explicit reconstruction formulas
developed herein rest on a firm mathematical foundation. This reference provides key insights
into handling incomplete data in multidimensional settings. In [27], authors explored the inverse
spectral problem for PT-symmetric Schrodinger operator on the graph with loop. Reference [28]
contributes to the theoretical justification for using regularized solution frameworks in problems
that are not well-posed in the classical sense. The article builds upon these ideas by applying
them to systems of the moment theory of elasticity, where the boundary data are given only on
a part of the domain. In [29], attention is given to the role of fundamental solutions and their
approximation properties, which are crucial for the construction of integral representations and
kernel functions employed throughout the current study. Finally, [30] offers valuable perspec-
tives on the stability and convergence of solutions in inverse problems, providing the basis for
the article’s solvability criteria and analytic continuation techniques. Collectively, these works
contribute significantly to the mathematical structure and justification of the results obtained in
the article, particularly in relation to the stability, uniqueness, and practical implementation of
the solution process.

The scientific novelty of this article lies in the extension of classical methods for ill-posed
problems to the complex setting of the moment theory of elasticity, which considers both dis-
placements and rotational effects within elastic media. The authors develop a new approach by
constructing a Carleman matrix specifically tailored for this system, allowing for the analytic
continuation of solutions from partial boundary data. This matrix plays a central role in formu-
lating explicit integral representations and solvability criteria for the Cauchy problem, offering
a stable framework even under incomplete or imprecise data. Another important contribution
is the introduction of a convergence-based method that uses harmonic expansions with double
orthogonality, leading to new insights into the behavior of solutions in spherical and conical
domains. Furthermore, the article introduces an explicit continuation formula based on spe-
cial kernel functions with exponential decay properties, enabling controlled approximation and
regularization of the solution. This method improves upon previous approaches by enhancing
stability and reducing sensitivity to data errors. The practical applications of this research are
significant in areas where elastic materials are studied under uncertain or inaccessible conditions.
This includes geophysics, structural health monitoring, non-destructive testing, and mechanical
diagnostics. In these fields, it is often necessary to recover internal stress and displacement fields
using limited surface measurements. The methods developed in the article provide reliable tools
for such inverse reconstructions, with potential for implementation in computational algorithms
used in engineering and applied physics.

Let D be a simply connected bounded domain in the complex plane z with boundary 0D,
consisting of a segment [A, B] of the real axis and a smooth arc S of the curve lying in the upper
closed half-plane Imz > 0, 0D = {z = 2 + iy : A < 2 < B}JS. Denote by Sy the interior
points of the arc S, Sy = S\{4, B}. Let f(z) € C(S),

/ F(O)llde] < oo.
S

For o > 0 we introduce the notation:

I, (f) :/f(C) exp(—io¢)d¢, 2mif,(z) _/eXp(_w(C_Z))(gﬂ_Cl)dC’
5

S

2mifo(z) = / (g(_Oz)dC’ z ¢85,
S

where the function f,(z) is differentiable with respect to the parameter o (o > 0) for each fixed
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z ¢ S and the formula

dfs(2)
do

2mi

— / exp(—io(C — 2))F(C)d¢ = —iexplio =)L, (f)holds.

S

Under these conditions, V. A. Fock and F. M. Kuni, following Lurie’s method [4], established
the following interesting result.

For the existence of a function F'(z) that is holomorphic in D and such that F'(z) = f(2),z €
So, it is necessary and sufficient that

AT

T—00 o

=0.

If this condition is satisfied, then the analytic continuation to the domain D is carried out by the
formula

f(©)
(€—2)

2miF(2) = 2i lim f,() = lim / exp(—ic(¢ — 2)) dc, » € D,

T—00
S

which can be transformed into the following:

) = f(C) —1 - xp(toz o, 2
2mF(z)—S/(CZ)dC /O exp(io2)L,(f)do, = € D.

The equivalence of these continuation formulas follows from the formula

oo

lim f,(2) _/df"(z)da+fo(z),

do
0

where the existence of the limit on the left implies the convergence of the improper integral on
the right.

It is known that solutions of linear elliptic equations and systems have properties similar
to those of analytic functions, even in the case when the coefficients of these equations have
only finite smoothness. Based on these considerations, we present a similar criterion for the
solvability of the Cauchy problem for the system of moment theory of elasticity.

Let x = (x1,22,23) and y = (y1,%2,y3)— be points of the real Euclidean space R3, D—
a bounded simply-connected domain in R?, with a piecewise-smooth boundary 9D and S— a
smooth part of this boundary.

Let the six-component vector function U(z) = (u(z), uz(x), uz(z), v1(x),v2(x), v3(z)) =
(u(z),v(z)) satisfy in the domain D the system of equations of the moment theory of elasticity
[5]:

{ (p+ a)Au + (A + p — ) graddivu + 2arotv + pw?u + pf = 0, (L.1)

(v + B)Av + (¢ + v — ) grad div v + 2arotu — 4av + 6w?v + pg = 0,

where f-mass force, g-mass moment, w-oscillation frequency, p-density of the medium, 6 - pos-
itive coefficient, and the coefficients A, i, v, 3, €, «, characterizing the environment, satisfy the
conditions

>0, 30+2u>0, a>0, 3c+2v >0, >0.

For brevity of presentation, it is convenient to write the system (1.1) in matrix form. For this
purpose, we introduce the matrix differential operator

MO M@
M:M(a“”):| MO M@ ||
Where .
M“>—H Ol i=1,2,3,4,
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and
() > &
My = Oj(p+ @) (A 4wi) + (AJF”_a)axkaxv’
J
@ 3) ; 9
Mkj = Mk] = 72@25](;]‘1)%,
p=1 P
4) 2 &
My = 0rj(v+B)(A +w3) + (e +v - 5)axkax_,
J
Here

w? 0w? — 4o 1, ifksj
wlz P 3= ) 6k,j = !

Tuta 2T TU7s 0, ifk+#j,

w? > 0, and w3 can take any real value, e, — the so-called e— tensor or Levi-Civita symbol
defined by the equalities
0, if at least two of the three indices k, j, p are equal
erjp =« 1, if (k, j, p) contains an even number of permutations of numbers (1,2, 3)

—1,if(k, j, p) contains an odd ... number of permutations of numbers (1,2, 3).
Then the equation (1.1) of the elastic-oscillatory state of the medium D, corresponding to the
mass force f and the mass moment g has the form

M(aa:)U(z) +pF =0,

where U = b , F= !
v g
In the theory of moment elasticity, four main problems of oscillations are considered: finding
the elastic oscillatory state of the medium if displacements and rotations are specified on the
entire boundary in the first problem, force and moment stresses in the second problem, displace-
ments and moment stresses in the third problem, and rotations and force stresses in the fourth

problem.

