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Abstract We study a class of bipartite graphs, termed bipartite Kneser B-type-k graphs,
denoted by Hg(n, k). Let £, = {*ai,*as,...,+ta,_1,a,} be a set where n > 1 is a fixed
integer, and each a; € R* such that a; < ay < -+ < a,. Define ¢(%,,) as the collection of all
non-empty subsets S = {x,x2,...,2:} of %, satisfying the ordering condition |z;| < |x2| <
oo < | < @y, where z; € RY. Let B = {ay,a0,...,a,} be the strictly positive elements
of %,,. The vertex set of Hp(n, k) consists of two partitions: V;, the collection of all k-element
subsets of &;}, where 1 < k < n, and V3, defined as Vo = ¢(%,) — Vi. For any X € V5,
its transformed set is given by X' = {|x| : # € X }. Edges exist between a vertex A € V; and
B € V,ifand only if A C BT or BT C A. We analyze fundamental graph invariants of Hp(n, k),
including its degree sequence. Our results provide insights into the combinatorial nature of this
special class of bipartite graphs.

1 Introduction

Named after the German mathematician Martin Kneser, Kneser graphs are an interesting family
of combinatorial structures in the field of graph theory. Numerous fields, such as combinatorics,
topology, coding theory, and combinatorial optimisation have Kneser graph applications. These
are fundamental building blocks of combinatorial theory and can lead to interesting problems
and conjectures. In this subject, questions about their chromatic number [13]and other graph-
theoretic properties continue to be crucial to research. Kneser graphs are related to topological
problems, for example, by helping to understand the homotopy type of some spaces[8]. Kneser
graphs are used in coding theory[5] to design codes with efficient error-correcting features.

The Kneser graph K (n, k) consists of vertices corresponding to all k-element subsets of
[n]. Two vertices share an edge if the corresponding subsets are disjoint. For integers k& > 1 and
n > 2k+1, the bipartite Kneser graph H (n, k) is defined with vertices representing all k-element
and (n — k)-element subsets of [n]. A connection exists between two vertices, corresponding to
sets A and B, whenever A C B. The algebraic properties of various types of bipartite Kneser
graphs have been explored in previous studies [1, 9].

Consider the set ., = {1,2,3,...,n} for a fixed integer n > 1. Let ¢(.%,) represent the
collection of all non-empty subsets of .,,. Define V) as the set of all 1-element subsets of .7,,
and let V, = ¢(%,) — V1. Define a bipartite graph with the following adjacency rule: a vertex
A € V) is neighbour to a vertex B € 1, if and only if A C B. This graph is referred to as a
bipartite Kneser type-1 graph, denoted by Hr(n, 1), as described by Sreekumar K. G. et al. [10].
In their work [11, 7, 12], they introduced the more generalized bipartite Kneser B type-k graph,
denoted by G = Hp(n, k).

This paper determines the following invariants of the bipartite Kneser B type-k graph Hg(n, k):
Order, size, independence number, covering number, domination number, vertex connectivity,
edge connectivity, girth, circuit rank, distance between two vertices, eccentricity, periphery, cen-
tre, median, and degree sequence.

2 Preliminaries

Unless otherwise stated, definitions are from [2]. The diameter of a graph is given by diam(G) =
max{d(a,b) | a,b € V(G)}. The eccentricity of a vertex a is e(a) = max{d(a,b) | b € V(G)}.
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The radius of G is r(G) = min{e(a) | a € V(G)}. The center of G is C(G) = {a | e(a) =
r(G)}. The periphery of a graph G is P(G) = {a € V(G) | e(a) = diam(G)}. The girth of a
graph refers to the smallest number of edges forming a cycle within the graph. For any vertex,
a € V(G), the status of a is s(a) = 5, d(a,b). The median M (G) of a graph is the set
beV(G)
of vertices with the smallest status. A subset .S of the vertex set V of a graph G is is called a
dominating set of G if every vertex v € V\\S has a neighbour v € S. The domination number
of G is the cardinality of a minimum dominating set of G and is denoted by v(G). A subset S
of the vertex set V' of a graph G is called independent if no two vertices of S are adjacent in G.
The number of vertices in a maximum independent set of G is called the independence number
of G and is denoted by a(G). The circuit rank, which is also called the cyclomatic number
of a graph, is m — n + ¢, where n, m, and c are the order, size, and the number of connected
components, respectively. Let D = {1(e1) 2(a2) 3(a3) " Alas)} be a realizable degree sequence

