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Abstract The scope of this paper includes new and extended results about few unique fixed points in complete b—metric
spaces, with an emphasis on contractive mappings of the (1), 3)— Geraghty type. Practical applications are covered in the
paper, along with discussions of unique fixed-point results pertaining to integral-type contractions and an investigation into
the existence of integral equation solutions.

1 Introduction

Over the last five decades, fixed point theory(FPT) research has been crucial in solving problems involving nonlinear phenom-
ena. Along with advancements in topology and geometry, FPTs and the development of various approaches have been crucial
to the advancement of both pure and applied analysis. Geraghty [3] presented a series of functions in 1973 that expanded
on the Banach contraction concept. This important contribution attempted to give researchers and mathematicians a more
flexible and all-encompassing framework for mathematical study, enabling them to go beyond the conventional limitations of
the Banach contraction principle in their investigations. This expansion has shown to be beneficial in a number of mathemat-
ical contexts, promoting a better comprehension of FPTs and offering a more thorough viewpoint for mathematical analysis.
Bakhtin [15] proposed the concept of b-metric spaces(b-MS) in 1989 as a generalization of conventional metric spaces(MS).
Numerous articles on FPT in these domains have since been published. Readers who are interested in more works and results
in b-MS are advised to consult References [1, 2, 3,4,5,6,7, 8,9, 10, 11, 12, 13, 14, 15, 16] for a thorough examination.

1.1 Definition

Let us choose a nonempty set Q and a real integer s > 1. We define a mapping p : Q X Q — [0, 00) as a b-metric on Q iff
VA w,d§eQ:
) p(A,w) =0 <= A=w,
(i) p(A, @) = p(w,A),
(i) p(A, @) < s[p(A, ) + p(6,@)] .
Then, (Q, p) is known as a b-MS with parameters.

1.2 Example

Consider a metric space (, p) with parameters 8 > 1, A > 0, and o > 0. Define the function p(A, w) = Ap(A, @) +
ap(A,w)? for A, € Q. The resulting space (Q, p) is a b-MS with the parameter £ = 25~! but does not qualify as a
metric space on Q.

1.3 Definition

In a MS, a b-Cauchy sequence is a sequence of points where the distance between any two points in the sequence becomes
arbitrarily small as the sequence progresses, and the sequence is bounded, meaning 3 a real number M such that the distance
between every pair of points in the sequence is less than or equal to M.

1.4 Definition
Let S be the collection of all functions « : [0, c0) — [0, 1) that holds the condition:

pll)moo a(op) = 1 implies p1_1)n;<> op =0. (1.1)

The Geraghty contraction, a theorem established by Geraghty [3], is expressed as follows.

1.5 Theorem

Consider a metric space which is complete (Q, p), and let M : Q — Q be a mapping. Suppose 3 « € S such that for any
A€ Q,

p(MA, Mw) < op(A, @))p(A, @). (1.2)
Then M has a unique fixed point(UFP) z € Q.
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1.6 Definition

1
Consider a b-MS (Q, p) with a parameter £ > 1, and let S be the set of all functions « : [0, c0) — [0, E) that adhere to the

following condition:

1
lim a(op)=- = lim o, =0. (1.3)
p—oo 5 p—oo

1.7 Theorem

Consider a complete b-MS (L, p) with a parameter £ > 1, and let M : Q — Q be a self-map. Assume the existence of 5 € S
satisfying:

p(MA, Mw) < a((O(A, @))(O(A, w), VA > w, (1.4)

where
O(A, @) = max{p(A, @), p(A,MA), p(w, Mw), é(p(A, Mw) + p(w,MA))},

and o € S. Then M has a UFP A* € Q.

1.8 Definition

An altering distance function ¥ : Rt — R that satisfies the below properties:
(i) Non-decreasing: If m < r, then W(m) < ¥(r).
(i) Positive: Vo > 0, ¥(o) > 0.