2 Fundamental solution and Somiliana formula

Section 2 of the article is dedicated to constructing the fundamental solution for the system
of steady-state oscillations within the moment theory of elasticity. This solution serves as the
foundation for analyzing and solving boundary value problems, particularly the Cauchy prob-
lem. The authors define the fundamental solution as a matrix-valued function that behaves like
an identity operator under convolution with test functions, meaning it reproduces the original
function when applied appropriately. To build this fundamental solution, the authors derive a
specific matrix operator that reflects the physical characteristics of the elastic medium, including
its material properties and the presence of rotational effects. They utilize symmetry and self-
adjoint properties of the operator to simplify the construction. The result is a matrix structure
where each component reflects contributions from both displacement and rotational fields. The
section further introduces the Somigliana formula, a generalization of Green’s identity, which
relates volume and surface integrals involving the solution and its associated stresses. This for-
mula is crucial in establishing integral representations of solutions and plays a central role in the
continuation and regularization methods later discussed in the paper.

The homogeneous equation of steady-state oscillations of the moment theory of elasticity has
the form

M(9,)U(z) = 0. 2.1)

Definition 2.1. A fundamental solution of the convolution type for the homogeneous equation
(2.1) is a (6 x 6) matrix-function ¥ satisfying the following equalities M (¥ « U) = U and
Y% (MU) = U forany U € C* with compact support and with a value in R°.
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From this definition it follows that
M(0,)¥(z —y) = d(x — y) Es,

M'(0,)(¥(z —y))" = d(z — y)Ee,

forall (z,y) € R*xR3, where M’ is the transposed differential operator M, ¥ is the transposed
matrix W, and § is the generalized Dirac function.

We present one simple way to construct such fundamental solutions.

The fundamental solution can be obtained using the formula ¥ = M, where M is called
the complementary matrix M that satisfies the equation MM = MM = (det M)Fg and ¢ is
the fundamental solution of the convolution type for the differential operator det M.

We obtain the elements My;(9,) of the matrix M as follows. We denote the algebraic
complement of the element My;(9,)(k,j = 1,6) in the determinant det M (9,) by My;(0y).
After elementary, albeit cumbersome, calculations for the elements My (9,) of the matrix

M(D H MU(2,) —M )(8a)
) W) 6x6
we obtain
M) =a D1 (& +HP)(A +3) 1 A+ p—a)(a +w%)_
kj 0 w+a A+ 2 i ta
4o o 2 2 2

(u+a)(v+B) | dxrdx; } (& +k3) (& +K3) (& +k3),
2aay

3
- 0
My} = M) = D niag (6 +R) (6 )0 HB) (A K. @2)

(h+ )+ B) 2

(v4+e=B)(a+uwi)

4 _
Mkj—a v B

v+ €+ 2v

{%»(A +£2)(n +w?) 1
0

. P \p 1ad)(a +12) (2 +k2)
(u+a)(v+B) | 0xy0x; ! 3 4
where k,j = 1,2, 3,
5 pw? , 0w —4da
kl = —, kz =,
A+2u €+ 2v

ag = (p+a)* (v + B)*(A+ 2u)(e +2v) > 0,

k3 and k? satisfy the conditions

K4k =wi +wi + el (2.3)

It is easy to see that M(0,) (as M(9,)) is a formally self-adjoint operator, i.e. M (3,)

(M(=0y)) , where the prime denotes the transposition operation. Substituting in M (9,)U = 0
instead of U the matrix

(1) (2)
U=(M(,) o= || MV (@) M (2,)

where p— is the sought scalar function, we get

det M(9,) = oo (& +K2) (& +K3) (& +42)” (& +42)* ¢ = 0.
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In (2.4) each element contains a factor ag (A +k2) (A +k3) ¢, so it is sufficient to find the
function
Y=g (A +k3) (& +K3) @

To determine it outside the origin, we have the equation
(& +k7) (& +k3) (& +k3) (& +k3) ¥ = 0.

In order for the solution matrix (2.4) to be fundamental, we must find a solution to the last
equation, whose sixth-order partial derivatives have singularities only of the form |z|~!. Such a
solution, if it exists, must satisfy conditions

-1 .
(A +k§+1) (A +k§+2) (A +k§+3) Y= (471"$|) exXp (ZkQ|x|) , q=1,2,3,4
ks = ki, ke = ko, k7 = k3.
Considering these relations as a system of equations for 1, A 1, A% 1, A% ¢ we find

3

-1 1 exp (ikq|z|)
1/12721_[(1432 7]%) ‘Zx| i ) (2.5)

q=1 s=1 g+s

The relation (2.5) allows one to easily verify that ¢ satisfies all the conditions set above.

We obtained the expression for ¢ in (2.5) under the assumption that the constants ké (¢ =
1,2,3,4) are different from each other. In our case, taking fw? — 4o > 0, from (2.3) we obtain
k? > 0,0 =1,2,3,4.If fw? — 4a < 0, then, taking into account the values of k2 and k3

4a?
2, =t wr — -+
MO (et a)(v +8)

:I:\/[ ) 2 4q2 ]2 L 16042(4)%

w7 — W

T (pta)(v+B)] (pta)(v+B)
and formula (2.3), we will have k7 > 0, k3 > 0, k3 < 0, and k7 < 0.

The cases when some of the k7 are equal to each other should be considered separately, by
passing to the limit in the expression for ).

W(o) = \p(l)(x) Ip(2>(x)
| WO(z) W@ (z) e
Where
gl = |l =1,2,3,4
kj(‘r) , 1 y Ly Dy Ty
i 9 1 exp (ikq|x|)
‘qu)(m) = Z <5kjaq + bqaxkax ) <_47r |$|q 7
q=1 /
4 3
@) 3) 2o 0 1 exp (iky|z|)
W) =¥ = 20 Y ety (g )

4 .
d* 1 exp (ikq|x])
wW ) = § gy S B (U e i1 il 72
kj (l‘) <6k]Cq + dq axkaxj) ( 47 |(E| > ’

for k,j = 1,2,3. Here

o CUCE R o) Gy a5
1 dr(p+a)(k3 —k3) 4 drpw? k2 g a
(_l)q(w% - kz)(53q + 54!1) ) c !

