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Abstract The Out degree of u with respect to a set D is defined by odp(u) = |[N(u) N
((V—D))| and denoted by odp(u). Based on the concept of out degree we introduce a new
domination called neighborhood total 2 - out degree equitable domination (ODED) number.
Here the proposed domination number verified for some general and special graphs.

1 Introduction

The graphs defined here are from [3]. In a graph G = (V, E), V is the set of vertices and F is
the set of edges. The cardinality of vertices is denoted by n and edges is denoted by m. The
degree of a vertex is defined as number of edges incident on that vertex and it is represented by
deg. If a degree of vertex is zero then the vertex is called an isolated vertex.

The domination number concept was introduced by Ore [6] and C. Berge [2]. A set D is said
to be dominating set of V' if every vertex u € (V — D) there some vertex in v € D such that
wv € E (G). The minimum number of vertices of dominating set is called domination number
and it is represented by v (G). S. Arumugam and C.Sivagnanam [7] introduce the neighbor-
hood total domination number. A dominating set D is called a neighborhood total dominating
set of V' (ntd-set) if induced sub graph < N(D) > has no isolated vertices. The minimum
number of vertices of neighborhood total dominating set is called neighborhood total domina-
tion number and it is represented by ~,:(G). Ali Sahal and V.Mathad[1] introduce the 2 - out
degree equitable domination number . A dominating set D is said to be two out degree equi-
table dominating set if for any two vertices u,v € D such that |odp (u) — odp (v) | < 2 where
odp (u) = [N (u) N (V — D)|. The minimum represented vertices in two out degree equitable
dominating set is called 2 - out degree equitable domination number (2 - ODED) and it is de-
noted by 72, (G). M.S.Mahesh and P.Namsivayam [4, 5] introduce some new domination based
on two out degree. Based on above domination number, here we introduce a new domination pa-
rameter called neighborhood total 2 - out degree equitable domination (y,20c (G) — set) number
and we find this domination number for some general graphs, special graphs and some derived
graphs.

2 Neighborhood Total 2 - Out Degree Equitable Domination Number

Definition 2.1. A dominating set D is called the neighborhood total 2 - ODED set, if for any
two vertices u,v € D such that |odp (u) — odp (v)| < 2 and the induced sub graph < N(D) >
has no vertices of degree zero. The minimum cardinality of vertices of a neighborhood total
2 - ODED set (yn20e (G) — set) is called neighborhood total 2 - ODED number of G and is
represented by V20 (G).

Example 2.2. Let us consider a set D = {v4,vs} and (V — D) = {v1,v2,v3,v6}-
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Figure 1. Example of v,,420¢ (G)

odp (v4) = |N (vg) N {v1,v2,v3,v6}| = 4.
odp (7)5) = ‘N (U5) N {1)1,’[)2, '03,1)(,}| =2.
Then, Clearly, for any u,v € D such that |odp (u) — odp (v) | < 2.
Thus D = {uvs,vs} is 2 out degree equitable dominating set and < N (D) > has no isolated

vertices and D is a minimum (7,20 (G) — set).
Hence, Yni20c (G) = 2.

Remark 2.3. Any neighborhood total 2 - ODED set contains all the pendant vertex of a graph.

Example. From the figure 2, clearly D = {u,s,z,v} is the minimum (y,120. (G) — set) and it
contains all pendant vertices v and v.
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Figure 2. Example for remark 2.3

Remark 2.4. Every neighborhood total 2 - ODED set is a neighborhood total dominating set but
not conversely.

Example. In the figure 3, D = {v1,v2,v3,v4} iS @ Yn120e (G) — set and is also a neighbor-
hood total dominating set. But H = {v,v,} is a neighborhood total dominating set but not a
Ynt2oe (G) — set.
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Figure 3. Example for remark 2.4

3 Neighborhood Total 2 - Out Degree Equitable Domination (,.t20c (G))
Number for Some Standard Graphs

Here the neighborhood total 2 - ODED number is obtained for some standard graphs.
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Corollary 3.1. For all graph G with n vertices, 2 < Ypi20e(G) <n —2
Theorem 3.2. For any star graph K ,,, Yni20e (K1) =n — 2.

