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Abstract This paper investigates certain properties of graded semirings in relation to their ho-
mogeneous components. We establish necessary and sufficient conditions under which a semir-
ing R, graded by a semigroup G in which all elements are idempotent, exhibits several important
properties: zero-sum free, additively regular, inverse, E-inversive, yoked, k-regular,c-semiring,
or MV-semiring in terms of its homogeneous components. Furthermore, we derive necessary and
sufficient conditions for an augmented graded semiring R, graded by a monoid G with identity in
which all elements are idempotent, to be zero-sum free, additively regular, inversive, E-inversive,
or yoked, in terms of the homogeneous component with respect to the identity element.

1 Introduction

The concept of semirings was first introduced by H. S. Vandiver in 1935 [20], and it has since
attracted the attention of many researchers. In 2008, Sharma and Joseph [19] studied semirings
graded by a finite group. The notion of augmented graduation of rings was introduced by Refai
in 1997 [15], and was later extended to semirings by Darwish, Alnader, and Qrewi in 2021 [7],
who investigated several results related to this concept.

This paper explores various properties of graded semirings through an examination of their
homogeneous components. Specifically, we provide necessary and sufficient conditions under
which a semiring R that is graded by a semigroup G whose elements are all idempotent, satisfies
key properties such as being zero-sum free, additively regular, inverse, E-inversive, yoked, k-
regular, c-semiring, or MV-semiring in terms of its homogeneous components. Moreover, we
extend our analysis to the setting of augmented graded semirings. For a semiring R augmented
graded by a monoid G with identity in which all elements are idempotent, we characterize the
conditions under which R is zero-sum free, additively regular, inversive, E-inversive, or yoked,
based on the structure of the homogeneous component corresponding to the identity element.
The main objective of this study is to explore the behavior of graded semirings with respect to
one or more of their homogeneous components. We present several results that contribute to the
development of semiring theory and its applications. Note that, by a semigroup (a monoid), we
mean a multiplicative semigroup (a multiplicative monoid) unless otherwise specified.

2 Definitions

This section introduces key definitions concerning semirings, which will be frequently used
throughout the text [1, 3,4, 5, 6, 7, 8, 10, 14, 16, 18, 19].

Definition 2.1 ([1, 3]). A semiring is a nonempty set R with associative operations (+) and (.) for
which (+) is commutative and there exists O € R such that for each o € R, we get a0 = 0a =0
and o + 0 = «, and the multiplication operation is distributive over addition on both sides.
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If (.) is commutative, then R is called commutative. A subsemiring S of a semiring R with
zero O is a subset of the semiring R in which o + 5,af € Sforall o, € Sand 0 € S.

If there exists an element 1 € R such that 1x = z1 = x forall z € R, then 1 € R is said to
be the unity in R and R is called a semiring with unity.

Definition 2.2 ([1]). Denote £ (R) the set of all additive idempotent elements in a semiring R
where an additive idempotent element in R is such an element ¢ for which { = ( + ¢. If all
elements in R are additive idempotent, then R is called additive idempotent. Now, if for each
element € R, there exists an element ¢» € R for which k + ¢ € ET(R), then R is called
E-inversive.

Definition 2.3 ([10, 19]). In a semiring R if for every (,x € R, there exists ¢ € R for which
(+ 1Y =kork+1 =, then R is called yoked.

Definition 2.4 ([8, 16]). A semiring R is said to be zero-sum free if forall (,x € R,( +x =0
implies that { = k = 0.

Definition 2.5 ([5]). An element ¢ # 0 in a semiring R is called multiplicatively right cancella-
tive if for every ¢, k € R, we have ¥( = x( follows that 1) = k. If every non-zero element in R
is multiplicatively right cancellative, then R is called multiplicatively right cancellative.

Definition 2.6 ([5, 8]). An infinite element in a semiring R is such an element  for which
(+r=C_forall k € R.

Definition 2.7 ([14]). An element ¢ in a semiring R is called additively regular if there exists
unique element x € R such that { = { + x + (. If every element in R is additively regular, then
R is called additively regular.

Definition 2.8 ([14]). An element ¢ in a semiring R is called inverse if there exists unique ele-
ment xk € R suchthat( = (+ x4+ ( and Kk = k 4+ ( + «. If every element in R is inverse, then R
is called inverse.

Definition 2.9 ([6, 18]). An element ¢ in a semiring R is called k-regular if there exist ,x € R
for which ¢ + (n¢ = (k(. If every element in R is k-regular, then R is called k-regular.

