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Abstract This paper investigates certain properties of graded semirings in relation to their ho-
mogeneous components. We establish necessary and sufficient conditions under which a semir-
ing R, graded by a semigroup G in which all elements are idempotent, exhibits several important
properties: zero-sum free, additively regular, inverse, E-inversive, yoked, k-regular,c-semiring,
or MV-semiring in terms of its homogeneous components. Furthermore, we derive necessary and
sufficient conditions for an augmented graded semiring R, graded by a monoid G with identity in
which all elements are idempotent, to be zero-sum free, additively regular, inversive, E-inversive,
or yoked, in terms of the homogeneous component with respect to the identity element.

1 Introduction

The concept of semirings was first introduced by H. S. Vandiver in 1935 [20], and it has since
attracted the attention of many researchers. In 2008, Sharma and Joseph [19] studied semirings
graded by a finite group. The notion of augmented graduation of rings was introduced by Refai
in 1997 [15], and was later extended to semirings by Darwish, Alnader, and Qrewi in 2021 [7],
who investigated several results related to this concept.

This paper explores various properties of graded semirings through an examination of their
homogeneous components. Specifically, we provide necessary and sufficient conditions under
which a semiring R that is graded by a semigroup G whose elements are all idempotent, satisfies
key properties such as being zero-sum free, additively regular, inverse, E-inversive, yoked, k-
regular, c-semiring, or MV-semiring in terms of its homogeneous components. Moreover, we
extend our analysis to the setting of augmented graded semirings. For a semiring R augmented
graded by a monoid G with identity in which all elements are idempotent, we characterize the
conditions under which R is zero-sum free, additively regular, inversive, E-inversive, or yoked,
based on the structure of the homogeneous component corresponding to the identity element.
The main objective of this study is to explore the behavior of graded semirings with respect to
one or more of their homogeneous components. We present several results that contribute to the
development of semiring theory and its applications. Note that, by a semigroup (a monoid), we
mean a multiplicative semigroup (a multiplicative monoid) unless otherwise specified.

2 Definitions

This section introduces key definitions concerning semirings, which will be frequently used
throughout the text [1, 3, 4, 5, 6, 7, 8, 10, 14, 16, 18, 19].

Definition 2.1 ([1, 3]). A semiring is a nonempty setR with associative operations (+) and (.) for
which (+) is commutative and there exists 0 ∈ R such that for each α ∈ R, we get α0 = 0α = 0
and α+ 0 = α, and the multiplication operation is distributive over addition on both sides.
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If (.) is commutative, then R is called commutative. A subsemiring S of a semiring R with
zero 0 is a subset of the semiring R in which α+ β, αβ ∈ S for all α, β ∈ S and 0 ∈ S.

If there exists an element 1 ∈ R such that 1x = x1 = x for all x ∈ R, then 1 ∈ R is said to
be the unity in R and R is called a semiring with unity.

Definition 2.2 ([1]). Denote E+(R) the set of all additive idempotent elements in a semiring R
where an additive idempotent element in R is such an element ζ for which ζ = ζ + ζ. If all
elements in R are additive idempotent, then R is called additive idempotent. Now, if for each
element κ ∈ R, there exists an element ψ ∈ R for which κ + ψ ∈ E+(R), then R is called
E-inversive.

Definition 2.3 ([10, 19]). In a semiring R if for every ζ, κ ∈ R, there exists ψ ∈ R for which
ζ + ψ = κ or κ+ ψ = ζ, then R is called yoked.

Definition 2.4 ([8, 16]). A semiring R is said to be zero-sum free if for all ζ, κ ∈ R, ζ + κ = 0
implies that ζ = κ = 0.

Definition 2.5 ([5]). An element ζ ̸= 0 in a semiring R is called multiplicatively right cancella-
tive if for every ψ, κ ∈ R, we have ψζ = κζ follows that ψ = κ. If every non-zero element in R
is multiplicatively right cancellative, then R is called multiplicatively right cancellative.

Definition 2.6 ([5, 8]). An infinite element in a semiring R is such an element ζ for which
ζ + κ = ζ for all κ ∈ R.

Definition 2.7 ([14]). An element ζ in a semiring R is called additively regular if there exists
unique element κ ∈ R such that ζ = ζ + κ+ ζ. If every element in R is additively regular, then
R is called additively regular.

Definition 2.8 ([14]). An element ζ in a semiring R is called inverse if there exists unique ele-
ment κ ∈ R such that ζ = ζ + κ+ ζ and κ = κ+ ζ + κ. If every element in R is inverse, then R
is called inverse.

Definition 2.9 ([6, 18]). An element ζ in a semiring R is called k-regular if there exist η, κ ∈ R
for which ζ + ζηζ = ζκζ. If every element in R is k-regular, then R is called k-regular.

Definition 2.10. [13] In a semiring R if ζκ = 0 follows that ζ = κ = 0 for all ζ, κ ∈ R, then R
is called zero-divisor free.

Definition 2.11 ([17]). A commutative additively idempotent semiring R with unity 1 is called
c-semiring if ζ + 1 = 1 for all ζ ∈ R.