A
and its realization be the graph G. The omega invariant of G [3] is defined as Q(G) = > (i—2)a;.

i=1

3 Basic definitions and examples

Definition 3.1. [11]

Consider the set #,, = {*a,, tay, a3, ...,+a,_1,a,}, where n > 1 is a fixed integer, and
each a; belongs to R* such that a; < a; < a3z < --- < a,,. Define ¢(%,,) as the collection of all
non-empty subsets S = {z1, 22, ..., .} of %, that satisfy the ordering condition |z;| < |z2| <

-+ < |ze—1| < x4, where z; € RY. Let 7 = {a1,a2,03,...,an—_1,a,}, which consists of
the strictly positive elements of %,,. For a given k, define V] as the set of all k-element subsets
of &}, where 1 < k < n. The complementary set is given by Vo = ¢(%,) — V;. For any
X € V, define its transformed set as X = {|z| : = € X}. Now, construct a bipartite graph
with vertex sets V| and V;, where a vertex A € V) is adjacent to a vertex B € V5 if and only if
A Cc Bt or BT c A. A graph of this structure is referred to as a bipartite Kneser B-type-k
graph and is denoted by Hg(n, k).

Definition 3.2. In Hg(n, k), an s-vertex is any member of ¢(%,,) consisting of exactly s ele-
ments, where 1 < s < n. The elements of ¢(%,,) are collectively referred to as s-vertices.

The graph Hg(n, k) for n = 3 and k = 2 is illustrated here.

HBy={£1, £2, 3}
r;(_.y‘?.‘.] = ‘L-| (W ‘L_;

v Vi
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4 Some parameters of bipartite Kneser B type-k graphs

3n—1
>

Theorem 4.1. The order of Hg(n, k), |V| =

Proof. Every vertex of Hp(n, k) is a set formed using the elements of 4,,.

Here #,, = {£ai, *tay, tas,...,+a,_1,a,}, where ;a1 < a < -+ < a,, and — a,, ¢ B,.
Hpg(n, k) has vertices as subsets of cardinality 1 to n. Let |V]| be the total number of sets of
cardinality 1 to n. Let N; be the number of subsets of %,, of cardinality ¢, where 1 < i < n.

N =1(]) =2°01), N2 =2(5), N3 =2%(%),..., N,y =271 ().

n 3n—1
Thus, [V = 32 Ni = 2°(}) +2() + 22(5) + - 2"7'() = —
i=1

, by binomial theorem. O

Corollary 4.2. For G = Hg(n, k), n > 2,

(i) The vertex independence number,
a(G) = ; 2i-1 (") = G-

(ii) The domination number, v(Hp(n,k)) = () .

Proof. By the construction of Hg(n, k) = V; U V4, the partite set V, forms a maximum indepen-

dent set and | V5| = |¢(%,)| — (7). Therefore, a(G) = > 271(%) — ().
i=1
In Hg(n, k), no two vertices in V; are adjacent, and every vertex in it is adjacent to some
other vertex in V5. Thus, V; forms a dominating set for Hp(n, k). The partite set V;, being the
smallest dominating set, we get v(Hgp(n, k)) = (}), foralln > 2. i

Corollary 4.3. For G = Hp(n, k), the vertex covering number, 3(G) = (})).

