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Abstract This paper attempts to generalize rough ideal convergence for some spaces. We
have used rough ideal convergence in normed linear spaces to introduce rough ideal conver-
gent sequence spaces using Orlicz function which generalizes the existing sequence spaces,
"[C,1,p],[C, 1,0, [Cy 1,p]c". We have also studied some properties of these spaces when
topologized through a paranorm and investigated inclusion relations, equivalent conditions, de-
composition theorem, and algebraic properties of such spaces. We have also given examples
to show that the rough ideal convergent spaces so obtained are solid, monotone but fail to be
convergence free.

1 Introduction

The Orlicz function was first introduced by the Polish mathematician W. Orlicz in 1931. Lind-
berg initiated the use of Orlicz functions to solve an open problem to find a Banach space having
subspaces isomorphic to , the space of null sequences, or ¢? spaces. Their work evoked inter-
est of J. Lindenstrauss and L. Tzafriri [11], and they were successful in constructing a sequence
space, (¥ with the help of Orlicz function S, which furthermore solved a long pending open
problem of finding a complete normed linear space that has a subspace isomorphic to some
P ={a=(an) €w: Y, |an|P < oo}, (1 <p<oo). And

Pi={recw: ZS(?) < oo, for somey) > 0}, where
k=1

9 is a complete normed linear space under the norm

|z|| = inf{e) > 0 : iS(%) <1}

k=1

and is called an Orlicz sequence space.

In [18], Parashar and Choudhary defined certain paranorms for Orlicz sequence space, laying
the foundation for topologization of various generalized Orlicz sequence spaces. The Orlicz
sequence space has always been a centre of interest for researchers as it generalizes and unifies
several known sequence spaces for, the space £° becomes 7, ( 1 < p < 00) if we choose S(z) =
xP. After the introduction of statistical and ideal convergence, several researchers introduced
statistical and ideal convergent sequence spaces determined by Orlicz functions and explored
the algebraic and topological properties of the sequence spaces so obtained (see [27], [22], [8],
[26], [25], and [10]).

Rough convergence was introduced in connection with the convergence problem of the se-
quences by Phu in [19]. Rough convergence is a new type of convergence where we study the
behaviour of a sequence in any neighbourhood and not necessarily e neighbourhood.
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For any sequence, {a,} in some normed linear space (X, | - ||) and r € R be any positive
number, {a, } is said to be r-convergent to a., denoted by a, 5 a., if there exist n. € N such
that

n>ne = ||lan —axl] <7 +e foralle > 0.

where r and a, are called the roughness degree and the rough limit point, written shortly as
r-limit point of the sequence {a,, } respectively. The immediate consequence of this definition is
that every bounded sequence is convergent and the limit is not unique. The set of r-limit points
of the sequence {a,, }, is denoted by LIM"a,, = {a.: a, — a.}.

To extend this notion to unbounded sequences and to enhance its applicability, Aytar gave the
statistical version of rough convergence, and several related results were investigated in [1] and
[3]. The natural extension of statistical convergence is ideal convergence and therefore rough
ideal convergence was introduced and studied in [16] and [7]. Since then researchers all over the
globe have explored the possibility of applying rough convergence to sequences in spaces where
the notion of distance holds such as, metric spaces, cone metric spaces, S-metric spaces, n-
normed spaces, fuzzy normed spaces etc. for different types of sequences like double sequences,
triple sequences, sequences of fuzzy numbers etc. For some related study see [5], [23], and [17].

This paper is aimed at introducing and generalizing rough ideal convergence for sequence
space using an Orlicz function S, which is the generalization of ¢°, the Orlicz sequence space
and "[C, 1,p], [C, 1, plo, [C, 1, p]," the sequence spaces of strongly summable sequences [12].
We have divided this paper into four sections. The first section is the introduction. It consists of
the literature and background on rough convergence. In the second section, we recall some basic
definitions and results that will be used in the main results of this paper. Also, we have used the
idea of Orlicz sequence space and introduced some rough ideal convergent sequence spaces with
the help of an Orlicz function. In the third section, we have also given some properties of these
spaces when topologized through a paranorm and investigated inclusion relations, equivalent
conditions, decomposition theorem, and algebraic properties of such spaces. In the last section
of this paper, we have given a brief summary and future scope of the present work.