.= q _ S g o,

IR T EE
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4

_ ( )(53q+54q
T 4 (B + ) (K - Z

q=

Let N = M/ag(a +k3)(A +k3). Then N is a formally self-adjoint differential operator of the
sixth order with constant coefficients in R?, satisfying the condition NM = M N = pEs, where

4
p=p(a)=]](a +k),
j=1
The expression (2.5) is a fundamental solution of the differential operator of convolution type
p(A) onR? and ¥ = Ny

Remark 2.2. If h is a solution of the equation p(A)h = 0 on an open set D C R3 then U = Nh
is a solution of the equation MU = 0 on D.

Remark 2.3. A function U is called regular if U € C?(D) N C'(D).
The following theorem is true [5]

Theorem 2.4. Each column of the matrix ¥(x), considered as a vector, satisfies the system (2.1)
at all points of the space R3, except for the origin of coordinates.

For the matrix of fundamental solutions, the equality
¥ (x—y) =Y(y — x)isvalid.

Next, we present the Green formula for the operator under consideration, which we will use
often.
For regular vector functions V (y) and U(y) in D, the Green formula [5] is valid:

[ VM@ - U (10,7 ()] dy =

D

= [ VTG W) - VG {T@ )V )] dsy
The Somiliana fofrﬁula is correct [5]

Theorem 2.5. For any function U € C'(D) with values in RS, such that M (9,.)U € Ly(D) has
place

[ (T 00n() %y - ) U(w) = ¥ = ) (T 0,06 UW)} sy
o - b (2.6)
+ [ - M @)Uy = { NS

Here T'(0,,n(z)) is the so-called stress operator, which is defined as follows

T8, n(x)) TP (0,,n(x))
T(am,ﬂ(ﬂC))_’ T(3)(8m,n(x)) T<4)(5x,n(x)) H
T0)(8,, n(z —HTk @) oi=1.234,

9 0 0 .
Té;)(ax,n(x)) =Mnp— + (p — a)nj(x)a—xlf + (p+ a)ékjaT(x), k,j=1,2,3,

81‘]‘
129, n(x)) = —2azgkﬂ,np ;T (Oenl(@) =0, k,j=1,23,
) _ i ()2 9 _
Ty (0, n(x)) = Enk(ﬂe‘)axj + (v = B)nj(@)5 -+ (v + 5) @y Fi=123

Where n(z) = (n;(z), n2(z), n3(x))— unit normal vector at point 2z € dD, external with respect
to region D.
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3 Cauchy problem and solvability criterion. Problem statement

Section 3 focuses on the formulation and analysis of the Cauchy problem for the system of
equations in the moment theory of elasticity. In this context, the Cauchy problem involves de-
termining the internal state of an elastic medium - specifically the displacement and rotational
components - using only partial data provided on a portion of the boundary. The section em-
phasizes that such problems are ill-posed, meaning small errors in the input data can lead to
large deviations in the solution or even make the problem unsolvable. The authors introduce
an integral representation that expresses the solution in terms of known boundary values and
the fundamental solution constructed in the previous section. A critical contribution here is the
establishment of a solvability criterion: the Cauchy problem admits a solution if the integral rep-
resentation can be continued analytically across the boundary into the domain of interest. This
continuation must be smooth and consistent with the physics of the problem. Through a logical
argument, the authors prove that if such a continuation exists, it leads to a unique and regular
solution that satisfies both the governing system and the boundary conditions. The section also
discusses the behavior of the solution near the boundary, showing that it exhibits a jump equal to
the prescribed boundary values - an important property used in verifying the correctness of the
integral representation. This groundwork is essential for developing stable numerical methods
and deeper theoretical results in the later sections of the paper.

Let S be a smooth open part of the surface 9D. Consider the Cauchy problem for the system
(1.1): We need to find a regular solution of the system (1.1) U(z) in D given U(y) = Up(y),

T(0y,n(y)U(y) = Ui(y), y € Sie.

M(0,)U(z)+ pF(z)=0, z€D
U(y) =Uo(y), y€ S (3.1)
T(0y,n(y))U(y) = Ui(y), y € S,

where Uy € C'(S) N Ly(S), Uy € C(S)N Li(S), F e C(D).

It is known that this problem is ill-posed. The ill-posedness of the problem is similar to the
ill-posedness of the Cauchy problem for the Laplace equation [11]-[13]. It is easy to see that,
according to Holmgren’s theorem, this problem has at most one solution. To solve the problem
(3.1) we define the following function

UUs & U) () = / ({7 @y () ¥y — )} Toly) — B(a — y)Us(y))ds,

§ (3.2)

—/‘P(ﬂv —y)pF(y)dy,

D

for x € R3\S.

Since the fundamental solution ¥ is real and analytic, except for the origin in R3, then the
function U (Uy @ Uy ) is also real-analytic in R*\ D. In addition, U (Uy & Uy ) is a solution of the
homogeneous system (2.1) (since ¥ " (z — y) = ¥(y — z)), i.e.,

MO )U Uy @ Uy) () =0, xe€R\D.

By construction, the components of the vector-valued function & (Uy & U, ) are solutions of the
scalar equation

(& +k2) e =0,
1

4
p(a)p =
o
in R\ D.

When z¢ € S, integrals U (Uy ® U,) and T (9, n(y))U (Up @ U, ) have jumps equal to Uy
and U, respectively:

i% (u (U() (&) Ul) (Sﬂo — €TL(330)) —-Uu (Uo 5> Ul) (1’0 + En(fﬂo))) = Uo(l'o),
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lim (T (0y,n(y)) U (Up & Uy) (zo — enl(zo)) —

e—0
—T (0, n(y)) U (Up @ Uy) (w0 + 6n(sco))) = Uy (2).

n(z) = (ni(x),n2(x), n3(z))— unit normal vector at point zz € 9D, external with respect to the
domain D.

We introduce the notation U~ (Uy ® Uy) (z) = U (Up ® Uy) (x), = € D, where D = D
and D~ = R3\D.
Theorem 3.1. For the existence of a solution U € C'(D U S) of the Cauchy problem (3.1) it is
necessary and sufficient that the integral U (Uy ® Uy) can be continued from R3\D through S
into D as a real analytic function.

Proof. Necessity. Let there be a solution U € C'!'(DUS) of the Cauchy problem (3.1). We define
the function V' as follows

V(x)_{ UUyaU)-U, z€D, 33)

Uloal,), =zeR\D.

We denote by V () the restrictions of V to D and R*\ D, respectively. Based on formulas (2.6)
and (3.2) we obtain

Vi(z) =~ / ({T 0y, () Py — 2)} Uly) — Pz — y) {T 3y, n(y)) Uy)} )ds,
dD\S
forall x € D.

It follows that V' continues through S to an analytic function V on all R*\(9D\S) with
values in R® i.e.

