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Abstract In this paper, we have obtained some results on derivatives of B-g bonacci poly-
nomials. We have explicitly expressed the derivatives of B-q bonacci polynomials using the
generating function and combinatorial form of polynomials. We have also obtained the results
on the 7" order derivative of B-¢ bonacci polynomials in series form.

1 Introduction

Fibonacci polynomials and their extended forms of polynomials have many applied and fasci-
nating properties [7]. Some generalized sequences can be seen in [1, 9]. In [2], authors have
defined two new classes of polynomials associated with generalized Fibonacci polynomials and
derived convolution property. In [8], Levesque defines m!" order linear difference equation and
obtains a generating function for the recurrence relation. The authors, Yuan Yi and Wenpeng
Zhang, have obtained the relation,
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where F,, = zF, + F,,_1, with Fj = 0 and F} = 1, see equation (7) of [12]. The properties
of Fibonacci polynomials and their derivatives are studied in [5, 6, 11]. In [10], authors have
defined new families of generalized Fibonacci polynomials and generalized Lucas polynomials
and obtained some properties of these families. Further, they have established relationships be-
tween family of the generalized k-Fibonacci polynomials and the known generalized Fibonacci
polynomials.

In [2], the class of h(z)-B-¢ bonacci polynomials, denoted by (¢B)j, n44—1 are defined by:
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with (¢B)po(z) = 0,(¢B)n,1(z) =0,--- ,(¢B)ng—1(z) = 1, foralln e NU{0},n > ¢ > 2,
where h(x) is a polynomial with real coefficients.

The B-q bonacci polynomials are extensions of Fibonacci polynomials defined in [4]. We
define these polynomials as follows:

Definition 1.1. We denote B-¢ bonacci polynomials by Q,,(x) and define by the relation
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with Qo(z) =0,Qi(z) =0, -+ ,Qq—i(z) = 1, foralln e NU {0} and n > ¢ > 2.
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These polnomials are obtained by putting h(z) = z in (1.1).

We state below first few non-zero polynomials of B-q bonacci polynomials:
Qq-1(x) =

Qq(z) = z~!

Qq+1(z) = 297D 4 (g — 1)2972

_ 3 1 _
Qqia(a) = 207D 4+ 2(q — 1)2™ P45l Dlg=2)e"

1
Qqe3(x) = 2"V 43(g= D)2 4+ (g-1)(2g-3)2 "+ £ (4= 1) (¢-2) (¢-3)2"*.
In [2], the following identities are obtained:

(i) The combinatorial form of (1.1) is given by

\;(q*U(n*(Q*l))J
q

(qB)h,n(f) _ Z ((q — 1)(71 _‘(q — 1) — 7:))h(x)(fZ—l)(n—(Q—l))—iq7 (1.3)

i
i=0
for all n > g — 1, where | * | denote the floor function.
(i) The generating function of (1.1) is given by

s 1
7Z) = A(z)zn ) = ) 1.4

Using these we can deduce the following properties of (1.2).

(a) The combinatorial form of (1.2) is given by

\‘(qfl)(n*(qfl))J
q

Qu(z) = Z ((q —1)(n *_(q -1) - i))gj(ql)(n(ql))iq’ (1.5)

i
i=0
foralln > q— 1.

(b) The generating function of (1.2) is given by

n— 1
ZQ" 2 ST Z@+ 2T (1.6)

If we differentiate the equation (1.5) with respect to x, we get

dQn

]

= . ((q—l)(n—(q—l))—iq> ((q —1)(n —'(q —1)— Z.))x(ql)(n(q]))iql.

(1.7)

If ¢ = 3, then the above properties reduce to the properties of B- Tribonacci polynomials
discussed in [3].

In this paper, we derive some relations involving derivatives of B-¢q bonacci polynomials de-
fined by the equation (1.2).

For simplicity, from the next section onwards, we denote Q,(z) by @,. Throughout this
paper, we will take positive integers, g > 2.
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2 Derivatives of B-q bonacci polynomials
In this section, we obtain some relations involving the derivatives of B-q bonacci polynomials.

We have the following theorem.