2 Preliminaries

Definition 2.1 (Ideal). Any non-empty collection J of subsets of a non-empty set X is called an
ideal on X if, the following conditions are satisfied:

(i) J is stable under finite union, H, K € J =— H UK € J and
(i1) Jis stable under subsets, H € J,and K C H — K € 7.

The collection 7 is called an admissible ideal (a.i.) if all the singletons subsets of X lie in J, and
J is called non-trivial, whenever J # {0} and X ¢ 7.

Definition 2.2 (Filter). Any non-empty collection § of subsets of a non-empty set X is called an
filter on X if,

i) 0¢7,
(i) § is stable under finite intersection, H, K € § — HNK € §and

(iii) § is stable under super-sets, H € §,and H C K — K € 3.

Definition 2.3 (Filter associated with Ideal). For any ideal J of a set X, the collection of comple-
ments of members of J denoted by F(J) and defined as the set {P C X: 3Q € J, P = X\Q} is
called filter associated with ideal J.

Definition 2.4 (Ideal Convergence). Ideal convergence of a sequence {a,,} in a normed linear
space (X, | - ||) to a is denoted by J — lim a,, = a and is defined as, for any positive pre assigned
number e

{neN:|a, —a|]| > €} €7.
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Definition 2.5 (Rough Ideal Convergence). Let J be a non-trivial admissible ideal on N, and
r > 0 be any real number. Then, any sequence {a,, } in a normed linear space (X, || - ||) is said to

be rJ-converges to a, denoted by a, f> a, if
{n eN:|a, —al|| >r+e} €T,Ve>0.

Theorem 2.6. For r is non-negative real number. The following are interchangeable:
(i) The sequence a = {a,} is rJ-converges to a.,

(ii) There is a sequence b = {b,} such that I —limb = a, and ||a, — b,|| <, forn € N.

Definition 2.7 (Sequence Space). Let A be a vector space of sequences. Then any vector sub-
space « of A is called a sequence space (in short S-space).

Definition 2.8. (Sectional Subspace) Let L = {l; < I, < I3...} be a subsequence in N and, let
x be a S-space. Then,

kr = {(z1): 2 € K}

is said to be the L-step space or sectional subspace.

Definition 2.9. (Canonical Pre-image) For any sequence in (x;) in L-step space, the sequence a;
defined as

xy; iflisinL,
a; = .
0; otherwise.

is the canonical pre-image of a sequence (z;). The collection of all canonical pre-images of each
sequence in a step sequence is called the canonical pre-image of a S-space.

Definition 2.10. (Monotone Space) If a S-space « contains pre-images of each of its step spaces
then it is called a monotone space.

Definition 2.11. (Solid Space) A S-space x in which b,, € k, whenever there is some a, € k
with |b,| < |a,|,n € Nis called solid.

Remark 2.12. Every solid space is monotone.

As we know that norm is a generalized notion of distance and paranorm is the generalized
absolute value function.

Definition 2.13. (Paranormed Space) A function v: X — R on a linear space X, is called a
paranorm if it satisfies the following:

1) v(u) >0, Vu>0,u e X,
(i) v(—u) =u,Vu e X,
(i) v(u+v) <v(z) +v(v),Yu,v € X,

(iv) For any sequence of scalars, (ay,) with a,, — « and a vector sequence (a,) such that
v(a, —a) — 0 as n — oo, we have v(aya, — aa) — 0 as n — oo i.e., v is continuous
under multiplication by scalars.

Then (X, v), is a paranormed space. Additionally, (X, v) is called a total paranormed space,
whenever v(u) = 0, implies u is the zero vector in X. If we define a real valued function on a
total paranomed space, X as d(u, v)= v(u — v), then d is a metric on X and we call X a linear
metric space.

Definition 2.14. (Convex Function) A map g: [a,b] — R is convex if,
g(tic+ tad) < t19(c) + trg(d), wherec,d € [a,bland t; + ¢, = 1.

Example 2.15. Any real valued linear map on any interval of R defined as g(z) = ax+ 3, where
« and 3 are constants, is a convex function.
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Definition 2.16 (Orlicz Function). Consider a map S between non negative real numbers, S': [0, c0) —
[0,00) . Then it is called an Orlicz function if

(i) S is continuous,
(i1) S is convex,
(iii) S is non decreasing,
(iv) S takes zero to zero, S(0) = 0,
(v) S takes positive values to positive values, S(u) > 0 for u > 0,

(vi) S takes large values to large values, S(u) — 00 as u — cc.