V(z) = / (7 (Dy,n(y)) ¥y — 2)} Uly) —¥(@ —y) {T (3, n(y)) U(y)} )ds, +

S
+ / W(a — ) M(9,)U(y)dy

for all z € R3\ D. Therefore U (Uy @ U;) continues from R*\ D through S to D as a real analytic
function. —

Sufficiency. Conversely, let U (Uy @ U;) extend to a real analytic function V' from R3\£7
through S to D with values in R®, such that V = U (Uy @ U;) outside any neighborhood of D.
Then o

M(9,)V(x) =0, z € R®\D.

Since the function M (9,)V is real analytic , it also vanishes on D.

Let

Ulx) =UUy® U) (z) —V(x), x € D.

From the above it follows that U is a smooth function on S, satisfying the equation MU +pF =0
in D.

We claim that U is the required solution of problem (3.1). It can be verified that U = U,
and T'(9y,n(y))U = Uy on S. Since V is smooth in R*\(9D\S), we can easily use the Sokhot-
ski—Plemelj formula ([10], ch. 10.1.2) get

Uly) =UUodUh)" (y) =V () =Uloa )" (y) -V (y) =
=UUpdT))" (y) ~U U & T1)™ (y) = Uo(y), y€S,
similarly
T(9y,n(y))U(y) = T(3y, n(y))U (U & U1) " (y) = T(3y,n(y))V* (y) =
=Ty, n(y))U (Up & U1)" (y) = T(y,n(y))V ™ (y) =

) )
= T(9y,n(y)U (Vo & U1)" (y) = T(@y, n(y)U (Uo & Ur)~ (y) = Ui(y), y €S,



836 I. E. Niyozov, D. A. Juraev, R. Efendiev and A. Kashuri

4 Bases with double orthogonality. Carleman’s formula

Section 4 introduces the method of harmonic expansion using bases with double orthogonality to
address the analytical continuation of solutions for the Cauchy problem in the moment theory of
elasticity. The authors focus on a special case where the domain is spherical or nearly spherical,
allowing the use of spherical harmonics and Bessel-type functions to represent solutions effec-
tively. These functions form an orthonormal basis in one domain and an orthogonal basis in a
subdomain, which enables precise control over convergence and accuracy. The section explains
how these specially constructed basis functions can be used to expand the fundamental solution
of the associated Helmholtz-type operator. This expansion leads to a Carleman-type formula -
an explicit representation of the solution that converges uniformly within specific regions of the
domain. Each term in the expansion contributes to building the full solution based on partial
boundary data, and their analytic properties are carefully analyzed. Furthermore, the authors
demonstrate that this series representation allows the solution to be extended from smaller to
larger regions of the domain, provided certain convergence conditions are met. This is crucial in
establishing both the existence and stability of the continuation process. The section concludes
with a theorem confirming that if the series converges in a neighborhood, then the Cauchy prob-
lem is solvable there. This theoretical framework lays the foundation for constructing practical
algorithms for recovering solutions in real-world applications, where data are often limited to
part of the boundary.

Let Q be a bounded domain in R® and let D € Q be a domain with piecewise smooth
boundary such that the complement of D has no compact connected components in 2. Denote
by h?(D) the space of harmonic functions in D of the Lebesgue class L, (D) with induced norm.
Consider in the space h?(D) a system of functions {b; } that has some special properties, namely:
{bx.} must be an orthonormal basis in h?(Q) and an orthogonal basis in h?(D). Such systems are
called bases with double orthogonality.

The "Extension problem" in Hilbert spaces of functions has an acceptable solution in terms of
bases with double orthogonality, cf. (see, for instance [14]-[16]). This idea is due to S. Bergman
(1927), who used it to derive a criterion for analytic continuation.

We apply this method to the Cauchy problem (3.1) in the special case where D is a part of a
ball By with center at the origin and radius R > 0. S— is a smooth closed surface in Bg, which
splits it into two connected components Br ™ and By~ and is oriented as the boundary of Bp~
and0 € Bg™, 0¢ 5.

Let D = Br™ and its boundary consists of S and a part of the boundary of the sphere 0Bpr
in R?. As shown above, the integral U (Uy @ U;)(z) is a solution of the equation M (9,)U(Uy &
Uy)(x) = 0 and its components satisfy the equation p(A)y = 0 outside D.

The latter equation is in fact scalar and follows from the former. Here we apply bases with
double orthogonality to obtain a condition for the analytic continuation of the solution of the
equation p(A)e = 0 from the small ball - the neighborhood of zero - to the large ball Bg.

The Helmholtz operator A + k? in spherical coordinates in R? is of the form

1 o\ o
A+k2=ﬂ{<rw> +rar+k2r2—As}a

where Ag— is the Laplace-Beltrami operator on the unit sphere. Recall that k2 — is an arbitrary
real number.

It is well known that the solution of the Helmholtz equation in this coordinate system has the
form

1
u(r, ®, 19) = W‘Lx-&-% (kT)Y;L((Pa ﬂ)a
where J,, 1 (kr) is the Bessel function of order (n + 1), Y,,(¢, ) is the spherical functions of

order n (See, [12]).
For convenience, we introduce the following notation in what follows

1 s G

—dJ i(kr)=7r"{ =
1) (2 IT(j +n+3)

\/77 n+ = T‘njn(/m") s

=07
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Pn,m ('T) = |x‘n Y;In (0’ (,0) .

P, ., -homogeneous harmonics of order n (spherical functions).
The following theorems are true

SublaDPrm(@) 2 pyn=1,2,3,...isan
I rk)
0

rdr
orthonormal basis in L, (Br) and an orthogonal basis in L, (B) , where B is an arbitrary ball
centered at zero.

Theorem 4.1. For each R > 0, the system

rH»%(

Theorem 4.2. For the fundamental solution of the Helmholtz equation in R3, the expansion

1 exp(iklz —y|) <
Cnom \Y, klx x), 4.1
S e R ZOmZO (. k) T (K|z]) P () (@.1)

where the series converges uniformly together with all its derivatives on compact subsets of the
cone K = {(z,y) e R* xR : [z < [y}

Here
Cn,m (y7 k) =

—1
vl

1 exp(ik|z |) 2
| [T, ey Pyt | | [ 1y

[yl 0

The representation (4.1) obtained for the fundamental solution allows us to obtain the Carle-
man formula for recovering the solution of the homogeneous system (2.1)

o0

Y(y—z) =) Wnlzy) (4.2)

n=0

where the series converges uniformly with all derivatives on compact subsets of the cone X =
{(z,y) € R* x R*: |z| < |y|} and each \P,, is a block matrix of size 3 x 3 such that What,

] =

2 n
(1 _ 9 =
Y,k (@) = 1 (%aq +bq B ax) m§:0 Cnm (Y, kg) Tn (k|2]) P (),

q

2 3
1P51>k] (x,y) = lP’EL,)k‘j (z,v) N "y Z Z&;Sk;pa Z nm(Ys kq) T (El2]) Prm (2),
q=1 p=1
4
n kj Z (6kjcq +dqaxkax ) Z Cn,m y? (k|$|) ( )7
qg=1

where k,j = 1,2, 3.

