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Abstract This article presents a numerical method framed with a classical finite difference
scheme and a piecewise uniform Shishkin mesh, which is used to resolve boundary and interior
layers for a weakly coupled system of two partially singularly perturbed delay differential equa-
tions of convection-diffusion type on the interval [0, 2]. Here the first equation is considered as
a singularly perturbed delay differential equation, and the second equation is an ordinary delay
differential equation. The suggested numerical method is of first order uniform convergence in
the maximum norm which is independent of the perturbation parameter. Numerical illustration
is provided in support of the theoretical result.

1 Introduction

Delay differential equations (DDEs) of convection-diffusion of partially singularly perturbed
weakly coupled systems explain systems in which the evolution of a quantity is affected by both
convection and diffusion processes, with delays in the system’s response. The term "weakly cou-
pled" denotes that the interactions between convection and diffusion are not dominant, whereas
the term "partially singularly perturbed" refers to conditions where one or more parameters or
terms in the equations approach critical values, resulting in regions where convection or diffusion
dominates.

Diffusion terms in these equations describe the expansion or Efficiency resulting from ran-
dom motion, whereas convection terms often represent the advection of the quantity by a fluid
flow. The system’s behavior becomes dependent on both its previous and present states due to
the memory effects introduced by the delays. Convection, diffusion, and delays together create
complicated dynamics that make analysis and numerical modeling difficult.

Asymptotic analysis, perturbation methods, and numerical integration approaches for DDEs
are among the specialized mathematical techniques frequently used in the solution of partially
singularly perturbed weakly coupled delay differential equations of convection-diffusion. In
many domains, including fluid dynamics, heat transfer, chemical processes, and population dy-
namics, where the interaction of convection, diffusion, and delays greatly influences the behavior
and stability of the system, it is essential to analyze these equations. In engineering applications
such as reaction-diffusion systems, transport phenomena, and biological systems modeling, an
understanding of the dynamics of such systems is crucial for process prediction and optimiza-
tion. However, because of the combined effects of diffusion, convection, and delays, their analy-
sis is difficult, which makes them an interesting subject for applied mathematics and engineering
study.

The article discusses the numerical treatment of a weakly coupled system of two partially
singularly perturbed delay differential equations (PSPDDEs) on the interval [0,2]. In the first
equation, the singular perturbation parameter is positive and multiplied by leading terms; in the
second equation, however, there is no unique perturbation. There is an overlapping layer in the
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first component, and less severe overlapping layers in the subsequent components. Non-smooth
behavior is caused by the existence of a perturbation parameter and delay term, especially close
to boundary points and the delay point. To address this, the article proposes a classical finite
difference scheme using a Shishkin mesh, which positions the delay term on nodal points after
spatial discretization. The proposed method is rigorously analyzed and proven to be first-order
convergent in the maximum norm, independent of the perturbation parameter. This ensures
the method remains stable and accurate even as the perturbation parameter varies. The article
presents a reliable tool for analyzing weakly coupled systems computationally.

The system of two partially singularly perturbed delay differential equations under consider-
ation is

Lij(s) = By (s) + A(s)7 (s) — B(s)if(s) — D(s)ii(s — 1) = f(s) on(0,2) (1.1)
with§ = ¢ on[—1,0] and §(2) = 7 (1.2)

here for all s € [0,2],7 = ((y1(s), 12(s))T, f = ((f1(s), f2(s))T. E, A(s), B(s) and D(s) are

x 2 matri = 0 o= @) 0 g [ buls) bials)
2 x 2 matrices. E = ( 0 1 , A(s) 0 aa(s) , B(s) ( ba(s) bl >
and D(s) = < gl(s) dz(()s) ) .

Assumptions: Here we make the following the assumptions.

e The function ¢ is sufficiently smooth on [—1, 0]

e The singular perturbation parameter satisfies 0 < ¢ << 1.

e For all s € [0,2], the entries a;(s) of A(s), b;;(s) of B(s) and the components d;(s) of D(s)
satisfy

az(s) Z(){>0,b“(3)+bw(3) Zﬁ>0 (13)

bij(s), di(s) < 0,for1 <i#j <2andbii(s) > Y |bi(s) s)]. (1.4)
i#j

do bi;( fori =1,2 1.5

an <fy<slgl(1)n2 Z i( (s) | fors (1.5)

e The functions f;(s),a;(s), bi;(s) and di(s), 1 <i,j <2arein C?([0,2])

