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Abstract This paper introduces and analyzes a new class of pathway type operator named
the Q-operator, along with its diverse properties. The Q-operator encompasses a spectrum of
operators with kernel functions that range from binomial to exponential forms. Sufficient condi-
tions for the existence of Q-operator along with the convolution and inversion theorems, when
Q-operator is considered as an integral transform, are established. Furthermore, the composition
of Q-operator with ordinary and partial differential operators are derived. It is demonstrated
that the Q-operator of an integral operator yields a Q-operator. Finally, the composition of Q-
operator with generalized special functions, including the generalized hypergeometric function,
the Wright hypergeometric function, the Mittag-Leffler function, H- and G-functions are pre-
sented.

1 Introduction

Integral operators are widely used across various STEM disciplines. They are used to transform
differential equations to integral equations [10]. In image processing, they are used in techniques
like image blurring, edge and noise detection, etc. [6]. Integral operators play a remarkable role
in quantum mechanics, signal processing and probability theory [35, 39]. In certain experimental
scenarios, one may require operators with kernels switching among two families of parametric
distributions. This can also happen while dealing with two classes of distributions which need
to be switched among themselves for a specific experimental setup. For dealing with such in-
stances, Mathai introduced the pathway model [16, 17] in 2005, with the principle of switching
among three different families of functional forms, namely type-1 beta, type-2 beta and gamma
functional forms. The pathway model in the real scalar case is defined as follows:

f(x) =


c1|x|γ−1[1 − a(1 − ζ)|x|δ]

1
1−ζ , 1 − a(1 − ζ)|x|δ > 0, ζ < 1 [type-1 beta form]

c2|x|γ−1[1 + a(ζ − 1)|x|δ]−
1

ζ−1 , −∞ < x < ∞, ζ > 1 [type-2 beta form]
c3|x|γ−1e−a|x|δ , −∞ < x < ∞, ζ → 1 [gamma form],

where a > 0, γ > 0, δ > 0, ζ is the pathway parameter and c1, c2, c3 are the normalizing constants
when each of them is considered to be a statistical density. As ζ → 1, the type-1 and type-2 beta
forms reduce to the gamma form. Leveraging the concept of the pathway model, researchers
have expanded a realm of integral transform operators [11, 12, 26, 27]. Kumar introduced P-
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transform [11, 13], which is defined as

(Pρ,β,α
ν f)(x) =

∫ ∞

0
Dν,α

ρ,β (xt)f(t)dt, x > 0.

P-transform is defined as type-1 or type-2 based on the kernel function Dν,α
ρ,β (x). P-transform is

a generalization of many integral transforms, such as Krätzel transform [9] and Meijer transform
[22]. To address challenges commonly encountered in physical contexts, Kumar later introduced
the pathway Laplace transform or Pα-transform [12], which was further utilized by many authors
in their research [1, 27]. Pathway fractional integration operator introduced by Nair [26] is useful
in various mathematical fields such as Fractional calculus and statistical distribution theory. It is
denoted as (P z,ζ

0+ f)(t) and defined as

(P z,ζ
0+ f)(t) = tz

∫ t
a(1−ζ)

0

[
1 − a(1 − ζ)x

t

] z
1−ζ

f(x)dx (1.1)

This paper presents a novel class of operator called the Q-operator. The Q-operator of a
function f(x), denoted by

(
Qa

ξf(x)
)
(z), is defined for ξ > 1 and a > 0 as

(
Qa

ξf(x)
)
(z) =

∫ ∞

0
[1 + a(ξ − 1)x]−

z
ξ−1 f(x)dx. (1.2)

Here, ξ is the switching parameter which enables the operator to switch among different classes
of operators. The Q-operator is valid for all Lebesgue measurable complex-valued functions
Lν,p(R+) with the norm

||f ||ν,p =

(∫ ∞

0
|xνf(x)|p dx

x

) 1
p

< ∞, 1 ≤ p < ∞, ν ∈ R.

Various properties, existence conditions, convolution and inversion, and connections to special
functions and operators are the prime focus of this paper.

The paper unfolds as follows: Section 2 explores the sufficient condition for the existence
of Q-operator and key properties like linearity, scalar multiplication, shifting, general derivative
and analyse Q-operator as an integral transform, discussing some of the major properties such
as inversion and convolution theorems along with the connection with other integral transforms.
Section 3 delves into the Q-operator of ordinary and partial derivatives, along with integral op-
erators. Section 4 tackles the derivation of Q-operators for some well-known special functions.
Finally, some concluding remarks are given in Section 5.

2 Existence theorem and Properties of Q-operator

A sufficient condition for the existence of the Q-operator is established in the following theorem:

Theorem 2.1. Let f(x) be an integrable function on any finite interval [0, c], where c is an
arbitrary positive real number. If there exists a positive real number b such that

∫ ρ

c
x−bf(x)dx

approaches a finite limit as ρ tends to infinity, then the Q-operator of f converges absolutely for
ℜ
(

z
ξ−1

)
> b where ℜ(·) denotes the real part of (·).

Proof. Let c and ϵ be any positive real numbers with ϵ < c. Since ξ > 1, a > 0 and ℜ
(

z
ξ−1

)
> b,

we have [1 + a(ξ − 1)x]
z

ξ−1 > 1. Hence, we obtain∣∣∣∣ ∫ c

ϵ

[1 + a(ξ − 1)x]−
z

ξ−1 f(x)dx
∣∣∣∣ ≤ ∫ c

ϵ

|f(x)|dx.

Similarly, we have [1 + a(ξ − 1)x]
z

ξ−1 > xb. Hence, it can be observed that∫ ρ

c

[1 + a(ξ − 1)x]−
z

ξ−1 f(x)dx ≤
∫ ρ

c

x−b|f(x)|dx. (2.1)
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Now we can see that∫ ρ

0
[1 + a(ξ − 1)x]−

z
ξ−1 f(x)dx =

(∫ c

0
+

∫ ρ

c

)
[1 + a(ξ − 1)x]−

z
ξ−1 f(x)dx.

The theorem follows by using the given conditions and letting ρ → ∞.