Now, if we replac

O with —-2_ then we get
Theorem 4.3. Each term V,,(x, y) is a real analytic
matrix-valued function on R® x (R*\{0}) , satisfying the equations

M(0:,)¥n (2,y) = 0, M'(3,) (¥ (2,9))" =0.

Proof. These properties of the matrix ¥, (z,y) follow from its construction. The singularity at
lyl

y:Oisduetof’J , (k) ! rdr. o
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The series (4.2), expanded using ¥,, (z,y), n = 1, 2, 3, ..., which satisfy the transposed
equation M'(9,) (¥, (z, y))" = 0, is already sufficient to obtain an explicit formula for solving
the Cauchy problem (3.1).

Let

WO (a) = Wl — y) — S W, (). () € B x (B (0)).
v=0

Theorem 4.4. For any vector function U € C'(D) (we can assume U € C'(DUS)) the integral
representation is true

U(z) =
= tim [ ({7 @) (#7) (2.9) "} U0~ ¥ )T 0 U} )
+ lim [ W) (@) M(3,)U(y)dy
forVz € D.

Proof. From Theorem 2.5 and Green’s formula for z € D we have

[ ({r@m =)} 06 - %) @m0 U} s+

oD

+ [ ¥ =)}V )y = Ula), (43)
[ ({7 @) (20 @)} 00 = W) ) (T @, U ) ) s+

D

where ¥,y (z,y) = >_,_o ¥, (#,y)— is a regular solution of the system (2.1).
Subtracting (4.4) from (4.3) we get

[ ({7 @) (8 )T} 00) =) ) (T @) U} ) s+

aD
+ [ M @)U )y = Vo), @)
D
We represent the first term on the left side of formula (4.5) as

J ({7 @ (8 )T} 00 =¥ ) (T @) U} ) sy =1 4 1o,

oD
Where
n= [ ({T @ ) )T} 06 - @) T @) U} ) s
S
n= [ ({T@um ¥ @)} U ¥ @) (@, U ) s,
D\ S

For y € 0D\S, where |z| < |y|, in the integral I, the sequence of matrix-valued functions
pn) (y,z) by Theorem 4.2 uniformly converges to zero when n — oo. Therefore, in (4.5)
passing to the limit at n — oo, we obtain the statement of the theorem. O
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Let U be a solution to problem (3.1). Outside S in R? we have

[ ({r @ (8 @)} 00 = 9 (0.0) 17 0 m) V) ) s+
S

+ [ ¥ )M (0,)U )y = (T © U)(e)  Vao), 4.6)
Where .
Vo () = [ ({7@0) () 00) T} 00lo) = Py 0i0)) s+
S
+ [ Wy (e,0)M @)U )y,

Vi @) = 3= [ [ ({7 @) (Fe) T} 000) = o)V ) ) s~
S

—/D‘i’m (yaw)pF(y)dy} :

Now let ¢ = dist {0, S} > 0. If x € B., then the left-hand side of (4.6) tends to zero, since
the series (4.2) converges uniformly together with its first derivatives with respect to y on S. It
follows that the sequence V;, converges to U (Uy & U;) uniformly together with its derivatives on
compact subsets of the ball B..

From the last results and Theorem 3 we obtain the following solvability condition for problem

3.1).

Corollary 4.5. If the sequence {V<n>} converges uniformly on compact subsets of the ball Bg,
then the Cauchy problem (3.1) is solvable.

Proof. Since the terms of the sequence {V<n)} are componentwise solutions of the scalar equa-
tion p(A)p = 0, then by the Stieltjes-Vitali theorem its limit V' = lim,, ., V{,,) also componen-
twise satisfies the same equation in Br. Consequently, V' is a real-analytic function in Br with
values in R3. Since V' coincides in the small ball B, with U/, this guarantees by Theorem 3.1 the
solvability of the Cauchy problem. O

5 Decision criterion in the language of the Carleman matrix

Section 5 introduces a refined approach to solving the Cauchy problem for the system of mo-
ment elasticity theory using the Carleman matrix - a specialized analytical tool designed for
problems with partial boundary data. This matrix is constructed to meet specific conditions: it
incorporates the fundamental solution of the system and a correction term that vanishes outside
the domain, ensuring the regularity and stability of the method. The Carleman matrix enables
the transformation of the Cauchy problem into an integral identity that remains valid inside the
domain, providing an explicit framework for both verifying and approximating solutions. The
authors describe the domain settings where the method is applicable, focusing particularly on
geometries like cones and half-spaces, which are common in applications such as wave propa-
gation and structural mechanics. They also demonstrate how the Carleman matrix depends on
a parameter that controls the decay of the kernel, making it possible to localize the effect of
boundary data and regularize unstable components. A key contribution of this section is the
presentation of a solvability and stability criterion expressed through integrals involving the Car-
leman matrix. This provides a practical means to assess whether a solution exists and to estimate
its behavior. The section also highlights how the matrix form of the Carleman function allows
a unified treatment of displacement and rotation fields in elasticity theory, making it a powerful
tool for complex coupled systems.
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Here we consider the Cauchy problem for a homogeneous system of moment elasticity the-
ory.
Let us introduce the following notation:

T = (xla$27$3)7 Yy = (y17y27y3) S R37 CC/ = (07 56’2,553), y/ = (an25y3)7

s=al =l —y P’ =ly—alf =5+ (y1 — @),

Gp:{y€R3 : \y'| < TY1, Y1 >0,T:tgzlp,p> 1},
G, ={yeR’: |y|=1y1, y1 >0, 7 = tgzlp7 p>1}, G, = GpUaGp»
€, €1, &, denote sufficiently small positive constants,
G;:{yeR3:\y/\ <7t(y1—¢), m >£7T:tg21p7p> 1},
06, ={y € R : |yl =7y —e), y1 > & 7 =tg5, p > 1,
Gif,z Gf,U@G;, T = sinzlp, p>1,

D, is a bounded simply connected domain with boundary 0D, consisting of a part of the
surface of the cone G, (in the two-dimensional case of ray segments with a common origin)
and a smooth surface S (smooth curve) lying inside the cone (angle) G,. The case p = 1— is
the limiting one. In this case GG is a half-space y; > 0 and JG; is a hyperplane y; = 0, D,
is a bounded simply connected domain with a boundary consisting of a compact connected part
of the hyperplane y; = O (in the two-dimensional case, a segment a < ¥y, < b) and a smooth
surface S (a smooth curve) lying in the half-space y; > 0, D, = D,|J8D,, Sy is the set of
interior points of S, i.e. a surface without a boundary.