1.9 Definition

Consider a POSET (Q, <) and a self-map M. We classify M as weakly increasing if, for all A,z € Q, A < w implies
M(A) <X M(w).

1.10 Lemma

If 8 : [0,00) — [0,00) and ¥ is an altering distance function is a continuous function with the condition ¥(o) > (o) for
all o > 0, then 5(0) = 0.

In recent years, there has been a notable trend among researchers to generalize Geraghty’s result across different metric
spaces. This paper contributes to this trend by extended some UFP theorems specifically for (¢, 3)- Geraghty contractive
mappings with in the framework of b-MS.

2 The Main Results

2.1 Theorem

Consider a POSET Q equipped with a metric p, making (Q, p) a complete b-MS. Let M be weakly increasing mappings
from Q to itself. Suppose the following inequality holds for all A > wo:

Y(p(MA, Mw)) < ((O(A, w@))B(O(A, @)), forallA > w, 2.1)

where

O(A, @) = max{p(A, @), p(A, HA), p(e, Meo), é (p(A,Me2) + ple, MA)) },

and( € S, € ¥,and § : [0,00) — [0, %) is a continuous function with the condition ¥/(c) > §(c),V o > 0.
Furthermore, assume that for each pair of elements A, € Q, 3 z € Q that is comparable to both A and zo. If either M
is continuous, then M possess a UFP.

Proof. Suppose that Ay € Q to be an arbitrary point in Q such that MAg = A; and MA; = A,. Continuing with this manner,
sequences {Ap } and {zop } in Q can be constructed as follows.

Aopi1 =MAgp = wap, Agpy2 =MAgpy1 = wopy1, VpEN (2.2)
As M is monotonic increasing functions, we have
AL A S A 2 A S A
Thus,
wy 2w X Wy X W X Wopgl -
To begin, let’s assume that 3 p € N such that @y, | = w2, Subsequently, from (2.1), we get

Y(p(wap, @ap+1)) = P((MA2p, MA2p11)) < C(O(A2p; Aop1))B(O(Azp, Azpi1)) (23)



422 J.Balamurugan and C.Rajesh

where

O(Azp, Azpi1)

1
= max{p(/\zp, A2P+1 )7 p(AZp ) MAZP)’ p(A2P+1 ) MA2p+l )’ (p(AZp ) MAZP+1) + p(A2p+l ’ MA2P))}

2

1
= max{p(wap_1, @2p), P(@2p—1, @2p), P(T2p, W2p41)5 % (p(@2p—1, @2p11) + p(w2p, T2p)) }
< 3
< max{p(wap_1, @2p), p(@2p—1, @2p), P(T2p, @2p41)5 % (o(wap—1,@2p) + p(wo2p, w2ps1)) }

1
= max{p(wap_1, @2p), P(@@2p—1, @2p), P(T2p, TW2p+1)5 3 (p(w2p—1,@2p) + p(w2p, T2p 1)) }
= max{p(w2p—1, @2p), P(@2p, @2p+1) }
=0.

Inequality (2.3) leads to
Y(p(wap, wap41)) = 0. 24

From this, it follows that wsp 1 = 2.

Therefore, @y, = wap—1 holds for any m > 2p. As a result, for any m > 2p, we get Ay, = Azp. Hence that the
sequence Ay is a Cauchy sequence.

As a second consideration, let’s assume wy # @y for any integer p. Define Ap = p(wp, wp41).