Corollary 2.2. Let f(x) be an integrable function on any finite interval [0, c], where c is any
positive real number. If there exists a real number b > 0 such that f(x) = O(xb) as x →
∞ where O(·) denotes big O notation, which means the absolute value of f(x) is at most a
positive constant multiple of xb for all sufficiently large values of x, then the Q-operator of f ,(
Qa

ξf(x)
)
(z) exists in the region ℜ

(
z

ξ−1

)
> b.

Proof. The proof is a direct aftermath of Theorem 2.1.

Corollary 2.3. If f(x) satisfies the conditions of Theorem 2.1, then
(
Qa

ξf(x)
)
(z) is an analytic

function of z in the region ℜ
(

z
ξ−1

)
> b.

Proof. The proof is similar to the theorem in [36, sec 3-1, p. 138-140].

Remark 2.4. All the functions discussed in this paper satisfy the conditions of Theorem 2.1.

We now explore some fundamental properties of the Q-operator. The following theorem
establishes its linearity.

Theorem 2.5. (Linearity): If f1 and f2 are any two functions of real variable x, then(
Qa

ξ(c1f1(x) + c2f2(x))
)
(z) = c1

(
Qa

ξf1(x)
)
(z) + c2

(
Qa

ξf2(x)
)
(z),

where c1 and c2 are coefficients in C.

Proof. The proof is straightforward from the application of the definition in (1.2).

Theorem 2.6. (Multiplication of function variable by a scalar): For any function f of real vari-
able x and for any real number c, we have

(
Qa

ξf(cx)
)
(z) =

1
c

(
Q

a
c

ξ f(x)
)
(z).

Proof. By changing the variable x = u
c , we obtain

(
Qa

ξf(cx)
)
(z) =

1
c

∫ ∞

0
[1 +

a

c
(ξ − 1)u]−

z
ξ−1 f(u)du.

Then, the theorem follows from the definition (1.2).

Theorem 2.7. (Shifting property): If f(x) is any function, then(
Qa

ξ({1 + a(ξ − 1)x}−
c

ξ−1 f(x))
)
(z) =

(
Qa

ξf(x)
)
(z + c).

Proof. Using (1.2), we get

(
Qa

ξ({1 + a(ξ − 1)x}−
c

ξ−1 f(x))
)
(z) =

∫ ∞

0
[1 + a(ξ − 1)x]−

(z+c)
ξ−1 f(x)dx,

and the theorem follows.

The next theorem gives the (nth) derivative of Q-operator.

Theorem 2.8. (General derivative): If F (z) denotes the Q-operator of f(x), then for ξ > 1,

dn

dzn
[F (z)] =

(
− 1
ξ − 1

)n (
Qa

ξ

((
ln[1 + a(ξ − 1)x]

)n
f(x)

))
(z).
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Proof. Using (1.2) and simplifying, we get

d

dz
[F (z)] = − 1

ξ − 1

∫ ∞

0
[1 + a(ξ − 1)x]−

z
ξ−1 ln[1 + a(ξ − 1)x]f(x)dx

= − 1
ξ − 1

(
Qa

ξ(ln[1 + a(ξ − 1)x]f(x))
)
(z). (2.2)

The theorem follows by differentiating (2.2) (n− 1) times.

Considering Q-operator as an integral transform, it can be notated as F (z) = Qa
ξ [f(x); z],

where f(x) is a function of a real variable and z is the transform variable. For dealing with
the physical problems governed by differential and integral equations, integral transforms offer
a powerful toolset for diverse scientific inquiries [31, 32, 33, 34, 36, 37]. The necessity of any
integral transform hinges on the existence of a valid inversion formula which is provided in the
next theorem.

Theorem 2.9. (Inversion theorem): Suppose that F (z) is an analytic function in the region
ℜ
(

z
ξ−1

)
> b, then the integral

a

2πi

∫ c+i∞

c−i∞
[1 + a(ξ − 1)x]

z
ξ−1 −1F (z)dz

along any line ℜ(z) = c > b(ξ−1) is a c-independent function f(x) whose Q-transform is F (z).
Furthermore, f(x) is continuous for each x ≥ 0 and is of order O(xb), where b is a positive real
number, as x → ∞.

Proof. Suppose that f(x) has a continuous derivative and if f(x) = O(xb) for large positive
values of x, where b > 0, then

F (z) =

∫ ∞

0
[1 + a(ξ − 1)x]−

z
ξ−1 f(x)dx, (2.3)

which converges absolutely and uniformly in the region ℜ
(

z
ξ−1

)
> b. The function F (z) is

analytic in ℜ
(

z
ξ−1

)
> b. Substituting (2.3) in

a

2πi

∫ c+iω

c−iω

[1 + a(ξ − 1)x]
z

ξ−1 −1F (z)dz,

where c > b(ξ − 1), we obtain

a

2πi

∫ c+iω

c−iω

[1 + a(ξ − 1)x]
z

ξ−1 −1dz
∫ ∞

0
[1 + a(ξ − 1)u]−

z
ξ−1 f(u)du.

By interchanging the integration order, we get

a

2πi
[1 + a(ξ − 1)x]−1

∫ ∞

0
f(u)du

∫ c+iω

c−iω

[
1 + a(ξ − 1)x
1 + a(ξ − 1)u

] z
ξ−1

dz.

Replacing the variable z = c− iω(1 − 2t), the integral becomes

a

π
[1 + a(ξ − 1)x]−1

∫ ∞

0
f(u)

ξ − 1

ln
[

1+a(ξ−1)x
1+a(ξ−1)u

][1 + a(ξ − 1)x
1 + a(ξ − 1)u

] c
ξ−1

sin
(

ω

ξ − 1
ln
[

1 + a(ξ − 1)x
1 + a(ξ − 1)u

])
du.

Replacing the variable v = 1
ξ−1 ln

[
1+a(ξ−1)x
1+a(ξ−1)u

]
and letting

g(v) = f

(
[1 + a(ξ − 1)x]e−(ξ−1)v − 1

a(ξ − 1)

)
e(c−(ξ−1))v,
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we get

a

2πi

∫ c+iω

c−iω

[1 + a(ξ − 1)x]
z

ξ−1 −1F (z)dz =
1
π

∫ ln[1+a(ξ−1)x]
ξ−1

−∞
g(v)

sin(ωv)
v

dv.