The solution of the problem will be constructed in the domain D,,, when the Cauchy data are
specified on part .S of the boundary 0D,. The Cauchy problem for the system of moment theory
of elasticity is one of the ill-posed problems.

The analysis is conducted under the assumption that a solution to the problem exists and is
unique. It is further assumed that the solution is continuously differentiable within the closure
of the domain and that the Cauchy data are given precisely, without error or approximation. For
this case, an explicit continuation formula is established, which is an analogue of the classical
formula of B. Riemann, V. Voltaire and J. Hadamard, constructed by them for solving the Cauchy
problem in the theory of hyperbolic equations. The found formula allows us to formulate a
simple and convenient criterion for the solvability of the Cauchy problem.

The method for obtaining the indicated results is based on the explicit form of the funda-
mental solution of the Helmholtz equation, depending on a positive parameter that disappears
together with its derivatives as the parameter tends to infinity on a fixed cone and outside it,
when the pole of the fundamental solution lies inside the cone. Following M. M. Lavrentiev,
we call the fundamental solution with the indicated properties the Carleman function for a cone
[13]. After constructing the Carleman function in explicit form, the continuation formula and
regularization of the solution to the Cauchy problem are written out as the difference between the
generalized potentials of the simple and double layers. The existence of the Carleman function
follows from the approximation theorem of S. N. Mergelyan [6].

The continuation formulas proved below are explicitly expressed in terms of the Mittag-
Leffler function, so we present its main properties without proof. They are given in [8] with
detailed proofs.

The entire Mittag-Leffler function is defined by the series

> w”
E,(w) = Z Loy p>0,weC, E(w)=erpuw,
=0 p

where I is the Euler gamma function, C is the complex plane. Throughout what follows we will

assume p > 1. Let v = 7(1,8),0 < 8 < %7p > 1, be the contour in the complex plane w,
traversed in the direction of non-decreasing arg w and consisting of the following parts
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1) the ray argw = —f, |w| > 1,

2) the arc — < argw < S of the circle |w| = 1,

3) the ray argw = 3, |w| > 1.

The contour v splits the complex plane C into two simply connected infinite domains D~
and DT, lying to the left and right of ~, respectively. We will assume that 3, <B<Z,p>1

Under these conditions, the following integral representations are valid:

E,(w) = exp(w”) + ¥,(w),w € DT, (5.1)
Ey(w) =¥ (w),w e D, E,(w) =%¥,(w),we D", (5.2)
where od od
_ P [expstds P [ expePds
Pplw) = 27ri/ c—w ’ ¥y (w) 2mi / (¢ —w)? (5-3)
v Y

Since E,(w) is real for real w, we have

ReW, (u) — ¥, (w );‘P _ZL/ (¢ — Rew) exp(w))d (5.4)
Y, (w) -¥Y,(w) plmw exp(s”)ds
Im¥ (w) = 2 = 2ni / c—w)s—w)’ (5:5)

~

Im

lP/p(U)) P / 2(( - Rew) eXp(Cp)dC. (5.6)

Imw ~ 2mi (¢ —w)? (s —w)?

5
Everywhere below in the definition of the contour (1, 3) we will take 8 = % + 3, p> 1. Itis
clear that if -
— + e < Jargw| < T, 5.7
2p
then w € D~ and E,(w) = ¥,(w).

Let’s denote

_ P (P exp(¢*)d¢ _ _
Ik’p(w)_Zm'/(C—w)k(C—w)k”k_1’273""’ p=0,1,2,....

For ﬁ + &7 < |argw| < 7 the inequalities are valid [16]

M, / M,
E < —— 5.8
Ep(0)l < T )l < 1o (5.8)
M;
< —F = .
‘Ilﬁp(w” — 1_|_ \w|2k’ k 172737 (5 9)

where M, M,, M3 are constants independent of w.
Let G;} ={{=y1+iy:|pl <Tu}, G/pg ={z=u 1+ iz |12 <7(x1 —€), 21 > €}.
Next, we show that for ¢ € (C\G'p(C Syl > Ty), 2€ K C Glpg (|xa| < 7(my — €), 11 > &),
where K — is an arbitrary compact set, for £, the following inequalities are true (5.8) in which

w = o(¢ — 2), lw| = | — 2| > cer (the distance from the compact to [“)G/p is not less than
e71). For this purpose, we transform difference

) TX
T((—2)=7C—Tz=TY1 —TE1 +i7(Y2 — T2) = |Y2 — 72| (:EZT + |y2—xz])

s
T:tngp,p>17yz#mz-

Since
TY — TX] Y —&Tp —TE

ly2 —m2| T [y2 — 22|

<1—¢
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and

1+t 1,
(12002 -5 L0

as well as

arg (a:l:itgw)‘ > L for |a| <1,
2p 2p

then from arg[7(¢ — z)] = arg(¢ — z), we conclude that arg({ — z) satisfies the condition (5.7).

Consequently, E,(w) =¥ ,(w),w = 0(¢ —2),0 > 0,3 = 75 +  and for E, the inequality
(5.8) holds, where |w| = o|¢ — 2| > oeTy.

If y, = @7, then Re(¢ — z) < 0 and the inequality (5.8) holds for sure.

Let us consider the Cauchy problem for the system (2.1): We need to find a regular solution
of the system (2.1) U(z) in D, given U(y) = Uo(y), T(9y,n(y))U(y) = Ui(y), y € S ie.

M (9,)U(x) =0, = € D,,
Uly) = Uo(y), y €S, (5.10)
T(9y,n(y))U(y) = Ui(y), y € S,

where Uy € C'(S) N Li(9), Uy € C(S)N Lyi(S).

To solve this problem for a given simply connected region, the Carleman function method
is used, i.e., the Carleman matrix is constructed and, using this matrix, a formula is given for
finding the solution inside the region.