Definition 2.10. [13] In a semiring R if (k = 0 follows that { = k = 0 for all {,x € R, then R
is called zero-divisor free.

Definition 2.11 ([17]). A commutative additively idempotent semiring R with unity 1 is called
c-semiring if ( +1 =1 forall ¢ € R.

Definition 2.12 ([6, 18]). An additively idempotent semiring R is called k-semifield if for every
¢ € R and for every 0 # n € R, there exist ¥, ,,01,60, € R for which ¢ + ny; = ni, and
C+0in=06n.

Definition 2.13 ([4]). On every additively idempotent semiring R there is a natural order < given
by ¢ < niff ( +n = n for every (,n € R. Now, A commutative additively idempotent semiring
R with unity 1 is called MV -semiring if for each element { € R, there exists a greatest element
¢* for which ¢¢* = 0, and for every 7, k € R, we have n + k = (n* (7% K)*)*.

Note that when R is MV-semiring with unity 1, we obtain the following properties [4]

« 0*=1,1"=0;
e n<lforallne R.

Definition 2.14 ([7, 19]). A graded semiring R by a group (a semigroup, a monoid) G is a
semiring in which R = EBGRt where R; is an additive submonoid of R and R;R, C R;s for

all t,s € G. Denote (R,G) the grading of the semiring R by G. For all ¢t € G, R, is called a
homogeneous component of the grading (R, G). The support of the grading (R, G) is a subset
of G denoted by Supp(R, G) defined as {g € G|R, # {0}}.

It can be easily seen that if R is graded by a monoid G with identity e, then R, is a subsemir-
ing of R.
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Definition 2.15 ([7]). An augmented graded semiring R by a monoid G with identity e is a
semiring satisfies the following:

(i) BothR= & Rjand Re = @ R._4, = & (R.), are graded by G.
geG geG geG

(i1) For each element g € G, there exists an element 9, in R, for which R; = @& R._pv,.
heG

(iii) For every g,h € G where 94 # 0,9, # 0 are two elements in Ry, R, respectively such
that R, = @GRe,tz/Jg and R;, = @GRe,twh, we have 1410, = g, such that ¥y, is an
te te

element in Ry, where Ry), = @GRe,twgh and (21)4)(yn) = xyyyn forall z,y € R..
te

3 On Graded Semirings

This section examines some properties of graded semirings (augmented graded semirings)
and their homogeneous components. First, we derive necessary and sufficient conditions that
if R is a graded semiring by a semigroup G in which all elements are idempotent, then R is
zero- sum free, additively regular, inverse, E- inversive, yoked, k-regular, c- semiring, or MV -
semiring in terms of its homogeneous components.

Theorem 3.1. Let R = @ R, be a graded semiring by a semigroup G in which all elements are
geG

idempotent. Then
(i) Ris zero-sum free iff Ry is zero sum free for all g € G.

(ii) Let ( = Y (4 where (; € R, for all g € G, be an element in R. Then the element ( is
geG
infinite in R iff (4 is infinite in R, for all g € G.

(iii) R is additively regular iff R, is additively regular for all g € G.
(iv) Ris inverse iff R, is inverse for all g € G.
(v) Ris E-inversive iff Ry is E-inversive for all g € G.
(vi) R is yoked implies R is yoked for all g € G.
(vii) Suppose RyR;, = {0} for all g, h € G with g # h. Then

a. Ris k-regular iff R, is k-regular for all g € G.
b. Suppose Supp(R, G) is finite. Then R is c-semiring iff R, is c-semiring for all g € G.

c. Suppose Supp(R, G) is finite. Then R is MV -semiring iff Ry is MV -semiring for all
g €G.

d. Ris k-semifield implies R is k-semifield for all g € G.

Proof. Given that all elements of G are idempotent, we get R, is a subsemiring of R for all
g € G.

(i) Assume that R is zero-sum free. Let g be an element in G and (g, x4 be two elements in R,
such that {; + x4 = 0. Therefore (; = x4, = 0 and hence R, is zero-sum free. Conversely,
assume that R, is zero-sum free for all g € G. Let (, x be two elements in R. By hypothesis

R is graded, we can write (, k as follows ( = > (p,k = ) kp, such that (s, k, € Ry, for
hEG hEG

all h € G. Suppose ¢ + k = 0. Therefore >, + > kn = Y. (Cn + K,) = 0. Now, R
heG heG heG
being graded, it follows that {; + x4 = O for all g € G. Hence {;, = k, = Oforall g € G.