Definition 2.12 ([6, 18]). An additively idempotent semiring R is called k-semifield if for every
ζ ∈ R and for every 0 ̸= η ∈ R, there exist ψ1, ψ2, θ1, θ2 ∈ R for which ζ + ηψ1 = ηψ2 and
ζ + θ1η = θ2η.

Definition 2.13 ([4]). On every additively idempotent semiringR there is a natural order ≤ given
by ζ ≤ η iff ζ + η = η for every ζ, η ∈ R. Now, A commutative additively idempotent semiring
R with unity 1 is called MV -semiring if for each element ζ ∈ R, there exists a greatest element
ζ∗ for which ζζ∗ = 0, and for every η, κ ∈ R, we have η + κ = (η∗(η∗κ)∗)∗.

Note that when R is MV-semiring with unity 1, we obtain the following properties [4]

• 0∗ = 1, 1∗ = 0;

• η ≤ 1 for all η ∈ R.

Definition 2.14 ([7, 19]). A graded semiring R by a group (a semigroup, a monoid) G is a
semiring in which R = ⊕

t∈G
Rt where Rt is an additive submonoid of R and RtRs ⊆ Rts for

all t, s ∈ G. Denote (R,G) the grading of the semiring R by G. For all t ∈ G, Rt is called a
homogeneous component of the grading (R,G). The support of the grading (R,G) is a subset
of G denoted by Supp(R,G) defined as {g ∈ G|Rg ̸= {0}}.

It can be easily seen that if R is graded by a monoid G with identity e, then Re is a subsemir-
ing of R.
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Definition 2.15 ([7]). An augmented graded semiring R by a monoid G with identity e is a
semiring satisfies the following:

(i) Both R = ⊕
g∈G

Rg and Re = ⊕
g∈G

Re−g = ⊕
g∈G

(Re)g are graded by G.

(ii) For each element g ∈ G, there exists an element ψg in Rg for which Rg = ⊕
h∈G

Re−hψg.

(iii) For every g, h ∈ G where ψg ̸= 0, ψh ̸= 0 are two elements in Rg, Rh respectively such
that Rg = ⊕

t∈G
Re−tψg and Rh = ⊕

t∈G
Re−tψh, we have ψgψh = ψgh such that ψgh is an

element in Rgh where Rgh = ⊕
t∈G

Re−tψgh and (xψg)(yψh) = xyψgh for all x, y ∈ Re.

3 On Graded Semirings

This section examines some properties of graded semirings (augmented graded semirings)
and their homogeneous components. First, we derive necessary and sufficient conditions that
if R is a graded semiring by a semigroup G in which all elements are idempotent, then R is
zero- sum free, additively regular, inverse, E- inversive, yoked, k-regular, c- semiring, or MV -
semiring in terms of its homogeneous components.

Theorem 3.1. Let R = ⊕
g∈G

Rg be a graded semiring by a semigroup G in which all elements are

idempotent. Then

(i) R is zero-sum free iff Rg is zero sum free for all g ∈ G.

(ii) Let ζ =
∑
g∈G

ζg, where ζg ∈ Rg for all g ∈ G, be an element in R. Then the element ζ is

infinite in R iff ζg is infinite in Rg for all g ∈ G.

(iii) R is additively regular iff Rg is additively regular for all g ∈ G.

(iv) R is inverse iff Rg is inverse for all g ∈ G.

(v) R is E-inversive iff Rg is E-inversive for all g ∈ G.

(vi) R is yoked implies Rg is yoked for all g ∈ G.

(vii) Suppose RgRh = {0} for all g, h ∈ G with g ̸= h. Then

a. R is k-regular iff Rg is k-regular for all g ∈ G.

b. Suppose Supp(R,G) is finite. Then R is c-semiring iff Rg is c-semiring for all g ∈ G.

c. Suppose Supp(R,G) is finite. Then R is MV -semiring iff Rg is MV -semiring for all
g ∈ G.

d. R is k-semifield implies Rg is k-semifield for all g ∈ G.

Proof. Given that all elements of G are idempotent, we get Rg is a subsemiring of R for all
g ∈ G.

(i) Assume that R is zero-sum free. Let g be an element in G and ζg, κg be two elements in Rg

such that ζg + κg = 0. Therefore ζg = κg = 0 and hence Rg is zero-sum free. Conversely,
assume thatRg is zero-sum free for all g ∈ G. Let ζ, κ be two elements inR. By hypothesis
R is graded, we can write ζ, κ as follows ζ =

∑
h∈G

ζh, κ =
∑
h∈G

κh such that ζh, κh ∈ Rh for

all h ∈ G. Suppose ζ + κ = 0. Therefore
∑
h∈G

ζh +
∑
h∈G

κh =
∑
h∈G

(ζh + κh) = 0. Now, R

being graded, it follows that ζg + κg = 0 for all g ∈ G. Hence ζg = κg = 0 for all g ∈ G.
Therefore ζ = κ = 0. Thus R is zero-sum free.

(ii) Assume that ζ is infinite. Therefore ζ + t = ζ for all t ∈ R. Let h be an element in G.
Suppose sh is an element in Rh. Therefore ζ + sh = ζ and hence

∑
g∈G

ζg + sh =
∑
g∈G

ζg. It

follows that ζh + sh = ζh. Thus ζh is infinite element in Rh. Conversely, assume that ζg
infinite in Rg for all g ∈ G. Suppose s is an element in R. By hypothesis R is graded, we
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can write s as s =
∑
g∈G

sg such that sg ∈ Rg for all g ∈ G. Therefore ζg + sg = ζg for all

g ∈ G and hence
∑
g∈G

ζg +
∑
g∈G

sg =
∑
g∈G

ζg. It follows that ζ + s = ζ. Thus ζ is infinite in R.