Theorem 2.1. Forn > 2,

dQ q— n+k
i~ (- 1) Z ( )#;czi Quiimi- @.1)

Proof. Differentiating the equation (1.6) both sides with respect to x, we get

dQ" -1) _ (q—1)Z(x+ Z)12
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:[1—Zx+quzz;< )k a—1-k
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=00 k=0
q—2 _»
q N 1 ZZQL Qn zZ < )l‘k an(Q*l)*k.
n=0 =0 =0

Now, equating the coefficient of Z"~(4=1), we get

dQn q— n+k
— =1 ;:j ( )xk;@@m_i.

|
We need the following lemma.
Lemma 2.2. Forn > q — 1,
Z <q B 2) 212 Qs
; i
=0
{%J
_ ((q —1)(n - ((Z— 2) — k) — 1>$(q—1)(n—(q—2))—qk}—l. 2.2)
k=0

Proof. We prove the equation (2.2) for n = gm,qm — 1,qm — 2,--- ,qm — (¢ — 1). First let
n = qm.

q—2

—2\ .y
(qz’ )”“"q T Qome
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(a=1)m—(a-2)

_ <q - 2) I Z ! <(q —1)(gm—(¢g—1)— k))x(q—l)(qm—(q—2)—k)—k—l
7 k—1

=0 k=0

9

. . n
since, for n,i > 0, ( > =0.
—1

Now, using the result, Z <T) <k: " ) = (n —]: T> , we get
) —1

i—0
q—2
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Z (q . )xq—2—z qufi
i—o \ !
(q—1)m—(q-2)
— q > q <(q —1)(gm—(g—1)—k) + (¢ — 2))x(q1)(qm(q2)k)kl
k
k=0

(g—1)m—(q—2)
— ! Zq ((q_ 1)(qm_ (q—Z) _k") - 1>x(q—l)(qm—(q—2))—qk—1.
k=0 k
Hence, the equation (2.2) is true for n = gm.

Similarly, the result can be proved for n = gm — 1,qm — 2,--- ,qm — (¢ — 1). This completes
the proof of the lemma.

O
Theorem 2.3. Forn > q — 1,
dQ L2 dQ
n+1 . - q—2—1i n—1—i
dx +(a 1);( i )x dx
qu _ 2 qu _ 3
= (g-1) [(qu)) (7)o (*] )ﬂ“Qn_l_i].
i=0 i=0
(2.3)

Proof. We prove the result for n = gm,qgm — 1,qm —2,--- ;gqm — (¢ — 2). Let n = gm and
consider

q—2
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L )

k
k=0
+( 1) q—2 q—2 (g=1)(m—1)—i (q_ 1)(qm—q— (k—l—l)) (q—l)(qm—(q—l))—q(k+i)—]
- Z 1 Z k
=0 k=0
(g—1)m—(q—2)
_ 3 T (a=D(am—(a-2) - ’f)>$<q—1>(qm—<q—2>)—qk
k=0 k
q—2 (g—1)m—(q-2)
+(q i 1) <q Z 2> Z <(q — 1)((]]:1_71 (E; 1) - k))fﬂ(ql)(qm(ql))gk#»ql’
=0 k=i+1
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replacing k from second term with k — 1 — ¢

(g—1)m—(q—2) — Dam— (0 —2) — k (e (e2) o
-y ((q )(am —(a-2) ))aj(q ) (am—(a-2)) —ak

ey R ("7) (" D(gm = (¢—1) = k) oot

since for k > n, (Z) =

I (0= Do =28 o)

Hg—1) (q_1>§<q_2) ((q —D(gm—(g—1)—k)+q- 2) a1 (am—(a-2)) ~qk

k=1

_ m(q—l)(qm—(q—Z)) n i(q_Z) [((q —1)(gm—(¢—2) - k))

k
k=1
+(q o 1) (q - 1)(qm - (q - 2) - k) -1 :|I(q71)<qm7(q72)) 7qk'
k—1
Since (}) = 2 (71), we have
q—2 q—2
qu+1 + (q - 1) X_O: < i >$q21qu—l—i = z(q—l)(qm—(q—Z))

@=m2@=2)  (gm— (g =2) — k) — 1\ /(@ = D@m= (@ =2\ oo tr (oo}
+ kz::l ((q )(a k(—ql) ) )((q )(qk (4 )))w(q 1) (am—(a—2)) —ak