Proof. We have V(G) = {v,v1,v2,... ,v,} be the vertices of K| ,,.

Take the dominating set D = {v,v1,v2...v,—2} and (V — D) = {vp—1,un}.

Now, odp(v) = [N(v) N (V — D)| = {vn_1,vn} = 2.

Now, v; € D, then odp(v;) = |[N(v;) N (V — D)| = || = 0.

Then |odp (v) — odp (v;)| = 2.

For any v; € D, Dis a2 - ODED setand N(D) = V. Since < V > has no isolated vertices
then < N (D) > has no vertices of degree zero. So D is a minimum neighborhood total 2 -
ODED set.

Hence Tnt2oe (Kl,n) =n-2. o

Theorem 3.3. For any complete graph K, Ynt20e (Kpn) = 2.

Proof. We have V' = {vj,va,...,v,} be the vertices of K,,, and take a dominating set D =
{vi,m} and (V — D) = {vs, v4,...,vn}

Now v; € D then odp (v1) = |N(v1) N (V = D)| = [{v3,04,... ,0,} =n—2.

Similarly, odp (v2) = n — 2. Then |odp (v1) — odp (v2) | < 2. Hence D is a2 - ODED.

Also for all v; € D then N(D) = N(v1) UN(v2) = {v1,v2,...,0,} =V, then < N(D) >=
V and < V > has no vertices of degree zero in K.

Hence vn120¢ (Kp) = 2. O

Theorem 3.4. For any complete bipartite graph,

Ynt2oe (qu,q) - ) | ; ‘
not exists, otherwise

Proof. LetV (K, ) = {u1,uz,u3, ..., Up, Upi1, Upt2, Up+3, - . ., Uptq } DE the vertices of K, , and
{ur,ug,us, ... ,up}t and {upi1, Upi2, Ups3, ... ,Upiq} be two subset of V(G).

When |[p —q| < 2

Take a dominating set D = {u;, u,;} and

(V = D) = {ur,uz, U3, .+, Wiml, Wikl =« ooy Upy Up 1y Upt 2+« + s Uppi— 1, Uppict 1 -+ -5 Uptq ) -

For any u; € D, then odp(u;) = [N(u;) N (V — D)| =¢— 1.

If v; € D, then odp(vj) = |[N(vj)N(V —=D)|=p—1.

Then |odp (u;) — odp (vj) | < 2.

For any u;,v; € D, D is a2 - ODED set. Here N(D) = V(G) then < N(D) > has no
vertices of degree zero in K, 4.

Hence v120e (Kp q) = 2. O
Theorem 3.5. For any cycle C,,
{%J , n =3(mod4)
Ynt2oe (Cn) = n
{E—‘ , otherwise

Proof. Let V(C,) = {v1, vz, ... vy} be the vertex set and D be a 2 - ODED set of C,,.
D, if n = 0(mod4)
Let Dy = < DU {v,}, if n = lor2(mod4)
DU{v,_1}, ifn=3(mod4)
Clearly, D, is a neighborhood total 2 - ODED set of C,,,

C,  ifn=0(mod4)
Pn_1 otherswise.

< N(D) >—{

Then < N (D) > has no isolated vertices.
{gJ n = 3(mod4)
Hence, vnt20e (Cr) = . O

[g—l otherwise.
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Theorem 3.6. For any Path P,,, Vni20c(Py) = {gw

Proof. Let P, = {v1,v2,v3,... ,0n}.

Case 1: n # 1(mod4)

Then D = {v;, j = 2k, 2k + 1 and k is odd}. Since G is a path, then deg(v) < 2, clearly D
is a ODED set and N < D > has no verticesof degree zero.

Hence D is a neighborhood total 2 - ODED set.

Case 2: n = 1(mod4)

Then Dy = D Uw,_; is a neighborhood total 2 - ODED set.

Hence Yni20c(Pn) < [%]. Since, v, (G) = [5] and v (G) < Ynr2oe(G).

Thus Y20e(Pn) = [ %] |

Theorem 3.7. For the double star; Sy, 4, VYnt20e(Sp.q) =P+ ¢.