(iii) Assume that R is additively regular and g is an element in G. Let ζg be an element in Rg.
Then there exists unique element κ ∈ R such that ζg +κ+ ζg = ζg. As R is graded, we can
write κ as κ =

∑
h∈G

κh such that κh ∈ Rh for all h ∈ G. Therefore ζg +
∑
h∈G

κh + ζg = ζg.

It follows that ζg + κg + ζg = ζg. Now, R being graded and additively regular imply that
κg is unique. Therefore, Rg is additively regular. Conversely, assume that Rg is additively
regular for all g ∈ G. Let ζ be an element inR. AsR is graded, we can write ζ as ζ =

∑
g∈G

ζg

such that ζg ∈ Rg for all g ∈ G. Then for each ζg ∈ Rg and each g ∈ G there exists a unique
element κg ∈ Rg such that ζg + κg + ζg = ζg. Therefore

∑
g∈G

ζg +
∑
g∈G

κg +
∑
g∈G

ζg =
∑
g∈G

ζg

and hence ζ +
∑
g∈G

κg + ζ = ζ. Now, put κ =
∑
g∈G

κg. As κg is the unique element in Rg

such that ζg + κg + ζg = ζg for each g ∈ G and that R is graded, we get κ =
∑
g∈G

κg ∈ R is

the unique element in R such that ζ + κ+ ζ = ζ. Therefore, R is additively regular.

(iv) The proof of (iv) is done in the same way as the proof of (iii).

(v) Assume that R is E-inversive. Let g be an element in G and ζg be an element in Rg.
Then there exists an element x =

∑
h∈G

xh ∈ R, where xh ∈ Rh for all h ∈ G for which

x + ζg ∈ E+(R). Therefore xg + ζg ∈ E+(Rg). Thus Rg is E-inversive. Conversely,
assume that Rg is E-inversive for all g ∈ G. Let ζ be an element in R. As R is graded, we
can write ζ as ζ =

∑
g∈G

ζg such that ζg ∈ Rg for all g ∈ G. Therefore for each g ∈ G and

each ζg ∈ Rg there exists an element xg ∈ Rg such that xg + ζg ∈ E+(Rg) (we choose
xg = 0 when ζg = 0 for all g ∈ G). Now, put x =

∑
g∈G

xg. Then x ∈ R and x+ ζ ∈ E+(R).

Thus R is E-inversive.

(vi) Assume that R is yoked. Let g be an element in G and ζg, κg be two elements in Rg.
Then there exists an element r =

∑
g∈G

rg in R such that rg ∈ Rg for all g ∈ G for which

ζg + r = κg or κg + r = ζg. Therefore ζg + rg = κg or κg + rg = ζg. Thus Rg is yoked.

(vii) a. Assume that R is k-regular. Let g be an element in G and ζ be an element in Rg. Then
there exist x, y ∈ R such that ζ+ζxζ = ζyζ. By hypothesis R is graded, we can write
x, y as follows x =

∑
h∈G

xh, y =
∑
h∈G

yh such that xh, yh ∈ Rh for all h ∈ G. Therefore

ζ + ζ
∑
h∈G

xhζ = ζ
∑
h∈G

yhζ. Since R is graded and RtRs = {0} for all t, s ∈ G with

s ̸= t, we get ζ + ζxgζ = ζygζ. Hence Rg is k-regular. Conversely, assume that
Rg is k-regular for all g ∈ G. Let ζ be an element in R. Then we can write ζ as
ζ =

∑
g∈G

ζg such that ζg ∈ Rg for all g ∈ G and for each ζg ∈ Rg and each g ∈ G

there exist xg, yg ∈ Rg such that ζg + ζgxgζg = ζgygζg (we choose xg = yg = 0
when ζg = 0 for all g ∈ G). Hence ζ +

∑
g∈G

ζgxgζg =
∑
g∈G

ζgygζg. As the condition

RtRs = {0} holds for all t, s ∈ G with s ̸= t, we get ζ + ζ
∑
g∈G

xgζ = ζ
∑
g∈G

ygζ. Now,

put x =
∑
g∈G

xg, y =
∑
g∈G

yg. Then x, y ∈ R and ζ + ζxζ = ζyζ. Thus R is k-regular.

b. Assume that R is c-semiring and the unity in R is 1 =
∑
h∈G

ζh such that ζh ∈ Rh for all

h ∈ G. Let g be an element in G and let x be an element in Rg. Then x1 = 1x = x.
Therefore x

∑
h∈G

ζh = (
∑
h∈G

ζh)x = x and hence
∑
h∈G

xζh =
∑
h∈G

ζhx = x. Now, by

hypothesis R is graded and RtRs = {0} for all t, s ∈ G with s ̸= t, we get xζg =
ζgx = x. It follows that Rg with unity ζg for all g ∈ G. R being c-semiring, it follows
that R is commutative and ζ + ζ = ζ for all ζ ∈ R. Therefore Rg is commutative and
ζ + ζ = ζ for all ζ ∈ Rg. Let y be an element in Rg. Then y + 1 = 1. Therefore
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y+
∑
h∈G