Letting x → ∞, the integral becomes

1
π

∫ ∞

0
g(v)

sin(ωv)
v

dv +
1
π

∫ ∞

0
g(−v)

sin(ωv)
v

dv.

Letting ω → ∞ and using corollary of localization lemma [36, sec 2-2, p. 34], we have

a

2πi

∫ c+i∞

c−i∞
[1 + a(ξ − 1)x]

z
ξ−1 −1F (z)dz =

1
2
f(x+) +

1
2
f(x−) = f(x),

which completes the proof.

While dealing with certain integral equations, one may require the convolution property for
the operator/ transform. The next theorem gives the convolution property of the Q-operator/
transform.

Theorem 2.10. (Convolution theorem): Let g1 ∗ g2 denotes the convolution of two functions g1
and g2, which is defined by g1 ∗g2(x) =

∫ x

0 g1(y)g2(x−y)dy. If g1(x) and g2(x) are two positive
functions of x whose Q-operators/ transforms exist, then we have

Qa
ξ

[
g1 ∗ g2(x); z

]
= Qa

ξ [g1(x); z]Qa
ξ [g̃2(x); z],

where g̃2(x) = [1 + a(ξ − 1)x]
z

ξ−1 [1 + a(ξ − 1)y]
z

ξ−1 [1 + a(ξ − 1)(x+ y)]−
z

ξ−1 g2(x).

Proof. Using (1.2) and changing the order of integration, we see that

Qa
ξ

[
g1 ∗ g2(x); z

]
=

∫ ∞

0
[1 + a(ξ − 1)x]−

z
ξ−1

{∫ x

0
g1(y)g2(x− y)dy

}
dx

=

∫ ∞

0
g1(y)dy

{∫ ∞

y

[1 + a(ξ − 1)x]−
z

ξ−1 g2(x− y)dx
}
. (2.4)

Consider the inner integral and changing the variable x− y = u, we get

I1 =

∫ ∞

0
[1 + a(ξ − 1)(u+ y)]−

z
ξ−1 g2(u)du. (2.5)

Letting the function

g̃2(u) = [1 + a(ξ − 1)u]
z

ξ−1 [1 + a(ξ − 1)y]
z

ξ−1 [1 + a(ξ − 1)(u+ y)]−
z

ξ−1 g2(u)

and on substituting g2(u) in (2.5), we get

I1 =

∫ ∞

0
[1 + a(ξ − 1)y]−

z
ξ−1 [1 + a(ξ − 1)u]−

z
ξ−1 g̃2(u)du. (2.6)

Substituting for inner integral I1, (2.4) reduces to

Qa
ξ

[
g1 ∗ g2(x); z

]
=

∫ ∞

0
[1 + a(ξ − 1)y]−

z
ξ−1 g1(y)dy

∫ ∞

0
[1 + a(ξ − 1)u]−

z
ξ−1 g̃2(u)du.

The integrals on the right side are the Q-transforms of g1(x) and g̃2(x) respectively, and the
theorem follows.
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One can observe that

lim
ξ→1+

tzQ
a
t

ξ [f(x); z] = tz
∫ ∞

0
e−

azx
t f(x)dx = tzL

[
f(x);

az

t

]
= (P z,1

0+ f)(t), (2.7)

where L[f(x); z] is the Laplace transform, which is defined as

L[f(x); z] =
∫ ∞

0
e−zxf(x)dx, (2.8)

whenever the integral on the right exists and (P z,1
0+ f)(t) is the pathway fractional integral op-

erator defined in (1.1). (2.7) establishes a relation between Q-operator, Laplace transform and
pathway fractional integral operator. Also when ξ = 2, a = 1 and replacing x by x− 1, we have

Q1
2[f(x− 1); 1 − z] =

∫ ∞

0
xz−1f(x− 1)dx = M [f(x− 1); z] ,

where M [f(x); z] is the Mellin operator of f(x) with complex variable z, which is defined as

M [f(x); z] =
∫ ∞

0
xz−1f(x)dx, (2.9)

whenever integral on the right exists.

A comparative study of the behaviour of kernel function of Laplace transform and that of
Q-operator when the parameter ξ is changed is given in the following graph.

Figure 1. Graphical representation of the kernel functions of Q-operator for different values of
ξ when a = 1, x = 1

From the figure, we can see that the kernel function of Q-operator assumes a negative expo-
nential curve. As ξ decreases, the negative slope of the curve increases and the limiting curve,
when ξ → 1, is the kernel function of Laplace transform.
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3 Q-operator of differential and integral operators

This section tackles the Q-operator of ordinary and partial derivatives, along with integral opera-
tors. We begin by presenting a theorem on the Q-operator of an (nth) order differential operator.

Theorem 3.1. If f(x) and its derivatives f ′(x), f ′′(x), · · · , f (n−1)(x) are continuous except at
the origin and f (n)(x) is at least piecewise continuous, then

(
Qa

ξf
(n)(x)

)
(z) = an

n−1∏
j=0

(z + j(ξ − 1))
(
Qa

ξf(x)
)
(z + n(ξ − 1))

−
n−1∑
k=0

an−k−1
n−k−2∏
j=0

(z + j(ξ − 1))f (k)(0+), (3.1)

where
∏

denotes the usual product, and the empty product is defined as unity.

Proof. Using (1.2), we have

(
Qa

ξf
(n)(x)

)
(z) =

∫ ∞

0
[1 + a(ξ − 1)x]−

z
ξ−1 f (n)(x)dx. (3.2)

Applying integration by parts on (3.2), we get(
Qa

ξf
(n)(x)

)
(z) = az

(
Qa

ξf
(n−1)(x)

)
(z + ξ − 1)− f (n−1)(0+). (3.3)

Again, applying integration by parts on the right side of (3.3), we get(
Qa

ξf
(n)(x)

)
(z) = a2z(z + ξ − 1)

(
Qa

ξf
(n−2)(x)

)
(z + 2(ξ − 1))− azf (n−2)(0+)− f (n−1)(0+).