Proof. Consider D = {uy,up,u3... ,Un,v1,02,03,... ,0n} and (V — D) = {u,v}. Since
each vertex of D are pendant vertices, which are adjacent with one vertex in (V — D). Clearly
Disa2-ODED set and N(u;) = u and N(v;) = v for all 4.

Now, < N(D) >=< u,v >=< (V — D) > has no isolated vertices.

Hence ,YntZOE(Sp,q) =p+gq. o

Theorem 3.8. For Combo graph P, yniee (Pn™) = n.

Proof. Let V (P,™) = {v1, 0203, ,Un, Unl,Un2, Un3, - - . ,Unn} be the vertex set.

Here {v;, vy, v3,... ,v,} be the vertices of the path, {v,1, Vn2, Vn3, - .. , vnn} be the pendant
vertex which is adjacent with the vertex of the path {v;, v, v3,... ,v,}.

Take D = {vn1,Un2, Un3, - - - , Unyn } be a minimal dominating set and (V—D) = {vy,v2,v3, ..., }.

Each vertices of path v,,; is adjacent with one vertex in D and other in (V — D).
Then odp (vni) = |N (vni) WV — D)| = 1, forall ¢ = 1,2,3,...,n, and |odp (vn;) —
odp (vj)| < 2. Then Disa?2 - ODED setand < N(D) > = (V — D) has no isolated vertices.
Hence D is a minimal neighborhood total 2 - ODED set.
Hence, v,00c (Pn") = |D| =n. O

Theorem 3.9. For any crown graph C;7 of order n, Yn120¢(Cit) = n.

Proof. Let V(G) = {v1,v2,03,...,0,,0],0%,05,...,v,} be the vertices of crown graph C.'.
Here {vi,v2,v3,...,v,} be the vertices of cycle C,,, {v],v},v5....... vl } be the pendant
vertices which is adjacent to {vy, v2,vs3,... ,v,} respectively.
Take D = {vp41,Vn+2 . .. , V2, } be the minimal dominating set and (V—D) = {v{, v}, v}, ..., v, }.
Now odp (Un4i) = |N(vp4i)N(V=D)| = | {v;} | = 1. Then, |odp (v;) — odp (v;)] =0 < 2.
Then D is a 2 - ODED set and the sub graph < N(D) >= C,, has no isolated vertices. Then
D is a minimal neighborhood total 2 - ODED set.
Hence V120 (C;F) = |D| = n. O

Theorem 3.10. For any path Py X Py, Ynizoe(Ps X Pp) = n, forn > 2.

1,v1 1,02 1,03 1
Proof. The vertex set V(P x P,) = (vl v1), (v1,02), (v1,03), (v1,om) containing
(v2,v1), (v2,02), (v2,v3), ..., (v2,vn)
2n vertices. Let dominating set D = {(vy,v1), (v1,v2), (v1,v3),... ,(v1,v,)} and (V — D) =

{(v2,v1), (v2,v2), (V2,v3) ... , (V2,0p)}.

Letu = (vi,v;) €D, j=1,2,3,... ,n
If u = (v1,v1),

odp (u) = [N (u) N (V = D)| = [ (v2,v1) | =1
If u = (vi,vp),
odp(u) = |N (v1,v,) N (V = D)| = (v2,vm) ] =1

Ifu=(vi,v5); 7 =2,3,... ,n—1,thenodp (vi,v;) = [N (vi,v;) N (V = D)| = | (v1,vj-1), (v1,v541),
(v2,v;) N (V = D)| = | (v2,v;) | = 1. Then |odp (u) — odp (v)| < 2 and < N(D) > has no
isolated vertices and D is a minimal neighborhood total 2 - ODED set.

Hence V1200 (P2 X P,) = nforn > 2.
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Corollary 3.11. For any path P, X Py, Ynt20e(Pn, X P2) = n forn > 2.

Theorem 3.12. For any Fan graph F ,,_;

2, ifn=23
'YntZoe(Fl,nfl) - {n . 27 lf’n Z 4.
Proof. Let the vertex set of Fan graph F ,,_;. be V = {v,v1,v2,... ,Up_1}.

Casel: n=2,3

If n = 2, it is clear that, y,,c20e (F1,1) = 2.

If n = 3, let the vertices of Fan graph Fj , be V = {u, vy, v} .