From the above assumptions that the problem (1.1)-(1.2) has a unique solution 7/ and i € C2,
where C = C°[0,2]n C'(0,2) N C%((0,1) U (1,2)).
The problem (1.1)-(1.2) can be written as

Liji(s) = EJ"(s) + A()7'(s) = B(s)i(s) = f(s) + D(s)é(s — 1) = G(s)on (0,1)  (1.6)
Lyji(s) = BJ"(s) + A(s)7'(s) = B(s)(s) — D(s)ii(s — 1) = f(s)on (1,2) (L.7)
§(0) = 6(0), 7(2) = 7. §(1-) = §(1+).5'(1-) = §'(1+) (1.8)

and when perturbation parameter to zero, the corresponding reduced problem is given by

Eogio” (s) + A(s)10'(s) — B(s)3io(s) = g(s) on (0, 1)
Eoi” (s) + A(s)40' (s) — B(s)gio(s) — D(s)fio(s — 1) = f(s) on (1,2)
where Ey = diag(0,1), %(2) =7, %0(s) = (yo1(s), yo2(s))"
A boundary layer of width O(e) is expected near s = 0 in the solution component y; if
y1(0) # yo1(0). In addition to that, the solution exhibits interior layer of width O(e) at s = 1.
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2 Analytical Results

Lemma 2.1. Maximum pr1nc1ple Let the conditions (1.3)-(1.5) ho

any function in the domain of L such thatf)( ) > 0, 5’)( ) > 0, 19

(1,2), [9](1) = 0 and [$/)(1) < 0 then $ > 0 on [0.2].

Proof. Let i*, s* be such that ;- (s*) = [Orgl]in 1 2.7)1»(5)
s€|0,2],i=1,

If $;- (s*) > 0, then there is nothing to prove.

Suppose $;+(s*) < 0 then s* ¢ {0,2} and H. (s*) > 0, H]. (s*) = 0.
Define
e, ifit =1
Eix = .
1 ifi*=2
If s* € (0,1), then

(L19)i(5%) = 09 (%) + a3 (5")95 (57) = D _[bs= (%), (5")]

d et = (551,532) be
<0 on (0,1), L25’J<Oon

j=1
= D (57) + s ()95 (57) = bisis ()90 (57) = Y [bies ()9, (57)]
Jj=1,j#1
> 81*5;/* (3*) + a;- (8*)573/1'* (5*) — by ( i by ] i )
Jj=1,j#i*

> 0, which is a contradiction.

Andif s* € (1,2) then s
(L2)ir (5%) = 260 97 (87) + e (57) 9 (57) = D [bsej (5)95(57)] = i (5°) e (7 = 1)

= - 9 (57) 4 ape ()95 (57) = byein (890 (%) = Y [bari(57)90;(57)]

J=1gr
> €= 972 (57) + ai= (s7)9j- (57) — bjwi (57 Z bixj(s%)$i- (s")
Jj=1,j#i*

— d,‘* (S*)fjl* (S*) anJi* (S*) < ﬁj(s*) andfji* (S*) < f_)l* (S* — 1)
> 0, which is also a contradiction.
When s* = 1. In this case we discuss about the differentiability of $;« at s = 1. If $}. (1) does

)
not exist then [$),.](1) = $;.(1+) — $;.(1—) > 0, which is a contradiction to [$)].](1) < 0. If
$;« is differentiable at s = 1, then

= b (1)9;(1) = =bieie (D= (1) = > bi;(1)9;(1)
=1 j=15#i*
2
> —biei ()= (1) = > by (1)$(1)
g=1, 5

2
— _(Z bi-;(1))H:-(1) >0
j=1

a;+ ()95 (1) — Z? 1 i+ (1)$;(1) > 0 and all the entries of A(s), (s) and 9;(s ) are in
C([0,2]), there exist an 1nterval [1 — h, 1) on which a;- (s)$)}.(s) — E? 1 b= (8)$;(s) >

If §7.(#) > 0 at any point 2 € [1 — h, 1) then (L 9);- (&) > 0, which is a contradlctlon. Thus
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we can assume that $)7.(s) < 0 on [1 — h, 1) which implies that §). (s) is strictly decreasing on
[1—h, 1) and since .. (1) =0, H}. € C((0,2)), thus $H;.(s) > 0on [1 —h, 1), consequently the
continuous function .61 (s) cannot have minimum at s = 1, which contradicts the assumption
that s* = 1. Hence $ > 0 on [0,2]. o

Lemma 2.2. Stability result: Let the conditions (1.3)-(1.5) hold. Let 5 be any function in c?,
such that [9](1) = 0 and [$](1) = 0, then for each i = 1,2 and s € [0,2],

- - | T
19i(s)| < maz{[|H0)]l, 9], BIILlﬁH, ;IILzﬁH]n

Proof. Let M = maz{|5(0)|, IS5(2)]l, LIZ:5] LIL.5]}.
Define two functions
6% (s) = M& + $(s),

where &= (1,1)7.