Therefore ( = x = 0. Thus R is zero-sum free.

(i) Assume that ( is infinite. Therefore ( +¢ = ( for all ¢t € R. Let h be an element in G.
Suppose sy, is an element in Rj,. Therefore ( + s, = ( and hence Y (;+ s, = > (g It
geG geG

follows that ¢;, + s, = (. Thus ¢, is infinite element in R;,. Conversely, assume that ¢,
infinite in R, for all g € G. Suppose s is an element in R. By hypothesis R is graded, we



896

Majd Eddin Darwish and G. Nanaji Rao

(iii)

(iv)
)

(vi)

(vii)

can write s as s = ) s, such that s, € R, for all g € G. Therefore (;, + s, = (, for all

geG
g€ Gandhence > (,+ > sq= Y (. It follows that ( + s = ¢. Thus ( is infinite in R.
9€G geqG geqG

Assume that R is additively regular and g is an element in G. Let (, be an element in R,.
Then there exists unique element x € R such that (; + x + (; = (4. As R is graded, we can

write K as K = ) Ky such that k, € Ry, for all h € G. Therefore ¢, + Z K+ Cg = (g-
hea
It follows that {;, + k4 + (4 = (4. Now, R being graded and additively regular imply that

kg4 is unique. Therefore, R, is additively regular. Conversely, assume that R, is additively

regular forall g € G. Let { be an element in R. As R is graded, we can write C as¢ = > (
geG
such that {;, € R, forall g € G. Then for each (, € R, and each g € G there exists a unique

element k, € R, such that {, + k4 + (3 = (. Therefore DCaF D kgt D Co= D¢

geG geG geG geG
and hence ( + > kK, + ¢ = ¢. Now, put Kk = > k4. AS K, is the unique element in R,
geG geG
such that (4 + kg + (5 = (, for each g € G and that R is graded, we get Kk = > kg € Ris
e

the unique element in R such that { + « + ¢ = ¢. Therefore, R is additively regular.
The proof of (iv) is done in the same way as the proof of (iii).

Assume that R is E-inversive. Let g be an element in G and (, be an element in R,.
Then there exists an element = = > x;, € R, where 2, € Ry, for all h € G for which
heG

z+ ¢, € ET(R). Therefore x4 + (;, € E*(R,). Thus R, is E-inversive. Conversely,

assume that R, is E-inversive for all g € G. Let ¢ be an element in R. As R is graded, we

can write ¢ as ( = ). (, such that {; € R, for all ¢ € G. Therefore for each g € G and
geG

each ¢, € R, there exists an element z, € R, such that z, + (; € ET(R,) (we choose

zy =0when (, =0forall g € G). Now,putz = > z,. Thenz € Randz +( € ET(R).

g€G
Thus R is E-inversive.

Assume that R is yoked. Let g be an element in G and (y, k4 be two elements in R,.

Then there exists an element » = )" r, in R such that r, € R, for all g € G for which
geG

(g + 1 = Kgor kg + 1 = (4. Therefore (; + ry = Ky or K4 + 14 = (4. Thus R, is yoked.

a. Assume that R is k-regular. Let g be an element in G and ¢ be an element in R,. Then
there exist «,y € R such that ( + (x( = (y(. By hypothesis R is graded, we can write
x,y as follows z = > xp,y = > yp such that xp, y, € Ry, for all h € G. Therefore

heG heG
¢+ ¢ Z ¢ = (¢ Z ynC. Since R is graded and R;R; = {0} for all ¢, s € G with

s # t we get ¢ + C:Eg( = (yq¢. Hence R, is k-regular. Conversely, assume that
R, is k-regular for all g € G. Let ¢ be an element in R. Then we can write { as
¢ = > (gsuchthat {; € R, for all g € G and for each (, € R, and each g € G
geG
there exist zy,y, € Ry such that (; + (y74(; = (g1yyCy (We choose z4 = yg = 0
when ¢, = 0 for all g € G). Hence ( + )" (yz,(, = Z CqYgCq- As the condition
geG
R:Rs; = {0} holds for all ¢, s € G with s # ¢, we get ¢ +Cj Z 2gC =Y y4C. Now,
geG
putz = Y x4,y = >.Yyg Thenz,y € Rand {( + (a( = Cy( Thus R is k-regular.
geG geG