(3.4)
Continuing in this manner, the solution is obtained as(

Qa
ξf

(n)(x)
)
(z) =anz(z + ξ − 1) · · · (z + (n− 1)(ξ − 1))

(
Qa

ξf(x)
)
(z + n(ξ − 1))

− an−1z(z + ξ − 1) · · · (z + (n− 2)(ξ − 1))f(0+)− · · · − f (n−1)(0+),

which on simpler terms can be written as (3.1). Hence, the theorem follows.

The following theorem provides the composition of Q-operator with an integral operator.

Theorem 3.2. Let f(x) be an integrable function, then(
Qa

ξ

[ ∫ t

0
f(x)dx

])
(z) =

1
a(z − ξ + 1)

(
Qa

ξf(x)
)
(z − ξ + 1), ℜ(z) > ξ − 1. (3.5)

Proof. Using (1.2), we have(
Qa

ξ

[ ∫ t

0
f(x)dx

])
(z) =

∫ ∞

0
[1 + a(ξ − 1)t]−

z
ξ−1

{∫ t

0
f(x)dx

}
dt.

Changing the order of integration, we get(
Qa

ξ

[ ∫ t

0
f(x)dx

])
(z) =

∫ ∞

0
f(x)dx

{∫ ∞

x

[1 + a(ξ − 1)t]−
z

ξ−1 dt
}
. (3.6)

Then (3.5) follows by integrating the right-hand side of (3.6).

Theorem 3.3. Let f(x) be an integrable function on positive x-axis, then(
Qa

ξ

[ ∫ ∞

t

f(x)dx
])

(z) = − 1
a(z − ξ + 1)

{(
Qa

ξf(x)
)
(z − ξ + 1)−

∫ ∞

0
f(x)dx

}
, t > 0.
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Proof. Using (1.2) and changing the order of integration, we have(
Qa

ξ

[ ∫ ∞

t

f(x)dx
])

(z) =

∫ ∞

0
[1 + a(ξ − 1)t]−

z
ξ−1

{∫ ∞

t

f(x)dx
}

dt

=

∫ ∞

0
f(x)dx

{∫ x

0
[1 + a(ξ − 1)t]−

z
ξ−1 dt

}
.

On simplification, the theorem follows.

The following theorem gives the Q-operator of an (nth) order integral.

Theorem 3.4. Let f(x) along with its integrals f (−1)(x), · · · , f (−n)(x) and their Q-operators
exist, then we have

(
Qa

ξf
(−n)(x)

)
(z) =

1
an(z − n(ξ − 1)) · · · (z − ξ + 1)

(
Qa

ξf(x)
)
(z − n(ξ − 1))

+
n∑

k=1

f (−k)(0+)

an−k+1
∏n

j=k(z − (n− j + 1)(ξ − 1))
, ℜ(z) > n(ξ − 1).

Proof. Consider

(
Qa

ξf(x)
)
(z − n(ξ − 1)) =

∫ ∞

0
[1 + a(ξ − 1)x]−

z−n(ξ−1)
ξ−1 f(x)dx.

Applying integration by parts and simplifying, we get(
Qa

ξf(x)
)
(z−n(ξ−1)) = a(z−n(ξ−1))

(
Qa

ξf
(−1)(x)

)
(z−(n−1)(ξ−1))−f (−1)(0+). (3.7)

Again, applying integration by parts (n−1) times on the right side of (3.7), the theorem follows.

The next theorem gives the Q-operator of partial derivatives of a function of two variables.

Theorem 3.5. If f = f(x, y) along with all its partial derivatives exist and are continuous, then
the following result holds:

(i) (
Qa

ξ

[
∂f

∂y

])(
y → z

)
= az

(
Qa

ξf(x, y)
)
(y → z + ξ − 1)− f(x, 0).

(ii) (
Qa

ξ

[
∂nf

∂yn

])(
y → z

)
=an

n−1∏
j=0

(z + j(ξ − 1))
(
Qa

ξf(x, y)
)
(y → z + n(ξ − 1))

−
n−1∑
k=0

an−k−1
n−k−2∏
j=0

(z + j(ξ − 1))
∂kf

∂yk
(x, 0).

(iii) (
Qa

ξ

[
∂f

∂x

])(
y → z

)
=

d
dx
(
Qa

ξf(x, y)
)(
y → z

)
.

(iv) (
Qa

ξ

[
∂mf

∂xm

])(
y → z

)
=

dm

dxm

(
Qa

ξf(x, y)
)
(y → z).
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(v) (
Qa

ξ

[
∂m+nf

∂xm∂yn

])(
y → z

)
=

(
Qa

ξ

[
∂n+mf

∂yn∂xm

])(
y → z

)
=an

n−1∏
j=0

(z + j(ξ − 1))
dm

dxm

(
Qa

ξf(x, y)
)
(y → z + n(ξ − 1))

−
n−1∑
k=0

an−k−1
n−k−2∏
j=0

(z + j(ξ − 1))
∂m+kf

∂xm∂yk
(x, 0),

where the empty product is defined as unity.

Proof. Using (1.2), we have(
Qa

ξ

[
∂f

∂y

])(
y → z

)
=

∫ ∞

0
[1 + a(ξ − 1)y]−

z
ξ−1

∂f

∂y
dy.

Results (i) and (ii) can be proved by using the proof of Theorem 3.1, considering f as a function
dependent on y only.
Using Leibniz integral rule [38], which is stated as

d
dx

∫ b

a

g(x, y)dy =

∫ b

a

∂

∂x
g(x, y)dy, (3.8)

where a and b are constants, the result (iii) follows.
(iv) follows by using Leibniz integral rule (3.8) m times.
Since all the partial derivatives ∂i+jf

∂xi∂yj ; i = 0, 1, · · · ,m; j = 0, 1, · · · , n exist and are continuous,
we observe that

∂m+nf

∂xm∂yn
=

∂n+mf

∂yn∂xm
=

∂m

∂xm

(
∂nf

∂yn

)
. (3.9)

Hence by employing (3.9) and the result (iv), we have(
Qa

ξ

[
∂m+nf

∂xm∂yn

])(
y → z

)
=

(
Qa

ξ

[
∂n+mf

∂yn∂xm

])(
y → z

)
=

dm

dxm

(
Qa

ξ

[
∂nf

∂yn

])(
y → z

)
.