For s € (0,1), L,0%(s) = Li(M€ + $(s)) = —B(s)Me+ L 5(s) <0

For s € (1,2), Ly0%(s) = Ly(Mé& + $(s)) = —B(s)Mé&— D(s)Mé&+ L,$(s) <0

Moreover [6](1) = £[5](1) = 0 and [§](1) = £[%/](1) = 0

From the above lemma it follows that §* (s) > 0 on [0, 2] and proves the result. i

In the following lemma we prove that the solution of (1)-(2) and its derivatives are bounded.

Lemma 2.3. Let the conditions (1.3)-(1.5) hold. Let ij be the solution of (1.1)-(1.2). Then for all
s €0,2],

lys(s)| < maz(|FO) | IF@), [1f]), for i = 1,2
9™ (s)] < CeF(IHO) | + 152)] + £l 1)
9 ()| < CIFO)| + 152) + IF]), for k= 1,2

and

V()| < Ce2(IFO) + G2 + el F1) + e 1A
s (s)] < C (G O)] + 152 + I1F1) + 115

Proof. The bound on ¥ is an immediate consequence of lemma 1.2 and the differential equa-
tion(1.1). Thus for i = 1,2 and for s € [0, 2],

lyi(s)l < CUFO NF@)I 11711

To bound y{(s) on the interval [0, 1]. For any s € [0, 1], there exists a € [0,1 — ¢] such that
s € Ny = [a,a + ¢] C [0,1]. By the mean value theorem, there exists ¢ € (a,a + ) such that

v} (t) = Y@ ang hence [y} (t)] < e (Jyj(a + €)| + |y} ().
Also for any s € N,,

—yi(t)+6"/:[f1( ) - (e +Zbu

[yi ()] < O™ (Ilyill +ell ) < Ce (IGO0 + 1F2)1 + &l FD-

To bound y/ (s) on the interval (1, 2]. We consider, for a € (1,2—¢] the interval N, = [a,a+¢] C
(1,2]. Using the bounds of y; on [0,1] for ¢ = 1,2 and proceeding as before, |y{(s)] <
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Ce1(||70)|| + ||#(2)|| + €| f]|) and hence for all s € [0,2]. Hence for all s € [0,2], from the
equation (1.1) and using the estimates of y;, yi, we have

7 ()| < Ce > (1FO) | + 172)I| + ll F1D-

Differentiating (1.1) once and substituting the above bounds lead to

9 ()] < e 2 (IFO) | + 17 + el F) + e I £

To bound ¥ (s) on the interval [0, 1]. For any s € [0, 1], using mean value theorem, there exists
t € [0,1] such that v (¢) = y2(1) — y2(0) and proceeding as before we have for all s € [0,2],

W ()] < CIFO)] + 1§2)]| + [1F]]), for k= 1,2

and s (s)] < C= (g O)] + 1F) | + 111 + 1 /1. o

Shishkin decomposition and estimates of the derivatives of smooth and singular compo-
nents of the solution

The solution § of the problem (1.1)-(1.2) can be decomposed into i = ¥ + 0,

where the smooth component & = (vy, v2)7 is the solution of

L3(s) = E"(s) + A(s)7'(s) — B(s)#(s) = §(s)on (0,1) 2.1
7(0) = 40(0), v(1-) = gio(1-).
Lyi(s) = B (s) + A(s)¥'(s) — B(s)#(s) — D(s)3(s — 1) = f(s)on(1,2) (2.2)

i(14) = go(14), ¥(2) = 50(2)-

And the singular component 1 = (w;,w,)? is the solution of
Ly =0on (0,1) (2.3)