b. Assume that R is c-semiring and the unity in Ris 1 = >_ (}, such that (;, € Ry, for all
heG
h € G. Let g be an element in G and let x be an element in R,. Then 21 = 1z = .
Therefore = > ¢, = (Z (p)r = x and hence > z(;, = > (pz = x. Now, by
hEG hea hea
hypothesis R is graded and R,R, = {0} for all t,s € G with s # t, we get z(, =
(gr = z. It follows that R, with unity (g4 forall g € G. R being c-semiring, it follows
that R is commutative and ¢ + ¢ = ¢ for all { € R. Therefore R, is commutative and
(+¢=(forall ( € Ry. Let y be an element in R,. Then y + 1 = 1. Therefore
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y+ > ¢ = Y. ¢ and hence y+(, = (4. Thus R, is c-semiring. Conversely, assume
heG heG
that R, is c-semiring for all g € G. Suppose the unity in R, is (, for all g € G, and
put 1 = > (,. By hypothesis Supp(R,G) is finite, we get 1 = > (, € R. Let
Se geq
n be an element in R. Then we can write p as 7 = ) x, such that z, € R, for
geG
all g € G. Now, R, being c-semiring for all g € G, it follows that vy + x4, = z,
and x4 + (; = (4 for all g € G. Therefore n +7n = nand n + 1 = 1. Since the
unity in R, is {, forall g € G, we get x,(; = (gzy = xg for all ¢ € G. Therefore

DSy = Z Cqry = n. Hence by the condition R;R, = {0} forallt,s € G
geG
with s # t, we get YDxed Cg= > (g xy =mn. Thusnl = 1n = n. Let 4, s
teG geG geG teG
be two elements in R. Then we can write ¢, s as follows ¢ = > 1,5 = > s,
geG geG

such that ¢,, s, € R, for all g € G. By the condition R,R; = {0} forall t,s € G

with s # ¢ and since R, is commutative for all g € G, we get s = Y 1)y > 54 =
geG g€eG

Do WSt = Do bgsg = Y Sgthg = Y Y sy = D 84 ) ¥y = sy. Therefore,

geGteld geG geG teGgeG geG geqG
R is commutative. Thus R is c-semiring.

. Assume that R is MV -semiring. Let g be an element in G. Then R is c-semiring and
hence R, is c-semiring. It follows that R, is a commutative additively idempotent
semiring. Now, let a = ) a4, where a, € R, for all g € G, be an element in R.
geG
Then there exists a greatest element a* € R such that aca* = 0. As R is graded,
we can write a* as a* = ) b, such that b, € R, for all ¢ € G. Therefore, by
geG
the condition R,R, = {0} for all ¢,s € G with s # ¢, we get Z (agby) = 0.

Hence a4b, = O for all g € G. Suppose for each g € G there ex1sts cg € R, such
that age;, = 0. Now, put ¢ = >~ ¢g. Supp(R,G) being finite set, it follows that
geG
c= Y cg € R. Wehave agcy, = 0 forall g € G. Hence ) azc, = 0. By the
9ea@ geq
condition R;R, = {0} for all ¢,s € G with s # ¢, we get ac = 0. Thus ¢ < a*. It
follows that ¢, < b, for all g € G. Therefore for each g € G the element b, is the
greatest element in R, for which azb, = 0. Denote a4’ the element b, for all g € G.
Then (Y ay)* = Y ay’. Now, let 1, be an element in R,. Then we can write 1, as

geG geG
Yy = > Ynsuchthatyy, = 0forallh € G—{g}and ¢ = (> ¢n)* = > 9" such
hea hea heG

that ¢);" is the greatest element in R;, for which ¢,9;" = Oforall h € G. Let (4, k4 be
two elements in R,. By hypothesis R is MV -semiring, we get (;++, = (¢ (C 1)) "
Therefore, by the condmon RiR, = {0} for all t,s € G with s # ¢t and R being
graded, we get ¢, + kg = ((5° (Cg ¢)*)*. Thus R, is MV -semiring. Conversely,
assume that R, is MV -semiring for all g € G. Then Rg is c-semiring for all g € G.
Therefore R is c-semiring (see viib). Let ¢ be an element in R. Then we can write

