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Abstract Normal categories arising from unit regular semigroups and strong unit regular
semigroups were categorized as U R— categories with appropriate variations. In this article we
describe and characterize the cross connection semigroups arising from U R— categories and
strong U{’R— categories.

1 Introduction

Normal categories arise in the study of regular semigroups using cross connection and was in-
troduced by K. S. S. Nambooripad [7].The normal categories associated with unit regular semi-
groups and strongly unit regular semigroups were characterized as U R— categories and U R—
categories with appropriate variations as seen in [15]. Also properties of semigroups of normal
cones and normal duals associated with U R— category and its variations were studied[16].

In this article we consider cross connection semigroups associated with U R— categories and
its variations.This paper aims to study the structure of cross connection semigroups associated
with R — categories and strong U/ R— categories. We see that the cross connection semigroup
associated with weak U R— categories is a unit regular semigroup with group of units isomor-
phic to G(TC). The cross connection semigroup associated with U R— categories is an R—
strongly unit regular semigroup. The cross connection semigroup associated with weak UR- cat-
egories with connected retractions is an £-strongly unit regular semigroup. The cross connection
semigroup associated with strongly connected weak U/ R— categories is a strongly unit regular
semigroup.

2 Preliminaries

Some basic definitions and properties of unit regular semigroups, normal categories associated
with unit regular semigroups and strongly unit regular semigroups are discussed here. We can
see these definitions and properties in [7], [10], [14], [15], [2], [3], [11].

2.1 Normal Categories and Cross Connection

The concept of Normal categories are introduced by Nambooripad [7] as an abstraction of the
category of principal left ideals of regular semigroups. For a small category C, vC denote the set
of all objects and for a,b € vC, f : a — b represents a morphism from a to b. For a morphishm
f, with normal factorization f = quj where ¢ is a retraction, v is an isomorphism and j an
inclusion, f° = qu represents the ephimorphic part of f.

In the following we use 1 to denote the identity morphism on any object. Also for f : a — b
writing f = 1 means thata = band f = 1,.

Proposition 2.1. [7] Let C be a normal category and f : @ — b be a morphism in C. Let f = quj
be a normal factorization of f. Then

(i) If f is an isomorphism and an inclusion then f = 1.

(i1) If f is an isomorphism and a retraction then f = 1.
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(@iii) If f = gquyj; is another normal factorization of f then qu = qyu; and j = 7.
(iv) If f = quj is a monomorphism then ¢ = 1.
(v) If f = quj is an epimorphism then j = 1.

In the following T°C represents the semigroup of all normal cones -, whereas a normal cone
~ with vertex c, is the collection of all morphishms {~(a) : @ — ¢, a € vC} such that whenever
< is a partial order and b < a in vC then v(b) = j(b,a)v(a), j(b,a) is the inclusion morphism
and there exist an object ¢ € vC such that y(c) is an isomorphism.

Fory e TC, M~y = {a € vC : y(a) 1is anisomorphism}.

Definition 2.2. For each v € T'C, the H— functor H (v, —) is defined on objects and morphisms
of C as follows. For each ¢ € vC and for each morphism g : ¢ — ¢’ in C,

H(y,e) ={v=f°: f €Clecy,0)}
H(v,9): H(y,¢) = H(y,c) is defined by
v [Ty x(fg)°
forall v x f° € H(v,c).

Proposition 2.3. For v,1" € TC, define H(vy,—) < H(y,—) if H(y,¢) C H(v/,c¢) for all
¢ € vC. Then < is a partial order on v N*C.

Proposition 2.4. For v, € TC, we have the following.

(i) H(y;—) € H(y';—) if and only if there exists an epimorphism A from ¢, — ¢, such
that v = +/ % h. Moreover, H(v;—) = H(y';—) if and only if there is an isomorphism
h:cy — cysuchthaty =~ % h.

(ii) YR~'ifand only if H(v;—) = H(y';—).
Definition 2.5. If C is a normal category then the normal dual of C denoted by N*C is the category

whose objects are H— functors H (e, —) for e € FE(TC), the set of all idempotents in TC and
whose morphisms are natural transformations between the H — functors.