Proof. As oG) + B(G) = |G|, we get B(G) = (})). O

3k -3
2

Theorem 4.4. The size of Hp(n, k) is |E| = (}) ( +2k=1(3n—k 1)>

Proof. Let u be a k-vertex in V). The number of 1-vertices adjacent to u in V; is 20(]f), the
number of 2-vertices adjacent to u in V5 is 2! (’;), and the number of 3-vertices adjacent to u in
V,is 22(’3“). Proceeding like this, the number of (k — 1)-vertices adjacent to w in V; is 2’“*2(,651).
Moreover, the number of k-vertices adjacent to  in V5 is 251 (F) — 1.

k
Fors = k,k + 1,k +2,...,n, the number of s-vertices adjacent to u in V5 is 25! (Z:,’:)

The degree of w is then the sum of these contributions:

k k k
— 10 1 okl _
o= 2(F) 2 (£) 2 (8) -
k(n—k et (m—k o iona(n—k
w2 (") ez (7 ) (U
k_

Since all vertices in V; have the same degree, and d(u) is the maximum degree, we conclude
that the total number of edges in Hg(n, k) is:

|E| = (Z) <3k2_3 4 ok-t(3nh 1)).

Theorem 4.5. For G = Hg(n, k), k > 1

(i) The vertex connectivity, k(G) = 1.
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(ii) The edge connectivity, \(G) = 1.

Proof. As every k-vertex, v in V,, is of degree 1, when a k-vertex u in V] adjacent to v is
removed, v becomes isolated. Accordingly, we get x(G) = 1.

Let v be any k-vertex in V5. Since d(v) = 1, the graph becomes disconnected when the only
edge adjacent to it is removed. Consequently, we get A(G) = 1. O
Theorem 4.6. The circuit rank of G = Hg(n, k) is (7) (Y52 + 25137 = 1)) = (¥51) +1
Proof. Since Hp(n, k) is connected and the order and size of the graph have already been deter-
mined, the result will follow. O

Theorem 4.7. The degree of each vertex in the graph G = Hp(n, k) is determined, along with
the number of vertices having a specific degree. The degree sequence is then obtained by arrang-

ing the set of degrees {dv2 (k)N ) dy (B)N ) dy, (k+ 1)V 0D gy (2)N @) dy, (n) V()]

dy, (DN dy, (k — DN E=D gy (3)NaB) } together with their corresponding multiplic-
ities in a monotonic non-increasing order.

Proof. Let dy,(r) represent the degree of an r-vertex in V; for values of r in the range r =
1,2,3,...,k—1,k+1,...,n. Similarly, let dy, (k) denote the degree of any k-vertex belonging
to V1.

Let the multiplicities of degrees of any k-vertex in V}, and r-vertices in V, be denoted by
Ny, (k) and Ny, (r) respectively.

The degree and multiplicity of each vertex in V, are given by:

dv,(2) = (123),  Nw(2) =2'(3),
n—(k—1 — n

d‘/z(k_l):(kfglzzfl)))’ NVz(k_l)ZZk 2(}@71)7

dyv,(k+1) = ("I, Ny(k+1)=25("),

dv,(n) = (3), Nw(n) =2"'(7).

Let u be an arbitrary k-vertex in V. For s = 1,2,3, ..., k—1, the count of s-vertices adjacent
to u is given by 2°~!(*). The number of adjacent k-vertices is 25~ () — 1.

For s = k+ 1,k + 2,...,n, the number of adjacent s-vertices is 25“(”;'“), where t =

1,2,....n—k

Thus, the degree of any k-vertex w in V; is given by: dy; (k) = 2°(¥)+-2!(§) +- - +2F-1(}) -
14+ zk(nTk) + 2k+1 (n;k) 4+ -+ on—1 (Z:Z>

The total number of k-vertices in V; is given by Ny, (k) = (}). Each k-vertex in V5 has a
degree of dy, (k) = 1. Consequently, the number of k-vertices in V; is determined as Ny, (k) =