Definition 5.1. The Carleman matrix of a domain D and a surface S is a (6 x 6)— matrix
I(y, z,0), depending on two points y,z € D and a positive numerical parameter o, satisfy-
ing the following two conditions:

1) H(y7x7 U) - lP(y - (E) + G(y>$70)7

where the matrix G(y, z, o) satisfies with respect to the variable y the system (2.1) everywhere
in the domain D, ¥(y — x)— is the matrix of fundamental solutions of the system (2.1);

2) / (M, z,0)] + [Ty, W)TI(y, z,0)]) ds, < (o),
8D\S

where £(0) — 0, for ¢ — oo; |II|— Euclidean norm of the matrix IT = ||IT;;||¢xe, i.e., [II] =

s\
YOI
=1

Now, taking into account Theorem 2 and Green’s formula based on the definition of the
Carleman matrix for M (9,)U(y) = 0, for the domain D, we have

[ 2,00 M.0)) T ) = Ty, )Ty )V ()} s, =

oD,

) Uz), ze D,
_{ 0 gD (5.11)

where I1(y, z, 0)— is the Carleman matrix.
Using the Carleman matrix, it is easy to derive a stability estimate for the solution to the
Cauchy problem (5.10), as well as to indicate a method for effectively solving this problem.
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In order to construct an approximate solution to the problem (5.10), we construct the Carle-
man matrix as follows:
:

N (y,z,0) = [N @w20)|, . i=1234,
3x3

Yy, z,0)
0 (y, z,0)

n®
H(y,m U y (y,x,cr)
% (y, z,0)

4
0 ) .
M 02:0) = 3 (B0 + b ) @), i =1.2.3

o o B (5.12)
kj (y,x, U) - ij (y7$70) -
4 3
200 - 0
= SO eitrisg—  Po(ymiidg), k=123,
uw+a = 0Ty,
) ¢ 0
4 . .
HMW”:;GWﬁ%%m)QM%wthLM,
where -
1 K, (w) | cos(Au) du
ot ) =ty = ey [ [ O
0

Ky (w) = exp(w?)E,(ow), w = ivu?+ a4y — 2;.

From the results of works [11]-[13] it follows
Lemma 5.2. The function ®,(y — z, \), defined by the formula (5.13) can be represented as

exp(idr)

Poly —2,A) = 47r

+séjtj'(:l/_x)A% T:|y_x|a (514)
where ¢, (y, \) is some function defined for all values of y € R3 X\ € C, regular in y and
satisfying the Helmholtz equation: A(0y)¢s + N, = 0, and the inequality is true

C(\,Dy)
1+o

D, (y—x, )

/ ‘@U(y —z,A) + . = lds, < (5.15)

where C(\,D,)— is some function bounded inside D,, does not depend on o, and A(d,) =

Kol 5 82
By] + By‘ + (’)y2

We will call the function @, (y —z, ) the Carleman function for the Helmholtz equation. Let
us present some properties of the Carleman function.
Let us introduce the notation

0
Fd(yfxa)‘) = %q)d(yfva)'

The following lemma holds [8]

Lemma 5.3. Let K be a compact setin G, § be the distance from K to 0G ,. Then for o > 0 for
reK,yeR¥\ G, (ly'| > my1) the following inequalities hold

8(I)O' _ 7A —
CDg(y—x,)\)|+’(gmﬂ‘écl(p,é)r(l+aé) L (5.16)
Fo - 7>\ _
|Fg(y:z:,>\)|+‘8(gy$) < Co(p,6)r(1 + 02627, 7> 6> 0, (5.17)
k

where constants C, Cy do not depend on x,y and o.
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From Lemma 5.2 we obtain

Lemma 5.4. The matrix I1(y, z, o), defined by formulas (5.12), (5.13) is the Carleman matrix of
problem (5.10).

Proof. From (5.12), (5.13) and Lemma 5.2 we have
H(y,x, U) = lP(y - .’L‘) + G(y - JI,O’),

Where
G(l)(y —x,0) G2 (y —z,0)

Gly—2.0) = GOy —=z,0) GY(y—=z,0)

Gy —w0)= |G —zo)| . i=1234
3x3

4 2

9 .
GEJJ)(yix’U) = Z (5kjaq +bq3xk8x> SDC/'(y*xakq)’ k?] = 132333
q=1 J

4 3 9
ZzgqgkjmaT@U(y_m7kq)7 kaj:152537

g=1 m=1

Gy —2,0) =GOy —z,0) =

a .
ngg)(y —z,0) = Z (5k-jcq + dq(?x;ﬁx-) 0oy —x, ky), k,j=12,3.
J

By direct calculation one can verify that the matrix G(y — z, o) satisfies the system (2.1) with
respect to the first variable everywhere in D,,.
Based on (5.12), (5.13), and (5.16) we obtain

Cl (l‘)

[ (N0.0) 4170, n() WUy ,0)) ds, < T2, (518)
aD,\S
where C'(z)— is some bounded function inside D,,. The lemma is proved. i
Let
Ua(w) = [HT(Opnly) Ty .)) U 0)- (5.19)
5
—(y, z, 0 ){T(9y, n(y))U(y)}dsy, = € D,.
We have

Theorem 5.5. Let U(x)— be a regular solution of the system (2.1) in the domain D,,, satisfying
the condition

U )|+ T8y, n(y))U(y)| < M, y € ID,\S.

Then for o > 1 and x € D, the following estimate holds

U () - Uy (2)] < M ii(x),

1
where Cy(x) = / T—zdsy7 r=|z—uyl
oD,

The proof of the theorem follows from formulas (5.11), (5.19) and from inequality (5.18).
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Remark 5.6. Under the conditions of Theorem 5.5, the following equivalent continuation for-
mulas are valid

U(z) = lim [ [{T(9y,n)I(y,2,0)} " U(y) — Ny, z,0){T(8y,n)U(y)}dsy,  (5.20)

U(z) = /[{T(ay» n)¥(y — )} U(y) — ¥z — y){T(dy,n)U(y)}]ds,+ (5:21)
S
+ [ R(o,z)do,
/
Where
R(o,x) = /[{T(ay,n)Q(y,x,a)}TU(y) = Q(y, z,0){T(9y,n)U(y)}dsy, (5:22)
S
Qy,z,0) = %H(y,x,a) = H(Ifang;(y,z,a) ,i1=1,2,3,4.

The equivalence of the continuation formulas (5.20) and (5.21) follows from the formula

lim U, (z) = /dU‘T(I)dU—i— Uo(z),

o—00 do
0

and here the existence of a limit on the left-hand side of the equality is equivalent to the existence
of an improper integral on the right-hand side.

Based on the continuation formulas (5.19) and (5.20), we present a criterion for the solvability
of the Cauchy problem (5.10).

Theorem 5.7. Let S € C?, Uy € C'(S) N Li(S), Uy € C(S) N Li(S). For the existence of a
regular solution U (x) of the problem (5.10) in the domain D, it is necessary and sufficient that
for each x € D, the improper integral

/R(U7 x)do < oo (5.23)
0

converges uniformly on each compact set K C D,,. If these conditions are met, then the solution
is determined by two equivalent formulas (5.20),(5.21).