Definition 2.6. Let C and D be normal categories. A cross connection between these categories is
a4-tuple (C,D,T',A) whereI" : D — N*C and A : C — N*D are local isomorphisms satisfying
the condition

c € MT'(d) < de MA(c)

forall ¢ € vC and d € vD.

We often denote a cross connection (C, D,T', A) by (T, A) if the categories involved are clear
in the context.

Remark 2.1. By the definition of normal cone we see that M~ # ) for any normal cone . So if
(T',A) is a cross connection between C and D then for every ¢ € vC there is some d € vD such
that c € MT(d).

The cross connection semigroup associated with a cross connection (I, A) is described as
follows:

The functors I' and A are realized as functors from the product category C x D — Set as
given above. Now for ¢ € vC and d € vD we have

[(c,d) =T(d)(c) = {v* [ f € Cley,0)}
Alc,d) =Alc)(d) ={d*xg° : g € D(cs,d)}

where ~ is a normal cone in C such that I'(d) = H(,—) and ¢ is a normal cone in D such that
Alc) = H(5,—).
The cross connection semigroup is defined as:

S(F7 A) - {(776) SV € F(C7 d),§ = X(Cv d)(ﬂ € A(Cv d)}

for some (¢,d) € vC x vD. The semigroup structure of S(I', A) arises as a subsemigroup of
TC x T°D where T°D is the semigroup of all normal cones in D with product 56" = ¢’ * § where
* denotes the usual product of normal cones.
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Theorem 2.7. Let (I, A) be a cross connection between C and D. Then S(I',A) is a regular
semigroup with binary operation defined by (v, d)(7/,d") = (v7/,¢’d) for all (v,9),(v',d) €
S(T,A).

Remark 2.2. When (v,d) € S(I', A) we often say that (-, d) is a linked pair of normal cones or
that v and ¢ are linked. When (v, 6) is a linked pair we sometimes write § = v*.

2.2 Unit Regular Semigroups

We consider semigroups S with an identity, denoted by 1. An element u € S is said to be a unit
in S if there exists an inverse u~! € S such that uu™' = 1 = uw~'u. It is easy to see that the set
of all units in S is a group and we call it the group of units of S.

Definition 2.8. If for each element = in regular monoid S there exists a unit « in S such that
x = xux, then S is called a unit regular monoid.

Now we describe stronger versions of unit regularity.

Definition 2.9. Let S be a unit regular monoid. S is said to be R- strongly unit regular if for any
idempotents e, f
e R f implies f = eu for a unit u.

S is said to be L-strongly unit regular if for any idempotents e, f
e L f implies f = ve for a unit v.
S is said to be strongly unit regular if for any idempotents e, f

e D f implies f = v~ 'eu for some unit u.

2.3 Normal Categories of Unit Regular Semigroups and Strongly Unit Regular
Semigroups

Here we recall the definitions and properties of {R— categories and various classes of UR—
categories as given in [10], [14] and [15].

Definition 2.10. [14] A normal category C is said to be a U R-category if the following hold.

UR1 There is an object m such that a < m for all @ € vC. m is called the maximum object in C
or the greatest object in C.

UR2 Every isomorphism u : @ — b in C is the restriction of an isomorphism « : m — m. That
is,
jla,m)a = uj(b,m).

In this case we say that « is an extension of u.

Definition 2.11. A normal category C is said to be a weak UR-category if the following hold.
UR1 There is a maximum object m such that a < m for all a € vC.

WUR?2 For every isomorphism « : @ — b in C and every retraction ¢ : m — a there is an isomor-
phism « : m — m and a retraction ¢’ : m — b such that

qu = oq'.

We describe some properties of normal cones in a weak /R — category with maximum object
m. These can be seen in [15].
Lemma 2.12. For any weak U/ R-category C with maximum object m, we have
(i) Forany v € TC, v(m) is an epimorphism.

(ii) For any v € TC, v(m) is an isomorphism if and only if ¢, = m.
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(iii) The semigroup T'C of all normal cones in C is a monoid with the identity € : e(m) = 1,,.
(iv) Forany v € TC, yis aunitin 7C if and only if ¢, = m.
(v) For any vy € TC, v is an idempotent in T'C if and only if v(m) is a retraction.