ζh =
∑
h∈G

ζh and hence y+ζg = ζg. ThusRg is c-semiring. Conversely, assume

that Rg is c-semiring for all g ∈ G. Suppose the unity in Rg is ζg for all g ∈ G, and
put 1 =

∑
g∈G

ζg. By hypothesis Supp(R,G) is finite, we get 1 =
∑
g∈G

ζg ∈ R. Let

η be an element in R. Then we can write η as η =
∑
g∈G

xg such that xg ∈ Rg for

all g ∈ G. Now, Rg being c-semiring for all g ∈ G, it follows that xg + xg = xg
and xg + ζg = ζg for all g ∈ G. Therefore η + η = η and η + 1 = 1. Since the
unity in Rg is ζg for all g ∈ G, we get xgζg = ζgxg = xg for all g ∈ G. Therefore∑
g∈G

xgζg =
∑
g∈G

ζgxg = η. Hence by the condition RtRs = {0} for all t, s ∈ G

with s ̸= t, we get
∑
t∈G

xt
∑
g∈G

ζg =
∑
g∈G

ζg
∑
t∈G

xt = η. Thus η1 = 1η = η. Let ψ, s

be two elements in R. Then we can write ψ, s as follows ψ =
∑
g∈G

ψg, s =
∑
g∈G

sg

such that ψg, sg ∈ Rg for all g ∈ G. By the condition RtRs = {0} for all t, s ∈ G
with s ̸= t and since Rg is commutative for all g ∈ G, we get ψs =

∑
g∈G

ψg

∑
g∈G

sg =∑
g∈G

∑
t∈G

ψgst =
∑
g∈G

ψgsg =
∑
g∈G

sgψg =
∑
t∈G

∑
g∈G

stψg =
∑
g∈G

sg
∑
g∈G

ψg = sψ. Therefore,

R is commutative. Thus R is c-semiring.

c. Assume that R is MV -semiring. Let g be an element in G. Then R is c-semiring and
hence Rg is c-semiring. It follows that Rg is a commutative additively idempotent
semiring. Now, let a =

∑
g∈G

ag, where ag ∈ Rg for all g ∈ G, be an element in R.

Then there exists a greatest element a∗ ∈ R such that aa∗ = 0. As R is graded,
we can write a∗ as a∗ =

∑
g∈G

bg such that bg ∈ Rg for all g ∈ G. Therefore, by

the condition RtRs = {0} for all t, s ∈ G with s ̸= t, we get
∑
g∈G

(agbg) = 0.

Hence agbg = 0 for all g ∈ G. Suppose for each g ∈ G there exists cg ∈ Rg such
that agcg = 0. Now, put c =

∑
g∈G

cg. Supp(R,G) being finite set, it follows that

c =
∑
g∈G

cg ∈ R. We have agcg = 0 for all g ∈ G. Hence
∑
g∈G

agcg = 0. By the

condition RtRs = {0} for all t, s ∈ G with s ̸= t, we get ac = 0. Thus c ≤ a∗. It
follows that cg ≤ bg for all g ∈ G. Therefore for each g ∈ G the element bg is the
greatest element in Rg for which agbg = 0. Denote a∗g

g the element bg for all g ∈ G.
Then (

∑
g∈G

ag)∗ =
∑
g∈G

a
∗g
g . Now, let ψg be an element in Rg. Then we can write ψg as

ψg =
∑
h∈G

ψh such that ψh = 0 for all h ∈ G−{g} and ψ∗
g = (

∑
h∈G

ψh)∗ =
∑
h∈G

ψ∗h

h such

that ψ∗h

h is the greatest element inRh for which ψhψ
∗h

h = 0 for all h ∈ G. Let ζg, κg be
two elements inRg. By hypothesisR isMV -semiring, we get ζg+κg = (ζ∗g (ζ

∗
gκg)

∗)∗.
Therefore, by the condition RtRs = {0} for all t, s ∈ G with s ̸= t and R being
graded, we get ζg + κg = (ζ

∗g
g (ζ

∗g
g κg)∗g)∗g . Thus Rg is MV -semiring. Conversely,

assume that Rg is MV -semiring for all g ∈ G. Then Rg is c-semiring for all g ∈ G.
Therefore R is c-semiring (see viib). Let ψ be an element in R. Then we can write
ψ as ψ =

∑
g∈G

ψg such that ψg ∈ Rg for all g ∈ G. Since for each g ∈ G and

each ψg ∈ Rg there exists a greatest element ψ∗g
g ∈ Rg such that ψgψ

∗g
g = 0, we

get
∑
g∈G

ψgψ
∗g
g = 0. Therefore, by the condition RtRs = {0} for all t, s ∈ G with

t ̸= s, we get
∑
g∈G

∑
t∈G

ψgψ
∗t
t = 0. Hence

∑
g∈G

ψg

∑
t∈G

ψ∗t
t = 0. Now, put ψ∗ =

∑
t∈G

ψ∗t
t .