Lyii =0on(1,2) (2.4

with w(0) = g(0) — 9(0), @(2) = ¥(2) — ¥(2), [@](1) = —[7)(1), [@](1) = —[7"](1).
Now # is decomposed into ¥ = 7y + €2| + €272,
where, ) = (201, z02)7 is the solution of

ai(s)z01(s) = bui(s)zo1(s) — bia(s)z02(s) = g1(s) (2.5)
25(8) + aa(s)202(5) — bar(s)201(s) — baa(s)202(s5) = g2(s) on (0, 1) (2.6)
201(0) = 5o, 202(0) = 0. @.7)
And a1(5)21(s) = bii(s)z01(s) = ba(s)z02(s) — i ()21 (s — 1) = fu(s) (2.8)
200(8) 4 a2(5)202(5) — b21(5)201 () — b2 (5)202(s) — da(s)z02(s — 1) = fa(s)on(1,2) (2.9)
201(2) = 71(2), 202(2) = m2(2). (2.10)
71 = (211, 212)7 is the solution of
ar(s)z11(s) = bii(s)z11(s) — bia(s)z12(s) = —2gy(s) (2.11)
a(s)212(s) — bai(s)z11(s) — baa(s)z12(s) = —215(s) on (0, 1) (2.12)
21(0) = 0, 212(0) = 0. (2.13)
And a1(s)z11(s) — bui(s)z11(s) — bia(s)z12(s) — di(s)z11(s — 1) = —20; (s) (2.14)

az(s)z15(s) — ba1(8)211(8) — baa(s8)z12(8) — da(s)z12(s — 1) = z{5(s) on (1,2) (2.15)
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211(2) = 0, 2’12(2) =0. (216)
# = (221, 222)7 is the solution of
e23)(s) +ai1(s)2y(s) — bii(s)221(s) — bia(s)222(s) = =21} (s) (2.17)
25 (8) + az(8)235(s) — b21(8)221(8) — baz(s)z22(s) = 0on (0, 1) (2.18)
221(0) = p, 2(0) = 0. (2.19)

And
e2y)(s) + ai1(s)zy(s) — bri(s)z1(s) — bia(s)222(s) — di(s)za1(s — 1) = =211 (s)  (2.20)

25(8) + aa(s) 255 (s) — bai(s)221(s) — baa(s)222(s) — da(s)z22(s — 1) =0on (1,2)  (2.21)
221(2) =4q, 222(2) =0. (222)

where p, g are the constants chosen in such a way that |p| < C, |¢q| < C.

Estimates of the derivatives of the smooth component

Lemma 2.4. Let the conditions (1.3)-(1.5) hold. Then fori = 1,2 and for all s € [0,2]
W) < e foro<k <2, [V(s) <!, ()] < C.

Proof. The proof is by the method of steps.
For s € [0, -], since the problems (2.5)-(2.7) and (2.11)-(2.13) are not perturbed and the coef-
ficient functions are assumed to be sufficiently smooth on [0, 1], so it is clear that, for 0 < k < 3,
B N e e

Applying the procedure adopted in Chapter 4 of [10], the following estimates hold from
(2.17)-(2.19), |28 < C for k= 1,2, and || < Ce~" for0 < k <3, |2)| < Ce~!. Hence
from the above results, the estimates of the components v; and v, of ¢ on [0, 1—] follow.
Now consider the interval [14,2]. On this interval v satisfies

Lyi(s) = f(s) or Lii(s) = f(s) + D(s)d(s — 1).

Using the bounds of ¥ and its derivatives on [0, 1—] and the procedure adopted in Chapter 4 of

[10] for the operator L1, it is not hard to derive the estimates of the derivatives of ' on [1+,2].
i

Estimates of the derivatives of the singular component
Definition : The layer functions 51 (s) and B, (s) are defined as

B (s) = exp(=22) on [0, 1], Ba(s) = exp(=2E=Y) on [1,2].

€

Theorem 2.5. Let the conditions (1.3)-(1.5) hold and let G = (w1, w;)T be the solution of (2.3),
(2.4). Then for proper choices of the constants C,C, Cy and C5, the following estimates hold.
For s € [0, 1],

lwi (s)] < CB(s) + Ce(1 — ) + C*(1 — By (s)),

lwi (s)| < Ce™#B,(s), fork = 1,2,3,
lwa(s)| < Ce(1 — 5) + C*(1 — By (s)),
|wh(s)] < Ce, [wh (s)] < Cle + Bi(s)), [l (5)] < Ce'B(s).