Now we describe weak UR— category with connected retractions and strongly connected
weak U'R— category, which are normal categories associated with £— strongly unit regular
semigroup and strongly unit regular semigroup respectively.

Definition 2.13. A weak U/R-category C with maximum object m is said to have connected
retractions if the following hold.

WURS3 If ¢, ¢ are retractions from m to ¢ for some ¢ € vC then ¢ = aq for an isomorphism
«:m — m.

Definition 2.14. Two retractions ¢ : m — a and ¢’ : m — b in a weak UR-category C are
said to be conjugates of each other if there is an isomorphism « : m — m such that ¢ =
a~'q(j(a,m)a)° denoted by ¢*.

Definition 2.15. A weak UR-category C is said to be strongly connected if any two retractions
with domain m and isomorphic codomains are conjugates.

The following Theorem connects the above four variations of /R— categories to the unit
regularity of semigroups of normal cones.

Theorem 2.16. Let C be a normal category. Then
(i) T'C is unit regular if and only if C is a weak UR-category.
(ii) T'C is R-strongly unit regular if and only if C is a {R-category.

(iii) T'C is L-strongly unit regular if and only if C is a weak U{’R-category with connected retrac-
tions.

(iv) TC is strongly unit regular if and only if C is a weak U R-category which is strongly con-
nected.

3 Cross connection of unit regular semigroups

Here we consider the natural cross connection between the category £(.S) of principal left ideals
and the category R(S) of principal right ideals of a unit regular semigroup S. Recall from [7]
that T : D = R(S) = N*C = N*L(S)and A : C = L(S) — N*D = N*R(S) are given as
follows. I'(eS) = H (e, —) where € = p° is an idempotent normal cone with vertex Se such that
p°(Sg) = p(g, ge,e) and A(Se) = H(d, —) where § = \° where \°(kS) = \(k, ek, e).

In the case when S is a unit regular semigroup we show that the linked pairs of normal cones
in the cross connection semigroup can be determined by the component at the maximum object.

Theorem 3.1. Let S be a unit regular semigroup and let v be a normal cone in £(.S). Then y = p*
for some = € S where p® is the normal cone with vertex Sz = S f such that p*(Se) = p(e, ez, f).

Proof. Let v be a normal cone with vertex S f.
Letv(S) = p(1,z,f): S — Sf.
Then clearly Sz = Sf. Now for any Se € v£(S5),
7(Se) = j(Se, S)y(9)

= p(e,e, )p(1, 2, f)

= ple, ex, f)

= p"(Se)
It follows that v = p®. O

For convenience we denote the maximum object in £(S) by m and the maximum object in
R(S) by p. Observe that m = S and p = S.
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4 Cross connection semigroup associated with weak /'R — categories

We consider cross connections of weak U/ R— categories. We identify the relation between the
maximum objects in the categories involved. Also some special properties of the cross connec-
tion functors are described.

Theorem 4.1. Let S be a unit regular semigroup and (I',A) be the natural cross connection
between C = L(S) and D = R(S). Then

1. For every c € vC and d € vD
['(c,d) C T(m,p).
ii. Forevery v € I'(c, d) we have

x(e,d)(v) = x(m, p)(7).

iii. S(I,A) = {(v,7*) € ['(m,p) x A(m,p) : v* = x(m,p)(7)}

Proof.  i. Since d < p and I is a local isomorphism I'(d) C I'(p) and so I'(c,d) C I'(c,p).
Now I'(¢c,p) = H(e,c) since I'(p) = H(e,—) where € is the identity of TC by definition
of . Let v € I'(¢,p). Then v = e * f° where f : m — c. But f° = (fj(¢,m))° and so
v € H(e,m). Therefore v € I'(m, p).

ii. Since x : I' — A is a natural transformation, the following diagram is commutative for any
c€wvCandd € vD. Here j = j(¢,m) inC and j; = j(d,p) in D.