1 as Y = ) 1), such that ¢, € R, for all ¢ € G. Since for each g € G and
geqG

each 1, € Ry there exists a greatest element ¢,° € R, such that 1,1,° = 0, we
get > 1hy1by’ = 0. Therefore, by the condition R,R, = {0} for all t,s € G with
geG

t# s, weget Y > ;" =0. Hence Y 1, > 4t = 0. Now, put ¢o* = > )",

geGLeG geG teG teG
Then ¢* € R (since Supp(R, G) is finite) and ¢9)* = 0. Assume that s = )" s,
geG

where s, € R, for all g € G is an element in R such that 1)s = 0. Therefore

> g > sy =0andhence ) > 1ys, =0. Given that R,R; = {0} forallt,s € G

geG  geG geGLeG

with s # t, we get > g5, = 0. It follows that g5, = O for all g € G. Now,
geG

1)y being the greatest element in R, such that ¢,1,° = 0 for each g € G, it follows
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that s, < v, for all ¢ € G. Therefore s, + 1,° = 9, for all ¢ € G and hence

Ssgt by = Y aby?. It follows that s+v* = 1»*. Thus s < ¢*. Therefore ¥* is
geG geG geG

the greatest element in R for which ¢1* = 0. Note that ( > ¢,)* = (Y 14°). Now,
geG geG

let¢ = > {4,k = > kg, where (g, K, € R, forall g € G, be two elements in R. By
geG geG

hypothesis R, is MV -semiring forall g € G, we get {,+r, = ((5° (Cy° kg)*)* for all
g € G. Therefore (+r = Y o+ > kg = Y. ((5(Cy%ky)*2)*s. We shall prove that

g€eG geG geG
S (C0 (C% k) e )*s = (¢*(¢*K)*)*. By the condition RsR, = {0} for all ¢,s € G
geG
with s # ¢, we get C*(C*h)* = L (X G X m)* = L G (X X Grm)* =
geG heG  {eG geG heGleG
G (X GRn)T = 30 Gt 2 (G ) = X (" (Co” kg) ™o Therefore
geG heG geG heG geG

(€ (CR))" = (géé‘g(éé‘gﬂg)*g)* and hence (¢*(¢*x)")" = ;G(CS“’(CJ"Hg)*g)*g~
g g
Thus R is MV -semiring.

d. Assume that R is k-semifield. Therefore, R is additively idempotent and hence R; is
additively idempotent for all ¢ € G. Let g be an element in G. If g ¢ supp(R,G),
R, = {0}. Therefore R, is k-semifield. Again, if g € supp(R,G), let (, x be two

elements in R, such that x # 0. Then there existz; = > (z1)p, 22 = Y (22)n, 41 =
heG hEG

> (y1)n,andya = > (y2)n in R where (z1), (22)n, (Y1)n, (y2)n € Ry forallh € G
heG hed
such that (+xz1x = ok and (+ry; = rya. Therefore C+( > (x1)p)k = (X (z2)n)k
heG hed
and ¢ + k(Y (y1)n) = (D (y2)n). Now, given that R is graded and that R, R, =
heG heG

{0} forall¢,s € G witht # s, we get ( + (x1) 4k = (22) gk and ¢ + £(y1)g = K(y2) -
Thus R, is K-semifield.

O

We have to mention that the conditions from (i) to (vi) are satisfied when R is graded by a
monoid G in which all elements are idempotent. By (vii) of Theorem 3.1, we have the following
corollaries.

Corollary 3.2. Let R = EBGRg be a graded semiring by a semigroup G in which all elements
g€

are idempotent. Assume that RyR;, = {0} for all g,h € G with g # h. Suppose R with unity
1 = 3 (s where (; € R, for all g € G. Then R, with unity (4 for all g € G (see the proof of

geG
(viib)-Theorem 3.1).

Corollary 3.3. Let R = éBGRg be a graded semiring by a monoid G with identity e in which all
g€
elements are idempotent. Then

(i) Suppose R with unity 1 = 3" (, where (, € R, for all g € G. Then R, with unity ..
geqG

(ii) R is k-regular implies R, is k-regular.
(iii) R is c-semiring implies R, is c-semiring.
(iv) R is k-semifield implies R, is k-semifield.
Next, we shall prove that if R is an augmented graded semiring by a monoid G with identity in

which all elements are idempotent, then each homogeneous component is a graded subsemiring
of R.

Theorem 3.4. Let R = EBGRQ be an augmented graded semiring by a monoid G with identity
ge

e in which all elements are idempotent. Since R is augmented graded, we get R, = @& R._p
heG
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is a graded subsemiring of R by G and for each g € G there exists 1, € Ry such that Ry =
® Re_ptpy. Assume that 1y is unique. Then R, is a graded subsemiring of R by G for all
te

g €G.