Using the result (ii), we obtain(
Qa

ξ

[
∂m+nf

∂xm∂yn

])(
y → z

)
=

dm

dxm

{
an

n−1∏
j=0

(z + j(ξ − 1))
(
Qa

ξf(x, y)
)
(y → z + n(ξ − 1))

−
n−1∑
k=0

an−k−1
n−k−2∏
j=0

(z + j(ξ − 1))
∂kf

∂yk
(x, 0)

}
.

On further simplification, the result (v) follows.

4 Q-operator of some elementary and generalized special functions

The following discussion focuses on the Q-operator of some elementary and generalized special
functions. The Q-operator of the power function (xν) can be readily obtained as:

Qa
ξ

[
xν ; z

]
=

Γ(ν + 1)Γ
(

z
ξ−1 − ν − 1

)
[a(ξ − 1)]ν+1Γ

(
z

ξ−1

) ; 0 < ℜ(ν + 1) < ℜ
(

z

ξ − 1

)
. (4.1)

As a special case, when ν = 0, we get

Qa
ξ [1; z] =

1
a(z − ξ + 1)

; ℜ(z) > ξ − 1. (4.2)
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By using (4.1), the Q-operator of an exponential function can be obtained as

Qa
ξ

[
ecx; z

]
=

1
a(z − ξ + 1) 1F1

(
1; 2 − z

ξ − 1
;− c

a(ξ − 1)

)
, ℜ(z) > ξ − 1, (4.3)

where 1F1(a; b;w) is the confluent hypergeometric function [29], which is defined as

1F1(a; b;w) =
∞∑
n=0

(a)nwn

(b)nn!
, (4.4)

where b is not a zero or negative integer.

Next, the Q-operator of the Mittag-Leffler function is evaluated. The Mittag-Leffler function
was introduced by Magnus Gustaf (Gösta) Mittag-Leffler in 1903 [24], denoted by Eρ(w), and
defined as

Eρ(w) =
∞∑
n=0

wn

Γ(ρn+ 1)
; ρ ∈ C,ℜ(ρ) > 0, w ∈ C. (4.5)

There are many generalizations for this function. Wiman introduced the two-parameter Mittag-
Leffler function [41], which is defined as

Eρ,γ(w) =
∞∑
n=0

wn

Γ(ρn+ γ)
; ρ, γ ∈ C,ℜ(ρ) > 0,ℜ(γ) > 0, w ∈ C. (4.6)

Prabhakar introduced the generalized three-parameter Mittag-Leffler function [28], which is de-
fined as

Eσ
ρ,γ(w) =

∞∑
n=0

(σ)nwn

Γ(ρn+ γ)n!
; ρ, γ, σ ∈ C,ℜ(ρ) > 0,ℜ(γ) > 0,ℜ(σ) > 0, w ∈ C. (4.7)

Here, (c)n denotes the Pochhammer symbol which is defined for non-zero c ∈ C as

(c)0 = 1, (c)n = c(c+ 1) · · · (c+ n− 1)

=
Γ(c+ n)

Γ(c)
, n = 1, 2, · · · ,

(4.8)

whenever Γ(c) exists. The Mittag-Leffler functions have been found to have applications in
physics, engineering, and applied sciences. The generalized Mittag-Leffler function can be rep-
resented [18] in the form

Eσ
ρ,γ(w) =

1
Γ(σ)

H1,1
1,2

[
− w

∣∣∣ (1 − σ, 1)
(0, 1), (1 − γ, ρ)

]
, (4.9)

where H1,1
1,2 (w) is the H-function.

Introduced by C. Fox in 1961 [5], the H-function, also known as Fox’s H-function, is a
cornerstone of mathematical physics. This generalized special function unifies a wide range
of special functions, including the Mittag-Leffler function, the hypergeometric function, and
Meijer’s G-function [21]. The H-function finds applications in diverse fields such as quantum
physics [14, 15, 19], statistical mechanics [30], and electromagnetic theory [7]. Represented by
the notation Hk,l

q,r(w), it is defined via a Mellin-Barnes type integral [20] as:

Hk,l
q,r(w) = Hk,l

q,r

[
w

∣∣∣∣ (m1,M1), · · · , (mq,Mq)

(n1, N1), · · · , (nr, Nr)

]
=

1
2πi

×
∫
L

{∏k
j=1 Γ(nj +Njs)

}{∏l
i=1 Γ(1 −mi −Mis)

}
w−s{∏r

j=k+1 Γ(1 − nj −Njs)
}{∏q

i=l+1 Γ(mi +Mis)
}ds, (4.10)
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where k, l, q, r are integers such that 1 ≤ k ≤ r, 0 ≤ l ≤ q;Mi, Nj ∈ R+,mi, nj ∈ C; i =
1, 2, · · · , q, j = 1, 2, · · · , r. Here,

w−s = exp[−s{ln |w|+ i argw}]; w ̸= 0, i =
√
−1,

with ln |w| is the natural logarithm of |w| and argw is the argument of w which is not necessarily
the principal value. The contour L in (4.10) separates the poles of Γ(nj + Njs), j = 1, · · · , k
from those of Γ(1 −mi −Mis), i = 1, · · · , l. Let

σ =
l∑

i=1

Mi −
q∑

i=l+1

Mi +
k∑

j=1

Nj −
r∑

j=k+1

Nj ,

β =

[
q∏

i=1

(Mi)
−Mi

][
r∏

j=1

(Nj)
Nj

]
,

η =
r∑

j=1

Nj −
q∑

i=1

Mi,

∆ =
r∑

j=1

nj −
q∑

i=1

mi +
q − r

2
.

(4.11)

H-function exists for the following cases [20]:

(i) r ≥ 1, η > 0, for all w,w ̸= 0.

(ii) r ≥ 1, η = 0, for 0 < |w| < β.