Proof. Necessity. Let there exist a regular solution U(z) of the system (2.1) in the domain D,
satisfying the conditions U(y) = Uy(y),T(d,,n)U(y) = Ui(y), y € So, where Uy € C'(S),
Ui € C(S), K— is compact in D,. We choose £ > 0 such that K C épze C G C G,. The
distance from K to JG7, is not less than 7. We denote by S the part of S, lying in the closed
sector @; , and by D7 the region of the part @Z , bounded by the surface S.. By definition of
matrix-valued function R (o, 2) we need to consider the function

o0
, cos \udu

) 1 ,
%CIDU(y—x,)\) = ﬁ/lm[exp(w )EP(O"LU):IW,

0
where w = ivVu2 + a2 +y; —x1, o = (2 —x2)>+ (y3 —23)?, a > 0. Itis regular in y and z in
the whole space, therefore all elements of the matrix a—H(y, x, o) are regular. Then, according

o

to Green’s formula applied in the domain Dy with boundary S |J P, where P. = 8DZ\SE, we
have

/ {T(0,,0)Qy,2.0)} U (y) — Oy, 2, 0){T(0y, n)U ()} )ds, =
Se
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— U7, 95,200} V(W) ~ Qpv2,0) (10, )V () sy
Ps
Using this equality and formula (5.22), we obtain

Rio.a)| < | \{T<ay,n>sz<y7x,a>}w<y> —Qy, 2, ) {T(0, )V (y)} |ds, +
Se
+ [ ]{T<ay,n>sz<y,x7a>}TU<y>—Q(y,x,aw(ay,n)v(y)}dsys
S\ S,
< [ 11960 + {T(@y: m)w.7,0)} ] 1W(0)| -+ U1 (5} sy +
+ / [19(y, 2.0)] + {T(0,.m)Qy. 2, )} T[] [Vo(w)] + U1 (5)) sy
S\S.

Letz e K (|2'| < 7(x; —2¢),21 >2¢),y € P.U(S\S:), (Jy'| > 7(y1 —€),y1 > ). Then

TY| — T |y,| — |x/| —T€
Vui+a?2 =y o

and for argument arg w = arg(7w), where Tw = itvVu? + o2 + TYy; — TX].
Thus, inequality (5.7) is true, if y = 2’ then Rew < 0 and this inequality is certainly true.
Consequently, for ®,(y — x,\), Fy(y — o, A) the following estimates hold: (5.16) (5.17),
where 6 > 7.
Now, based on the inequalities (5.8), (5.9) and Lemma 5.3, we have

1< Clee)
- 1—|—5371303’

<l—¢e,u> O,y/ neqac/

R(o,x)

where C(p,e)— is a limited number. From the last inequality we obtain the condition (5.23).
Necessity is proven.

Sufficiency. Let S € C2, Uy € C'(S), U; € C(S) and the inequality (5.23) holds.

Let us show that there exists a regular solution U(x) of the problem (5.10) such that U(y) =
Uo(y), T(9y,n(y))U(y) =Ui(y),y € So. Consider the function U (), defined by two equivalent
formulas of the form (5.20) and (5.21). The first term on the right-hand side of the formula (5.21)
specifies two functions that are regular solutions of the elliptic system (2.1) in regions D, and
R3 \ D,, respectively, such that the differences between their limit values along the normals and
their stresses (z(1), 2(2) are two points on the normal that are symmetrical with respect to the point
y € So, as they tend to y ) on Sy are equal to the vector functions Uy(y) and U, (y), respectively,
and if one of these functions is continuous in the corresponding region up to Sy, then the other
one also has this property. The second term on the right-hand side of (5.21) by (5.23) is a regular
solution of the system (2.1) in Ri. Thus, the right-hand side of the formula (5.21) defines two
regular solutions U™ (x) and U~ () in the domains D, and R3\ D, respectively, such that for
every point y € Sy the equality

Ut(y) = U~ (y) = Uo(y),
{ T(9y,n)U*(y) — T(9y,n)U~(y) = U1 (y), (5.24)

where the limit relations are satisfied uniformly with respect to ¥ on each compact part of Sp.

If max{y; : y € 5p} < x1, where y € S,z € G,, then Rew = y; — 21 < 0 and for
@, (y—=, A) and its derivatives the inequality (5.16) holds. Now from formula (5.19), we see that
U~ (z) = 0 and according to the uniqueness theorem U~ (z) = 0,z € D,. Itis clear that U~ (x)
can be smoothly extended to D,USy. Then U (x) can also be smoothly extended as a function of
class C'! (D,USp) (see [6], lemma 5.2). Further, we note that from formula (5.20) and inequality
(5.18) it follows that U~ (z) = 0 for z; > max{y; : y € D,}. Then, according to the uniqueness
theorem (since the solution of elliptic systems is analytic [7]) U~ (z) = 0, = € R3\D,. Now
from (5.24) we obtain the statement of the theorem. O
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Theorem 5.7 contains a necessary and sufficient condition for the continuability of the func-
tions Up(y) and U;(y) from the class C'1(S) N Ly(S) and C(S) N Ly (S) to the domain D, as
a solution of the system of moment theory of elasticity. In the theorem, the condition on Uy(y)
and U, (y) expressed by the inequality (5.23) guarantees the existence of a solution, its stability
and allows one to simultaneously construct an explicit solution in the form (5.20) or (5.21).

6 Conclusion

In this article, the authors address the complex and ill-posed Cauchy problem within the frame-
work of the moment theory of elasticity, offering a comprehensive analytical approach grounded
in modern mathematical techniques. By constructing a tailored Carleman matrix and utilizing in-
tegral representations, they establish a rigorous criterion for the solvability of the problem when
only partial boundary data are available. This method not only provides theoretical guarantees
of solution existence and uniqueness but also offers a pathway to practical regularization and
stable reconstruction. The introduction of bases with double orthogonality enables the accurate
expansion of solutions in spherical domains, leading to Carleman-type series that converge under
well-defined conditions. These expansions facilitate the analytic continuation of solutions and
help manage the inherent instability of the problem. Furthermore, the article bridges classical
theory and modern applications by showing how continuation techniques and special functions
can be combined to overcome challenges in inverse boundary value problems.

The results have significant implications for applied fields such as geophysics, structural
diagnostics, and materials science, where internal behaviors must be inferred from limited sur-
face observations. The theoretical tools developed here not only enhance the understanding of
elasticity systems under rotational effects but also contribute to the broader theory of ill-posed
problems. This work paves the way for further research into computational implementations and
the extension of these methods to more general classes of partial differential systems.
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