Proof. Let g be an element in G. We have g is idempotent and R, is an additive submonoid in R.
Therefore, R, is a subsemiring of R and hence 2, is a semiring. Let h be an element in G and
Ce—hs Ke—p, be two elements in Re_j,. As 0 = 0y, € Re_ptpy and Ce—ptg + Ke—pthg = (Ce—pn +
Ke—h)Vg € Re_pthg, we get Re_p1), is an additive submonoid of R. Let ¢, h be two elements
in G. By hypothesis R is augmented graded, we get (Re_tpg)(Re—p1g) € Re—tRe_pihgy =
Re—tRe—hwg C Re—thwg‘ o

By Theorem 3.1 and Theorem 3.4, we have the following corollary.

Corollary 3.5. Let R = @GRQ be an augmented graded semiring by a monoid G with identity
ge

e in which all elements are idempotent. Since R is augmented graded, we get R, = @& R._p,
heG

is a graded subsemiring of R by G and for each g € G there exists 1, € Ry such that Ry =

® Re_piy. Assume that 1y is unique. Then
heG

(i) Let ( = Y- (o= > > ((g)e—nthg, where {5 € Ry and ((g)e—n € Re—n, be an element in
geG geEGheG

R. Then ( is infinite iff ((g)e—ntbq is infinite for all g, h € G.

(ii) R is zero-sum free iff R._p1), is zero sum free for all g,h € G.

(iii) R is additively regular iff R._p1, is additively regular for all g, h € G.

(iv) Ris inverse iff Re_pg is inverse for all g, h € G.

(v) Ris E-inversive iff Re_pvg is E-inversive for all g, h € G.

(vi) Ris yoked implies R._p)q is yoked for all g,h € G.

Finally, we established necessary and sufficient conditions that if R is an augmented graded

semiring by a monoid G with identity e in which all elements are idempotent, then R is zero

divisor free, additively regular, inversive, E- inversive, and yoked in terms of homogeneous
components with respect to the identity element.

Theorem 3.6. Let R = EBGRQ be an augmented graded semiring by a monoid G with identity
ge

e in which all elements are idempotent. Since R is augmented graded, we get R, = & R._j,
heG

is a graded subsemiring of R by G and for each g € G there exists 1, € Ry such that Ry =
® Re_ptpy. Assume that 14 is unique. Then
hea

(i) Suppose R is zero divisor free. Then R is zero-sum free iff R. is zero-sum free.

(ii) Suppose R is right multiplicatively cancellative. Then

a. R is additively regular iff R. is additively regular.
b. R is inverse iff R, is inverse.

(iii) R is E-inversive iff R. is E-inversive.
(iv) R is yoked implies R, is yoked.

Proof. Given that all elements of G are idempotent, we get R, is a subsemiring of R and R._,
is a subsemiring of R, forall g, h € G.

(i) Assume that R, is zero-sum free. Therefore, R._; is zero-sum free for all t € G. Let g, h
be two elements in G. If 1, # 0, let ¢, x be two elements in R._;1, such that ( + x = 0.
Then there exist two elements (c_p, ke—p € Re—p such that ( = (c._pg, K = Ke—n1y, and
Ce—nthg + Ke—nthg = 0. It follows that (Cc—p, + Ke—p )y = 0. Therefore (c_j, + Ke—p = 0.
Hence (.—;, = 0 and k.—p, = 0. Thus ( = 0 and x = 0. Again, if ¥, = 0, it can be
easily seen that R._,1), is zero-sum free. Now, by Corollary 3.5, we get R is zero-sum
free. Conversely, assume that R is zero-sum free. By Theorem 3.1, we get R, is zero-sum
free.
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(i) a. Assume that R, is additively regular. Then R._; is additively regular for all ¢t € G.
Let g,h be two elements in G. If 1, = O, it can be easily seen that R._,v, is
additively regular. Again, if ¢, # 0, let { be an element in R._z%,. Then there
exists an element (.—; € R._j such that { = (._p%y. Since (._j € Re_p and
R._p is additively regular, there exists a unique element x._;, € R._; such that
Ce—h + Ke—h + Ce—n = Ce—n. Hence Ce—h¢g + He—h'l/)g + Ce—h'(/}g = Ce—hq//g- Assume
that 6._p, is an element of R._p1)4 such that (._p1g +0e—p Vg 4+ Ce—ntPg = Ce—nthy.
Therefore ((e—p + Oe—n + Ce—n)Vy = Ce—ntby. Now, R being multiplicatively right
cancellative, it follows that (._p 4+ 0c_p + Ce—p = (e_p. It follows that f._j, = Kke_p.
Therefore 0._p1y = Ke—n1y and hence x._p1, is unique. By Corollary 3.5, we
find that R is additively regular. Conversely, assume that R is additively regular. By
Theorem 3.1, we get R, is additively regular.

b. The proof of (b) is done in the same way as the proof of (a).