Definition 2.17 (A,-condition). Let S be an Orlicz function. If for every positive real number £,
there exist constant M/ > 0 such that S(2k) < MS(k), then we say S satisfies Ap-condition.

The A,-condition, can also be considered as the inequality S(pk) < MpSk, Vk and for
p > 1.

Corollary 2.18. For 0 < p < 1, S(pk) < pSk, where S is an Orlicz function.

Throughout this paper, let J be a non-trivial admissible ideal on N and r be a non-negative
real number. Also it is well established that the spaces,

(i) w:={a=(an): ap € Ror C},
(ii) £ :={a = (an) € w: sup,, [a,| < <},
(i) *:={a = (a,) € w: lim, ||a,| = 0},

are Banach spaces with norm ||a|| = sup,, |a,|.
For an Orlicz function S and ¢ = (¢;), where ¢, > 0 and some real number r > 0. We give
the following definitions:

(S, t) ={a = (an) Ew: {neN: 6’(‘“";“‘)”c >r+e}€J,aeR, >0},

tr

0™ (S,t) ={a = (an) ew: {neN: 512" >r 4+l eTaecR ¢ >0},

2(8,1) = {a = (an) € w: supS(141)" < 00,0 € R,w0 > 0).

We also denote

G (S, 1) = £°(S,t) NP (S, 1),
Gha, (S, t) = £°(S,t) N ¢y (S, 1).

3 Main Results
Theorem 3.1. For t = (t,) € {°° and an Orlicz function S, the classes of sequence
(S, t), ™2 (S,1), G (S, 1), andG™ . (S, t)
are vector spaces over R.
Proof. Consider a = (a,), b = (b,) € ¢®7(S,t) be and let ', b be any two scalars. Since

a = (an), b = (b,) € c7(S,t) by definition of c?7(S,t), for any ¢ > 0 there are 1,1, > 0
such that the sets,

A'= (ke N: Sl > | ¢} € 3} forsome a. € Randry > 0. (3.1)

A= {k e N: S(tl)™ > 1y 4 £} €3} forsome b, € Rand 12> 0. (3.2)
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Let r = max{r;, 7} and ¢3 = max{2|a [¢1,2|b |¢/»}. Furthermore, S being an Orlicz function
is convex and non decreasing, we have the following inequality

S(I(a/ak+b/bk)1;3(ala*+b/b*)|)tk SS(‘G'H?;}_a*\)tk +S(‘bl‘|l;&_b*l)tk,

< 5(\@ H‘Zi_a*‘)tk + S(‘b szj}cz_b*l)tk.

Then from above inequality along with ((3.1)) and ((3.2)) we have,

’ ’ ’ ’ t
{k e N: g(lleauth bo)(aa. 10 b)) "sutacAuder,

implies that

ke N: s(lelostb-tasml " 5 0y g e g,

P3

Thus a'ax + b'by € ¢7(S,t). Hence, ¢®7(S,t) is a vector space. The proof for ¢o*7(S, 1),
GRY.(S,t), and GFY, (S, t) can be obtained similarly. O

Theorem 3.2. Let S be an Orlicz function and t = (ty,) € (>, then the function v(z) defined as

v(z) = ]ir;f]{w% Sl]ipS(M)t’“ < 1, where v > 0}, where

M = max{l,sup, t;} is a paranorm and the spaces G .(S,t),G®7 . (S,t) are paranormed
spaces, paranormed by v(z).

Proof. Proof omitted as it is simple and similar to the proof given in [18]. O

Theorem 3.3. For any two Orlicz functions Sy and S, which satisfy A;-condition, the following
inclusions hold

(i) €(S182,t) contains ¢(Sa,t),
(ii) C(S1,t) N ¢(Sy,t) is included in ((Sy + Sa,t), where ( = cf¥9, ¢oft9 GFY . GFI .
Proof.
(i) Letz = (x1) € co™’(S,,t) be any arbitrary element. Then by definition of ¢y (5, t), for
any pre assigned € > 0 we have some ) > 0 with

{k e N: S(12)™ > r 4 ¢ € 3}, wherer > 0. (3.3)

For a suitable choice of n with n € (0,1), we have S|(¢t) < r + ¢, for ¢ € [0,5]. Put
S = Sz(%)tk, then

thl(sk) = lim Sl(Sk) + lim S](Sk).
k $k<n

sk >n,keEN

Casel If s, > n. Sincen < 1, we get s, < 22 < 1+ %’651 is an Orlicz function, by
property 2 and 3 in (2.16) and (2.18), we have,

Si(s) < Si(1+358) < 3151(2) + 351(35).