21— 1)),

This establishes the degree of every vertex in Hp(n, k), as well as the count of vertices
possessing a particular degree. The degree sequence is then formed by arranging the set of
degrees with their respective multiplicities, ensuring a monotonic non-increasing order.

|

Example 4.8. The degree sequence for Hp(4,2) is obtained by arranging the sequence,
{dvz ( 1 )NV2(1)> dVl (Z)NVI (2)’ de (Z)NVZ (Z)a de (3)NVZ (3)7 de (4)NV2(4) } = {347 1967 167 3]67 68} of

degrees with corresponding multiplicities as a monotonic, non-increasing sequence. That is, the
degree sequence is {199, 68,316 34 16},

The following result gives the Omega invariant of G = Hg(n, k):
Theorem 4.9. The Omega invariant of G = Hg(n, k) is

Q(Hp(n, k) = (Z) zj; (’j) Sy (TZ’) 2,

i=1
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In [3, 4], it was shown that the number of closed regions of a graph is given by
r(G) = ——= + ¢(G). 4.1

Here ¢(G) is the number of components of G. Hence the number of faces of the graph Hp(n, k)
is given by the following result:

Theorem 4.10. The number of faces of the graph Hg(n, k) is

r(Hg(n, k) = <Z) Zj; (’:) 2i-2 _ an (’Z) 2 4

i=1

Proof. 1t follows by the formula of  given in Eqn.(4.1). O

Theorem 4.11. Consider the graph G = Hg(n, k), n > 2, 1 <k <n with V(G) = ViUV,
and u,v € V(G), then

1 ifu € Vi and v € V, are adjacent,

2 if wand v are in 'V,

3 ifu € V) and v € V; are not adjacent,
2,4 ifuandvareinV;.

Proof. Letw € V} and v € V5. If uw and v are adjacent, then d(u,v) = 1. Suppose that v is not
adjacent to u. Since the degree of v is at least 1, it must be adjacent to some vertex w € V;. Letx
be an n-vertex in V,. As x is a common neighbour of v and w, u — z — w — v is the shortest path
from u to v, and hence d(u,v) = 3. Let u,v € V}. As any n-vertex x is a common neighbour of
wand v, uw — x — v is the shortest path from v to v, and hence d(u,v) = 2. Let u,v € V5. Then,
d(u,v) = 2 in one of the following three cases.

Case 1 There exists = € V; such that z is a superset of both u' and vT.
Case 2 There exists y € V] such that y is a subset of both uf and v .

Case 3 There exists w € V; such that w is a subset of u' and a
super set of ' or w is a subset of v and a superset of u' .

In other words, d(u,v) = 2 if either |uf Uv'| < k or [uf Nof| > kor [uf Nof| = [uf| < k.
If none of these three conditions are satisfied, then d(u,v) # 2. Choose z,y € V; such that
d(z,u) =1 and d(y,v) = 1. Let w be any n-vertex in V5. Then w is a common neighbour of =
and y. Thus, we get the shortest path u — x — w — y — v of length 4 and hence d(u,v) =4. O

Corollary 4.12. If n > 2 and 1 < k < n, for the graph Hg(n, k), the eccentricity is given by

3 ifveW,
e(v) =42 ifveV,isann-vertex
4 ifveVsyisanrvertex,l <r <n.

Proof. Letv € V. Forany u € Vi, d(v,u) = 2. If w € V; such that it is adjacent to v, then
d(v,w) = 2. If w is not adjacent to v, then d(v,w) = 3. Thus, e(v) = 3. Let v € V; be an
n-vertex. Since v is adjacent to all vertices in V; and d(v,u) = 2 for any u € V3, we gete(v) = 2.
Let v € V; be an r-vertex, 1 < r < n. The distance from v to any vertex in V] is either 1 or 3,
and the distance from v to any vertex in V; is either 2 or 4. Thus, e(v) = 4.

o

Corollary 4.13. The diameter of G = Hg(n, k), n > 2, 1 < k < n is diam(G) = 4 and radius
israd(G) = 2.