Take D = {v,v;} and (V — D) = {n}.

Clearly, odp (u) = 1 and odp (v;) = 1.

Then |odp (u) — odp (v1)] = 0 < 2, so D is a minimal 2 - ODED set and < N (D) > has no
isolated vertices. Then Y,120e (F12) <2and 2 < 74,10, (F12)

Hence 7vp120e (FI,Z) =2.

Case2: If n > 4,

Take D = {u,v1,v2,...v,_3} and (V — D) = {v,,_2,v5_1}.

Now odp (u) = [N(u) N (V = D)| = | {vn-2,n-1}| = 2.

For1 <i<mn—4, odp (v;) = |N(v;)N(V —D)| =0. Also odp (v5,—3) = |N(vp—3)N(V —
D)| = 1. Clearly, |odp (u) — odp (v)| < 2, for all u,v € D. Here D is a minimum 2 - ODED
set and < N (D) > has no isolated vertices.

Hence vn120e (Fin—1) =n —2. O
Theorem 3.13. For any triangular snake graph T, , Yni0e (T)7) =n — 1.

n

Proof. The graph T, contains 2n — 1 vertices and n — 1 triangles. The upper vertices are labeled

from v, to v,,_; and the lower vertices are labeled form v,, to va,,—1. Let D = {vy,v2, ... , 051}
and (V — D) = {’Un, Un+15Un+2,Un43, ... ,V2n—2, Ugn_l}.

The vertex v; is adjacent to {v,,v,+1}. The vertex v, is adjacent to {v,,41,v,42} and the
vertex v, is adjacent to {va,—2, v2,—1}. Hence the set {v, 1, V543, ... ,U2n—2} IS @ minimum
dominating set.

Now,

odp (v1) = |N (v1) N (V = D)| = {vn, a1} =2,
odp (v2) = [N (v2) N (V = D)| = [{vn41, vni2}| =2
and
odp (Vn—1) = |N (Vp—1) N (V — D)| = [{van—2,v2n-1}| = 2.

Hence |odp (u) — odp (v)| < 2for all u,v € D, and D is a minimum 2 - ODED set. Clearly
< N (D) >= < (V= D) > and (V — D) has no isolated vertices. Thus D is a minimum
neighborhood total 2 - ODED set.

Hence vn120e (TF) =n — 1. O

Theorem 3.14. For any double triangular snake graph D(T.}), Yntzoe (D(TF)) =n 4+ 1.

/ / / / 1 " " 1
Proof. Let V(D(T,))) = {vi,v2,03,... ,0n41,0], 05,05, ... v, 0, 0),v§...... v’} be the
vertex set.

Here {vy,v2,v3,... ,v,41} be the vertices of path P,,. From path P, join v; and v;; to a
new vertex v} by edges v;v} and v;+ v}, fori = 1,2,3,... ,n and join v; and v;;; to a new vertex
vy by edges v;v) and v;4 v, fori =1,2,3... ,n.

Take the vertices of path P,, D = {v,v2,v3...... Upt1} and (V — D) = {v],v},v},...0),
o, vy, vy v}, Clearly D is a dominating set.

Now

17 71

odp (v;) = |N (v;) N (V = D)| = {vi, v/} =2, fori=1,2,....,n+1

and
odp (v;) = [N (v;) N (V = D)| = [ {vj_y,vj,v_ 1, v/} | =4, fori =2... n.
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Hence, |odp (v;) — odp (v,)| < 2 forall v;,v; € D and D is a minimum 2 - ODED set. Clearly
< N (D) >=<V >and < N (D) > has no isolated vertices. So D is a minimum neighborhood
total 2 - ODED set.

Hence Vni2o0e (D(T,7)) =n+ 1. O
; 2 2\ _

Theorem 3.15. For any bistar graph B, ,, Ynt20e (B; ;) = 2.
Proof. Consider Bistar B, , with vertices {v,vy,v2,v3,... ,vp, 0, v, V), V3, ... ,Ug}, Where
v;, v} are pendant vertices, v and v’ are connected, v;, v} are adjacent to v and v’ respectively.

T.ake'D = {v,v'} and (V — D) = {v1,v2,v3...... Up, V1, 05,03 . ...v ). Clearly D is a
dominating set.