Also, by (2.17), Si(s;) < 3M32:5,(2) + 3M2:5,(2), it follows that S (sx) <
M 5k Sy (2). This further implies,

i < 1 i ) .
Skl&{r}lceN S1(sg) < max{r, Mnsl (2) Ski&}ryr}geN(sk)} (3.4)

Case 2 If s, < 7. Then

i <. .
skghnr,lllceN Si(sk) <r (3.5)
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From (3.3), (3.4) and (3.5), we conclude that
{keN:5.5; (Iw’“‘) > r+ e € 7, for some r > 0}.

Hence, z = () € co®7(S)5,,t). This proves that ((S,,t) C (5153, 1).
(ii) Consider x = (z1,) € T (S1,t) N o7 (52, t). Then by definition we have,
{keN: S (2 >rteped

and
{keN: Sz(‘T)tk > r + ¢ € Jfor some r > 0}, where

e > 0and ¢ > 0. Also,

{keN: (S1+S) (2 >rte} € [{keN: () > 4 e}

Iz
U{keN: Sy > 4 e}

Suggests that
{keN: (1 + S) () >r b e

Thus, z = (l'k) S CORJ(SI + Sz,t).
We can prove the other inclusions by proceeding in the same fashion. O

Theorem 3.4. The spaces co™ (S, t) and GF7 (S, t) are solid S-spaces.

Proof. Letx = (x1,) € ¢of7(S,t). Then

{k e N: (20 > r 4 ¢ €3}, for some r > 0,¢ > 0,19 > 0.

For S is an Orlicz function S, by (2.18) we obtain,
S(ilalsz‘) < |ak\t"5(‘7) < S(‘T) ;

for some sequence of scalars o, with |ag| < 1,Vk € N. Clearly, agzy € C()Rj(S, t). The proof
for Gf*9 (S, t) can be obtained similarly. i

In the light of the (2.12), we conclude that the spaces ¢ (S, t) and G'*7 (S, t) are monotone
S-spaces.
Our experience with ¢/ (M) and m! (M) [25] may lead us to believe that c?7 (S, ) and G#7 (S, t)
are not monotone and therefore not solid. However rough convergence gives sequences liberty
to converge for any limit in a relaxed neighbourhood, (for any suitable r>0). Let us understand
this with the help of an example.

Example 3.5. For S(z) = 2%,t;, = 1,3 = J;, consider the constant sequence {a,}, where
an = 1,¥n. Then a,, € ¢”(S9,t), but there is a canonical pre-image {b,} of {a,,}, defined as:

b ap; ifkiseven,
k= .
0; otherwise.

which does not belong to cj(S, t) [25]. However, for r = 1, by, is r — J convergent to 0. Thus,
canonical pre-images of all the step spaces, for a suitable choice of ’r’ are in ¢f*7(S,¢) and
Gha.(S,t).

Thus, ¢?7(S,t) and GT7 (S, t) are solid and monotone for some 7 > 0.
Theorem 3.6. ¢’ (S, t) and G7 (S, t) fail to be convergence free.

Proof. For the proof of this theorem, we consider the following example. O
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Example 3.7. For S(z) = z,t, = 1 = 1), let {a,,} be a sequence in R. Let J be admissible ideal
of N such that it contains an infinite set P. Define

— k; fork € P,
" T ) (=1)F; otherwise.

Then a,, € c#7(S,t). However, the permutation sequence, defined as

_J(=1)* forke P,
= {k; otherwise.
is not » — J convergent. Thus, ¢/*7(S,t) is not convergence free in general.
Theorem 3.8. For an admissible ideal J, the following are interchangeable:
(i) (ax) € cB7(S,1),
(ii) Forall k € 3, there exists (by,) € c?(S,t) such that ||ay — bg|| < 7,7 > 0,
(iii) For all k € J,we have (by,) € ¢?(S,t) and (ci.) € co®? (S, t) with ax = by, + cx,
(iv) lim,,_, S(W)tmn = r,where | is the r-J limit ofS(IT) and M = {my,my,...} of
N such that M € F(J).