For s € [1,2],
lwi (s)] < CBy(s) + Ce(2 — 5) + C*(1 — By(s)),

lwi) (s)| < Ce™*By(s), fork = 1,2,3,
lwa(s)] < Ce(2 —s) + Ce2(1 — By(s)),
|wh(s)] < Ce, [wh (s)] < Cle + Ba(s)), [w (s)] < Ce'Ba(s).
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Proof. The proof is by the method of steps. First, the bounds of « and its derivatives are esti-
mated in [0, 1]. Next these bounds of « and its derivatives are used to get the estimates in [1,2].
Let s € [0, 1]. Consider the barrier functions

Q% (s) = T(s) £ w(s), where T = (T1,%,)7, with
T = C]%]( )+Cz€(1 )-‘rcgé‘ (1—%1(5)) TH = CzE(l—S)-‘r—Ogé‘ (1—%1(5)).
Then,

(Li%)1 = Crate ™18y (s) — C3a2eBy(s) — Cra’e"ay(5)B1(s)
— Chear(s) + Czazar (s)B1(s) — bii(s)Cra*B (s)
— (b11(5) + b12(8))[Cae(1 — 5) + C3%(1 — B (s))]
< C1’e Ha —a1(s))B1(s) — Caear(s) + Csacay (s)Bi(s)
— (b1 (5) + bia(s))[Cre(1 = 5) + C3*(1 — By (s))]

and

([_:1{5)2 = —03042%1(8) — sz’:‘ag(s) + C3aa2( ) %1(8)
- le(S)Cloéz‘B](S)bZI( )CQE(I - 8) - b21(8)03€2(1 - %1(8))
— 522(8)026(1 — S) — b22(8)036 (1 — ’31(8))

For proper choices of the constants C', C, and C3, we have T+ < 0 and hence L& = 0 implies
that L; 9% < 0. Also QF(0) > 0 and Q*(1) > 0 on (0, 1). Then using the maximum principle
in Chapter 4 of [10], to the operator L 1, the bounds on w; and w, follows. The bounds on wgk)
for k = 1,2,3 and ¢ = 1.2 can be obtained by using the similar arguments dicussed in Chapter
2 of [10].

By using the same techniques and the bounds of « and its derivatives on [0, 1], the bounds on @
and its derivatives are derived on [1,2]. i

3 Numerical Method

Spatial Discretization

To resolve boundary and interior layers, the solution space [0, 2] of the problem is discretized
using a piecewise uniform Shishkin mesh with N mesh intervals as follows. Let QY = QN UQlY

Ny N
i , QY —{sj N+1 and sy = 1. Thean ={s;} L 1 QY :{sj}NN,
QY u Q) = QN = {s;}); and FN = {0,2} and N, the number of mesh elements is taken
as a multiple of 4. The interval [0, 1] is divided into two subintervals [0, 7], [, 1], where T is a

transition parameter defined by

where QI = {s,} 2

T= min{%7 %ln]\f}.
Y

In each of the subinterval [0, 7], [r, 1], & mesh points are placed, so that the mesh is piecewise
uniform. When 7 = 1 , the mesh becomes uniform Let H, and H, denote the step sizes in the
intervals [0, 7] and (7- 1] respectively. Thus H = and H, = M. Therefore, the possible

two Shiskin meshes are represented by Ql = {Sj o where

) JHu, if 0<j<N/4
T\ r+ G = Y)Hy, if N/4<j< N2

Similarly the interval (1, 2] is also divided into two subintervals [1, 1 4 7] and (1 + 7, 2] by using
the same parameter 7.
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The discrete problem

To solve the problem (1.1)-(1.2) numerically the following classical finite difference scheme is
applied on the mesh QY.
The discrete problem is now defined to be

—

LNY (sj) = E6*Y (s;)+A(s;) DY (s;) = B(s;)Y (s;) = D(s;)Y (s;—1) = f(s;) on QY (3.1)
Y(sj —1)=¢(s; — 1) fors; € QN andY = gonIN.

The problem (3.1) can be written as,

LY (s;) = E&®Y (s;) + A(s;)DY (s;) — B(s;)Y (s;) = g(s;) on QY (3.2)
LYY (s;) = E®Y (s;)+ A(s;)DVY (s;)— B(s;)Y (s;) = D(s;)Y (s;—1) = f(s;) on QY (3.3)
Y =gonTN, D™V (snj2) = DY (sn)2)

where Y (s;) = (Yi(s;), Ya(s;))T and, for 1 < j < N — 1,

Y (s541) — 37(53'), DV (s;) = Y (s5) = Y(s5-1)

DY (s;) =
hj
N 1 . . _ . .
52Y(8j) = hT[D+Y(8]) — D_Y(Sj)], where hj =85 — ijl,hj =2 I
J
. The discrete maximum principle and the discrete stability result are analogous to those for the
continuous case.