Now, we aim to prove that A, — 0 as p — oo.
As Ay and Az 1 are comparable, we can deduce again from (2.1),

Y(p(@ap42, @ap41)) = Y(MA2p42, MA2p41)) < C(O(A2pi2, Azps1))B(O(A2ps2, Aapr1)) (2.5)

where
O(Azp12, A2pi1)
= max{p(Azp+2, Aop+1), P(A2p+2, MA2p+2), p(Adp+1, MA2p 1),

1
% (P(Aap12,MAap 1) + p(Azpi1, MAzp12)) }

max{p(w@api1, @2p), P(@2p+1, @2p+2), P(@2p, @apt1)s = (P(@2p41, @apt1) + p(@2p, Wapi2)) }

1
26

IA

max{p(w@ap11, @2p), P(@2p+1, @2p+2)> P(@2p, @2pt1)s == (P(@2ps @2pt1) + P(@2p41, @aps2))

'2¢
1
= max{p(w@wap11, @2p), P(@2p+1, @2p+2)s P(@2p, T2p 1), 3 (o(w@2p, Wap41) + p(@2p41, Tap42)) }

= max{p(wap, W2p+1), P(@2p11, @2p42)}-

If p(wap, @apt1) > p(@2p41, @Wap+2), then O(Aop 2, Aspi1) = p(@aps1, @ap42).
According to Condition (2.5), we obtain:

Y(p(@apr2, @2pr1)) < C(p(@2pr1, @2p42)) B(p(@2p 11, @aps2))- (2.6)

Employing the condition stated in Theorem 2.1 and given the circumstance that { € S, we obtain:

p(@ap+2, @ap+1) < ép(w2p+2:w2p+l)vp eN. 2.7
This leads to a contradiction. Hence, we conclude:
®(A2p+2, A2p+1) = P(w2p+1 ) WZp)A (2.3)
Subsequently, following Condition (2.5), we derive:
Y(p(@2p12, @2p+1)) < C(p(@2p11, @2p)) B(P(@2p11, T2p))- 29
Employing the condition stated in Theorem 2.1 and given the circumstance that { € S, we obtain:
p(m@ap+2, @2p+1) < p(w2p+1, @2p), p € N. (2.10)
Similarly,
p(@2p+1, @2p) < p(w2p, w2p—1),p € N. (2.11)
By combining (2.10) and (2.11), we obtain:
p(@ap 42, @apt1) < p(@aps1, @2p) < p(w@2p, W2p—1),p €N, (2.12)
Consequently, the sequence {Ap } decreases monotonically, therefore, 3 r > 0 such that

phmoo Ap = plggo p(wp, wpi1) =7 (2.13)
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Derived from (2.9), we obtain:

Y(p(@rpt2, @ap11)) < C(p(@2pt1, @2p)) B(p(2p41, 2p))- (2.14)

As p — oo in the above condition and applying (2.13), we obtain ¢(r) < B(r),as ¢ € S.
This contradicts the statement of Theorem 2.1. Thus, 7 = 0. This implies that:

Ay = p(wy, wpy1) = 0asp — oco. (2.15)

Next,to prove {Ap} is a b-Cauchy sequence. To demonstrate this, our objective is to establish the Cauchy property for
{A2,}. Assuming the contrary, let us assume that {Asy,} is not a b-Cauchy sequence. Consequently, for any € > 0, 3 two
subsequences of positive integers p¢ and q¢ with the property py > q¢ > £forall £ > 0,

p(Azpy ;s Nag,) > €and p(Agp, , Aaq, ) < €. (2.16)
Utilizing (2.15) and applying the b-triangle inequality, we have:
€ < p(Azpy, Nagy)
< E(p(Agpy, A2gp_y) + P(A2p, 5 A2gq,))

€
E < P(AZpE > Azq{,,] ) + P(AZpE,l 5 AZqE )-
As £ — oo in the above condition, we obtain

. €
Jim p(Agp, , Azg, ) = : @17

Again applying the b-triangle inequality, we have:
P(A2ges Mapy ) < E(p(Aagy, Azp,) + P(A2py, Azp,_,))-
As ¥ — oo in the above condition, we obtain
i p(Asgy Azp, ) = g 2.18)
Since,
P(Maqe> Azpy) < E(p(A2qes Aagey) + P(A2qe s A2pe )
= &(p(A2qy» Magye,y,) + P(MA2q, , NA2p, )
As £ — oo, we have

e ,
R < kgmm(p(MAquvNA2p3+l))'