Corollary 4.14. For G = Hg(n,k)), n>2, 1 <k <n,
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(i) Periphery, P(G) = {v € Valv is an r-vertex,1 <r < n}.
(ii) Center, C(G) = {v € V3| v is an n-vertex}.
(iii) Median, M(G)= C(G).

Proof. As the eccentricity of any r-vertex v, where 1 < r < nis e(v) = 4 = diam(G), we get,
Periphery, P(G) = {v € Vh|v is anr-vertex, | < r < n}. As the eccentricity of any n-vertex v
is e(v) = 2 =rad(G), we get, C(G) = {v € V3|v is an n-vertex}.
For finding the median of GG, we find the status of vertices in V. We have the status of any
vertex v € G, s(v) = > d(v,u). First, we find the status of any n-vertex v in V5. The
ueV(G)
sum of the distances from v to (}) vertices in V; is (})). The sum of the distance from v to

3"{1 = () — 27!, r-vertices, where 1 < r < nin V5 is 2 (WT*I — (3) —2"7"). Therefore,
the status of v is 2 (3"7_1 — (%) =2"71) 4+ (}). There are vertices at distances 1,2, and 3 from
vertices in Vj. There are vertices at distances 1,2, 3, and 4 from r-vertices in V5. This leads to
the conclusion that the status of any n-vertex is minimum compared to other vertices in V. Thus,

Median, M (G)=C(G) = {v € V4| v is an n-vertex }. o

Corollary 4.15. The Girth of G = Hg(n, k) when k > 1 is Girth(G)=4.

Proof. Let u be a k-vertex in V;. Suppose that u is adjacent to a 1-vertex «’ in V5, and ' is
adjacent to another k-vertex v’ in V. Additionally, v’ is adjacent to an n-vertex v in V5, and v is
adjacent to u. This forms a cycle u — u’ — v' — v — u of length 4. Since bipartite graphs only
contain cycles of even length, we conclude that Girth(G) = 4.

O

Remark 4.16. Let G = Hg(n, k) with bipartition, V(G) = V; U V,. We denote the set of all
unordered pairs of vertices of V(G) by S = {{u,v} | u,v € V(G)}. Then, S contains vertex
pairs at distances 1,2,3, and 4. The subsets of S are of the form S(V(G),h) = {{u,v} |

d(u,v) = h, 1 <h <4} Then, S = ;_, S(V(G),h). Let d™)(u,v) be the cardinality of
S(V(G),h) for h =1,2,3, and 4. We denote by S(V;,2) and S(V4,2), respectively, the sets of
vertex pairs of V; and V5 at distance 2. We have, S(V(G),2) = S(V;,2)US(V3,2). Let dgl) (u, )
and d@(u7 v), respectively, denote the cardinalities of S(V7,2) and S(V4,2). Consequently, we
get, d? (u,v) = d@(u, v) + d%)(u, v). As vertex pairs at distance 4 exists only in V5, we denote
the set containing them as S(V5,4). We have, S(V(G),4) = S(V2,4). Let d%)(u,v) be the
cardinality of S(V4,4). Then, d*) (u,v) = dgz)(u, v).

The cardinalities of S(V(G), 1) and S(V(G), 3), the total number of vertex pairs at distance
2 from V, denoted by d%) (u, v), and the total number of vertex pairs {u, v} at distances of 2 and
4, where u and v are from V5, are determined in the next theorem

Theorem 4.17. Consider the graph G = Hg(n,k)), n >2, 1 <k <n. Foru,v €V,
. n n__ n k_ _ n—
(i) d(u0) = (1) (¥ - () - (52) =221k - ),

(ii) d (u,v) = ().