Now

odp (v) = [N () N (V = D) = p+q

and

odp (V) =|N@)N(V-D)|=p+q.

Hence, |odp (u) — odp (v)| = 0 < 2 and D is a minimum 2 - ODED set . Clearly < N (D) >=
<V > and < N (D) > has no isolated vertices. So D is a minimum neighborhood total 2 -
ODED set.

Hence Yni20e (B3 ,) = 2. o

Theorem 3.16. For any semi total point of path Ty (Py,) , Ynt20e (T2 (Pr)) = n.

Proof. Let the path P, having the vertices vy, vy, v3 ... , v, and the edges e}, ez, e3... ,e,_1.

To construct 75 (P,,) from path P, join v; and v; 1| to a new vertex w; by edges e}, | = v,w;
and €}, = v;; v}, fori =1 ton.

Take D = {vy,v2, ... ,v,} and (V — D) = {v}, v}, ... ,v),_;}. The vertex v; is adjacent
to {vz,v]} and the vertex v; is adjacent to {v;_1, v} } and the vertex v,, is adjacent to {v,,_i,v),}.
Hence the set D is a minimum dominating set.

Now,

odp (v1) = [N (v1) N (V = D)| = [{vi}| =1

odp (v;) = |N (v2) N (V — D)| = |{v§_l,v§}| =2
and

oy (02) = [N (v) 1 (V — D)] = {2} = 2.

Hence |odp (u) — odp (v)] <2 forall w,v € D and D is a minimum 2 - ODED se set. Clearly
< N (D) >=< (V = D) >and (V — D) has no isolated vertices.
Therefore D is a minimum neighborhood total 2 - ODED set. Thus v,120¢ (T3 (Pn)) =n. O

Theorem 3.17. For any semi total point of cycle T» (C,) , Vnizoe (T2 (Cr)) = n.

Proof. Let the cycle C), having the vertices vy, vp,v3 ... v, and the edges e}, ep,e3...€,_1.

To construct 75 (Cy,) from cycle C,, join v; and v, to a new vertex v; by edges e, | = v;v;
and e}, = v;41v}, for i from 1 to n.

Take D = {v},v}, ... ,v,} and (V — D) = {v1,v2, ... ,v,}. The vertex w; is adjacent to
v, v;+1. Hence, the set D is a minimum dominating set.

Now, odp (v}) = |N (v)) N (V — D)| = |{vi, vit1}| = 1, for i from 1 to n.

Hence, |odp (v}) — odp (v})| = 0 < 2 forall v},v} € D and D is a minimum 2 - ODED set.
Clearly, < N (D) >= < C,, > and C,, has no isolated vertices.

Thus D is a minimum neighborhood total 2 - ODED set.

Hence Ynt2oe (T2 (C’ﬂ>) =n. h

Theorem 3.18. For any semi total point of star Ts (K1) , Ynt20e (T2 (K1 ,n)) = 1.

Proof. Let the star K ,, having the vertices v, v1,v2,v3 ... v, and the edges ej, ez, e3...ep_1.
To construct 7> (K ,,) from star K ,, join v and v; to a new vertex v} by edges €5, | = vv] and
ey, = v;v, for i from 1 to n.
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Take D = {v], v}, ... ,v},,}and (V—D) = {v,vi,v2,v3, ... ,v,}. The vertex w; is adjacent

to {v, v; }. Hence the set D is a minimum dominating set.

Now odp (w;) = [N (v)) N (V — D)| = |{v,v,;}| = 1, for i from 1 to n. Hence |odp (v]) —
odp (vj)| =0 < 2forall vj,vj € D,and D is a minimum 2 - ODED set. Clearly < N (D) >=
< K, > and K| , has no isolated vertices.

Thus D is a minimum neighborhood total 2 - ODED set. Hence 7,120 (12 (K1.,)) = n.

O

4 Conclusion remarks

In this paper, we introduce a new domination number called the neighbourhood total 2 - ODED
number. Also, we investigate the proposed domination number for some general graphs. We
would like to extend our research work to include an additional set of graphs and real life ap-
plications, as well as to investigate the limitations of the neighbourhood total 2 - out degree
equitable domination number.
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