Differentiating both sides with respect to « and then simplifying, we get

AQum 2 -2 Qo1
Qq +1+(q_1)z<ql >mq—2—l Qq 1

dx 4 dx
=0
q—2 q—2
+(q_ 1)2 ( i )(q_z_i)xq3z qu—l—i
=0

=(a=1)(am - (¢-2) [x“”(qm(q”“

S (1= Va2 =) - 1)] o am—ta-2) k-1

k
k=1
Therefore
dQ g2 dQ
qgm+1 - —2—3 qgm—1—1
1 q
dz +a );< 1 )x dz

(qm_(q_z)) (LIl)mz(qz) ((q — 1)<qm — (q — 2) - k‘) — 1) x(q—l)(qm—(q—2))—qk—l

=(¢-1) .

k=0

—(qg—2) qz_f <q ; 3) gd73" qu—l_i‘| .

=0
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But, from Lemma 2.2, we have
q—2

a=2\ 42
2 () o
i=0

(g—1)m—(q-2)

_ (a=1D(gm—(4=2) =k) =1\ _(g-1)(sm—(a-2)-qr-1
> ) |

k
k=0

Hence,
dQ S (1-2 dQ

gm+1 - —2—1i gm—1—1

1 q Ggm—1—i
dz +a );< i )x dz
g2 g-3

_ - —2—1i - 34
= 0| tam—ta-2) X () Qa2 () qu_l_i]
Similarly, the result can be proved forn = gm — 1,qm —2,--- ,qm — (¢ — 1).

Theorem 2.4. Forn > q — 1,

-2
dQn+1 : q— 2 ,27'dQn—l—i
Zxnrl -1 q i

T ta-0)Y (7T

pr dx
q—2 2
=(q-1)) (q ; ) (n —(g—2) - z) 27727Q, (2.4)
=0

Proof. From Theorem 2.3, for n = gm, we have

q—2
qum-H + (q _ 1) Z <q _ 2) xq—z_i qumflfz

dx P ) dx
= (q - 1) [(qm - (q - 2)) i <q ; 2> xqiziqum—i

=0
-3 .
- (q - 2) (q i )xq_3_Zquli‘| .
=0

This implies

-2
qum+l : q—2 q—2—i qum—l—z‘
dx +la-1) Z i )"

, dx
i=0

[\S]

= (¢—1)(gm—(¢—2)) (q B 2) 29727 Qui

g

Q

i
o

- 0a-2 5 (1)

=0

q—2 _ .
=(q-1) [qu (q ; 2) 2127 Qym—i — (4= 2)297% Qg
=0

q—2

() £ D)

i=1

q—2 ) .
(-1 [qu (77 2)0 7 Qs+ 4= 257 Qs
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Similarly, the result can be proved forn = gm — 1,gm —2,--- ;qm — (¢ — 1). O

Theorem 2.5. Forn > 1,

q—2

dQn -1 dQn—l q— 2 —2—i
(¢=1) djvq + dr n(g—1) Z ( i )xq ’ @nt(g-2)—i
=0

q—2
—1 d .
+ E (q ; >(q -2- l)% (ffq_l_lQan—z)—i) (2.5)
=0

Proof. Replacing n in equation (2.4) with n + ¢ — 2, we get

q—2

dQn+q-1 q—2 2 Qi (g—3)—i

Zentq-l 1 q—2—i_¥nt(g—3)—i
q—2

(=12 ( ) n = i)a" " Quaiga) i
=0
This implies
2
dQnJrq 1 qz q— 2 21 2— de"qu 3)—i
dx - dx

q—2

q—2
. q—2 3 q_2 —2—14
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After further simplification, we get

q—2

d n — _2 d 7
Gt a0 S (1)l )

=0

q—2
nla=1) < ) qizﬂQ”+<q—2)—i'
i=0
Hence, we have

dQn Qn d [ q-1-i
— e ta-D=g= - Z(z—l)dm(x T Quie-2- )

i=1

=n(g-1)> < ; )fﬂq_z_lQan—z)—i

=0

Adding S0 (1) (g -2 —i) L (a?q Qut(g—2)— ) on both the sides and simplifying, we get

-2
dQn+q—1 danl 3 q— 2\ d q—1—1i
St 4 (- 1) = -0 Y () = (0 T Qug )
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d 2 -1 d .
+Ha—2) (afq’le(q—z)) +) (q ; >(q 2o (ﬂf“*HQan—z)—i)
i=1