(iii) r ≥ 1, η = 0,ℜ(∆) < −1, for |w| = β.

(iv) q ≥ 1, η < 0, for all w,w ̸= 0.

(v) q ≥ 1, η = 0, for |w| > β.

(vi) q ≥ 1, η = 0,ℜ(∆) < −1, for |w| = β.

The H-function reduces to G-function when M1 = · · · = Mq = N1 = · · · = Nr = 1 in
(4.10). In 1936, C. S. Meijer studied the G-function [22], which is denoted by Gk,l

q,r(w) and is
defined in the form of a Mellin-Barnes type integral as

Gk,l
q,r

[
w
∣∣∣ m1 · · ·mq

n1 · · ·nr

]
=

1
2πi

∫
L

{∏k
j=1 Γ(nj + s)

}{∏l
i=1 Γ(1 −mi − s)

}
w−s{∏r

j=k+1 Γ(1 − nj − s)
}{∏q

i=l+1 Γ(mi + s)
}ds, (4.12)

where L is a contour seperating all the poles of Γ(nj + s), j = 1, · · · , k from those of Γ(1 −
mi − s), i = 1, · · · , l. The conditions of existence are given in [20].
The following result gives the Q-operator of the Mittag-Leffler function Eρ(cx) defined in (4.5)
in terms of H-function.

Theorem 4.1. Let ρ ∈ R+; c ̸= 0, z ∈ C and ξ > 1. Suppose w ̸= 1 − z
ξ−1 − n, for any complex

number w and for any positive integer n, then

Qa
ξ

[
Eρ(cx); z

]
=

1
a(ξ − 1)Γ

(
z

ξ−1

) H2,2
2,3

[
− c

a(ξ − 1)

∣∣∣∣ (0, 1), (0, 1)(0, 1),
(

z
ξ−1 − 1, 1

)
, (0, ρ)

]
, (4.13)

where H2,2
2,3 (·) is the H-function defined in (4.10).

Proof. Using (1.2), (4.1) and (4.5), we obtain

Qa
ξ

[
Eρ(cx); z

]
=

∞∑
n=0

cn

Γ(ρn+ 1)
Qa

ξ

[
xn; z

]
=

1
a(ξ − 1)Γ

(
z

ξ−1

) ∞∑
n=0

Γ(1 + n)Γ
(

z
ξ−1 − 1 − n

)
Γ(1 + ρn)

(
c

a(ξ − 1)

)n

. (4.14)
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Since w ̸= 1− z
ξ−1 −n, by considering appropriate contour L and using residue theorem [2], the

sum on the right side of (4.14) can be represented as the Mellin-Barnes type integral

1
2πi

∫
L

Γ(w)Γ(1 − w)Γ(1 − w)Γ
(

z
ξ−1 − 1 + w

)
Γ(1 − ρw)

(
− c

a(ξ − 1)

)−w

dw,

which is the H-function

H2,2
2,3

[
− c

a(ξ − 1)

∣∣∣∣ (0, 1), (0, 1)(0, 1),
(

z
ξ−1 − 1, 1

)
, (0, ρ)

]
.

Hence, the theorem follows.

Remark 4.2. When ρ = 1, (4.13) becomes

Qa
ξ

[
E1(cx); z

]
= Qa

ξ [e
cx; z] =

1
a(ξ − 1)Γ

(
z

ξ−1

) G2,2
2,3

[
− c

a(ξ − 1)

∣∣∣ 0, 0
0, z

ξ−1 − 1, 0

]
, (4.15)

where G2,2
2,3(·) is the G-function defined in (4.12).

The following theorem gives the Q-operator of the generalized Mittag-Leffler function defined
in (4.7).

Theorem 4.3. Let ρ, δ ∈ R+; c ̸= 0, γ, σ, λ, z ∈ C and ξ > 1. Suppose w ̸= (λ − z
ξ−1 − n)/δ,

for any complex number w and for any positive integer n, then the Q-operator of the generalized
Mittag-Leffler function is obtained as

Qa
ξ

[
xλ−1Eσ

ρ,γ(cx
δ); z

]
=

1
(a(ξ − 1))λΓ(σ)Γ

(
z

ξ−1

)
×H2,2

2,3

[
− c

(a(ξ − 1))δ

∣∣∣∣ (1 − σ, 1), (1 − λ, δ)

(0, 1),
(

z
ξ−1 − λ, δ

)
, (1 − γ, ρ)

]
, (4.16)

where H2,2
2,3 (·) is the H-function defined in (4.10).

Proof. Using (1.2), (4.1) and (4.7), we have

Qa
ξ

[
xλ−1Eσ

ρ,γ(cx
δ); z

]
=

∞∑
n=0

(σ)ncn

n!Γ(ρn+ γ)
Qa

ξ

[
xδn+λ−1; z

]
=

1
(a(ξ − 1))λΓ(σ)Γ

(
z

ξ−1

)
×

∞∑
n=0

Γ(σ + n)Γ(λ+ δn)Γ
(

z
ξ−1 − λ− δn

)
Γ(1 + n)Γ(γ + ρn)

(
c

(a(ξ − 1))δ

)n

.

(4.17)

Since w ̸= (λ − z
ξ−1 − n)/δ, by considering appropriate contour L and using residue theorem

[2], the sum on the right side of (4.17) can be represented as the Mellin-Barnes type integral

1
2πi

∫
L

Γ(w)Γ(σ − w)Γ(λ− δw)Γ
(

z
ξ−1 − λ+ δw

)
Γ(γ − ρw)

(
− c

(a(ξ − 1))δ

)−w

dw,

which is the H-function

H2,2
2,3

[
− c

(a(ξ − 1))δ

∣∣∣∣ (1 − σ, 1), (1 − λ, δ)

(0, 1),
(

z
ξ−1 − λ, δ

)
, (1 − γ, ρ)

]
,

and the theorem follows.
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E. M. Wright [42] introduced the Wright hypergeometric function in 1935. The generalized
Wright hypergeometric function is denoted by qΨr(w) and is defined [20] as

qΨr

[
w

∣∣∣∣ (m1,M1), · · · , (mq,Mq)

(n1, N1), · · · , (nr, Nr)

]
=

∞∑
n=0

∏q
i=1 Γ(mi +Min)∏r
j=1 Γ(nj +Njn)

wn

n!
, (4.18)

where mi, nj ∈ C;Mi, Nj ∈ R+; i = 1, 2, . . . , q; j = 1, 2, . . . , r and
∑r

j=1 Nj −
∑q

i=1 Mi > −1.
For conditions of existence, see [20]. The Q-operator of the generalized Wright hypergeometric
function defined in (4.18) is obtained in the following theorem.