Lemma 3.1. Discrete maximum principle

Let the conditions (1.3)-(1.5) hold. Then, for any mesh functlon U, the mequalmes ¥ > 0on
N, IN® <0on QN , LVP < 00n QY and DY®(sy ) — D™ P(sy)2) < 0 imply that ¥ > 0
on QN.

Proof. Leti*, j* be such that W;- (s,+) = min ¥;(s;)
3
If W;- (sj+) > O then there is nothing to prove.
Suppose ;- (s;+) < O then j* ¢ TV,
If Sjx € Q{V, then ¥;- (Sj*) — ¥ (Sj*_]) <0,¥;- (8j*+1) — ¥, (Sj*) >0,
therefore 2¥;« (s« ) > 0.
Define ¢;- as
g, ifi*=1
Eix = .
1 ifi*=2
It follows that
2
(LYW)is (s5+) = €3+ 0*Wis (55+) + ai=(s;+) D* ) =D [bi=j(s5) ¥ (s50)]
7=1
2
Z bi=;(s;+)¥;(s;+)] > 0, which is a contradiction.
J=1g#i*
If s;« € QY then
. 2
(LYW)in (55+) = €007 Win (55+) + aix (s;+) D* ) = > [biej (55 (554 )] — di=Wie (5= — 1)
j=1
= - 0°Wi (55 ) + e (55+) DT Wi (54 ) = by (554) Wi (55) —

2
Z [bix (55« ¥ (s;+)] — di=Wi-(sj« — 1) > 0, which is a contradiction.
J=1g i
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Because of the boundary values, the only other possibility is that s« = sy/2. Then D™ W= (sy/2) <
0 and D*W;-(sn/2) > 0, by hypothesis

D+lPi* (SN/Z) — Di‘Pi* (SN/Z) S 0 D*l{li* (SN/Z) S 0 S D+1PZ* (SN/Z)

and D-HPZ'* (SN/Z) <D V¥ (SN/Q)
And so lPZ'* (SN/2,1) = lPZ'* (SN/z) = lPZ'* (SN/2+1) < 0. Then

2
(L)ir (s _1) = e ®Wir (55 ) + @i (s Wi (s _y) = D [bawj(s )W (s _y)]

j=1
2
1) - Z bi=j(sx_1)¥i- (s _y) > 0,a contradiction.
j=1,j#i*

= ;- 0°W;u (s

.4\2

This concludes the proof of the lemma.

Lemma 3.2. Discrete stability result
Let the conditions (1.3)-(1.5) hold. Then, for any mesh function ¥, satisfying

D“i'(szv/z) = Di‘f’(SN/z),
7, 7 I =N 1 =N , )
[Wi(s;)] < maz{[[¥(so), ¥ (sn)ll; B”L{VT”Q{V? ;HLéVlPHQZN}JCO"Z =1,2and 0<j<N.
Proof. Consider the barrier functions,
. . . | - T o
O (s5) = maz{|[¥(so)l, [I¥(sw)l; BIIL{V‘PHQ;V, ;I\Lév‘f’llngv}ei‘l’(sy*)
where € = (1, 1)7. Using the properties of A(s;), B(s;) and D(s;), it is not hard to find that
Z{V@i(5j> S 6,f0rsj € Q{V,Eé\[@i(sj‘) < 6,f0rsj S Qév
Atj =5, D0 (syp) — D6 (sn/) = (D" P(sn/2) — D™ P(sn2)) = 0.
Therefore by previous lemma ®* > 0 on Q, which leads the required result.
|

As in the continuous case the discrete solution ¥ can be decomposed into V and W, which
are defined to be the solutions of the following discrete problems.

LYV (s;) = §(s;), 55 € @Y, V(0) = 5(0), V(sy_,) = #(1-)
EéVV(SJ) = f(Sj), Sj S Qév, ‘7(3%4.1) = ’17(]4—), ‘7(2) = 17(2),

and

The error at each point s; € Q is denoted by é(s;) = Y (s;) — #(s;), then the local truncation
error LVEé(s;), j # &, has the decomposition LN¢é(s;) = LN (V — 7)(s;) + LN (W — @) (s;).