S (0-2) 4o (a1 d -
=n(g—1) Z ( . )a:q T Qni(g2)—i + Z < ; ) (g—2- z)% (x(klﬂQn-q-(q—z)—i)-
i=0 i=0
On further simplifying, we get
-1
dQnJrq—l d 3 q— 1 q—1—i dQn—l
dz + (q - 2)% ; i (‘T Qn+(q—2)—i) + dz

= q-—2 q—2—i = q—1 N d q—1—i
=n(qg—1) Z e Qni(g-2)—i t ; (q—2— 1)% (l’ Qn+(q72)7i)-
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Thus, we have

dQn —1 dQn—l q— 2 —2—1
(¢—1) d;q +—— =nla— 1)2( LS 2TQu(g—2)—i
i=0
q—2 g—1
+ ( i ) (q -2- Z) (xq : lQnJr(qu)fz)
i=0
This proves the theorem. O

Next, we have a result for 7" derivative of B-q bonacci polynomials.

Theorem 2.6. Forr > 1 andn > (¢ — 1)r,

d" n+qg— K -1 ;d" n —2)—1 4 n—
(n (g~ 1yr) Tntat ‘—nZ<q )‘”q“Q Ha 2ty (g gy T O

dx” P ) dx” dx”
q—2
q—1 N 1
I > ) (A LA RERPR
i=0
q—2 q—1—1 k r—k
q—1 r d 11— d Qn+(q—2)—i
1-k)— (2" ") ————. 2.

Proof. Differentiating equation (2.5) (r — 1) times with respect to x, we get

-2
A" Qniqg—1 |, A" Qn_1 S g—2\ d! a—2—i
(=D  + e ="a-1 > i) der (”” Q”HH)*Z’)

=0

q—2 . r ‘
+ Z <q ; 1> (g—2- i)% (ﬂﬂq*l*’Qm(q—z)—i)

=0
92 r—1
q—2\ ,_0_; d
—rlaml iz=0: ( { )x’l : dzr—! (Q”J“(q*z)’i)
S-S e\, AR
RCED R DA - T T2 {OMES
=0 k=1
q-2 i1 g .
" ( i >(q‘2">dxr(”q‘ T Qurta--s).
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Hence
A" Quig 1 | d"Qu i 2 g2 !
_ ntq— n—l _ o g—2
(a=1) drr T dar nlq 1)§< i >x dw’“ '(QTH(’ - )
- N\ K - dE . dE
P ( i ) 2 (k—l)dm’“(xq ) g (Qnvta21)
=0 k=2
2 -1 ar
- . —1—i
+ Z ( ; > (¢g—2- Z)ﬁ (»Tq QnJr(q—Z)—i)' 2.7

Now, differentiating equation (1.2), r times with respect to « and multiplying through out by n,
we get

d" Qn+q 1 - iernﬁ»(qu)fi
" dx” N Z dx”

q—1 r—1
q— 2 —2—3 d Qn —2)—1
+nr(g—1) Z ( ; )a:q 2 —dac:*(ql )

=0

= i k r—k
1= 5 (M) L oy e
+n§;< i ) 2<k> @) 2.8)

k=
Using (2.7) and (2.8), we get

T 2 r ) dr

dx” P i dx” dm’
a2 a_l-i k r—k
qg—1 r—1\ d i d
_MZ( i ) (kl)dxk( ) g Qe -i)
=0 k=2
q—2

d 1
o (xq Qn+(q—2)—i>

q—1 q—1—i k r—k
q—1 r\ d —1—i d Qn+( —2)—1i
+”Z ( i ) Z (k>dxk(xq : ) d:cr*i

R e () e
S <q B 1) g-2-i)L (a:q_l_iQ,H( —2>—z‘)
pard i dzr a
q-2 g1 a-lzi gk . e N
+ni=0 ( . ) ;; (k>(1 — k) ()
This completes the proof of the theorem. O

3 Conclusion

In this paper, we have used a combinatorial representation of B-q bonacci polynomial and it’s
generating function to obtain the results involving derivatives of B-¢q bonacci polynomials. We
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have also obtained a result on the r*" order derivative of B-q bonacci polynomials.
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