As 1) is both continuous and non-decreasing, it follows that:

U(G) < Hm_ p(p(MAzge, NAzp,1): 2.19)
Derived from (2.1), we have
1/’(P(MAZQNMA2PH1 ) < C(®(A2qe7A2Pe+1 ))ﬁ(®(AZQevA2Pk+1)) (2.20)

where
®(A2% ) AZPr+1 )

= max{p(Azqy, Azpy,,)s P(A2qy, MA2q, ), p(A2py, MADp, ),

1
E (P(Aqu ) MA2P€+1) + p(Asz] 7MA2% ))}
= maX{P(WZqE,, » W2py )7 P(Wqu,l 7wy)7 P(WZ;:E s T2pe g )a
1
2

< max{p(waq,_, @2p, ), P(@2q, ;> D2q, ), P(@2p, 5 szk+1)7

(p(WZQE—l » W2pgy )+ P(WZPk » W2q, ))}

3
Yy (p(wz‘ﬂ—l  @ape) + p(w2pww2Pe+1) + p(@2q,_ 1 T2pe) + p(wﬂlwwzwq))}

2¢

= maX{P(wz%,, > pre)7 P(wzqe,l 7w2qe),P(W2pE,w2pe+l):

(P(Wqu_l s @2pe) + (@2 @2pey) + P(@2g, s T2p) + p(whwwzw—l))}'

SRR

From (2.8), we have
O(Azqy, Aopy.y) < p(@2q4_y s @2py)- 221
Following Condition (2.20), it can be deduced that:

Y(pMA2qe s MA2p, ) < Clp(@2q, s @2p, ) B(0(@2q > T2p¢ ) (2.22)
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Repeating the limit process as £ — oo in (2.22) and considering the property ( € S, we obtain:

Jim (M2, WA, ) < ,8(%). 2.23)
Hence from (2.19), we get
Q)< Jim oz, Mo, ) < B() (224)

Which is a contradiction. This is possible only if € = 0.
Therefore, {Asp } is a b—Cauchy sequence, implying that {A} is also a b—Cauchy sequence for all p.
Hence, 3 w € Q such that:
lim Ap = w. (2.25)
p—o0
Following this, to prove that w is a FP of M.
Due to the continuity of M and the convergence Azp 1 — w, it can be concluded that:

w = pimoo A2p+| = p1~1>n;o MAzp = Mw. (2.26)
Thus, w is a FP of M. Also,
Y(p(w, Mw)) = P((Mw, Mw)) < ((O(w,w))B(O(w,w)) (227

where
O(w, w) = max{p(w,w), p(w, Mw), p(w, Mw), é(p(vaw) + p(w,Mw)) }
< pw, Mw).
Then, from Condition (2.27), we get:
P(p(w, Nw)) = ((Mw, Nw)) < ¢(p(w, Mw))B(p(w, Mw)). (2.28)

Consequently. /(1) < lim oo ¥(p(w, ) < B(E):

Hence Mw = w. That is, w is a UFP of M.

Result: We demand that the UFP of M is unique. Assume on the contrary that Mw = Mw = w but w # w. As per the
assumption, we can substitute A with w and w with o into (2.1), yielding:

Y(p(w, @)) = Y(p(Mw, Mw)) < a(p(w, @))B(p(w, @)) < B(p(w, @)). (2.29)
Applying the statement of Theorem 2.1 and Lemma 1.11, we get p(w, @) = 0. It is possible only if w = zo. Thus, we have
proved that M have a UFP. O

2.2 corollary

Consider a POSET Q equipped with a metric p, making (Q, p) a complete b-MS. Let M be weakly increasing mappings
from Q to itself. Suppose the following inequality holds for all A > w:
P(p(MA, Mw)) < a(O(A, @))B(O(A, @), VA > =, (2.30)

where

O(A, ) — max {p(A’ ), PUAMA) (2, M52) (A, Mem) (o, MA) }

L+pAw) ' 1+pAw)

and « belongs to S, v belongs to ¥, and 3 : [0, c0) — [0, %) is a continuous function with the condition ¢(c’) > (o) for
allo > 0.