Then ψ∗ ∈ R (since Supp(R,G) is finite) and ψψ∗ = 0. Assume that s =
∑
g∈G

sg

where sg ∈ Rg for all g ∈ G is an element in R such that ψs = 0. Therefore∑
g∈G

ψg

∑
g∈G

sg = 0 and hence
∑
g∈G

∑
t∈G

ψgst = 0. Given that RsRt = {0} for all t, s ∈ G

with s ̸= t, we get
∑
g∈G

ψgsg = 0. It follows that ψgsg = 0 for all g ∈ G. Now,

ψ
∗g
g being the greatest element in Rg such that ψgψ

∗g
g = 0 for each g ∈ G, it follows
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that sg ≤ ψ
∗g
g for all g ∈ G. Therefore sg + ψ

∗g
g = ψ

∗g
g for all g ∈ G and hence∑

g∈G

sg+
∑
g∈G

ψ
∗g
g =

∑
g∈G

ψ
∗g
g . It follows that s+ψ∗ = ψ∗. Thus s ≤ ψ∗. Therefore ψ∗ is

the greatest element in R for which ψψ∗ = 0. Note that (
∑
g∈G

ψg)∗ = (
∑
g∈G

ψ
∗g
g ). Now,

let ζ =
∑
g∈G

ζg, κ =
∑
g∈G

κg, where ζg, κg ∈ Rg for all g ∈ G, be two elements in R. By

hypothesisRg isMV -semiring for all g ∈ G, we get ζg+κg = (ζ
∗g
g (ζ

∗g
g κg)∗g)∗g for all

g ∈ G. Therefore ζ+κ =
∑
g∈G

ζg+
∑
g∈G

κg =
∑
g∈G

(ζ
∗g
g (ζ

∗g
g κg)∗g)∗g . We shall prove that∑

g∈G

(ζ
∗g
g (ζ

∗g
g κg)∗g)∗g = (ζ∗(ζ∗κ)∗)∗. By the condition RsRt = {0} for all t, s ∈ G

with s ̸= t, we get ζ∗(ζ∗κ)∗ =
∑
g∈G

ζ
∗g
g (

∑
h∈G

ζ∗h

h

∑
t∈G

κt)∗ =
∑
g∈G

ζ
∗g
g (

∑
h∈G

∑
t∈G

ζ∗h

h κt)∗ =∑
g∈G

ζ
∗g
g (

∑
h∈G

ζ∗h

h κh)∗ =
∑
g∈G

ζ
∗g
g

∑
h∈G

(ζ∗h

h κh)∗h =
∑
g∈G

ζ
∗g
g (ζ

∗g
g κg)∗g . Therefore

(ζ∗(ζ∗κ)∗)∗ = (
∑
g∈G

ζ
∗g
g (ζ

∗g
g κg)∗g)∗ and hence (ζ∗(ζ∗κ)∗)∗ =

∑
g∈G

(ζ
∗g
g (ζ

∗g
g κg)∗g)∗g .

Thus R is MV -semiring.

d. Assume that R is k-semifield. Therefore, R is additively idempotent and hence Rt is
additively idempotent for all t ∈ G. Let g be an element in G. If g /∈ supp(R,G),
Rg = {0}. Therefore Rg is k-semifield. Again, if g ∈ supp(R,G), let ζ, κ be two
elements inRg such that κ ̸= 0. Then there exist x1 =

∑
h∈G

(x1)h, x2 =
∑
h∈G

(x2)h, y1 =∑
h∈G

(y1)h, and y2 =
∑
h∈G

(y2)h inRwhere (x1)h, (x2)h, (y1)h, (y2)h ∈ Rh for all h ∈ G

such that ζ+x1κ = x2κ and ζ+κy1 = κy2. Therefore ζ+(
∑
h∈G

(x1)h)κ = (
∑
h∈G

(x2)h)κ

and ζ + κ(
∑
h∈G

(y1)h) = κ(
∑
h∈G

(y2)h). Now, given that R is graded and that RtRs =

{0} for all t, s ∈ G with t ̸= s, we get ζ + (x1)gκ = (x2)gκ and ζ + κ(y1)g = κ(y2)g.
Thus Rg is K-semifield.

We have to mention that the conditions from (i) to (vi) are satisfied when R is graded by a
monoid G in which all elements are idempotent. By (vii) of Theorem 3.1, we have the following
corollaries.

Corollary 3.2. Let R = ⊕
g∈G

Rg be a graded semiring by a semigroup G in which all elements

are idempotent. Assume that RgRh = {0} for all g, h ∈ G with g ̸= h. Suppose R with unity
1 =

∑
g∈G

ζg where ζg ∈ Rg for all g ∈ G. Then Rg with unity ζg for all g ∈ G (see the proof of

(viib)-Theorem 3.1).

Corollary 3.3. Let R = ⊕
g∈G

Rg be a graded semiring by a monoid G with identity e in which all

elements are idempotent. Then

(i) Suppose R with unity 1 =
∑
g∈G

ζg where ζg ∈ Rg for all g ∈ G. Then Re with unity ζe.

(ii) R is k-regular implies Re is k-regular.

(iii) R is c-semiring implies Re is c-semiring.

(iv) R is k-semifield implies Re is k-semifield.

Next, we shall prove that ifR is an augmented graded semiring by a monoidGwith identity in
which all elements are idempotent, then each homogeneous component is a graded subsemiring
of R.