T(e,d) 292 A(e, d)

J{F(jvjl) J{A(J}jl)

C(m,p) xtmp) A(m, p)

Since I'(j, ji) and A(j, j1) are inclusions (ii.) follows.
iii. By definition
S(T,A) ={(v,7") :v€T(e,d) and ~* = x(e,d)(7)}.

Now by (i) and (ii.)

S(T,A) = {(7,7") :v€T(m,p) and ~* = x(m,p)(7)}.
O

Lemma 4.2. Let C, D be weak UR— categories and ' : D — N*C and A : C — N*D be local
isomorphisms. Let m be the maximum in vC and p be the maximum in vD. Then MT'(p) = {m}.

Proof. First we will see that m € MT'(p). Let d € vD be such that m € MI'(d). Let € be
the unique idempotent normal cone with c. = m and I'(d) = H (e, —). Clearly e is the identity
normal cone in 7C and e(m) = 1,,,. Now let ¢ € vC be such that p € MA(c). Then ¢ € MTI'(p)
and let 6 € T'C be the unique idempotent normal cone with ¢s; = ¢ and I'(p) = H(d, —). Since I’
is a local isomorphism and d C p, we have

I'(d) = H(e,—)
- H((Sv _)
=T(p).

Then by Proposition 2.4 there exists a unique epimorphism & : ¢ — m such that ¢ = § * h. Then
h = qu for some retraction ¢ : ¢ — ¢’ and an isomorphism u : ¢/ — m. Let ¢; be the retraction
from m — ¢ so that ¢; = ¢iq is a retraction from m — ¢’. Since C is a weak UR— category
there exists an isomorphism « : m — m and a retraction ¢’ : m — m such that u = ag’.
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Thus ¢ = au™!

m € MT(p).

Now let ¢ € vC be such that ¢ € MT(p). Then there exists a unique idempotent normal cone
6 with vertex ¢ and I'(p) = H (6, —). Also since m € MI'(p), I'(p) = H(e, —), where € is the
idempotent normal cone with vertex m. But the idempotent normal cone with vertex m is the
identity in TC. Then I'(p) = H (e, —) where e is the identity in 7C. Hence H(e,—) = H (0, —)
and so by Proposition 2.4 there exists a unique isomorphism »’ : m — ¢ such that § = e x h’. By
the condition for a weak /R — category there exists an isomorphism « : m — m and a retraction
q : m — csuch that ¢(1)h’ = aq. Hence b’ = ag and ¢ = a~'h'. Thus ¢ is an isomorphism and
hence ¢ = 1 and so ¢ = m. Therefore, MT(p) = {m}. O

is an isomorphism and so ¢ = 1,, and so u = «. Thus ¢ = ¢ = m and so

Remark 4.1. Let C, D be weak UR— categories and ' : D — N*C and A : C — N*D be local
isomorphisms. Let m be the maximum in vC and p be the maximum in vD. Then as in the above
Lemma we can see that MA(m) = {p}.

Now we proceed to describe different choices of cross connections between given C and D.
First we see all possible choices for I'(p).

Lemma 4.3. Let C, D be weak UR— categories and ' : D — N*C and A : C — N*D be local
isomorphisms. Let m be the maximum in vC and p be the maximum in vD. If I'(p) = H (e, —),
then € is a unit in 7T°C.

Proof. By Lemma 4.2, we have m € MT(p). Let 6 be the unique idempotent normal cone with
vertex m and I'(p) = H (6, —). Now we have H (e, —) = H (A, —). Thus by Proposition 2.4 there
exists a unique isomorphism h : m — ¢, such that e = 0 x h. Then by the condition of a weak
UR— category there exists an isomorphism « : m — m and retraction ¢ : m — c, such that
q(1)h = aq. Hence h = aq and ¢ = a~'h. Thus ¢ is an isomorphism and so by Proposition 2.1
q = 1 and ¢, = m. Thus by Lemma 2.12 we get, ¢(m) is an isomorphism and so by Lemma 2.12
eisaunitin 7C. 0O

In the following lemmas C and D are weak U/ R — categories and (I, A) is a cross connection
between them.

