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Abstract This article examines the impact of the fractional order parameter on thermoelastic
materials subjected to laser heating pulses, with and without the consideration of non-local ef-
fects. The model is formulated and solved using normal mode analysis, applied under impedance
boundary conditions at the surface. Key physical field variables, including displacement, stress,
and temperature distribution, are derived analytically and illustrated graphically for various val-
ues of the fractional order parameter, both with and without the non-local influence. A specific
case has also been derived from the general model.

1 Introduction

In non-local elasticity theory, the stress at any given point depends on the strain at all other
points in the material, unlike classical elasticity, which links the stress at a point solely to the
strain at that same point. Fractional order derivatives play a key role in modeling certain phys-
ical phenomena that classical elasticity cannot adequately address. For example, materials like
colloids, amorphous media, glassy substances, and porous materials often behave in ways that
classical thermoelasticity, which relies on Fourier’s law of heat conduction, fails to describe
accurately. In such cases, a generalized thermoelasticity theory, incorporating heat conduction
models with time-fractional derivatives, is required. This approach offers a more accurate rep-
resentation of heat conduction in these complex materials. Research by Povstenko [1] explored
non-local generalizations of Fourier’s law using time and space fractional derivatives, while
Youssef [2] proposed a thermoelasticity model that incorporates fractional-order heat conduc-
tion and proved the uniqueness of this theory. Additionally, Ezzat [3] studied thermoelectric
fluid systems with fractional-order heat transfer, applying state-space and Laplace transform
methods to solve one-dimensional problems. These studies highlight the limitations of classical
methods and the growing importance of fractional calculus in describing complex materials and
heat transfer processes.

Various researchers have developed non-local elasticity theory through different assumptions
and approaches. Notable contributors include Eringen and Edelen [4], Edelen and Law [5], Erin-
gen [6-11], McCay [12], McCay and Narsimhan [13], with a comprehensive overview provided
in Eringen’s [14] book. Mustafa et al. [15] investigated exponential decay in thermoelastic sys-
tems, while Somaiah and Lasiecka [16] explored the effects of rotation on radial vibrations in
a microelastic solid with a spherical cavity. Kumar et al. [17] conducted a transient analysis
of non-local microstretch thermoelastic thick circular plates with phase-lags. Hobiny and Ab-
bas [18] examined the influence of non-local effects on thermoelastic materials, and Usman et
al. [19] derived solutions to fractional kinetic equations involving generalized hypergeometric
functions. Lu et al. [20] studied the thermoelastic response of a rod subjected to a moving heat
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source, applying fractional-order thermoelasticity theory.

This paper explores the impact of the fractional order parameter on thermoelastic materi-
als, examining scenarios both with and without the inclusion of a non-local parameter, with
laser heating as the heat source. The problem is solved using normal mode analysis, applying
impedance boundary conditions at the surface. Analytical solutions are derived for key physi-
cal field variables such as displacement, stresses, and temperature distribution, and these results
are illustrated graphically for various values of the fractional order parameter. Furthermore, a
special case is extracted from the general solution to highlight specific behavior.

The significant feature of this kind of study is the analytical approach to the problem. If the
analytical solution of a special problem can be available, then it can be used as a benchmark to
prove the accuracy of any numerical approach. The use of integral transforms is one of the pow-
erful semi-analytical tools for solving linear partial differential equations arising in heat transfer,
earth-quake engineering, soil dynamics, and other areas of applied mechanics. However, the
applicability of integral transform method is quite limited and is confined to linear problems.

2 Basic Equations

Following Tzou and Guo [21] and Sherief et al. [22], we have
(i) Constitutive Relations

tij = 2ueij + 0ij(Aewr — T, (2.1
(i1) Equation of motion
5 O

A +2m)V(V ) = VT + pAT = p(1 = € 0) 7, 22)

(iii) Heat conduction equation

g orT Oe
* _ s el . 2.3

K*A\T (1+T08to‘0)(pce ot Q—l—’leoat) ( )

In the equations (2.1)-(2.3), &; - non-local parameter, 7 - thermal relaxation times with 75 >
0, ap -fractional parameter, K * - thermal conductivity, /A- Laplacian operator, V- nabla(gradient)
operator, Other symbols have usual meanings.