Theorem 3.4. Let R = ⊕
g∈G

Rg be an augmented graded semiring by a monoid G with identity

e in which all elements are idempotent. Since R is augmented graded, we get Re = ⊕
h∈G

Re−h
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is a graded subsemiring of R by G and for each g ∈ G there exists ψg ∈ Rg such that Rg =
⊕

h∈G
Re−hψg. Assume that ψg is unique. Then Rg is a graded subsemiring of R by G for all

g ∈ G.

Proof. Let g be an element inG. We have g is idempotent andRg is an additive submonoid inR.
Therefore, Rg is a subsemiring of R and hence Rg is a semiring. Let h be an element in G and
ζe−h, κe−h be two elements in Re−h. As 0 = 0ψg ∈ Re−hψg and ζe−hψg + κe−hψg = (ζe−h +
κe−h)ψg ∈ Re−hψg, we get Re−hψg is an additive submonoid of R. Let t, h be two elements
in G. By hypothesis R is augmented graded, we get (Re−tψg)(Re−hψg) ⊆ Re−tRe−hψgg =
Re−tRe−hψg ⊆ Re−thψg.

By Theorem 3.1 and Theorem 3.4, we have the following corollary.

Corollary 3.5. Let R = ⊕
g∈G

Rg be an augmented graded semiring by a monoid G with identity

e in which all elements are idempotent. Since R is augmented graded, we get Re = ⊕
h∈G

Re−h

is a graded subsemiring of R by G and for each g ∈ G there exists ψg ∈ Rg such that Rg =
⊕

h∈G
Re−hψg. Assume that ψg is unique. Then

(i) Let ζ =
∑
g∈G

ζg =
∑
g∈G

∑
h∈G

(ζg)e−hψg, where ζg ∈ Rg and (ζg)e−h ∈ Re−h, be an element in

R. Then ζ is infinite iff (ζg)e−hψg is infinite for all g, h ∈ G.

(ii) R is zero-sum free iff Re−hψg is zero sum free for all g, h ∈ G.

(iii) R is additively regular iff Re−hψg is additively regular for all g, h ∈ G.

(iv) R is inverse iff Re−hψg is inverse for all g, h ∈ G.

(v) R is E-inversive iff Re−hψg is E-inversive for all g, h ∈ G.

(vi) R is yoked implies Re−hψg is yoked for all g, h ∈ G.

Finally, we established necessary and sufficient conditions that if R is an augmented graded
semiring by a monoid G with identity e in which all elements are idempotent, then R is zero
divisor free, additively regular, inversive, E- inversive, and yoked in terms of homogeneous
components with respect to the identity element.

Theorem 3.6. Let R = ⊕
g∈G

Rg be an augmented graded semiring by a monoid G with identity

e in which all elements are idempotent. Since R is augmented graded, we get Re = ⊕
h∈G

Re−h

is a graded subsemiring of R by G and for each g ∈ G there exists ψg ∈ Rg such that Rg =
⊕

h∈G
Re−hψg. Assume that ψg is unique. Then

(i) Suppose R is zero divisor free. Then R is zero-sum free iff Re is zero-sum free.

(ii) Suppose R is right multiplicatively cancellative. Then

a. R is additively regular iff Re is additively regular.
b. R is inverse iff Re is inverse.

(iii) R is E-inversive iff Re is E-inversive.

(iv) R is yoked implies Re is yoked.

Proof. Given that all elements ofG are idempotent, we getRg is a subsemiring ofR andRe−hψg

is a subsemiring of Rg for all g, h ∈ G.

(i) Assume that Re is zero-sum free. Therefore, Re−t is zero-sum free for all t ∈ G. Let g, h
be two elements in G. If ψg ̸= 0, let ζ, κ be two elements in Re−hψg such that ζ + κ = 0.
Then there exist two elements ζe−h, κe−h ∈ Re−h such that ζ = ζe−hψg, κ = κe−hψg, and
ζe−hψg + κe−hψg = 0. It follows that (ζe−h + κe−h)ψg = 0. Therefore ζe−h + κe−h = 0.
Hence ζe−h = 0 and κe−h = 0. Thus ζ = 0 and κ = 0. Again, if ψg = 0, it can be
easily seen that Re−hψg is zero-sum free. Now, by Corollary 3.5, we get R is zero-sum
free. Conversely, assume that R is zero-sum free. By Theorem 3.1, we get Re is zero-sum
free.
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(ii) a. Assume that Re is additively regular. Then Re−t is additively regular for all t ∈ G.
Let g, h be two elements in G. If ψg = 0, it can be easily seen that Re−hψg is
additively regular. Again, if ψg ̸= 0, let ζ be an element in Re−hψg. Then there
exists an element ζe−h ∈ Re−h such that ζ = ζe−hψg. Since ζe−h ∈ Re−h and
Re−h is additively regular, there exists a unique element κe−h ∈ Re−h such that
ζe−h + κe−h + ζe−h = ζe−h. Hence ζe−hψg + κe−hψg + ζe−hψg = ζe−hψg. Assume
that θe−hψg is an element of Re−hψg such that ζe−hψg+θe−hψg+ζe−hψg = ζe−hψg.
Therefore (ζe−h + θe−h + ζe−h)ψg = ζe−hψg. Now, R being multiplicatively right
cancellative, it follows that ζe−h + θe−h + ζe−h = ζe−h. It follows that θe−h = κe−h.
Therefore θe−hψg = κe−hψg and hence κe−hψg is unique. By Corollary 3.5, we
find that R is additively regular. Conversely, assume that R is additively regular. By
Theorem 3.1, we get Re is additively regular.

b. The proof of (b) is done in the same way as the proof of (a).