Theorem 4.4. Let γ, c,mi, nj , z ∈ C; Mi, Nj , δ ∈ R+; i = 1, 2, . . . , q; j = 1, 2, . . . , r,

r∑
j=1

Nj −
q∑

i=1

Mi > −1

with ξ > 1. Suppose w ̸= (γ − z
ξ−1 − n)/δ, for any complex number w and for any positive

integer n, then

Qa
ξ

[
xγ−1

qΨr(cx
δ); z

]
=

1
(a(ξ − 1))γΓ

(
z

ξ−1

)
×H2,q+1

q+1,r+2

[
− c

(a(ξ − 1))δ

∣∣∣∣ (1 −m1,M1), · · · , (1 −mq,Mq), (1 − γ, δ)

(0, 1),
(

z
ξ−1 − γ, δ

)
, (1 − n1, N1), · · · , (1 − nr, Nr)

]
,

where Hk,l
q,r(·) is the H-function defined in (4.10).

Proof. Using (1.2), (4.1) and (4.18), we have

Qa
ξ

[
xγ−1

qΨr(cx
δ); z

]
=

1
(a(ξ − 1))γΓ

(
z

ξ−1

)
×

∞∑
n=0

Γ(m1 +M1n) · · ·Γ(mq +Mqn) Γ(γ + δn)Γ
(

z
ξ−1 − γ − δn

)
Γ(n1 +N1n) · · ·Γ(nr +Nrn) n!

(
c

(a(ξ − 1))δ

)n

. (4.19)

The sum on the right side of (4.19) is the sum of residues of the function

Γ(w)Γ(m1 −M1w) · · ·Γ(mq −Mqw) Γ(γ − δw)Γ
(

z
ξ−1 − γ + δw

)
Γ(n1 −N1w) · · ·Γ(nr −Nrw)

(
− c

(a(ξ − 1))δ

)−w

.

By residue theorem [2], this sum is the H-function

H2,q+1
q+1,r+2

[
− c

(a(ξ − 1))δ

∣∣∣∣ (1 −m1,M1), · · · , (1 −mq,Mq), (1 − γ, δ)

(0, 1),
(

z
ξ−1 − γ, δ

)
, (1 − n1, N1), · · · , (1 − nr, Nr)

]
,

and the theorem follows.

The generalized hypergeometric function is denoted by qFr(w) and is defined [20] as

qFr(m1, · · · ,mq;n1, · · · , nr;w) =
∞∑
n=0

(m1)n · · · (mq)n
(n1)n · · · (nr)n

wn

n!
, (4.20)

where mi, nj ∈ C;nj ̸= 0,−1, . . . ; i = 1, 2, . . . , q; j = 1, 2, . . . , r. Here (mi)n and (nj)n are
Pochhammer symbols defined in (4.8). The convergence of the series (4.20) depends on q and
r. More details on existence conditions can be seen in [18]. The following theorem gives the
Q-operator of the generalized hypergeometric function defined in (4.20).
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Theorem 4.5. Suppose δ ∈ R+; c ̸= 0, γ,mi, nj , z ∈ C; i = 1, 2, . . . , q; j = 1, 2, . . . , r, with
q ≤ r and ξ > 1. Let w ̸= (γ − z

ξ−1 − n)/δ, for any complex number w and for any positive
integer n, then we get

Qa
ξ

[
xγ−1

qFr(cx
δ); z

]
=

Γ(n1) · · ·Γ(nr)

(a(ξ − 1))γΓ
(

z
ξ−1

)
Γ(m1) · · ·Γ(mq)

×H2,q+1
q+1,r+2

[
− c

(a(ξ − 1))δ

∣∣∣∣ (1 −m1, 1), · · · , (1 −mq, 1), (1 − γ, δ)

(0, 1),
(

z
ξ−1 − γ, δ

)
, (1 − n1, 1), · · · , (1 − nr, 1)

]
, (4.21)

where Hk,l
q,r(·) is the H-function defined in (4.10). Furthermore when δ = 1, we have

Qa
ξ

[
xγ−1

qFr(cx); z
]
=

Γ(n1) · · ·Γ(nr)

(a(ξ − 1))γΓ
(

z
ξ−1

)
Γ(m1) · · ·Γ(mq)

×G2,q+1
q+1,r+2

[
− c

(a(ξ − 1))δ

∣∣∣∣ 1 −m1, · · · , 1 −mq, 1 − γ

0, z
ξ−1 − γ, 1 − n1, · · · , 1 − nr

]
, (4.22)

where Gk,l
q,r(·) is the G-function defined in (4.12).

Proof. Using (1.2) and (4.20), we get

Qa
ξ

[
xγ−1

qFr(cx
δ); z

]
=

∞∑
n=0

(m1)n · · · (mq)n
(n1)n · · · (nr)n

cn

n!
Qa

ξ

[
xδn+γ−1; z

]
=

Γ(n1) · · ·Γ(nr)

(a(ξ − 1))γΓ
(

z
ξ−1

)
Γ(m1) · · ·Γ(mq)

∞∑
n=0

Γ(m1 + n) · · ·Γ(mq + n) Γ(γ + δn)Γ
(

z
ξ−1 − γ − δn

)
Γ(n1 + n) · · ·Γ(nr + n) n!

×

(
c

(a(ξ − 1))δ

)n

. (4.23)

The sum on the right side of (4.23) is the sum of residues of the function

Γ(w)Γ(m1 − w) · · ·Γ(mq − w) Γ(γ − δw)Γ
(

z
ξ−1 − γ + δw

)
Γ(n1 − w) · · ·Γ(nr − w)

(
− c

(a(ξ − 1))δ

)−w

.