Furthermore, assume that for each pair of elements A, € Q, 3 z € Q that is comparable to both A and zo. If either M
is continuous, then M possess a UFP.

3 Applications

3.1 Conclusions for FP solutions for mapping satisfying a contraction 0f integral type

Below section focuses on establishing FP results for maps that satisfy a contraction of integral type in a complete ordered
b-MS. Before presenting the proofs, we introduce some notations:
Let x denote the set of functions ¢ : [0, 00) — [0, 0o) satisfying the following conditions:

(i) For every compact subset of [0, co), the function ¢ is Lebesgue-integrable.

(ii) For every € > 0:
oo
/ ¢(o)do < e.
0

Now, consider a fixed positive integer N € N*. Let {¢; }1<;<n be a collection of N functions belonging to x. For all
o > 0, we define the following iterative integrals:

I(e) = /0 " pi(©)de,
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I (o) Jy #1(8)dg
b(o) = /0 (£ = /0 6a(€) e,

Lie) JJ0 O eae
(o) = /0 63 (6)de = /0 ’ T g)de,

and so on. The general form for 1 < k < N is:

e J7 e1(©)de-
Iy—1(o) R $r_1(€)de
Ii(o) = /0 N e)de = /0 T e,

where Iy(0) = 0.
Finally, for k = N:

IN_i(o)
In(o) = /0 o (€)dE.

We will now establish the validity of the following theorems.

3.2 Theorem

Suppose Q is a POSET with a metric p making (Q, p) a complete b-MS. Let M : Q — Q be continuous and weakly
increasing mappings, satisfying the inequality:

I (Y(OMA Mw))) < a(O(A, @))Ia (B(O(A, @))) VA > @, 3.1

where

O(A, @) = max p(A, @), p(A, MA), p(w, Mw), é (p(A, M) + p(m, MA)),

and « belongs to S, ¢ belongs to ¥, and 3 : [0, c0) — [0, %) is a continuous function with the condition ¢(c) > B(o), ¥
o> 0.

Furthermore, assume that for each pair of elements A, o € Q, 3 z € Q that is comparable to both A and zo. If either M
is continuous, then M possess a UFP.

Proof. Letus define 1y = Iy o4 and 81 = Iy o B. Consequently, according to (3.1), we can express:

Y1 (OMA, Mw)) < a(O(A, @))B1(O(A, w)), VA > w. (3.2)
As WKT the composition of continuous functions remains continuous ensures that 1y, and (3 are both continuous. By
invoking Theorem 2.1, we derive the desired outcome. O

3.3 Theorem

Assume the following conditions:
(i) K3,K4 : Z xZ x R — R are continuous.
(i) Vo,§ €T,

Kalorgrlo)) < K (e, | ! (€2 (2) d=+ 9(6))

Kulowlo)) < K (e, [ ! Kule, () =+ 9(6) ).

(iii) 3 H :Z x T — R* such that

22q—1

n _ w(6)? 1/q
|zc3(a,s,A<s>>—m(a,s,w@mSH(a,@(l (L+|AC) (W)) ,

forallo, 6 € Tand A, w € Q.

T

1

) swp [ H o <
c€ZJO T

Thus, a unique common solution w* € C(Z) exists for the integral equation (3.1).

Proof. Define operators P,Q : C(Z) — C(Z) as:

T
PA(0) = /O Ko, € A(£)) dE + g(o), (3.3)

T
QA(o) = / Ka(o,&,A&))dE+g(o), Yo €eZ,A€Q. 3.4
0
Following the contraction condition, it can be shown that:

In(1 + p(A, =)2)

p(PA,Pw) < a1

(3.5)

Thus, P and Q each admit a UFP, and these FPs coincide under the given conditions.
Therefore, A unique common solution w* € C(Z) exists for the integral equations.
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