(iii) Assume that Re is E-inversive. Then Re−t is E-inversive for all t ∈ G. Let g, h be two
elements inG and let ζ be an element inRe−hψg. Then there exists an element ζe−h ∈ Re−h

such that ζ = ζe−hψg. Since Re−h is E-inversive and ζe−h ∈ Re−h, there exists an element
xe−h ∈ Re−h such that ζe−h+xe−h ∈ E+(Re−h). Therefore ζe−h+xe−h+ζe−h+xe−h =
ζe−h + xe−h and hence ζ + xe−hψg + ζ + xe−hψg = ζ + xe−hψg. Thus ζ + xe−hψg ∈
E+(Re−hψg). By Corollary 3.5, we get R is E-inversive. Conversely, assume that R is
E-inversive. By Theorem 3.1, we get Re is E-inversive.

(iv) Assume that R is yoked. By Theorem 3.1, we get Re is yoked.

Next, by Corollary 3.3, we have the following corollary.

Corollary 3.7. Let R = ⊕
g∈G

Rg be an augmented graded semiring by a monoid G with identity e

in which all elements are idempotent. SinceR is augmented graded byG, we getRe = ⊕
h∈G

Re−h

is a graded subsemiring of R by G and for each g ∈ G there exists ψg ∈ Rg such that Rg =
⊕

h∈G
Re−hψg. Assume that ψg is unique. Then

(i) SupposeR with unity 1 =
∑
g∈G

ζg such that ζg ∈ Rg for all g ∈ G. Assume that ζe =
∑
g∈G

ζe−g

such that ζe−g ∈ Re−g for all g ∈ G. Then Re−e with unity ζe−e.

(ii) R is k-regular implies Re−e is k-regular.

(iii) R is c-semiring implies Re−e is c-semiring.

(iv) R is k-semifield implies Re−e is k-semifield.

Theorem 3.8. Let R = ⊕
g∈G

Rg be an augmented graded semiring by a monoid G with identity e

in which all elements are idempotent. Since R is augmented graded, Re = ⊕
h∈G

Re−h is a graded

subsemiring of R by G and for each g ∈ G there exists ψg ∈ Rg such that Rg = ⊕
h∈G

Re−hψg.

Assume that ψg is unique and assume that RgRh = {0} for all g, h ∈ G− {e} with g ̸= h. Then

(i) Suppose R with unity 1 =
∑
g∈G

ζg such that ζg ∈ Rg for all g ∈ G. Assume that ζg =∑
h∈G

(ζg)e−hψg such that (ζg)e−h ∈ Re−h for all g, h ∈ G. Then Re−eψg with unity

((ζg)e−e + (ζe)e−e)ψg for all g ∈ G− {e}.

(ii) R is k-regular implies Re−eψg is k-regular for all g ∈ G− {e}.

(iii) R is c-semiring implies Re−eψg is c-semiring for all g ∈ G− {e}.

(iv) R is k-semifield implies Re−eψg is k-semifield for all g ∈ G− {e}.

Proof. Given that all elements of G are idempotent, we get Re−hψg is a subsemiring of the
semiring Rg for all g, h ∈ G.
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(i) Let g be an element in G − {e} and x be an element of Re−eψg. Then there exists an
element xe−e ∈ Re−e such that x = xe−eψg. If ψg ̸= 0, we have x1 = 1x = x.
Therefore xe−eψg

∑
t∈G

ζt =
∑
t∈G

ζtxe−eψg = xe−eψg. Hence xe−eψg

∑
t∈G

∑
h∈G

(ζt)e−hψt =∑
t∈G

∑
h∈G

(ζt)e−hψtxe−eψg = xe−eψg. By the condition RgRh = {0} for all g, h ∈ G −

{e} with g ̸= h and R being augmented graded, we get xe−e((ζg)e−e + (ζe)e−e)ψgg =
((ζg)e−e + (ζe)e−e)xe−eψgg = xe−eψg. Therefore

xe−eψg((ζg)e−e + (ζe)e−e)ψg = ((ζg)e−e + (ζe)e−e)ψgxe−eψg = xe−eψg

and hence
x((ζg)e−e + (ζe)e−e)ψg = ((ζg)e−e + (ζe)e−e)ψgx = x.

Again, if ψg = 0, we get Rg = {0}. Therefore Re−eψg with unity ((ζg)e−e+(ζe)e−e)ψg =
0.

(ii) Suppose R is k-regular. Let g be an element of G − {e} and x be an element of Re−eψg.
If ψg ̸= 0, there exists an element xe−e ∈ Re−e such that x = xe−eψg and there exist
ζ =

∑
g∈G

ζg, κ =
∑
g∈G

κg in R where ζg, κg ∈ Rg for all g ∈ G such that x + xκx = xζx.