(iii) Assume that R, is E-inversive. Then R._; is E-inversive for all ¢ € G. Let g, h be two
elements in G and let ¢ be an element in R._;,1,. Then there exists an element (.}, € R._},
such that { = (._n%,. Since R._j, is E-inversive and (._j, € R._p, there exists an element
Te_p € Re_p suchthat (o p+z._p € ET(Re_p). Therefore (o p+Tepn+Cen+Tepn =
Ce—h + ZTe—pn and hence C + xe—h'(/)g + C + xe—hwg = C + xe—hwg- Thus C + xe—hwg S
ET(Re_pty). By Corollary 3.5, we get R is E-inversive. Conversely, assume that R is
E-inversive. By Theorem 3.1, we get R, is F-inversive.

(iv) Assume that R is yoked. By Theorem 3.1, we get R, is yoked.

Next, by Corollary 3.3, we have the following corollary.

Corollary 3.7. Let R = @© R, be an augmented graded semiring by a monoid G with identity e
geG
in which all elements are idempotent. Since R is augmented graded by G, we get R = @& R._p
heG

is a graded subsemiring of R by G and for each g € G there exists 1, € Ry such that Ry =

® Re_pipy. Assume that 14 is unique. Then
heG

(i) Suppose Rwithunity 1 = ) (,suchthat(; € Ry forall g € G. Assume that (. = ) (e—yg
9€@ g€eG
such that (e—g € Re_g forall g € G. Then R._. with unity (._e.

(ii) R is k-regular implies R._. is k-regular.

(iii) R is c-semiring implies R._. is c-semiring.

(iv) R is k-semifield implies R._. is k-semifield.
Theorem 3.8. Let R = ggaGRg be an augmented graded semiring by a monoid G with identity e
in which all elements are idempotent. Since R is augmented graded, R. = & R._j is a graded
subsemiring of R by G and for each g € G there exists 1, € Ry such tha}tlegg = ’LGEBGRC_hwg.
Assume that 14 is unique and assume that RyR;, = {0} for all g,h € G — {e} with g # h. Then

(i) Suppose R with unity 1 = Y (g such that (; € Ry for all g € G. Assume that {; =
geaG

> (Cg)e—ntg such that ((g)e—n, € Re—p for all g,h € G. Then R._ 1, with unity
heG

((¢g)e—e + (Ce)e—e)tpg forall g € G — {e}.
(ii) R is k-regular implies R._.1g is k-regular for all g € G — {e}.
(iii) R is c-semiring implies R._.14 is c-semiring for all g € G — {e}.
(iv) R is k-semifield implies R._ 1, is k-semifield for all g € G — {e}.

Proof. Given that all elements of G are idempotent, we get R._,14 is a subsemiring of the
semiring R, forall g, h € G.
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(i) Let g be an element in G — {e} and x be an element of R._.t,. Then there exists an

(i)

(iii)

(iv)

element z._. € Re_. such that x = z._.¢,. If 9, # 0, we have z1 = lx =

Therefore xe—e¢g ZCt = Z Ctl'e—ewg = xe—ewg' Hence xe—ewg Z Z (Ct)e—hwt

teG teG teGheG

> > (G)e—ntiTe—ethy = xe—cthg. By the condition RyR;, = {0} for all g,h € G
teGheG

{e} with ¢ # h and R being augmented graded, we get ze_c(((g)e—e + (Ce)e—e)gqg =
((Cg)e—e + (Ce)e—e)Te—ethgy = Te—cty. Therefore

Te—etg(((g)e—e + (Ce)e—e)Vg = ((Cgle—e + (Ce)e—e)VgTe—ecthy = Te—ety

and hence

e

x(((g)efe + (Ce)efe)wg = ((Cg)efe + (<E)676)1/)gx = .
Again, if ¢, = 0, we get R, = {0}. Therefore R._.1, with unity (((g)e—c + (e)e—e)tg =
0.

Suppose R is k-regular. Let g be an element of G — {e} and z be an element of R._.g.