From, here onwards e denote the identity cone in 7C so that e(m) = 1,, and ¢ denote the
identity cone in 7D so that 6(p) = 1,,.

Lemma 4.4. Let C, D be weak UR— categories. (I',A) be a cross connection between C and
D. Let m be the maximum in vC and p be the maximum in vD. Then I'(p) = H(e,—) and
A(m) = H(d,—). Further U'(m,p) = {ex f°: f :m — m} and A(m,p) = {6 xg¢° : g : p — p}.

Proof. By the previous Lemma I'(p) = H(~y, —) where  is a unit in TC. Since ¢ is the identity
in TC we have yHe. In particular vRe and so by Proposition 2.4 H(y,—) = H(e,—). Thus
I'(p) = H(e, —). Similarly A(m) = H (4, —). By the definition of I'(—, —) and A(—, —) we have

[(m,p) =T(p)(m)
= H(e,m)

={ex % f:m—m}
Similarly

A(m, p) = A(m)(p)
= H(4,—) by the first part of the Lemma

So
A(m,p) = H(4,p)
={0x9%g:p—np}
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Lemma 4.5. Let C, D be weak UR— categories and ' : D — N*C and A : C — N*D be local
isomorphisms. Let m be the maximum in vC and p be the maximum in vD. If « is a unit in 7C
then a € I'(m, p). That is G(T'C) C I'(m, p) where G(T'C) is the group of units of TC.

Proof. We have by Lemma 4.4 T'(m,p) = {e* f°: f : m — m}, Now given « is a unit in 7'C
and so by Lemma 2.12 a(m) : m — m is an isomorphism. Also,

a(m) = La(m)
= (exa(m))(m).
Thus a = € * a(m). Hence o € T'(m, p). O

Lemma 4.6. Let m be the maximum in vC and p be the maximum in vD where C and D are
weak UR— categories. LetI' : D — N*C and A : C — N*D be local isomorphisms. Then
I'(m,p) =TC.

Proof. Clearly I'(m,p) C TC. Now let v € TC. Let ¢, = a € vC. Then v(m) : m — a is an
epimorphism by Lemma 2.12. So

v =exy(m)
=ex (y(m)j(a,m))°.
So by Lemma 4.4 v € I'(m, p). Thus I'(m, p) = TC. O

Similarly we have the following Lemma.

Lemma 4.7. Let m be the maximum in vC and p be the maximum in vD where C and D are
weak UR— categories. LetI' : D — N*C and A : C — N*D be local isomorphisms. Then
A(m,p) =TD.

Now consider the natural isomorphism x : I' — A associated with the cross connection. Now
forc € vC and d € vD, x(c,d) : T'(c,d) — A(c, d) is the component of the natural isomorphism.
In particular x(m,p) : I'(m,p) — A(m,p) is a bijection. Moreover since x is a natural isomor-
phism x(c,d) : T'(c,d) — A(c,d) is determined by x(m,p) and x(c,d) = x(m,p)[[(c,d).
This will in turn provide that the cross connection semigroup is completely determined by
L'(m,p), A(m,p) and x(m,p).

We proceed to describe the special features of x(m, p). First we consider units in 7C. Recall
from Lemma 4.5 that all units belong to I'(m, p).

Lemma 4.8. Let « be a unit in 7C. Then x(m, p)(«) = a* is a unit in TD.

Proof. Since « is a unit in 7C by Lemma 4.5, we have a € I'(m,p). Let & = € x u, where
e(m) = 1,, and v : m — m. Also a(m) = w is an isomorphism by Theorem 2.12 . Now we can
consider

o = x(m,p)a

Now

which is an epimorphism from p to p and hence a*(p) is an isomorphism and hence by Theorem
2.12 ¢* isaunitin TD. ]

Lemma 4.9. Let G(TC) be the group of units in 7C and G(T'D) be the group of units in 7D.
Then x(m, p) restricted to G(T'C) is an anti isomorphism of G(T'C) onto G(TD).
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Proof. Since x is a natural isomorphism x* : A — I"is also a natural isomorphism. It follows
that if ¢ is a unit in 7D then § = +* for a unit y € T'C. It follows that x(m, p) restricted to G(T'C)
is an anti isomorphism onto G(1'D). O

Now we describe the cross connection semigroup.