Hence xe−eψg + xe−eψg

∑
t∈G

κtxe−eψg = xe−eψg

∑
t∈G

ζtxe−eψg. Since ζt, κt ∈ Rt for all

t ∈ G, we can write for each t ∈ G the elements ζt, κt as follows ζt =
∑
h∈G

(ζt)e−hψt

and κt =
∑
h∈G

(κt)e−hψt such that (ζt)e−h, (κt)e−h ∈ Re−h for all h ∈ G. Therefore

xe−eψg+xe−eψg

∑
t∈G

∑
h∈G

(κt)e−hψtxe−eψg = xe−eψg

∑
t∈G

∑
h∈G

(ζt)e−hψtxe−eψg. By the con-

ditionRgRh = {0} for all g, h ∈ G−{e} with g ̸= h andR being augmented graded, we get
xe−eψg + xe−eψg((κg)e−e + (κe)e−e)ψgxe−eψg = xe−eψg((ζg)e−e + (ζe)e−e)ψgxe−eψg.
Therefore x + x((κg)e−e + (κe)e−e)ψgx = x((ζg)e−e + (ζe)e−e)ψgx. Thus Re−eψg is
k-regular. Again, if ψg = 0, then Re−eψg = {0}. Therefore Re−eψg is k-regular.

(iii) Suppose R is c-semiring. Let g be an element in G − {e}. If ψg = 0, it can be easily
seen that Re−eψg = {0} is c-semiring. Again, if ψg ̸= 0, then R with unity 1 and we can
write the unity as 1 =

∑
t∈G

ζt =
∑
t∈G

∑
h∈G

(ζt)e−hψt such that ζt ∈ Rt and (ζt)e−h ∈ Re−h

for all t, h ∈ G. By (i)-Theorem 3.8, we get Re−eψg with unity ((ζg)e−e + (ζe)e−e)ψg. R
being additively idempotent, it follows that Re−eψg is additivelly idempotent. Let x be an
element in Re−eψg. Then there exists an element xe−e ∈ Re−e such that x = xe−eψg. We
have x+ 1 = 1. Therefore x+

∑
t∈G

∑
h∈G

(ζt)e−hψt =
∑
t∈G

∑
h∈G

(ζt)e−hψt and hence xe−eψg +∑
t∈G

∑
h∈G

(ζt)e−hψt =
∑
t∈G

∑
h∈G

(ζt)e−hψt. Now, by hypothesis R is augmented graded, we get

xe−eψg + (ζg)e−eψg = (ζg)e−eψg. Therefore x + ((ζg)e−e + (ζe)e−e)ψg = ((ζg)e−e +
(ζe)e−e)ψg. Finally, R being commutative, it follows that Re−eψg is commutative. Thus
Re−eψg is c-semiring.

(iv) Assume that R is k-semifield. Since R is additively idempotent, Re−eψt is additively
idempotent for all t ∈ G. Let g be an element in G − {e}. If Re−eψg = {0}, it can
be easily seen that Re−eψg is k-semifield. Again, if Re−eψg ̸= {0}, let ζ, κ ̸= 0 be
two elements in Re−eψg. Then there exist ζe−e, κe−e ∈ Re−e such that ζ = ζe−eψg,
κ = κe−eψg and there exist x1 =

∑
t∈G

(x1)t, x2 =
∑
t∈G

(x2)t, y1 =
∑
t∈G

(y1)t, y2 =
∑
t∈G

(y2)t ∈

R where (x1)t, (x2)t, (y1)t, (y2)t ∈ Rt for all t ∈ G such that ζ + x1κ = x2κ and
ζ + κy1 = κy2. Given that R is augmented graded, we can write for each t ∈ G the
elements (xi)t, (yi)t as follows (xi)t =

∑
h∈G

((xi)t)e−hψt, (yi)t =
∑
h∈G

((yi)t)e−hψt such

that ((xi)t)e−h, ((yi)t)e−h ∈ Re−h for all h ∈ G, i ∈ {1, 2}. Therefore

ζe−eψg +
∑
t∈G

∑
h∈G

((x1)t)e−hψtκe−eψg =
∑
t∈G

∑
h∈G

((x2)t)e−hψtκe−eψg

and
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ζe−eψg +
∑
t∈G

∑
h∈G

κe−eψg((y1)t)e−hψt =
∑
t∈G

∑
h∈G

κe−eψg((y2)t)e−hψt.

By the condition RgRh = {0} for all g, h ∈ G − {e} with g ̸= h and R being augmented
graded, we get

ζe−eψg + (((x1)g)e−e + ((x1)e)e−e)ψgκe−eψg = (((x2)g)e−e + (x2)e)e−e)ψgκe−eψg

and

ζe−eψg + κe−eψg(((y1)g)e−e + ((y1)e)e−e)ψg = κe−eψg(((y2)g)e−e + ((y2)e)e−e)ψg.

Therefore

ζ + (((x1)g)e−e + ((x1)e)e−e)ψgκ = (((x2)g)e−e + ((x2)e)e−e)ψgκ

and

ζ + κ(((y1)g)e−e + ((y1)e)e−e)ψg = κ(((y2)g)e−e + ((y2)e)e−e)ψg.

Thus Re−eψg is K-semifield.
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