3 Statement of the Problem
For the assumed model, we have

U = (ui(z1,23,t),0,u3(z1,23,1), T(21,23,1) (3.1)
Using (3.1) in (2.2) and (2.3), recast the following equations

Oe oT 0%y

— =y Aup = p(l — EN)—— 32
(M+)\)8x1 gl + pluy = p(1 = §A) o2 (3.2)
Oe oT 821L3
— = Auz = p(l — EN) =2 33
(u+A)8x3 N tubus Pl =&8) 55 (3.3)
o oT Oe
K*AT = (1 — — — To—). 34
(I +m50)(pCe 5 = Q +mTog,) G4
Following dimensionless quantiites are used
s F o) = ) = P b v
fl - 1 517 (uzaxz) - cl (ulaxz)v (t 7T0) - wl(thO)a tz] - ’Y]Th, w = w*
r="lr Q=0 A= nm), A=z (=13)
pet Krw*2 ™ 7 nh 7 K+ ’
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where

*

pCeC% 2_(>\+2,LL)

w , =
K* ! p

w*-characteristic frequency and ¢, - longitudinal wave velocity.
Equations (3.2)-(3.4) with the aid of (3.5), reduce to the following equations after suppressing

the primes

(W+A) de T . p 92,
Pl 3.6
p3  dxy  dxy * pc w =1 -G8 50 EI (3.6)

(1 +X) Oe 0T 1 _ s
pcd dr3  Ox3 + %A =(1-€A) 75 92 3.7

_10% pCeci OT ViTy Oe

— \ap—1 ¥ 194 i ge, 18
AT (1 + TO(W ) Ot )(K*(JJ* ot ,OCe Q + pK*w* 8t) ( )

where A = = + a ol " ande = 3“‘ + g;z.
Equations (3 6) 3. 8) can be expressed as
Ode oT &%y
i Aup — — = 39
i +nnluy oz, =(1-0)5 52 (3.9)
aT 0u
71116*-0-7“2&“3—67563:(1_ %A)ﬁv (3.10)
g« orT Oe
AT = (1+To(w*)aoflata0)( 13E+nl4afn15Q) (3.11)
where
ny = A1) _ A, 2l _ il _ 2
11 o2 12 2 137 e 1 DK 15 .

4 Solution Procedure

Displacement components u (1, z3, t) and uz(x1, 3, t) to the scalar potential functions ¢(xy, x3,t)
and ¢ (1, x3,t) in dimensionless form are given by

0 _ ¥ 9% o (4.1)

| == — —

6331 3$3 ’ v = (9;E3 81171

With the aid of (4.1), equations (3.9)-(3.11) yield

2
((nll +n)A—(1-¢ )gﬁ) ¢»—-T=0, (4.2)
82
<n]2A (- f%A)atz> b=0, @3)

_ 8040 ad)
*\ap—1
(1 o) atao> sy

foal oT foal
+ <1 + T()(w*)aolatao) nBa — AT = (1 + T()(w*)aolatao) nisQ. (4.4)

Using (4.2) in (4.4) yields
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32 Heo 83
{ |:— <n11 +nip + flza#) A2 _ (1 + T()(w*)ao—l ata0> n138tS:|

0]

vag—1 0 0 0 o’ 0?
+{ (1 + 7o (W)™ IW}) (71148 +ns(nn + )5, + (& — 1)”13&3) + W}A}Qﬁ =

g
<1 + To(w*)aofl atao> nlsQ-
4.5)

5 Normal Mode Analysis

Solution of considered physical variables in terms of normal modes is as follows:

(6,9, T,Q) = (¢, 9, T, Q)eka1=«1) (5.1)

The plate is illuminated by heat source

%
= Loy te—t/top—i/r* o= 3
2mr2t} '

where w - complex time constant, k-wave number in x-direction, I - energy absorbed and ~* -
absorption depth of heating energy.
Using (5.1), equations (4.3) and (4.5) take the form

(D*+ AD? + B)(4,T) = naQoe” ™, (5.2)
(D* —m3)d =0. (5.3)
where
p_ 4 4_na2- 2ng K B nok* — npk? — ny3 2 — Gk +1- n'zzkz
dzxy’ nai ’ nai ’ : g

nyp = —(ni4+np—w?€l), np= (1+(*Lw)a°)(*Lw(n14+ﬂ13(ﬂ11+n12))+(§12*1)n14bw3*w2)

ny = (1479w Nnzw?,  nyg = (14+70(w*)20 N (—w)®ns, Qo = tht e~t/toe=ai/,

Bounded solution of equations (5.2) and (5.3) are
o 2
(6.7} = (1, a:)[Aie™™™ + fre™ 7], (5.4)
i=1

B = Aze” ™ (5.5)

a1 and a, are coupling constants given by

[ (2 — B)mnaso1 -+ o)) ()]
[—(m? — k%) — nizww(1 4 mo(w* )20~ 1) (—w) 2]’

n24Qo

R P )

By substituting the values of v, ¢ and T from equations (5.4) and (5.5) into equation (2.1), along

with equations (3.1),(3.5),(4.1) and (5.1), and solving the resulting system, we obtain

3
I o .
t33 = Z;(aliAie T qpg fre” T ), (5.6)
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3
t31 = i;(%ﬂz‘@mm +apfre” 1), (.7
1 < . e
T = K;(aiAie T 4 freTT ), (5-8)
where
ay; = (2nai+na)m; —nnk’—nza;, a3 = —2naitkms,  ay = [(2na1+na2)y —nznk’ —nas),
az = —2naitkm;, an = —(m3+k), axn=—2n31ky", i=12
n3p = L7 n3y = L, n33 = pC%
Ty 11o To