Theorem 3.3. Let the conditions (1.3)-(1.5 5) hold If U, W are the smooth and singular compo-
nents of the solution of (1.1)-(1.2) and if V W are the smooth and singular components of the

solution of (3.1), then fori =1,2,j # 5 N
SN o N N
LY (V = 9)(s)| < ONTL LY (W = ) (s;)] < CNTHUnN, 0 <5 < - — 1

and

™
iy
=

|
=
)
AN
Q
3
=
Nz
%i
Sl

)(s;)] < CN~!inN, 3+1<3<N
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Proof. The estimates for the derivatives of the smooth and singular components are found similar

as in [10], the required bounds hold good. O
Atj =% fori=1,2. Let h* = maz(hy,h}).
2 2
Then
(D = D )eils.0)| = (D = D)) ()| < 1D~ ) (5] +1(D — ) (i) (s2)]
i % — Yi % >~ ds Yi % ds Yi %
1 1 _
< 5l (m)lmea.2) + 3Ry 9] (m)lmew.n
< Ch* max < Ch* max ([v) ()] + |w
< O max 1y (n)] < Ch* max (157 ()] + ! ()
. C*B
< Ch*(C+ ﬁ)ne(o,l]
Using the estimate of B and using the inequality ¢ < exp(t), we have
h*
(D" =D )ei(sy)| < C— withe; = e,e, = 1. (3.4)
Define a set of discrete barrier functions on QV, fori = 1,2 by
J N-1
Yhi ( ’th¢+1>
1+ I+
;};[1 ( \/251-) ' N kl;[j Vi) N
Ailsj) = 10 <J < o Ailsy) = 575 Af - <j<N
H (1 . vhi, ) <1 4 ’th+1>
1 vV 251' k=N v 251
(3.5)
with ¢; as
e, ifi=1
g =
1 ifi=2
From the definition of the barrier functions
Ai(0) =Ay(2) =0, Ay(1)=1"fori=1,2. (3.6)
Also using the assumption thate << 1,A;(s;) < Ax(s;), for 0 < j < N. 3.7
Therefore, for0 < j < N, 0 < Ai(s;j) < Ax(s;) < L. (3.8)

For s; € QF

Ai(s511) — Ai(sy)

DA (s5) =

hijti

Jj+1 J
vhi, yh,
) fi6e)
() (7

T hin | X e
j+1 2 ( ’th) H (1 N ')/hk)
k=1 k=1 V2e

D+A1(5j) = 'YAI(Sj), similarly D+/\2(sj) — VA\2/(§J')
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YAi(s5)

Since ¢ < 1, therefore DT A;(s;) < fori=1,2. 3.9
(53> — \/2? ? ( )
And using the similar procedure, we have
_ YA (s5) - A2 (s5)
D™ A(s;) = , D7 As(s;) = . (3.10)
)= T vy T T s ony )
DTA(s;) — D™ A(s;
and 62/\1(83) — 1(SJ) _ I(S])
h;
1] v gl
= — — Ai(s;
VE T VEG ) N
2
A .
82A4(s;) < %(83) similarly 6%A(s;) < v*Aa(s;)
2
Aqi(s; .
Since ¢ < 1, therefore §*A;(s;) < %(SJ) fori=1,2. (3.11)
Proceeding in a similar way for i = 1,2 and s; € QY we have
Ai(s)) A2 (s5)
D*A(s;) = — TR DT Ay(s;) = — J , (3.12)
) = T vz T S T VD)
- TAi(s5) V*Ai(s5)
D™ A(s5) < — \/2?] 02 A(s5) < . J (3.13)
Therefore from (3.11) and (3.13), £6?A,(s;) < v*Ai(s;) (3.14)
Hence withe; =efori=1ande; = 1fori =2,
2
(LN A)i(s)) = eid”Ailsy) + ai(s)) DV Ailsy) = > bir(s;)Ar(s5)
i ! (3.15)
<97+ aulsy) A= = D bur(s)A (s;) using (38)
¢ r=1
and
o 2
(LY N)ils5) = €i0°As(55) + ai(s;) DT Ai(s5) = Y bin(55)Ar(s5) — di(s)Ai(s; — 1)
= (3.16)
2 M) SN (A~ d)Alsy 1)
<y —a(s) ———L— — ir (85)Ar(85) — di(s;)Ni(s; —
J 251(1 + »I;L%) — J J J J
From equations (3.10), (3.12) and (3.8),
+ - ¢ ;
(D — D7)Ai(s;) < ——=, forj = N/2. (3.17)

Ve

The following theorem gives the first order parameter-uniform error estimate .