2

3"—1 _ (n
(iii) dy) (u,v) = ( N (k)> —dy) (u,v)
Proof. When u and v are in Vi, we have d(u,v) = 2. As there are (}) k-vertices in Vi,

d%) (u,v) = ((;)) When u € V; and v € V; are not adjacent, we have d(u,v) = 3.
The total number of unordered pairs of vertices such that one vertex is from V; and the other
from V3 is (7) (IV(G)[ = ())-

Thus, d (u,v) = ()(IV(G)|- ()~ 1B@G) = (1) (352 = () - (¥52) =2+ 13n k= 1))
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Given that dgz) (u,v) and d%) (u,v) are the counts of pairs at distances 2 and 4 respectively, it
follows from theorem 4.11 that

o) +dlwo) = (V5 - (1z@1+ (7) (v~ (7)) - 1z)
_ (3";‘2— (Z))

O

dijz) (u,v) is computed in the following theorem. As any i-vertex u and j-vertex v in V5 can
have both positive and negative components, whenever we say common elements in an 4 vertex
and a j-vertex, we mean |uf N vf|.

Theorem 4.18. Let P; ; be the number of unordered pairs of i-vertices and j-vertices of V, that
are at distance 4.
Foru,v € Vain Hg(n, k), d()(u v) = > P; ;.
i,7€{1,2,...n—1}
i<
k+1<i+j<n+k—1

)2i=124- ‘(? D) fori#kandj#k

>
M =Y (TN() fori=kand j #k

t(
Z( j—t/\t
(

D2 S )GG) Sori £ b and j = k
@ - 1PGHG) ori =i =k

M2 (- 1)(1))]”01"1—] and j # k

Here, [uf Nof| =t ndt is a non-negative integer such thati+j—n <t <i+j—k and
t < min{i, k}

t

Here, P; ; = Et:

=

o=

Proof. Choose an i-vertex w = {z,22,...,2;} and a j-vertex v = {y1,42,...,y;} in V5 such
that d(u,v) = 4. Here i,5 € {1,2,...n—1},i < jandk+1 < i+j < n+k— 1By
the construction of Hp(n, k), the vertices at distance 4 satisfy the conditions: |uf N vf| = ¢,
t>0,i+j—n<t<i+j—k,andt < min{i,k}. Corresponding to an i-element subset
of &5 = {ai,a2,a3,...,a,_1,a,}, 27!, i-element subsets or i-vertices are seen in ¢(%,).
Similarly, corresponding to a j-element subset of %7, 2771, j-vertices are there in ¢(%,,). P, ;
is calculated in various cases.

Case 1 For ¢, j such thati < jand i # k and j # k.

There are 27!, j-vertices at distance 4 to u. As there are 2'~! vertices corresponding to u,
the total number of 4 pairs between u and v and their corresponding vertices is 271271, As
|uf Nof| = t, the remaining j — ¢ elements in any other j-vertex at distance 4 can be selected
from n — ¢ elements of %, in (;‘:Z) ways. Also, ¢ elements can be selected from ¢-vertex

in (!)ways. The total number of i element subsets of %, is (""). Using the restrictions on

t,i and j, weget P; =3 (1)2"7'277 1 (J2))()-
t

Case 2 Fori,jsuchthati < j,7i = kand j # k.
Of the 2*~1, k-vertices corresponding to {1, s, ..., 2%} in ¢(%,), (25! — 1)are in V,

and 1 in V}. Therefore, P; ; = zt: (MEt - 1)2j"(?:f)(’§).

Case 3 Fori,jsuchthati < j,7 # kand j = k.

Of the 2*~!, k-vertices corresponding to {y1, v, ..., yx} in $(%,,), (2"~! — 1)are in V> and
1in Vy. Therefore, P;; = > ()22 = 1) (37D ().
t
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case 4 For i, jsuchthati = j = k.

Using similar arguments, we conclude that P; ; = J (Zt: (M2 — 1)2(2_1;)(k)>
Case 5 For ¢, j such thati = j and j # k.