Proof.
(1) = (2) Let (ay) € cf(S,t). Then for some r > 0 and e > 0and [,

(ke N: Sl > ) € 3y,

Again by (2.6), we have a sequence (by,) as
: lax =]\
b = {ak, S(’fj) <,

l; otherwise.
Clearly, (by,) € ¢*(S,t) and forall k € J, |jax — by|| < r.

(2) = (3) We are given that for (ak) € cf3(S,t), then there exists (by) € ¢ (S, t) with |aj —
bg| < 7, wherer > 0,k € J. Let J = {k € N: |lay — bx|| > r}, then J € J. Define a

sequence
ar —br; ke J,
C — .
0; otherwise.

Then, (Ck) S C()Rj(S7 t).

(3)= (@) LetA={keN: S(%)“ > r+£}. Then A° € §(J). Let A° = M = {my, ma,...}.

ag 7” th, —
5 Yebn =,

Then we have, lim,,_, o S(

(4) = (1) Lete > 0, then we
{k eN: S(‘a"‘:z}* )tk >r+efCMU{ke M: S(\akn*”)pkn =r>r+e €l

Hence, (ax) € (S, t).

Theorem 3.9. The set G®7 .(S,t) is closed in £>°(S,t).

Proof. Let (a,™) be a Cauchy sequence in G#7.(S,t) such that a;,(™ — a. Since a;™ €
GRY (S, 1), there exists b, such that for some r > 0,

. lax™ —bu |\ ~
{keN:S(F——) =r+eted

We need to show that
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(a) (by) converges to b,

ti

0 IV = {k e N: S(1u7=)" <7 4 ) then Ve € 3.

(@) Now, (az(™) € Gf7,(S,t) is Cauchy = 3ng € N such that

—a.(m) €
lan®=ar "yee « 2 W, m > ng, e > 0.

(n)
supyS( o 7 3

For a given € > 0, and some r > 0 consider

(M g, (m) r+e
Py = {k € N: (larmzar iyt o T b
Pp = {k e N: §(les byt T ;r 9,
ax™ b, r+e
P, = {k e N: §(lae"=talytn < s

Then, P,.,“, P,°, P, € J. Consider
P={keN: S(Laylelyth < r 4.

Then, P¢ = P,,,,° U P,,° U P, lies inJ. Let n, m > ng, where ng € P, we get

r+e€
7

r—+e
— )

r+e
il

{k e N: s(lmbalyi <y €} O {{k € N: S(Lompe™]

) <

n{k € N: 5(7‘“’“(7”);(1’“(”)')“ <

N{keN: S(‘“k(”;*b"‘)tk <

This establishes that (b,,) is a p Cauchy sequence in R and R being r-complete, we get some
b in R with b, is r-convergent to b for some r > 27 1J(R)p, where J is "Jung’s constant"
[21].

(b) For a;,(™) — z, there exists ng € N with B = {k € N: S(%)_akl)tk < (556)M3,
where r > 0,¢ > 0, M = max{1,sup, t;}, N = max{1,2°71}, P =sup, t; =
implies B¢ € 7.

For a suitably chosen, ng together with x, we have

bry—bl\ty r4e
C={keN: 5Ly < (tte)M 3

(o)
such that C° € J. Let D° = {k € N: §(%"Pmlytn > (n4e)M} then D¢ € 3.

t
Let V¢ = B°UC°U D¢, where V = {k € N: S(% ") < r + €}. Therefore, for each
k € V¢, we have

.y lar=bl \¢ . qlan—a "0 _ T A€y
{b e N: S22l <yt e} > ({k e N: (L=l < (TEEm)

. lax ") by, | te r+e
N {k e N: s(mtuelyie < (S25)M)

. ‘b”(]_b‘ tr T+6 M
N{keN: S(=4—) <(3N) 1.

Thus, V¢ e 7.
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4 Conclusion

We have defined and explored some new class of sequence spaces with the help of rough con-
vergence and Orlicz function. Theorem (3.8) establishes a some new relationship between rough
ideal convergent sequences and ideal convergent sequences. Many different types of functions
like modulus functions can be used to define new types of rough ideal convergent sequence
spaces to obtain some new and interesting results.
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