Theorem 3.4. Let ij(s;) be the solution of the problem (1.1)-(1.2) and ?(sj) be the solution of
the problem (3.1). Then,

1Y (s;) = (s;)| <CN~'InN, 0 < j < N
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Proof. Consider the mesh function 4] given by

h*
51(33) = O]NﬁllnN + 027/\1'(33') + ei(sj),i =1,2,0<j<N.
NG
where C; and C, are constants suitably chosen. And¢; = ¢ fori =1, ¢; = 1 for i = 2. Then,
9;(0) =9;(2) = O;N~1InN >0
And using (3.15) and theorem 3.3

2
(Efvﬁ)z(sj) == sz’r(Sj)CﬂN*llnN +

r=1

%(E{VK%(%‘) + (LY &)i(s;)

2 2
<O Y i) NN+ gv +Ore [72 =3 b (s)A(s))

+ CN~'inN

2 " 2
=—C1 Y _bir(s;)N"'InN + C1 K, + Co— h |:y =Y “bir(s7)Ar(s;)| £CNinN

NG

r=1

, fori=1,2.

Y _szr 8]

Then choosing Cy > Cy(||fZ|| + K1) + C, we have (LNB)s(s;) <0,0on QY fori=1,2
And using (3.16) and theorem 3.3

where K is a constant. Let y; sj

2
(LY'8)i(s;) = = > bir(5;)C1N~'InN — di(s;)C1N~'InN + C;

jg(zm )= (Ee)i(sy)

K2

r=1
2 h* a;(s;)y h*
< -C bir(s;) + d;(s; N_]ZTLN—CZ — 2 A(si) + Cr— ’)/2
(; ( J) ( J)) \/*\/ng( + fyhﬁrl) ( J) \/a
2

= “bir(s7)Ar(s;) — di(s;)Ai(s; — 1)| £CN~'InN
r=1

2
= *Ol (Z bir(sj) + dl(sj))N llnN + Cz

|:7 - wa S]

— dl(s])/\l(s] - ]) + CON~'nN

2
where K is a constant. Let 7,(s;) = Z ir (85)A —d;i(sj)Ai(s; — 1).

Then choosing Cy > Ca(||7]] + | K2|) + ( 0)i(s;) <0,0on QY, fori=1,2.
Also,

D*;(1) — D-,(1) = 5;02(D+ “ DA £ (D* — D )eilsngn)
<- 7,02; L

Hence using Lemma 3.1 for 9, it follows that 0i(s;) > 0fori=1,2,0 < j < N. Also from
(3.8), Aj(sj) < lfori=1,2,0 < j < N, therefore for sufficiently large NV,

1Y = )(s)ll < CN~'inN,

which completes the proof. O
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4 Numerical Illustration

Here we present an example to verify the efficacy of the above proposed numerical method.
Consider the following system of two partially singularly perturbed delay differential equations

Ljls) = B (s) + A(s)§(5) — B)i(s) — Dls)i(s — 1) = 7(s) on(0,2)
withij = (14 s,2s)" on[~1,0] and §(2) =
2 -l ) and
0 2

where f(s) = (s2,25)T. E = diag(e, 1), A(s) = diag(3,2), B(s)

po= (3" s )

The maximum pointwise errors and the rate of convergence are calculated and are presented in
Table 1.

Il
=

Table 1.
Maximum pointwise errors DY, DV, pN, p* and C]! generated for the example.
n Number of mesh points N
64 128 256 512

0.500E+00 | 0.155E-01 | 0.110E-01 | 0.712E-02 | 0.409E-02
0.250E+00 | 0.171E-01 | 0.127E-01 | 0.839E-02 | 0.527E-02
0.125E+00 | 0.179E-01 | 0.135E-01 | 0.911E-02 | 0.586E-02
0.625E-01 | 0.184E-01 | 0.139E-01 | 0.947E-02 | 0.616E-02
0.312E-01 | 0.186E-01 | 0.141E-01 | 0.965E-02 | 0.630E-02
DN 0.186E-01 | 0.141E-01 | 0.965E-02 | 0.630E-02
pN 0.401E+00 | 0.548E+00 | 0.614E+00
C}ﬂv 0.407E+00 | 0.407E+00 | 0.367E+00 | 0.317E+00
The order of £ -uniform convergence p* = 0.4007015E + 00
Computed £ -uniform error constant, C’Ifi = 0.4065366E + 00

5 Conclusion

A weakly coupled system of PSPDDEs in which one equation involves a singular perturbation
parameter ¢ and each equation has a term with delay at an interior of the domain has been
considered. A finite difference numerical scheme with a piecewise uniform Shishkin mesh,
which is fitted to resolve the boundary and interior layers was constructed. First order parameter
uniform convergence has been obtained in the maximum norm.
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