Theorem 4.10. Let C, D be weak UR— categories and (I', A) be a cross connection between
them. Then the cross connection semigroup S(I', A) is a unit regular semigroup with group of
units isomorphic to G(TC).

Proof. Since C,D are weak UR— categories, by Theorem 2.16 we have T'C and 1D are unit
regular semigroups. Now S(I',A) = {(v,7*) : v* = x(c,d)y}. By Theorem 2.7 S(T',A) is a
regular semigroup with the binary operation (vy,v*)(8,0*) = (v9,6*~*). Since v € TC and TC
is unit regular, there exist a unit € 7°C such that v = vyay. Now since « is a unit, by Lemma
4.8 we have a € I'(m, p) and x(m, p)a = o* is a unit in TD. Now

* ok k

(v, v ), @) (7,7") = (vay, v ™)
=(77")

* * ok

since v*a*v* = (yay)* = v*. Hence S(I, A) is a unit regular semigroup.
Now let (,~7*) be a unitin S(I', A). Then ~ is a unit in 7C and v* is a unit in 7'D. It follows
that the group of units of S(I", A) is isomorphic to G(TC). o

5 Cross connection structure of strongly unit regular semigroups

Here we consider the cross connections associated with strongly unit regular semigroups. We
have already shown that the corresponding normal categories are weak U R— categories with
strongly connected retractions.

Since the condition for weak U R— category are weaker than that for {R— category the
results discussed in the previous section holds when the categories considered are /R — category,
weak UR— category with connected retractions and strongly connected /R — categories.

Theorem 5.1. Let C, D be UR— categories and (I', A) be a cross connection between them. Then
the cross connection semigroup S(I",A) is an R— strongly unit regular semigroup.

Proof. Since C, D are UR— categories, we have by Theorem 2.16 T'C and 1D are R— strongly
unit regular semigroups. Now yR¢ in T'C if and only if (v,v*)R(d,0*) in S(I', A). By Theorem
2.7 we know that S(I', A) is a regular semigroup. Now let (v,v*)R(d,6*) then yRJ and since
T'C is R— strongly unit regular there exist a unit o € 7'C such that v = do.. Now

(7,7%) = (e, (0)")
= (da, ™ 6")
= (6,6")(cv, ).

Here (o, *) is a unit in S(I', A) and so the cross connetion semigroup associated with YR —
categories are R— strongly unit regular. O

Theorem 5.2. Let C, D be weak UR— categories with connected retractions and (I, A) be a cross
connection between them. Then the cross connection semigroup S(I", A) is an £— strongly unit
regular semigroup.

Proof. Since C, D are weak UR— categories with connected retractions, we have by Theorem
2.16 TC and TD are L£— strongly unit regular semigroups. Now v£J in 7C if and only if
(v,v*)L(6,6*) in S(T',A). We know by Theorem 2.7 that S(T",A) is a regular semigroup. Now
let (v,7*)L(8,0*) then vL£§ and since T'C is L— strongly unit regular there exist a unit & € 7C
such that v = ad. Now

(v,7") = (ad, (ad)")
= (ad,5*a*)
= (a, ) (6,07).
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Here («, ™) is a unit in S(I', A) and so the cross connetion semigroup associated with weak
UR— categories with connected retractions are £— strongly unit regular. O

Theorem 5.3. Let C, D be strongly connected weak U R— categories and (I', A) be a cross con-
nection between them. Then the cross connection semigroup S(I', A) is a strongly unit regular
semigroup.

Proof. Since C, D are strongly connected weak U{R— categories, we have by Theorem 2.16 T'C
and T'D are strongly unit regular semigroups. Now vDd in T'C if and only if (vy,v*)D(d,5*) in
S(T',A). We know by Theorem 2.7 that S(I", A) is a regular semigroup. Now let (v, v*)D(4, §*)
with (y,7*), (d,0*) idempotents in S(I', A) then vD§ and since T'C is strongly unit regular there
exist a unit o € TC such that v = a~'§a.. Now

(v,7") = (o '6a, (™ '60)*)
")
= (" a7 ) (8,6%) (v, ).