Here, P, = (X (240050

Fori,j € {1,2,...n—1},i < jandk+1 <i+j < n+k— 1, the total number of unordered
pairs of vertices from V5 such that d(u,v) = 4 is

dy, (u,v) = Py,
=P+ P+ P+
Pri+Pi+- P+

........................ +
Pop+- Pop1+ Pyt pr1 + - Pogrn—at
........................ +
Pt it (When n+k—1 iseven)
d@(u,v) :ZPM
=Pip+ P11+ Pipo1t
Pra+Pg+--Prp1+
........................ _|_
Pop+- Popot+ Peyigrr + o Pegrn—2t
........................ _I_

Pn+12~1—2 nik=2 + Pn+§—z gk (When n+k—11s Odd)

O

Remark 4.19. From theorem 4.17, we have got the cardinalities of S(V(G), 1) and S(V(G),3).
Using theorems 4.17 and 4.18, the cardinalites of S(V(G),2) and S(V(G),4) are obtained as

d® (u,v) = dgi)(u,v) + d(é)(u,v) and d® (u,v) = d%)(u,v).
In the next example, we compute d®) (u, v) for the graph Hp(4,2) using theorem 4.18.

Example 4.20. Consider the graph Hp(4,2) with 8, = {+1, +2, 43, 4}, and bipartition:
Vi = {{172}7{173}’{174}7{273}a {2a4}7{374}}»

Vo= {1}, {2}, {3} {4}, {- 1.2}, {- 1.3}, {- 1.4}
{*233}7{*274}7{7374}7{17273}3{71,2,3}3{17*233}3{*137273}3
{1,2,4},{-1,2,4},{1,-2,4},{-1,-2,4},{2,3,4},{-2,3,4},
{2,-3,4},{-2,-3,4},{1,3,4},{—1,3,4},{1,-3,4},{-1,-3,4}
{1,2,3,4},{-1,2,3,4},{1,-2,3,4},{1,2,-3,4},{—1,-2,3,4} }
{1,-2,-3,4},{-1,2,-3,4},{-1,-2,-3,4}}.

Then, d*) (u,v) = d%)(u, v)= Y. P ,i=Pi2+Pis+P+ P
i,j€{1,2,3}

1<j
3<it)<5
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Fort=0,P,=(})2'"1(2>" ~1

[om 5)() 12.
Fort =0, P13 = (12712371370 () = 16
Fmt:OJ»5z=z((X? "= 1)) N) (ﬁ@**—lyéﬁﬂﬁ)=li
Fort=1,P3= (32" - 1271375 = 48.

TMmmde@ﬂozﬁﬁwmy:u+1@+w+48:9L

Table 1. A table showing the values of d(h>(u, v), 1 < h <4, and Hg(n, k) for some values of
n and k.

dD(u,v)  dP(u,v)  d¥(u,v)  dP(u,v)

) 3

Hp(4,2) 114 485 90 91
Hp(4,3) 80 486 64 150
Hg(5,2) 550 5275 560 875
Hp(5,3) 440 4125 670 2025
Hp(5,4) 275 4715 305 1965
Hp(6,2) 2445 54050 2790 6781

5 Conclusion

In this study, we have explored several invariants of the bipartite Kneser B-type graph Hg(n, k).
It extends bipartite Kneser graphs, which already appear in coding theory and cryptographic
constructions. Since Hp(n, k) captures subset relations, it can model hierarchical influence net-
works (e.g., social media influence propagation). It can also be useful in ecological network
analysis, where species interactions depend on hierarchical food chains. Since both the degree
sequence and the pairwise vertex distances in Hg(n, k) have been explicitly determined, nu-
merous molecular descriptors can be derived. Furthermore, distance-based properties facilitate
the computation of various metric dimensions. Additionally, centrality measures, including de-
gree centrality, closeness centrality, betweenness centrality, and eigenvector centrality, can be
systematically analyzed for further insights into the graph’s structural significance.
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