6 Boundary Conditions

Impedence boundary conditions at 23 = 0 are

oT
ty3s +wiZius =0, 31 +wiZru; =0, K*g + w1 Z3T =0 (6.1)
3

Z; (i = 1,2,3) are impedance real valued parameters. Z; and Z, have dimension of stress/velocity
and Z3 has dimension Nm~'K~'. w; is the wave circular frequency.
Using (3.5) in (6.1) and after suppressing the primes, we get

oT
ty3s +wiZiuz =0, t31 +wiZru; =0, %4-0012377:0. (6.2)
3

Substituting the expression of variables considered into (6.2), we obtain

3
Y nudi = F, 6.3)
i=1

3
ZniSAi = b, (6.4)
i=1

3
> nigAi = Fs. (6.5)
i=1
where

A .
A; = A = 1,2,3, A = ngi (naans3 — naznsz) — nez(nainss — nsinaz),

ng = wiZymy + nxak® 4+ nzzar — (2nz; + nx)m?,
nay = w1 Zimy + nak? + nazar — (2n3; + nx)m3,
nay = 2tk(ms —w1Z1), nsp = 2uk(naimy — w1 Zy),
nsy = tk(2nzima — w1 Z2), ns3 =m3 + k* — tkw Zs,
ne1 = miap —wi1Z3ar, Ne = Maay — w1 43az,
Fi = [(2n31 + n32)7*2 + nak® + naz + w1 21y fe 1,
By = [“2n310k~* 4 thw Zo) fre™ 7V, By = [wiZ3 — | fre” .

Putting [Fy, F», F5] in i*" column of A respectively determine A; (i = 1,2, 3).
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7 Particular Case

Taking £; = 0 in equations (5.6)-(5.8) gives the resulting expressions for thermoelastic medium
due to laser pulse heating.

8 Validation

The effect of the fractional parameter on thermoelastic materials with non-local considerations
has not yet been explored. In the absence of the non-local parameter, the results of this study
align with those previously discussed by Wang et al. [23].

9 Numerical Implementation

For numerical computations, following [24], we take the copper material.

A=776x10"Kgm~'s72, 1 =386x10"Kgm~'s2, Tp=0293x 10°K,
C,=03891x10°JKg 'K, 0, =178 x 10°K~!, a.=198 x 10*m’Kq¢~!,
p=8954x 10°Kgm™>, K =0.386x10°Wm 'K, r=100um, t=0.0ls,

to =2nans, ~*=1m™', 75=02s, £€=0395x10"m, w=2-0.1t, w =1,

Zi=1Nm™'s™', Z,=2Nm™'s™!, Zzy=4Nm 'K~!

Graphs are computed using software Matlab(R2016a).
In figures 1-6:

« Solid line represents ayg = 0.1.
» Line with small dashes denotes «g = 0.5.
» Line with small dashes denotes «g = 1.0.

« Impact of different values of fractional parameter on stress components and temperature
distribution on non-local thermoelastic material is shown in figures 1-3.

« Figures 4-6 show the impact of fractional order parameter on thermoelastic material without
non-local effect.

Figure 1 demonstrates trend of ¢33 vs. x3. t33 shows low damp and jump for high values of
fractional parameter and with increasing distance converge to zero for all values of «y.

Figure 2 displays trend of ¢3; vs.x3. t3; shows high damp and jump for moderate values of
fractional parameter and converge to zero with increasing distance for all values of fractional
parameter.

Figure 3 depicts trend of T vs.z3. T shows high variations for high values of o and low variations
for low value of «y.

Figure 4 shows trend of ¢33 vs.z3. ¢33 shows high oscillations for low values of fractional order
parameter, while these oscillations decrease for increasing values of .

Figure 5 displays trend of ¢3; vs.x3. t3; shows high damp and jump for low values of o and less
variations for high values of «ay.

Figure 6 depicts trend of T vs.z3. For increasing values of o, T shows low variations.
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Figure 1. Profile of ¢33 vs. x3

Figure 2. Profile of ¢3; vs. x3
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Figure 3. Profile of T" vs. x3
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Figure 6. Profile of T' vs. x3

10 Conclusion remarks

The fractional parameter has a significant influence on both the stress components and temper-
ature distribution. Analytical solutions for thermoelastic problems in solids, based on normal
mode analysis, have been developed and examined. For non-local thermoelastic materials sub-
jected to a laser heating pulse, the magnitudes of all physical quantities diminish to zero with
increasing distance, and all functions remain continuous. It has been observed that in thermoelas-
tic materials, stress components and temperature distribution exhibit oscillatory behavior, with
these oscillations decreasing as the fractional order parameter increases. Furthermore, as the
distance from the heat source increases, the fractional order parameter has a negligible effect on
the physical quantities. This research provides valuable insights for those working in seismology
and related fields.
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