By residue theorem [2], this sum is the H-function

H2,q+1
q+1,r+2

[
− c

(a(ξ − 1))δ

∣∣∣∣ (1 −m1, 1), · · · , (1 −mq, 1), (1 − γ, δ)

(0, 1),
(

z
ξ−1 − γ, δ

)
, (1 − n1, 1), · · · , (1 − nr, 1)

]
.

Hence, we get (4.21).
When δ = 1, the sum on the right side of (4.23) reduces to G-function and (4.22) follows.

Next, Q-operator of the H-function defined in (4.10) is evaluated.

Theorem 4.6. Let k, l, q, r be integers and let c ̸= 0,mi, nj , z, σ, γ ∈ C; Mi, Nj , δ ∈ R+; i =
1, . . . , q; j = 1, . . . , r and ξ > 1, Suppose either σ > 0, | arg c| < π

2 σ or σ = 0, and ℜ(∆) < −1.
Assume that 0 < ℜ(γ − δs) < ℜ

(
z

ξ−1

)
, for any complex number s. Assuming that

ℜ(γ) + δ min
1≤j≤k

[
ℜ(nj)

Nj
,
ℜ
(

z
ξ−1 − γ

)
δ

]
> 0,

for σ > 0 or σ = 0, η ≥ 0 and

ℜ(γ) + δ min
1≤j≤k

[
ℜ(nj)

Nj
,
ℜ
(

z
ξ−1 − γ

)
δ

,
ℜ(∆) + 1

2
η

]
> 0,
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for σ = 0, η < 0, we have

Qa
ξ

[
xγ−1Hk,l

q,r(cx
δ); z

]
=

1
(a(ξ − 1))γΓ

(
z

ξ−1

)
×Hk+1,l+1

q+1,r+1

[
c

(a(ξ − 1))δ

∣∣∣∣ (m1,M1), · · · , (mq,Mq), (1 − γ, δ)

(n1, N1), · · · , (nr, Nr),
(

z
ξ−1 − γ, δ

) ], (4.24)

where σ, β, η,∆ are defined in (4.11).

Proof. Let us denote the constants σ, β, η,∆ for the H-function in right side of (4.24) by σ0, β0, η0,∆0.
Then we have

σ0 = σ + 2δ, β0 = β, η0 = η,∆0 = ∆ +
z

ξ − 1
− 1.

For the existence of H-functions on both sides of (4.24), we consider a contour beginning at
ρ− i∞ and ending at ρ+ i∞, denoted by L = Liρ∞ and the choice of the real number ρ depends
on the constants P,Q,R,M , where

P = min
1≤i≤l

1 −ℜ(mi)

Mi
, Q = − min

1≤j≤k

ℜ(nj)

Nj
, R = −ℜ(∆ + 1)

η
,M =

ℜ(γ)
δ

.

Detailed notes on the convergence conditions are available in [8, 20]. Hence, H-functions on
both sides exist. Now using (1.2) and (4.10), we get

Qa
ξ

[
xγ−1Hk,l

q,r(cx
δ); z

]
=

∫ ∞

0
[1 + a(ξ − 1)x]−

z
ξ−1 xγ−1 1

2πi

×
∫
L

{∏k
j=1 Γ(nj +Njs)

}{∏l
i=1 Γ(1 −mi −Mis)

}
(cxδ)−s{∏r

j=k+1 Γ(1 − nj −Njs)
}{∏q

i=l+1 Γ(mi +Mis)
} dxds,

where 0 < ℜ(γ − δs) < ℜ
(

z
ξ−1

)
. Changing the order of integration, as the integral is uniformly

convergent, and on simplification, the theorem follows.

The following corollary gives the Q-operator of G-function, which is defined in (4.12).

Corollary 4.7. Let k, l, q, r be integers and let c ̸= 0,mi, nj , z, γ ∈ C; i = 1, . . . , q; j =
1, . . . , r; δ ∈ R+ and ξ > 1 with | arg c| < 1

2(k+l+ q−r
2 ). Assume that 0 < ℜ(γ−δs) < ℜ

(
z

ξ−1

)
,

for any complex number s. Assuming that

ℜ(γ) + δ min
1≤j≤k

[
ℜ(nj),

ℜ
(

z
ξ−1 − γ

)
δ

]
> 0,

we obtain the Q-operator of G-function as

Qa
ξ

[
xγ−1Gk,l

q,r(cx
δ); z

]
=

1
(a(ξ − 1))γΓ

(
z

ξ−1

)
×Hk+1,l+1

q+1,r+1

[
c

(a(ξ − 1))δ

∣∣∣∣ (m1, 1), · · · , (mq, 1), (1 − γ, δ)

(n1, 1), · · · , (nr, 1),
(

z
ξ−1 − γ, δ

) ]. (4.25)

Furthermore, when δ = 1, we get

Qa
ξ

[
xγ−1Gk,l

q,r(cx); z
]
=

1
(a(ξ − 1))γΓ

(
z

ξ−1

)Gk+1,l+1
q+1,r+1

[
c

a(ξ − 1)

∣∣∣ m1, · · · ,mq, 1 − γ

n1, · · · , nr,
z

ξ−1 − γ

]
.

(4.26)

Proof. By putting Mi = 1, i− 1, 2, · · · , q and Nj = 1, j = 1, 2, · · · , r in Theorem 4.6, the result
(4.25) follows. Further when δ = 1, the H-function on the right reduces to G-function and (4.26)
follows.
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5 Conclusion

The Q-operator offers a remarkably versatile framework, encompassing a broader spectrum of
operators compared to its counterparts. The Q-operator smoothly transits between binomial and
exponential forms, creating a pathway that connects various functional forms. The motivation of
the Q-operator lies in its well-defined inversion formula, granting it wider applicability compared
to other pathway-type operators. Notably, Theorems 4.1–4.6 and Corollary 4.7 demonstrates
that the H-function and G-function play a pivotal role in deriving the Q-operator of generalized
special functions. If considered as an integral transform, the Q-operator emerges as a valuable
tool with the potential to tackle diverse problems across STEM disciplines.
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