= (e 1a,a*5*a™!

Here (v, a*), (o', a~!") are inverses of each other in S(I", A) and so the cross connetion semi-
group associated with strongly connected weak U/ R— categories are strongly unit regular. O

6 Conclusion remarks

This article studies the structure of cross connection semigroups associated with /R — category
and its variations. It is observed that the cross connection semigroup associated with weak
UR— category is a unit regular semigroup. The cross connection semigroup associated with
UR— category is an R— strongly unit regular semigroup and those associated with weak UR —
category with connected retractions and strongly connected weak IR — category are respectively
L— strongly unit regular semigroup and strongly unit regular semigroups.

References

[1] Clifford, A.H., and Preston, G.B.,Algebraic Theory of Semigroups, Vol I, Amer. Math. Soc. 1961.

[2] Hicky J.B. and M.V. Lawson,Unit regular monoids, Proc. Royal Soc. Edinburgh, (1997) 127A, 127-144.
[3] Howie, J.M.,Fundamentals of Semigroup Theory, Academic Press, New York, 1995.

[4] Krishnan, E and C.S. Preethi,Unit regular semigroups and rings, Int. J. Math. and its Applns. 5 (2017).
[5] Mac Lane, S., Categories for the Working Mathematician, Springer, New York 1979.

[6] Mc Fadden, Unit regular orthodox semigroups, Glasgow Math. J. , (1984) 25, 229-240.

[71 Nambooripad, K.S.S. Theory of cross connections, Pub. No. 28, Centre for Mathematical Sciences, Trivan-
drum, 1994.

[8] Rajan, A.R. ,Normal categories of inverse semigroups, East West J. Math. 2(16),2015, 122-130.

[9] Rajan, A.R. .Inductive groupoids and normal categories of regular semigroups, Proc. Int. conference at
Aligarh Muslim University, DeGruyter(2018), 193-200.

[10] A.R. Rajan, Namitha Sara Mathew and K.S. Zeenath, Isomorphisms in normal categories of unit regular
semigroups, Advances in Mathematics: Scientific J. 9 (2020) 4187-4191.

[11] Sreeja, V.K and A.R.Rajan, Some properties of regular monoids, Southeast Asian Bull. Math., (2015) 39,
891-902.

[12] Sreeja, V.K., Construction of inverse unit regular monoids from a semilattice and a group, Int. J. Engi-
neering and Technology 7, 436, (2018), 950-952.

[13] Sunny Lukose and A.R. Rajan, Ring of normal cones, Indian J. Pure and Appl. Math. 41 (2010) 663-681.

[14] Namitha Sara Mathew, A.R. Rajan and K.S. Zeenath,Unit regularity of semigroup of normal cones,
Malaya Journal of Matematik, Vol.8, No. 4(2020), 1947-1949.

[15] A R Rajan, Namitha Sara Mathew, Yu Bingjun, Normal Categories of Strongly Unit Regular Semigroups,
Southeast Asian Bulletin of Mathematics, (2022)

[16] A.R. Rajan, Namitha Sara Mathew, Yu Bingjun, Isomorphism extention properties in normal categories
and normal duals, Asian European Journal of Mathematics, (2023)



Cross Connections of {R— Categories

71

Author information

Namitha Sara Mathew, Department of Mathematics, St. Joseph’s College for Women,Alappuzha, India.
E-mail: namithamodoor@gmail.com

A. R. Rajan, Department of Mathematics, University of Kerala, Kariavattom, India.
E-mail: arrunivkerala@yahoo.com



	1 Introduction
	2 Preliminaries
	2.1 Normal Categories and Cross Connection
	2.2 Unit Regular Semigroups
	2.3 Normal Categories of Unit Regular Semigroups and Strongly Unit Regular Semigroups

	3 Cross connection of unit regular semigroups
	4 Cross connection semigroup associated with weak UR- categories
	5 Cross connection structure of strongly unit regular semigroups
	6 Conclusion remarks