If ¢, # O, there exists an element z._. € R._. such that v = z._.1, and there exist

(= >.Cg k= ). Kgin R where {4,y € R, for all g € G such that x + zkz = z(x.
geG

Hence z._.1), +g:§i€1/}g Do Kte—ethg = Te—ethg Y GiTe—ctg. Since (4, k¢ € Ry for all

t € G, we can write fortga?ch t € G the elementtgGCt,/it as follows ¢; = > (¢t)e—ntt

and k; = 3 (Kt)e—nte such that (¢)e—n, (Kt)e—n € Re—p for all h € ngTherefore

ettty T 5 (5ot cthy = Tty 55 (G)e ety By the con-
teGheG teGheG

dition R, R;, = {0} forall g, h € G—{e} with g # h and R being augmented graded, we get
Te—eg + Te—ePg((Fg)e—e + (Fe)e—e)VgTe—ethg = Te—etg((Cg)e—e + (Ce)e—e)VgTe—ety-
Therefore © + z((Kg)e—e + (Ke)e—e) Vg = x((Cg)e—e + (Ce)e—e)gx. Thus R._ 1y is
k-regular. Again, if ¢, = 0, then R._.¢, = {0}. Therefore R._.1, is k-regular.

Suppose R is c-semiring. Let g be an element in G — {e}. If ¢, = 0, it can be easily
seen that R._.t, = {0} is c-semiring. Again, if 1), # 0, then R with unity 1 and we can

write the unity as 1 = > ¢ =Y > (¢t)e—nt: such that ¢; € Ry and ((¢)e—pn € Re—n
teG tEGhEG

forall t,h € G. By (i)-Theorem 3.8, we get R._ 1), with unity (({g)e—e + (Ce)e—e)¥q. R
being additively idempotent, it follows that R._., is additivelly idempotent. Let x be an
element in R._.%4. Then there exists an element z._. € R._. such that z = z._.1¢,. We

have z + 1 = 1. Therefore z + >~ > (Ct)e—n®r = Y. > ((t)e—nt: and hence z._o1py +
teEGheG teEGheG

S (G)ente = D DT (¢t)e—ntr. Now, by hypothesis R is augmented graded, we get
tEGhEG tEGhEG

xe—ewg + (Cg)e—ewg = (<9)5—€¢9' Therefore € + ((Cg)e—e + (<€)€—5)¢g = ((Cg)e—e +
(Ce)e—e)thg. Finally, R being commutative, it follows that R._.t, is commutative. Thus
R._.v, is c-semiring.

Assume that R is k-semifield. Since R is additively idempotent, R._.%; is additively
idempotent for all ¢ € G. Let g be an element in G — {e}. If R._.y, = {0}, it can
be easily seen that R._.v, is k-semifield. Again, if R. .1, # {0}, let (,x # 0 be
two elements in R._.1,. Then there exist (¢, Ke—e € Re— such that ( = (._.vq,
K = Ke—cty and there exist 1 = 3 (21), 22 = 3 (22), 1 = 3 (Y1) 2 = 3 (92)i €

teG teG teG teG
R where (x1)s, (22)¢, (Y1)e, (y2)¢ € Ry for all t € G such that ¢ + 21k = wpk and
¢ + ky1 = kyy. Given that R is augmented graded, we can write for each ¢t € G the

elements (z;)¢, (yi)e as follows (z;)e = > ((xi)t)e—ntes (Wi)e = Y. ((yi)t)e—ntr such
heG heG
that ((z;)t)e—n, ((¥:)t)e—n € Re—p forall h € G, i € {1,2}. Therefore

Cefewg + ZZ ((ml)t)efhwt’fefe"/)g = ZZ(($2)t)efhwt’fefewg

teGheG teGheG

and
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Ce ewg"i‘zzfie ed)g yl e Ry = ZZ"% ewg yz )e hs.

teGheG teGheG

By the condition R, R;, = {0} for all g,h € G — {e} with g # h and R being augmented
graded, we get

<€*€w9 + (((xl)g)efe + ((xl)e)efe)wg’iefewg = (((x2)g)efe + (x2)e)efe)'(/}g“efe'(/}g
and

Ce—eg + Hefewg(((yl)g)e—e + ((y1)6)676>¢g = “efewg(((m)g)e—e + ((:‘/Z)e)efe)wg'

Therefore

C+ (((@1)g)e—e + ((T1)e)e—e) gk = (((22)g)e—e + ((T2)e)e—e)tbgh
and

CHa(((Y1)g)e—e + (Y1)e)e—e)Vg = K(((12)g)e—e + ((12)e)e—e) Vg
Thus R._.7, is K-semifield.
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